AIMS Mathematics, 5(1): 685-700.
ATIMS Mathematics DOI:10.3934/math.2020046
% : Received: 07 October 2019
o Accepted: 11 December 2019
http://www.aimspress.com/journal/Math Published: 19 December 2019

Research article

The existence and forms of solutions for some Fermat-type differential-
difference equations

Hua Wang', Hong Yan Xu?>* and Jin Tu’

! Department of Informatics and Engineering, Jingdezhen Ceramic Institute, Jingdezhen, Jiangxi,
333403, China

2 School of Mathematics and Computer Science, Shangrao Normal University, Shangrao Jiangxi,
334001, China

3 Institute of Mathematics and Information Science, J iangxi Normal University, Nanchan, Jiangxi,
330022, P. R. China

* Correspondence: Email: xhyhhh@126.com; Tel: +013979893383.

Abstract: The main aim of this article is to investigate the existence and the forms of solutions for
several complex differential-difference equations of Fermat-type. Our results about the existence and
the forms of solutions for these Fermat type equations are great improvement of the previous theorems
given by Liu, Yang, Cao, Zhang. Moreover, it is a very satisfactory fact that in some examples explicit
solutions are given.

Keywords: Fermat type; entire function; existence; differential-difference equation
Mathematics Subject Classification: 30D35, 39A13, 39B72.

1. Introduction and main results

The main purpose of this article is to deal with the existence of solutions for several complex
differential-difference equations of Fermat type. The basic results and the standard symbols of
Nevanlinna theory will be used in this paper (see [8,28,30]). A. Wiles and R. Taylor [23,24] in 1995
pointed out: The Fermat equation x” + y™ = 1 does not admit nontrivial solutions in rational numbers
as m > 3, and this equation possesses nontrivial rational solutions as m = 2. About sixty years ago,
Gross [4] investigated the existence of solutions for the Fermat-type functional equation f™ + g" =1,
and obtained: For m = 2, the entire solutions are f = cosa(z),g = sina(z), where a(z) is an entire
function; for m > 2, there are no nonconstant entire solutions.

In the last twenty years, Nevanlinna theory (especially the difference analogues such as logarithmic
derivative lemma, Tumura-Clunie theorem, etc.) has played an important role in studying the properties
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of solutions for complex difference equations, complex differential-difference equations, and there
were a number of results about the existence and the form of solutions for some equations (including
[1-3,5-7,9-13,17-22,25-27]). In 2009, Liu [14] proved that the Fermat type equation f(z)* + [f(z +
¢) — f(2)I*> = a* has no nonconstant entire solutions of finite order, where a is a nonzero constant. In
2012, Liu et al. [15] pointed out that equation f(z)> + f(z +c)* = 1 has a transcendental entire solution
of finite order. Furthermore, they also obtained that equation f’(z)*> + [f(z + ¢) — f(z)]*> = 1 admits the
finite order transcendental entire solutions with the form f(z) = 1/2 sin(2z + Bi), where ¢ = (2k + 1)n,
and B is a constant (see [15]).

In 2018, Zhang [31] further discussed the existence of solutions for some Fermat type differential-
difference equations, which forms are more general than those given by Liu [14], Liu etal. [15], and
obtained
Theorem A (see [31, Theorem 1.3]). Let f be a transcendental meromorphic function with finitely
many poles and o(f) < co. Then f can not be a solution of the difference equation

f@*+[fz+0) - f@F =R,

where R is a nonzero rational function and c is a nonzero constant.
Theorem B (see [31, Theorem 1.4]). Let f be a transcendental meromorphic function with finitely
many poles and o(f) < co. If f is a solution of the differential-difference equation

F@*+f@+0) - fF =R,

where R is a nonzero rational function and c is a nonzero constant, then R is a nonzero constant and f
is of form
f2) =cie® + cre™® + b, ¢ =kn+n/2,

where cy, c; are two nonzero constants such that 16c,c, = R, b is a constant and k is an integer.

In this paper, we proceed to study the existence and the form of the solutions for some differential-
difference equations with more general form than the previous form given by Liu, Liu et al. and
Zhang [14,15,31]. Our results are listed as follows.

