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1. Introduction

The interest for studying the theory of infinite systems of integral equations is based on the fact
that the theory of infinite systems of integral equations is a branch of nonlinear analysis which has
been applied in various fields of science and numerous applications. In fact, most physical and
engineering problems are formed by infinite systems of integral equations, see for example [1-4]. The
problem of the existence of solutions for infinite systems of integral equations plays a significant role
in the investigation of these types of equations and it is important to apply original studies in our
investigations (cf. [5-7]). In some papers, integral equations of Volterra type have been converted in
the form of integral equations of Volterra-Stieltjes type and numerous results have been obtained on
the existence of solutions of nonlinear integral equations (cf. [8, 9]). The aim of this paper is to
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present some results on the existence of solutions for an infinite system of integral equations of
Volterra-Stieltjes type of the form

w1, %) = Folt5. fitst,0) [ [t 5,530, Jyoe, g 1),
(Tt ) ;7 Vilt, 5, e, 2)ds | (L)
u(t,x) = {ui(t, x)}o0 , ut,x) e BC(R, xR,,R),
i=1

where BC(R, X R, R) is the space of all real functions u(¢, x) = u : R, X R, — R, which are defined,

continuous and bounded on the set R, X R, with a supremum norm ||u|| = sup {lu(t, x| : (t,x) €

R, X R+}. The obtained results extend and generalize the results of [6,8,9] in the Banach spaces ¢, and

¢,. In our approach, this is done by applying the measure of noncompactness and Darbo fixed point
theorem.

2. Preliminaries

In future, we apply some notations, definitions and preliminary facts to obtain our main results.
For a bounded subset S of a metric space X, Kuratowski [10] defined the function a(S) by the formula

a(S)zinf{6>0:S:US,-, diam(S;) <06 for lgi§n<oo},
i=1

known as the Kuratowski measure of noncompactness. Another measure of noncompactness is the
Hausdorff measure of noncompactness given by:

x(©§) = inf{g >0: S has finite net in X}.

Let E be a real Banach space with norm ||.|| and zero element 6. Besides, we suppose X and Conv(X)
denote the closure and convex hull of X, respectively. Moreover, let us denote by My the family of all
nonempty and bounded subsets of E and by Ng its subfamily consisting of all relatively compact sets.

Definition 1. [11] A mapping i : My — [0, o0) is called a measure of noncompactness if it satisfies
the following conditions:

(1) The set Keru = {X € Mg : u(X) = 0} is nonempty and Keru C Ng.

2) XY = uX) <u@).

(3) u(X) = u(X).

4) u(Conv(X)) = u(X).

(5) u(AX + (1 = DY) < AuX) + (1 — Du(Y) for A € [0, 1].

(6) If {X,,} is a sequence of closed sets from Mg such that X,,,; C X,, forn=1,2,... and }i_)rgu(Xn) =

0, then (), X, is nonempty.

We will apply the following theorem as the main tool in our investigations.
Theorem 1.(Darbo [12]) Let C be a nonempty, bounded, closed and convex subset of a Banach space
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Eand T : C — C be a continuous mapping. Assume that there exists a constant K € [0, 1) such that
u(TX) < Ku(X) for any nonempty subset X of C, where u is a measure of noncompactness defined in
E. Then T has at least a fixed point in C.

Samadi [13] extended Darbo’s fixed point theorem as follows.
Theorem 2. Let C be a nonempty bounded, closed and convex subset of a Banach space E. Assume
T : C — C be a continuous operator satisfying

O(u(X)) + f(u(T (X)) < f(u(X)) 2.1)

for all nonempty subsets X of C, where u is an arbitrary measure of noncompactness defined in E and
(0, f) € A=.Then T has a fixed point in C.
In Theorem 2, A is the set of all pairs (6, f) satisfying the following:

(Ay) 6(t,) - 0 for each strictly increasing sequence {,};

(A,) f is strictly increasing function;

(A3) for each sequence {«,} of positive numbers, lim,_,., @, = 0 if and only if lim,_,, f(a,) = —co.

(Ay) If {t,} is a decreasing sequence such that #, — 0 and 6(t,) < f(t,) — f(t,+1), then we have ., 1, <
0.