Theorem 1.1. Let ¢ be a nonzero constant, R be a nonzero rational function, and a, € C satisfy
a* — 8% # 1. Then the following difference equation of Fermat type

f@? +[afz+ ) - BfRT = R (1.1)
has no finite order transcendental meromorphic solutions with finitely many poles.

Theorem 1.2. Let c(# 0), a(# 0),8 € C and P(z), Q(z) be nonzero polynomials satisfying one of two
following cases

(i)deg,R>1ordeg, Q> 1;

(ii) P, Q are two constants and P*(a* — %) # 1. Then the following Fermat-type difference equation

f@ + P@’laf(z+ ) - BT = Q@) (1.2)

has no transcendental entire solutions with finite order.
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Theorem 1.3. Let a(+# 0),8 € C, and k is an integer. Let f be a transcendental meromorphic solution
of difference-differential equation of Fermat type

'@+ [afz+c) - Bf(2)]* = R() (1.3)

where R(z) is a nonzero rational function and c is a nonzero constant. If f is of finite order and has
Jfinitely many poles, then iac = +1 and R(z) is a nonconstant polynomial with deg.R < 2 or R(z) is a
nonzero constant. Furthermore,

() If R(z) is a nonconstant polynomial and deg_R < 2, then f is of the form

S1(Z)€az+b + S2(Z)e_(az+b>
2 b
where R(z) = —(asi(z) + my)(as,(z) + my), a # 0,b € C, and a, b, c, a, B satisfy a # £, a = —i(a + ),
c = @i, iac=—-lora=ila—-p), c= yfT”i, iac = 1, where s{(z) = mjz+nj, mj,n; € C(j = 1,2);
(ii) If R(z) is a nonzero constant, then f is of the form

f@)=

nleaz+b + I’lze_(aZ+b)

d,
5 +

f@) =

R =-d’nny, a# 0,b €C, and a, b, c, a, B satisfy the following cases:
(iiy) if « = B, then a = —2ai,c = @i and d € C;
(iiy) if @« = =B, then a = 2ai, ¢ = ZIfT”i and d = 0;

(iiz) if @ # £, thend = 0 and a = —i(a + B), ¢ = i or a = i(a - f), ¢ = 22,
Next, we give some examples to explain the existence of solutions for Eq. (1.3) in the above cases.
e For Case (i),let s;(z) =1, =z+1,c=ni,a=1and b € C. Thatis

ez+b + (Z + 1)6—(z+b)
2 .

f@) =

Thus, f(z) satisfies Eq. (1.3) withc =i, @ = 1,8=i— L and R(z) = —z;
Lets;i(z) =z+1,s,=z—1,a=1and b € C. That is

(z+ Der™? + (z — 1)e @D

f@) = >

Thus, f(z) satisfies Eq. (1.3) with ¢ = ni,a = %,,8 =i- 71? and R(z) = —z(z + 2);
e For Case (ii}), let n1(z) = 1,n, =2,a =1 and b,d € C. That is

etl 4 Do~ (@+D)

flz) = fﬁLd.

Thus, f(z) satisfies Eq. (1.3) with ¢ = 7i, @ = , 8 = £ and R(z) = —2;
For Case (ii»), let n1(z) = 1,n, =1,a =2 and b € C. That is
elz+h + e—(21+b)

f@) = >
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Thus, f(z) satisfies Eq. (1.3) with ¢ = 7i, @ = —i, = i and R(z) = —4;
For Case (ii3), let n1(z) =2,n, =1,a=1and b € C. That is

26z+b + e—(z+b)
2

Thus, f(z) satisfies Eq. (1.3) withc =27, = 1,8 =1 +iand R(z) = -2.

f@) =

Theorem 1.4. Let a(# 0),5 € C, and k is an integer. Let f be a transcendental meromorphic solution
of difference-differential equation of Fermat type

@ +laf(z+c) - B = R() (1.4)

where R(z) is a nonzero rational function and c is a nonzero constant.