We know that the Hausdorfl measure of noncompactness y in the Banach space £, can be defined
as follows:

1

x(B) = Tim { sup {Sin 117}, (2.2)
n—®\ xeB
where B € M;, and x = (x;) € {,. For the Banach space (cy , [|.ll;,), the Hausdorff measure of

noncompactnes y is given by (cf. Definition 1):

V(B) = lim {sup{max g | }} 2.3)
n—oo\ ,cp k>n
where B € M., and u = (uy) € co.

Now, we recall some basic facts concerning the concept of the variation of a function (cf. [14, 15]).
Assume that f is a real function defined on the interval [a, b]. The variation of the function f will
be denoted by \/z f.If \/1; f 1is finite, the function f has bounded variation on the interval [a, b].
Similarly, if g : [a,b] X [c,d] — R is a real function of two variables, then the variation of the
function ¢+ — g(¢, s) on the interval [p,q] € [a,b] will be denoted by \/f{:p g(t, s). Analogously,
we can define \/_ »&(1,5). Assume that f and g are two real functions defined on the interval [a, b],

then under appropriate conditions we can define the Steiltjes integral fa ’ f(t)dg(t) of the function f

with respect to the function g. If the integral fa ’ f(t)dg(t) is finite, then f is Stieltjes integrable on the
interval [a, b].

The following lemmas will be applied in our investigations.

Lemma 1. If f is Stieltjes integrable on the interval [a, b] with respect to a function g of bounded

variation, then
b b t
| f f(dg(n)] < f Folac\/ o).
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Lemma 2. Let f; and f, be Stieltjes integrable functions on the interval [a, b] with respect to a
nondecreasing function g such that fi(¢) < f>(¢) for ¢ € [a, b]. Then,

b b
f fidg(r) < f Hdg (D).
3. Existence of solutions for infinite systems of integral equations

In this section, as an application of Theorem 2, the existence of solutions for the infinite system
(1.1) is studied in the spaces ¢, and c,. First, we show that infinite system (1.1) has a solution that
belongs to the space £),.

We consider the following conditions:

(Hy) F,: R, xR, Xx RXR — R is continuous and there exist positive real numbers 7 > 0 such that
[ty 5, x1, 1) = Fulty 8, X2, y2)IP < €77 (|x1 = xal” + [y = 21”),
for all ¢, s € R, and xy, x5, y1, ¥, € R. Moreover, we have

hm ZleFl(t’ s, 0’ 0)|p = 0’ Nl = Z;Z]lFl(t, s, O’ O)lp

(Hz) f1 : Ry XR® — R is continuos with fy = sup, [f(#,0)| and there exist positive real numbers
7 > 0 such that

At ut, 0) = it vt 0N < e lult, x) = v, Dl
AU )P < e e, )l

o0 o0

for all 1, x € R, and u(r, x) = {u,-(t, x)} (%) = {v,-(t, x)} et
i=1

i=1
(H3) T : BC(Ry xR,,{,) — BC(R, X R,,R) is a continuos operator such that

[(Tu)(, x) — (Tv)(,0)| < |lu(t, x) = vz, X)lle,»
[(Tu)(t, x)| < 1.

forallu,v € BC(R, XxR,,{,)and t,x € R,.

(Hy) For any fixed ¢ > 0 the function s — g;(¢, s) has a bounded variation on the interval [0, #] and the
function t — \/'_, g(¢, s) is bounded over R,.

(Hs) g, : Ry xRy xR,y xR, X R® — R is continuous and there exist continuous functions a, :
R, xR, — R, such that

lgn(t, s, x,y,u(t, x))| < a,(t,s),

! t
tlim X1 f lgn(t, s, X, y, u(t, x)) — gu(t, s, X, ¥, V(t, X))|ds \/ gi(t,q) =0,
—>00 0 =0

! X
Gk = Sup {2n2k|:| f f gl’l(ta S, X, Y, M(t, x))dng(xa y)dYgl(ta S)|:|’
0 JO
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t,s,x,y € Ry, u(t,x) e R“’}.

Moreover, assume that
i s
A =sup {2211 f a(t, s)d \/gl(t, p), L€ R+},
0 =0

G = Sup{ \/ &(x,y); x€ R+}, kli_l’)Iclx)(pk =0.

y=0

He) V, : R, xR, x R® — R is a continuous function and there exists continuous function k :
R, X R, — R, such that the function s — k(z, s) is integrable over R, and the following

conditions hold:

(Vu(t, s,u(t, x))| < k(t, 9)|u, (2, )17,
|V, (t, s, u(t, x)) — V,(t, s, v(t, x)| < |u,(t, x) — v, (t, x)|Pk(t, s).

forallz,s,x € R, and u,v € £,. Moreover, assume that

M = sup f k(t, s)ds.
0

teR,
(H;) There exists a positive solution ry such that

27 P (GA) + 2% e fI(GAY + 2P "riM? + 2PNy < 1,

Moreover, assume that 2P M < 1.