(i) If @ = £, then Eq. (1.4) has no finite order transcendental meromorphic solutions with finitely
many poles;

(ii) If @ # £B, and Eq. (1.4) has a finite order transcendental meromorphic solution f with finitely
many poles, then R(z) must be a nonzero polynomial with deg, R < 1. Furthermore,

(iiy) if R(z) is a nonzero polynomial of degree one, then f(z) is of the form

1 (Z)eaz+b + nze—(az+b)

)= )
f@) >
4_ 2 m log 8 2k 2 3
wherea” = a*—fB°,b€C, c = —2——, ¢ = =2 # £l and R = a’my[as|(2) + 2m],51(2) = miz+ny,
or f(2) is of the form
nleaz+b + sz(z)e—(az+b)
Z) = 5
f@) >
2.,
log =B 1 (2k+1)ri . ;
where a* = o> - % b € C, ¢ = w, e = 55 # £l and R = a’nilas,(z) — 2my),

$2(2) = mpz + ny;
(iip) if R(z) is a nonzero constant, then f(z) is of the form

Cleaz+b + Cze—(az+b)

flo) = 5 ,

5.,
log ¥+2kﬂ'i

where a, b, c,a,p,c, ¢, R satisfy a* = a* = B>, beC, c = and R = a*cicy;

The following examples show that the existence of solutions for complex differential-difference
equation of Theorem 1.4 (iiy) and (iiy).

Example 1.1. Let s,(z) = z,n, = 1, a = 1 and b € C. And let ¢y be a solution of equation e*(1—c) = 1,
@ = lq)% and B = 2;% Then it follows that ize® —if = 1, iae™ —iB = 1, &* - f* = 1, and iacye® = 2.
Thus, we can deduce that

Zez+b + e—(z+b)

f@) = >

satisfies the following equation
f”(Z)2 + [af(z+¢) —ﬁf(z)]2 =z+2.
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Example 1.2. Letci =1, ¢, =1, ¢ = V5-2a=1,beC, a= % and B = %gi. Thus

Clez+b + Cze—(z+b)

f@) = >

satisfies the following equation

2

@+ %f(z +c)— gif(z) =1
2. Some Lemmas

To prove our theorems, we require the following lemmas.

Lemma 2.1. ( [31, Lemma 2.1]). If f is a nonconstant rational function and it satisfies the following
differential-difference equation

[ =nAcf =nlfz+0) - f@)],
where 1 and ¢ are two nonzero constants, then nc = 1 and f is a polynomial of degree one.

Lemma 2.2. Let c,a, a be three nonzero constants satisfying nc # n — 1 and n > 1 be an integer. If f
is a nonconstant rational solution of the following differential-difference equation

iedef @) = (@ + (" V@ + o+ Comlf" @ (G T @ @D

Then iac = nif! and f is a polynomial of degree one.
Proof. We firstly prove that f(z) has no poles. On the contrary, suppose that zj is a pole of f. Since
(2.1) can be rewritten (2.1) in the following form

iaf(z+c)

4ﬂhnmmﬁhn~+«jWﬂﬁ@+m+mwﬂm+wm) (2.2)

It is easy to see that z; + ¢ is also a pole of f(z) by comparing the order of pole z, on both sides of Eq.
(2.2). By the cyclic utilization of this operation, we can get that a sequence poles of f(z) are zo + 2c,
z0+ 3¢, ..., 20 + tc, - -, this is impossible since f(z) is a nonconstant rational function. Hence, f(z) is a
polynomial.

Let f(z) be a polynomial of the form f(z) = aiz* + ax_1 25" + --- + ap, where k > 1 and a;(#
0), ax_1,...,ap are constants. Then

f,(Z) = kaka_] + (k - l)ak_lzk_2 + -,
[ @) = k(k = Dayz? ™ + (k= Dk = a1 27 + -+, (2.3)

)
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and

Acf(Z) =ai[(z + C)k - Zk] + ap_1[(z + C)k_1 — Zk_l] + -4 ac

=ai (ke + ( l; P2+ )+ a (k- De 2+ -]
+ -+ ac
=aike?" + [ax( ’; Y + a1 (k — el + -+ + ayc. (2.4)