(o)

Theorem 3. Under the assumptions (H;) — (H7), Eq (1.1) has at least one solution u(z, x) = {ui(t, x)}

in the space ¢,,.

i=1

Proof. Let us define the operator G on BC (R+ XR,, € p) by

(Gu)(t, x) ={Fn(t, s, fi(t, u(t, x)) fo f gn(t, s,x,y,u(t,x))dygz(x,y)dsgl(t, s),
0
(Tu)(t. x) f V.t 5. ut, x))ds)}.
0
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In view of our assumptions, for all 7, x € R,, we get

Gt oI

= E2F b5 ittt ) ) (15530000 e g ),
(Tu)(t, %) [~ Vitt, 5, u(s, x))ds)lp

< 2PEY |F,-(r, s filtu(, ) [ [ g,-(t, 5,.%, Y, u(t, x))dyg2<x, Vdsgi(t, ),
(Tu)t, ) [~ Vict, 5, u(s, x))ds) _ F,-(t, 5,0, o)|P +rEe 1|F,-(t, 5,0, 0)|P
<2752 eVt ut 0) [} [ (15,500 0000 g g P
+e T |(Tu)e, ) [~ Vict, 5,u(, x))dslp] +orEe 1|F,~(r, 5,0, o)|p

< reTER 1(| A ult, ) — fi(t, 0)|P)><

t rx P
( Io I 18it, s, y,u(t, ))ldy /' g 82(x, ) Vo dsr (1, p))

X p
+22pe_TZ;Z] |.f] (t’ 0)|p( j(;t j(; |gl(t, s, XY, I/l(t, x))ldy \/Z:() gZ(-xa Q) \/;:0 dsgl (t’ p))

+20e ([ k(t, $)ds)PER (e, O + 2PE2 |F i(f’ 5.0, 0)|p
< 22 lu(t, Il (GAY + 22~ (fo)" (GAY + 27~ MP||u(t, DI}
+2pN1.

(3.1)

Thus, by applying the last estimates and assumption (H7) one can easily seen that G maps B_ro into

itself, where

By = {u € BOR, X Res ) lullaces. . < 7

Next, we prove that the operator G is a continuous operator on the Ball B_,0 For this, take € > 0

(9] (9]

arbitrarily and u(¢, x) = {ui(t, x)}
i=1 i=1
taking into account our assumptions, for (¢, x) € R, X R, we have

IGu)(t, ) — Gt DI,
< Z2 e U ut ) f) [ {55310 ot g )
=il 0) [ (155000000 Jy a5 ) (0 P

+Z2, e |(Tu)(t,x) [ Vilt, s, u(t, x)ds = (Tv)(t, x) [1 Vit 5,v(t, x))dslP.

, V(f, X) = {V,‘(l, X)} S B_r() with ”Lt - V||BC(R+><R+,[,,) <é&. ACOI'dil’lgly,

(3.2)
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On the other hand, we have

it 0) f) )t 55,300, o, )l (2,9

—fitv(t. ) J) gi(t, 8, X, y, v(t, x))dygz(x, Ydsgi(t, $)I”
< 21fitut, 0) = fit,v(t, D)

t rx P
Xy 5 a5, 0 ) Vg g2, ) Vi 101, )

#2010t D) [ et 5, 33,0, 0)-

gn(t, s, X, y, v(t, x))ldy Voo 820, P)s Vg 81(1, @)

< 2Pt ) = vit, 0l (Vi 820 0 [t 34, Vi 166,
#2100, P Vi 820530 f a1 5,3, )

p
—gn(t, 8%, Y, v(t, x))|ds V=0 812, q))
< e 2°lu(t, x) — v(t, 0ll¢, (GA)P

+2PGP|fi(¢, v(t, x))( fot |g,-(t, s, X, y, u(t, x))

p
_gi(t, S, X, y, V(Z’ x))lds \/;:O gl (t’ 51)) .
Further, by applying our assumptions, we arrive that

(Tu)(t,x) [ Vilt, s, u(t, ))ds = (Tv)(t,x) [~ Vi(t, s, v(t, x))dsl?