Substituting (2.3), (2.4) into Eq. (2.2), we obtain

ivagke = n"kay,

il 5 )+ (5T el = = Dacy + () ke - D
iac = m]”_l,
which means { | In view of ¢ # n — 1, thus it follows that iac = ni"™!
Eakk(k - D" (e —n+1) =0.
and k = 1.
Noting that f(z) is a polynomial of degree one if k = 1, then the conclusions of this lemma are
proved.
Therefore, this completes the proof of this lemma. O

Lemma 2.3. Let @, a, c be three nonzero constants. If Ry, R, are two nonconstant rational functions
satisfying the following differential-difference equations

iae™[Ri(z + ¢) = Ri(2)] = R (2) + 2aR}(2), (2.5)
iae ™ [Ry(z + ¢) — Ry(2)] = —RY (2) + 2aR}(2), '
Then e* = £1 and Ry, R, are two polynomials of degree one.

Proof. Firstly, (2.5) can be written in the following form
1
——[R{(2) + 2aR|(2)] + Ri(2),
e (26)
[-R3(2) + 2aR)(2)] + Ra(2).

Rl(Z + C) =

Ry(z+c¢) =

ie™9
Similar to the argument in Lemma 2.2, we can prove that R;, R, are two nonconstant polynomials. Let

Rl(Z) = aka + ak_lzk_l +---t+az+ a(),RQ(Z) = b[Zt + b[_IZ[_l + -0+ bIZ + b(),

where aj,b; € C, ar # 0,b;, # 0, k > 1 and ¢ > 1. Substituting R;(z), R»(z) into (2.5), and comparing
the coefficients of z°!, 7572, z~! and z'~2 both sides of such two equations, it yields

iae“ake = 2aayk,

iae™ “b,tc = 2aa,t,

e ai( ]; e + ar_y(k — Dl = 2a(k — Dag_y + k(k = ay,

iae " [b( t2 Ye2 + by (t — 1)c] = 2a(t — 1)b,_; — t(t — 1)b,,
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which means
e = +1,

k(k—1)(ac—-1) =0, 2.7)
t(t—=1)ac+1)=0.

Since k > 1 and ¢ > 1, it follows e¢* = +1 and k = 1, s = 1. Therefore, this completes the proof of
Lemma 2.3 O

Lemma 2.4. Let R be a nonconstant rational function and p(z) = az+b (a # 0). Denote A; = R"+Rp’,
A, =A | +A,_p,B =R —Rp',B,=B_, +B,_((—p). Then
. A . Ap . B, . B,
Iim —==0, lm—=4", lim — =0, lim — =(-a)".
ll—e0 R l—c0 R ll—c0 R lz2l—e0 R

Proof. We use the mathematical induction to prove it. When k = 1, since R is a nonconstant rational

. . A’ . LRt . . R +Rp’
function and p’ = a, then lim ?‘ = lim 1% =0 and lim % = lim % =a
|z| >0 |z| >0 |z| >0 |z| >0
. A ) . A . A+Ala )
Suppose that lim = = 0, lim % = g* Thus, lim 2 = lim 2% = 0 and lim 2 =
|z]— 00 R |z| =00 R |z]l— 00 R |z| >0 R |z]— 00 R
. A +Ap . Al .
lim ==+ = g**!. Hence, we have lim % = 0 and lim % = a".
|z] =00 |z]—00 |z| >0
. . . B .
Similar to the above argument, we can prove that lim ¢ = 0 and lim % = (-a)".
|z| >0 |z| =00
Therefore, this completes the proof of Lemma 2.4. O

Lemma 2.5. ( [30, Theorem 1.51]). Suppose that fi, f>, ..., fu(n > 2) are meromorphic functions and
g1,82, ... &n are entire functions satisfying the following conditions

() Xy fre® = 0;

(ii) gj — gk are not constants for 1 < j <k <n;

@) For 1 < j<n, 1 <h<k<n T(,fj)=o{T(re" )} (r —» oo,r ¢ E), where E is a set of
r € (0, o0) with finite linear measure.
Then f;=0(j=1,2,...,n).