< 2P[(Tu)(t, x) [ Vilt, s, u(t, x))ds — (Tv)(t,x) [ Vi(t, s, ut, x))ds|?
+2°[(Tv)(t, %) [, Vilt, s,u(t, ))ds = (Tv)(t,x) [ Vi(t, s, v(t, x))dsl?
< 2P||u(t, x) — v(t, x)ll?plui(t, X)|PMP + MP|u;(t, x) — vi(t, x)|P.

Combining (3.2), (3.3) and (3.4), we conclude that
I(Gu)(t, x) = (Gv)(t, )l
< T e 28 u(t, x) — v(t, Olly (GA)?
+2 G0 v(t, PSR 815,33, ut, )

_gi(l7 Sa X, y7 V(t, x))ldS \/tq:O gl(t’ (I))p
+X2 |ui(t, )P e 28 MP||u(z, x) — (1, X)Ié;
+e 2P MPEY |ui(t, x) — vi(t, x)IP.

Using (Hs), there exists 7 > 0 such that for t > T, we get

t t
2 f Igi(t, s, X, y, u(t, x)) - g,-(t, s, X, y, v(t, x))lds gi(t,q) < e.
0

q=0

(3.3)

(3.4)

(3.5)
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Hence, by (3.5), we conclude that

I(Gu)(t, x) = (Gv)(1, 0l
< 27e7||u — VHII;C(R+><R+,€1;)(GA)I) +2°Grere v, x)llfp
+2pMpe—T||u - v”]pgc(R+><R+’gp)”u(t’ x)”?p

TP AP —y||P
+e 2P MP i = Vllge, w0 )
For t € [0, T] we have

I(Gu)(z, x) — (Gv)(, x)ll?p

<20 ||u - V||§C(R+XR+,KP)(GA)" +[Iv(z, x)”?pszpw(g’ ele™”
+2PMPe™" ||lu — V||§C(R+XR+,51,)||M(L x)||fp

+e 2P MP||u — v||ZC(R+><R+,£’p)’

where
w(g,e)  =sup {Ef,il lgn(t, s, X,,y,u) — gu(t, 5, x,y,V)|;

(f, S) € Al, (X,y) € Ag, u,v e fp, ”l/t - VllBC(R+,R+,€,,) < 8},

A, ={<r,s)eR2; SSIST}, A2={<x,y)eR2; ygxsT}.

(3.6)

(3.7

and w(g,&) — 0 as & — 0. Consequently, G is continuous on the ball B,,. To finish the proof, we
prove that the condition (2.1) of Theorem 2 is fulfilled. Let X be a nonempty and bounded subset of

the ball B,,. Assume that

(Hn)(u) = fl(t’ M(t, )C)) f(; f(; gn(t7 $5,%Y, M(t, x))dng(x’ y)dsgl(t’ S)a
D)) = (Tu)t,x) f“’ V.u(t, s, u(t, x))ds.
0

Thus, by applying our assumptions, we infer that

xoGO0Jin = lim[ sup {ZealFift, 5, (HO @), (Dkxu))V’}‘l’]

n=—00| y(t,x)eX

_ lim[ sup {Zanle(t, 5, (HLO)(u), (Dk)(u))—Fk(t, 5,0, 0)

=% w(t,x)ex

+Fk(t, s,o,o)w}p] <2reT lim[ sup {Zkzn{l(Hk)(u)l”

=001 y(t,x)eX

< 2ret liml sup {zkz,,{e-f||u(t,x)||2¢n

n——00| 11, x)eX

+|<Dk)<u>|f’}}’l’

1

FMP (s, x)v’}p

=2Pe”"M lim [ sup {Zkznluk(t, x)|P}

=00 u(t,x)ex

(3.8)
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Hence,
1
X, (GX))(t, x)) <2Pe™M lim[ sup {Emluk(t, 0l? } ]
n=—001 y(1,x)eX

Consequently,

sup  xr,(G(X))(2, x))
(t,x)eERL XR 4

= XBCR. xR, .£,)(GX)

< sup 2%¢"M lim [ sup {Zkznluk(t’ x)|p}p]-

(t,x)€R xR, =00 y(t,x)eX

By passing to logarithms, we get

In ()( BC(R+><R+,£,,))(GX)) +7<In ()( BC(R+><R+,€,,)(X))

(3.9)

(3.10)

Now applying Theorem 2 with f(¢) = In(¢) and 6(t) = 7, we obtain that G has a fixed point and the

proof is completed.

Example 1. Now, we investigate the following system of integral equations:

o (e-'-’ﬁsin(nu(z,x)uf,,)
up(t, x) = sin( -

f rx LX673H».\' X t
on e (4
X Jy Jy arctan ( B Dt ()] ) Thees T dyds
1 00 -5 . .
+cos ( T+ (T, ) fo 1e+§ sin (lun(t’ x)|)dS),

Observe that Eq (3.11) is a special case of the infinite system (1.1) if we put

(e—‘r—t—n %

Fn(t, S,x,y) = Tsin(x_'_y),
L X e—3l+s
galt, s, x,y,ut, x)) = arctan( - )
8 + x| + [yl + [ua(t, )|

_fwﬂthmmw

fl(t7 I/t(t, x))

2 b
a,(t,s) = ie_ms
n 2 2n b
se'
t = —
g1, s) 1+2
g(x,y) = arctan (ye"),
Valt,s,utt,3) = 7 sin (s, 01 ),
ts
k t’ = s
(,9) I+1

O

3.11)
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1
Tw(t,x) = cos (—)
1+ |z, )|,
Thus, it is easily seen that F, and f; satisfy assumptions (H;) and (H,) with N; = 0 and fy = O.
Further, the operator 7T satisfies hypothesis (H3). To justify assumption (Hs) , let ¢, sx,y € R, and
u,u € €,. Then, we have

—3t+s

lgn(t, s, x,y,u(t,x))| < —e = a,(t, s).

2

Since %! = <= > (), then \/fFO gi(t,q) = g1(t,s) — g1(¢,0) = s’ Consequently, we have

Os 1+£2 1+2°

t t
—3t+s
e (—3
1+1£

)ds

lim —
t—00 on

! s
lim | a,(t, 8)ds \/ gt q)
. \/ 1, q

t—00
q=0
—2t+s
le .
0=

im———
t—0 20 | + f2

Inconsequence,

! t
thm anl f |gn(t’ 5, X,Y, M(l, X)) - gn(t» s, X, Y, V(t’ x))ldv \/ gl(t’ Q) = O’
—s00 0

q=0

/ s
A = sup {2;’:] f ant.5)d, \/ g1(2,9), 1€ R+},
0 0

f X
@ = sup {ank[ f f gn(t, s, X, y, u(t, x))dygz(x, vdgi(t, S)];
0 0

-2t —t 1

e e
— )y .
12 1127

t,s,x,y € R, u(t,x) e fp} < G(

So, ¢, — 0. On the other hand the function V,(¢, s, u(t, x)) = 1% sin (Iun(t, x)l) verifies assumption
8

(Hg) with k(z,s) = 1% and M = 1. To show that the functions g; and g, satisfy assumption (Hy),
8

let first note that the functions g, and g, are increasing on every interval of the form [0, ¢] and g, is

bounded on the triangle A,. Consequently, the function y — g»(x,y) has bounded variation on the

interval [0, x] and we have

IS

\/ :05,3) = 2(5,¥) = g2(x, 0) = ga(x,y) <
y=0

So, G < 7. We can take G = 7. Consequently, all conditions of Theorem 3 are satisfied and Theorem
3 implies that the infinite system (3.11) has at least one solution which belongs to the space ¢,,.

4. c(-solvability of the infinite system (1.1)

Now the existence of solutions of the system (1.1) is studied in the space cy. In this case, we need
the following assumptions.
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(D)) F,: R, xR, x RXR — R is continuous and there exist positive real numbers 7 > 0 such that

|Fn(t, S, Xl,)’l) - Fn(t9 S, x2’y2)| < e_T(|xl - X2| + |yl _}’2|),

for all ¢, s € R, and xy, x», y1, ¥, € R. Moreover, assume that
lim |Fi(1,5,0,0)| = 0, M, = sup {IF,-(t, 50,01, s €R,,i > 1}.

(D2) f1: Ry XR® — Ris continuous with fy = sup,_ |f(z,0)| and there exist positive real numbers
7 > 0 such that

A utx) - A e su11o{|ul-(t,x>—v,-<r,x)|; iZn},

|f1(2, u(t, x))| <e’ su%) {Iui(t, ;1> n}

forall r, x € R, and u(t, x) = {ui(t, x)}, v(t, x) = {vi(t, x)} € ¢
(D3) T : BC(R, xR, cp) — BC(R, xR,,R) is a continuous operator such that

(Tu)(t, x) — (TV)(t, %)| < sup {|ui<r, ¥ =it Ol i > n}
n>1
(T2, )| < 1.

forall u,v € BC(R. XR,,co) and t, x € R,.