Lemma 2.6. (see [30, Theorem 2.7]). Let f be a meromorphic function of finite order p(f). Write
f@=cad + g+, (c#0)
near z = 0 and let {a,, ay, ...} and {by, by, ...} be the zeros and poles of f in C\{0}, respectively. Then

_ .k Q(Z)Pl_(z)
f@R)=z7e P’

where Pi(z) and P,(z) are the canonical products of f formed with the non-null zeros and poles of f,
respectively, and Q(z) is a polynomial of degree < p(f).

3. The proof of Theorem 1.1

Proof. Suppose that Eq. (1.1) admits a finite order transcendental meromorphic solution f(z) with
finitely many poles. We can rewrite Eq. (1.1) as

[f(2) + iaf(z+ ) = Bf(DIf(2) = af(z+c) = Bf(2)] = R(2). (3.1
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Since f(z) has finitely many poles and R is a nonzero rational function, then f(z) + i(af(z + ¢) — Bf(z))
and f(z) — i(af(z + ¢) — Bf(2)) both have finitely many poles and zeros. Thus, in view of Lemma 2.6,
(3.1) can be written as

{f(z) +i(af(z+c) - Bf(2) = R e, 42

f@ —i(af(z+c) - Bf(2) = Re P,
where R;,R, are two nonzero rational functions such that RjR, = R and p(z) is a nonconstant
polynomial. By solving the above equations system, we have

R, eP@ 4 R, e P@

2 ’ (3.3)

R.eP® — R, e P@
af(z+c)—Bf(z) = — oy i

Substituting the first equation of system (3.3) into the second equation of system (3.3), we get
el [ia/Rl(z +¢)eP“IPE) _iBR (7) — Rl(Z)]
4P [ia’Rz(Z +0)e PEOTPE _iBR(7) + Rz(Z)] =0. (3.4)

f@) =

By Lemma 2.5, it yields from (3.4) that

{iaR‘(Z +)ePEIPD — i8R (2) — Ri(2) = 0,

3.5
iR, (z + €)e P PY —iBR,(2) + Ry(z) = 0. G-)

Since R;, R, are two nonzero rational functions and f is of finite order, we obtain that p(z) is a
polynomial of degree one. Otherwise, assume that deg_ p(z) > 2. Thus, in view of (3.5), we have

PPE-PE) iBR1(2) + R1(2) o PEHO+PR) _ iBR>(2) __RZ(Z)
iaR;(z+¢) iR, (z + ¢)

which imply 1 = p(el’(““)‘f’@) = p(w) = 0, a contradiction. Hence, deg, p(z) = 1. Let

iR (z+c)

p(z) = az+ b, a # 0,b € C. Substituting this into (3.5), we can deduce

Ri(z+ .
lim ( l(Z C)ep(zﬂ)—p(z) _ﬂ) — i(a,eac _ﬂ) — 1’

=\ Ry(2)
Ry(z + , :
tim (5289 ppesore _ g| — g - gy = 1.
=0\ Ro(z)
Thus, it yields that a® — 8% = 1, a contradiction.
Therefore, this completes the proof of Theorem 1.1. O

4. The proof of Theorem 1.2

Proof. Suppose that f(z) is a transcendental entire solution with finite order of Eq. (1.2). Similar to
the above argument as in the proof of Theorem 1.1, it follows that

Q1 eP@ 4 Qze_”(Z)
2 9
Q1 eP@ — Qze_p(Z)

af(z+c)=pf(2) = 3P0 :

f@) =
4.1)
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where p(z) is a nonconstant polynomial and Q;(2)0,(z) = Q(2), 01(2), Q»(z) are nonzero polynomials.
In view of (4.1), it yields that

' iaP@)0:(z + )" — iBP(2)01(2) ~ 01(2)]
+ 79 [iaP(2)Qa(z + )e "D — iBP(2)05(2) + 0a(2)| = 0. (4.2)

Since p(z) is a nonconstant polynomial, then by Lemma 2.5, we conclude that

{ia'P(Z)Ql(Z +)e" D —iBP(2)01(2) — Qi(2) = 0, 43)

i@P(2)Qa(z + ) "I —iBP(2)0x(2) + 0a(2) = 0,
which implies that p(z) is a polynomial of degree one. Set p(z) = az+ b, a # 0,b € C. Thus, it follows
from (4.3) that

iaP(2)Q1(z + ¢)e* = (iBP(z) + DQ1(2),
iaP(2)Qx(z + c)e™™ = (iBP(z) — 1)01(2),

which means that

a@’P(2)°Q1(z + 0)Qa(z + ¢) = (B*P(2)* + 1)01(2) 02(2).