(Dy4) For any fixed ¢ > O the function s — g;(¢, s) has a bounded variation on the interval [0, ] and the
functions t — \/'_, g(#, s) are bounded on R, . Moreover, for arbitrarily fixed 7 > 0 the function
w—> \/;“:0 gi(w, 7) is continuous on the interval [0, T] fori = 1, 2.

Ds) g, : Ry xRy xRy xR, X R” — R is continuous and there exist continuous functions a, :
R, xR, — R, such that

lgn(t, s, x,y, u(t, x))| < a,(t,s),
!

t
Tim | 1ga(t, 5,%, v, u(t, ) = ga(t, 5,5y, v(t, )Ids \/ g1(.9) = 0,
— Jo
q=0

for all ¢, s, x,y € R, and u,v € R*. Moreover, assume that

t s t s
tim [ a9, \/ 16 9) =0, A = sup f antt, s \/ 1(t, prin € 1),
n—o Jo 20

0 =0

w

G = Sup{ \x/gz(x,y); x € R+}, G = sup{ \/gl(w, 2); we |0, T]}.

y:O z=0

where T > 0 is arbitrarily fixed.
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Dg) V, : R, xR, x R® — R is a continuous function and there exists continuous function k :
R, xR, — R, such that the function s — k(¢ s) is integrable over R, and the following
conditions hold:

Mﬂdﬂ@ﬂﬂﬁﬂhﬂwﬂﬁﬂﬁmiZn}
n>1

Vot s, u(t, X)) — Vi(t, 5, v(1, )| < sup {lu,-(t, X) = vt x) i > n}k(t, 5).

n>1

for all ¢, s, x € R, and u, v € ¢y. Moreover, assume that

M = sup f k(t,s)ds <1, e GA + fyGAe™ + Me™ + Me™™ < 1.
0

teRy

Theorem 4. Under assumptions (D;) — (Dg), the infinite system (1.1) has at least one solution u(t) =

{ui(t, x)} belonging to the space cj.
i=1

Proof. Define the operator G on the space BC (R+ XR,, co) as

(Gu)(t,x)
= {Fn(ta S, fl(t’ I/t(l, x))fov j(; gn(t7 85 %Y, u(t7 x))dng(x’y)dsgl(t’ S),

@W@ﬁjﬁuﬂﬁwﬁﬂﬂg}
0
where 1, x € R,. We show that

B_ro = {M S BC(R+ X R+, CO); ||l/t|| < I"()}
BC(R+><R+,00)

is G-invariant where i = 1,2, ... and ¢, x € R,. Assume that
! X
() (w) =ff&@wmmwMMMM@a
0o Jo
D)) = (Tu)(t, x) f V(2 s, u(t, x))ds.
0

For arbitrarily fixed (¢, x) € R, X R,, we have

Gyt 0l
= sup|F 1,5, (), (D))

n>1
< sup IFH(t, 5, fi(t, u(t, x))(H,) (), (Dn)(u)) _ F,,(t, 5.0, o)| +IF,(t 5.0, 0)|]
< sup e (i1, ) Hy) o) + e-T|(D,,)(u)|] sup |Fn(t, 5.0, 0)|

AIMS Mathematics Volume 5, Issue 4, 3791-3808.



3803

e‘T(Ifl (t,u(t, %)) — fi(t, 0)| + |fi(t. 0)|)(|Hn><u>|

< sup
n>1

+e ||ult, x)lCOM] < sup [e_ZT{lui(t, X i n}GA

n>1
+foGAe™ + e " ||ut, x)||.,M
< (e7GA + e " fuGA + Me )||u(t, X)|lc,.