Hence, it yields

P(2)’[@*Q(z + ¢) — B Q)] = 0(2). (4.4)

Setdeg. P = panddeg. Q = g,then p >0, >0and p,q € N,.

Casel. p>1and @ = £6. If ¢ > 1. Since a # 0, thus, by comparing the order both sides of Eq.
(4.4), it follows 2p + g — 1 = g, that is, p = %, a contradiction. If ¢ = 0, that is, Q(z) is a constant.
Thus, we can conclude from (4.4) that Q(z) = 0, a contradiction.

Case2. p>1and a # £6. If g > 1. Since a # 0, thus, by comparing the order both sides of Eq.
(4.4), it follows 2p + g = g, that is, p = 0, a contradiction. If g = 0, that is, Q(z) is a constant. Thus,
we can conclude from (4.4) that P(z) is a constant, a contradiction with p > 1.

Case 3. p = 0and @ = +B. Thus, P(z) = K(# 0). If ¢ > 1. Since @ # 0, thus, by comparing the
order both sides of Eq. (4.4), it follows ¢ — 1 = ¢, a contradiction. If ¢ = 0, it follows Q(z) = 0, a
contradiction.

Cased. p=0and o # £6. If ¢ > 1, set P(z) = K(# 0), Q(z) = b,z? + bq,_lzq‘1 + -+ + by,
b, #0,b,-1,..., by are constants. By comparing the coefficients of z4, 797! both sides of (4.4), it yields
that

K’[a* - Bl =1, K’[Pqca, + (@ - BHa,1] = a, 1, (4.5)

which implies that e*gca, = 0, a contradiction. If ¢ = 0, then K*(a* — ) = 1, a contradiction.
Therefore, this completes the proof of Theorem 1.2. O

5. The proof of Theorem 1.3

Proof. Suppose that Eq. (1.3) admits a finite order transcendental meromorphic solution f(z) with
finitely many poles. We can rewrite Eq. (1.3) in the following form

[f"(@) + ilaf(z+c) = BFDIS (@) — i(af(z + ¢) = Bf(2)] = R(). (S.D
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Since f(z) has finitely many poles and R is a nonzero rational function, then f’(z) + i(af(z+¢) - Bf(2))
and f’(z) — i(af(z + ¢) — Bf(2)) both have finitely many poles and zeros. Thus, in view of Lemma 2.6,
(5.1) can be written as
@ +ilafz+c)-Bf(2) = Rie"?, 52)
f'@ —i(af(z+c) = Bf(2) = Rpe ™™, '
where R, R, are two nonzero rational functions such that R{R, = R, and p(z) is a nonconstant
polynomial. By solving the above equations system, we have

R,eP9 + Rye™P@

f@)= 7 ,

(5.3)
R.eP® — R, e P@
af+o)=pfR) = ———F——.
In view of the second equation of (5.3), it follows that
A,ePD — B e P®@
af'(z+¢)=Bf @) = — ‘ (5.4)

2i ’
where A; = R| + R p’ and B, = R}, — R,p’. Substituting the first equation of system (5.3) into (5.4), it
yields that
eP® [iaRl(z +¢)ePTIPO _iBR | (7) — A, (Z)]
+e P [ia/Rz(z + ¢)e PEIP@ _ iR (2) + B 1(1)] =0. (5.5)

By Lemma 2.5, it yields from (5.5) that

{iaRl (2 + )PP~ iBRI(2) ~ A)(2) = 0, (5.6)

iRy (z + ¢)e P& PR _ iR, (z) + Bi(z) = 0.
Since Ry, R, are two nonzero rational functions and f is of finite order, similar to argument as in the

proof of Theorem 1.1, it follows that p(z) is a polynomial of degree one. Let p(z) = az+b,a # 0,b € C.
Substituting p(z), Ay, By into (5.6), and let z — oo, thus we can conclude from Lemma 2.4 that