Consequently,
IGull < llu(z, 2)llc, 4.1)

By applying (4.1) , one can easily seen that G maps the ball B_ro into itself. Next, the continuity
property of the operator G will be proved on the ball B,,. Let u,v € B,, and £ > 0 such that |ju —

V| < &. Thus for all ¢, x € R, we have
BC| (R+ xR, ,co)

G(t, x) — (GV)(E, Dl

= Sup,. {5, it e, ) H ), (Do)

~Fats 5, 16,96 DHI0), (D) 42
< sup, . {0t D HL @) = fi0, 901 ) H)O)

+e D) — DO,

Besides, we have

|fi (2, u(t, ) H,)(u) = fi (2, v(t, X)) H,) (V)]

< 2°GAe™" sup,s, {lu,-(t, x)—vit,x)|; i> n}
4.3)
+2P¢77G sup,, {Ivi(t, Xy i> n}

X [y 1gu(t. 5. %y, u(t, X)) = gu(t. 8. 2,3, v(t, )ds(V/ 'y 81(2.9)-

By assumption (Ds), there exists 7 > 0 such that for r > T', we have

! t
f |gn(t9 §, X, Y, M(I, .X)) - gn(t’ S, X, Y, V(t» x))ldv(\/ gl(t’ Q) <é&.
0

q=0
Further, the assumptions (D3) and (Dg) give us the following eastimates

(Tu)(t,x) [ Valt, s,u(t, ))ds = (Tv)(t,x) [~ Va(t, 5, v(t, x))ds|

< Mllu(t, x) = v(, X)|lcollu(, 0)llc,

+|(Tv)(¢, x)| fooo [V, (2, s, u(t, x)) — V,(¢, s, v(t, x))|ds “4.4)
< Mllu(z, x) = v(#, X)|lcollu(, 0)llc,

+M|Ju(t, x) — v(t, )|,
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Applying (4.2), (4.3) and (4.4),we have

I(Gu)(z, x) = (Gv)(2, X)l|c,
< 2 GAsup,., {|u,-(z, X - vt )l iz n}

+2Pe™ TG SUp,5 {Ivi(t, X)|; 1> n}s + Mlu — V||
C(R+XR+ C()) (4.5)
+M(||u(z, X)leo)|lee — VI
BC(R+><R+ co)

< 2Pe™*GAg + 2P G||v(t, X)||c, €
+e"Me + Me | |u(t, X)||c0)8-

For t € [0, T], we have

I(Gu)(z, x) = (Gv)(&, X,
< 2 GAsup,,, {|u,~(t, X vl > n}

+2Pe "G sup,,, {Iui(t, x); 0> n}GM(gn, €)

+Mllu = Vi, + Ml e =l
BC(R+ XR+,C()) BC (R+ xRy »CO)

< e "GAe + e TGG|v(t, Xl w(gn, €) + Me

+M||ull g,
BC(R+ XR+,CO)

(4.6)

where
w(gn, &)  =sup {Ign(t, 8, X, Y, u(t, X)) — gu(t, 8, X, y,v(t, X))|;
(t.5) € A (1,y) € Ag, 11, v € R Ju — ] <s}.
BC(R+><R+ co)
Moreover, in light of the continuity of V on A; X A, ><_R°°, we have w(g,, ) — 0. Now, combining

(4.5) and (4.6) implies that G is continuous on the Ball B,,. In what follows let X be a nonempty subset
of the ball B,,, In view of the formula (2.3) and our assumptions, we have

Xeo(GX)(, %)

= nh_rgo{ il:}()(max |F; (t s, (H)(u), (D; )(u)l)}

< Jim { sup (max .. (). (D)) = F1.5.0.0)
+|F,-(t, 5,0, O)I < lim {s;tgg(r?f}lx (e‘TI(Hi)(u)I + e_TI(Di)(u)I))}

1>
n—0oo
1>

< lim {sup(mn ( TG u, ) = fi(n OIH) (W)

=\ yex
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Consequently,

X
BC| Ry XR+.,0

+e L1t O (H) )| + e—f|<D,-><u>|))}

< lim { sup ( max (Q_ZT sup {lui(t, X); 1> n}GA

n—oo\ ,cx >n n>1

+f0GA + e " sup {|Mi(l, X); 2 ”}M)}

n>1

t,0)€R xR, T yex \ 20

)(GX) <Me™ sup lim {sup(max |u;(t, x)|)}.

As, M < 1, by passing to logarithms, we have

RiXRy,co

TGy (RMMCO)(GX)) <In (XBC ( )(X))).

Thus all conditions of Theorem 2 hold true with f(#) = In(#) and 6(¢) = 7 and by Theorem 2 there exists
{u,-(t, x)} € ¢( such that
i=1

un(ta )C) = Fn(t, s, fl (t7 M(t, .X')) j(;t J(;x gn(t’ $,%Y, I/l(t, x))dng(x’ )’)dsgl(t, S),

(Tt ) [ Valt, 5, utt, 0)ds .

Hence, the proof is completed.

Example 2.

Nowweinvestigate

u,(t, x)

on the space c. Taking

gn(t, s, x,y,u(t, x)) = arctan (

AIMS Mathematics

Sin(|uk(f,x)|) oo
t,
(D)) = e 0g,——— f g, @0l
0

1+ k%) 1001+ k2%

t X es+t2—n e_zt ex
H, = t % dvds,
(H,)(u) jo‘fo arc an(8+|u(t,x)|)1+t2 T4y s

Folt,s,%,y) = € [ Vx + 3,

luay (2, )| )

fi(t, u(t, x)) = arctan (e_TZkZ,,—

1+ k2

s+t2—n

8 + |u(t, x)l)’

=g IS i/ {/ arctan (e‘TZkzn (2. )(Hn)(u) + V(D))

4.7)

(4.8)
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e—Zt

S
t5 = T 5>
gi(t, ) 1+ 2

g>(x,y) = arctan (ye"),

e |uk(t’ .X)|
Vn t’ ) t7 = = nz >N A~ 1 7o

@5, ult, X)) = e Er10n(1 + &2)
k(t,s) = e,

sin sz, )

_ 100

(Tl/l)(f, X) =e ZanW neN,

in the system (1.1) , the system of integral Eq (4.8) is obtained. Note that the functions F, and f;
satisfy conditions (D) and (D,). Indeed, we have

Fultoxiy) = Fult iy = e[|\/ i+ X — m]

<[ ivms n-vm - m|
<e” i/\s/lxl—xz|+\7/|y1—yzl]

ey = x| + [y1 = yzl],

M, =0, lim F,,(t, 5.0, 0) -0,

n—:00

f(tue o) < sup it >,

n>1

| fl(t, ut, x)) - ﬁ(r, W, x))l < sup{lui(t, Ol = it x); i > n}

n>1

Also, it can easily be seen that the operator T satisfies assumption (D3) and

2
(Tu),x)| < e—l"o% sup{lui(t, X, i> n}
n>1

2
[(Tu)(t, x) — (Tv)(t, x)| < e"% sup {Iu,-(t, x)—vit,x); 1> n}

n>1

981 _

. =2t .. .
Moreover, since 7 = ﬁ > (, so g; is increasing and we have

se—Zt

1472

\/ 81(t.9) = g1(t.5) - 1(1.0) = g (1. 5) = >0

q=0
Consequently,

s+t2—n
b

lgn(t, s, x, y,u(t, x))| < e
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' t

fim | gt 5,5, ult, X)) = galt, 5, %,y v(t, X)Ids \/ £1(1,9)
0

—00

q=0
! e—Zt
< 2lim | ** ds=0
=00 Jo 1+ t2
Again, we have
y T
\/ 82(x.y) = 82(x,y) = 82(x, 0) = ga(x.y) < 7,
q=0
s K e_t
li 21, 8)d t,q) = lim 2™ - =0
Jim | a.s) Mg« g)= lim 27" (—— = 7

So, G = % and A < co. On the other hand the function V,(z, s, u(t, x)) = ™%, lg‘f((l'flzlz) verifies

assumption (Dg) with k(z,s) = e™* and M = 1. By applying the continuity of the function 2 —
V. &i(h, z) on the interval [0, T'] we can take G| = sup { Visogiw,2) : we [0, T]} where T > 0 is

arbitrarily fixed. Thus all conditions of Theorem 4 are satisfied and by applying Theorem 4, infinite
system (4) has at least one solution in the space ¢

5. Conclusions

We studied the existence of solutions for an infinite system of integral equations of Volterra-Stieltjes
type of the following form in the Banach sequence spaces ¢, and ¢ via the techniques of measures of
noncompactness and Darbo’s fixed point theorem.

w1, %) = Folt 5. fits e, 0) f7 [t 55,3000, Jhyoe, i 1),
(Tu)t,x) [ Vi, s, ut, x))ds);
u(t,x) = {u,-(t, )c)}oo , ui(t,x) € BCR, xR,,R),
i=1

where BC(R, X R,,R) is the space of all real functions u(t, x) = u : R, X R, — R, which are defined,

continuous and bounded on the set R, X R, with a supremum norm ||u|| = sup {lu(t, x| : (t,x) €

R, x R+}. Some examples in the Banach sequence spaces £, and ¢, are also given to ascertain the

usefulness of our main result.
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