. (Riz+0¢) _ . R (2)
1 p(z+o)-p@) _ p| — ac _pgy— 17 L o — ,
|z|1—r>Ic}ol( RG) e Bl = i(ae” - B) R@ a=a
. [(Ra(z+0) _  ac R, (2)
lim i| ———Zel@tr@ _ ) =i(ae ™ -B)=—-———+a=a,
Jim ( R0 Bl =i B R0
which means that
i(ae”™ - B)=a, i(ae™™ —-p)=a. 5.7

Hence, it yields e* = +1.
If e““ = 1, then a = ia — i. Thus, we can rewrite (5.6) in the following form

{M&@+d—&@H=M@% (5.8)

ia[Ry(z + ¢) — Ry(2)] = R}(2).
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If R;, R, are nonzero constants, then (5.8) holds and R = R;R, is a constant.

If R;(j = 1,2) is a nonzero rational function, then in view of Lemma 2.1, it follows that iac = 1 and
R;(j = 1,2) is a polynomial of deg. R; = 1. In view of R = R|R,, thus R is a nonconstant polynomial
with deg_R < 2.

If e = —1, then a = —ia — iB. Thus, we can rewrite (5.6) in the following form

{ —ia[R\(z +¢) — Ri(2)] = R} (2), 59)

—ia[Ry(z + ¢) — Ry(2)] = R)(2).

Like in the previous case, we can obtain that iac = +1 and R(z) is a nonconstant polynomial with
deg. R < 2 or R(z) is a nonzero constant.

Hence, we can conclude that R is a nonconstant polynomial with deg. R < 2 or R is a nonzero
constant.

(1) Suppose that R(z) is a nonconstant polynomial with deg, R < 2, then in view of the first equation
of (5.3), it follows that f(z) is of the form

1 (Z)eaz+b + s2(z)e—(az+b)
2

where s;(z) = mjz+nj,m;,nj € C(j=1,2)andy € C.

Case 1. If deg_ R = 2, then it follows that m; # 0(j = 1, 2). Substituting (5.10) into (5.3), it follows
that R(z) = —(as(2) + my)(as,(z) + my), iac = 1 and a = i(a — ) or iac = —1 and a = —i(a + ).

If iec = 1 and a = i(@ — B), then ™ = 1, i.e., ¢ = 2% Obviously, @ # Basa # 0. If @ = -, then
a = 2ia. Thus, since @ # 0 and from (5.7), it follows 1 = % = %% = ¢?, a contradiction. Hence,
a # £f. Thus, substituting (5.10) into the second equation of (5.3), it follows y = 0.

Ifiac = -1 and a = —i(a+p), then ¢’ = —1,i.e.,c = @ Obviously, ¥ # —Basa # 0. I[f o = S,
then a = —2ia. Thus, since @ # 0 and from (5.7), it follows —1 = ¢% = ¢7%% = ¢2 a contradiction.
Hence, a # £8.

Case 2. If deg_R = 1, then one of m,, m, is zero, without loss of generality, assuming that m; = 0.
Substituting (5.10) into (5.3), it follows that R, is a constant and R, is a polynomial of degree one, and
iac = 1 and a = i(a — B) or iac = —1 and a = —i(a + ). Similar to the argument as in Case 1, it is easy
to prove that @ # £ and y = 0.

Therefore, f(z) is of the form

f@) = +7, (5.10)

51(2)e"* + s55(z)e™ @b

f@) = > ,
where R(z) = —(as(z) + my)(asx(z2) + my),a # 0,b € C, and a, b, c, @, B satisfy @ # £8, a = —i(a + B),
c= @i, iacc=—-lora=ilad—-p),c= %i, iac = 1.

(i1) If R(z) is a nonzero constant, then in view of the first equation of (5.3), it follows that f(z) is of

the form
nleaz+b + nze—(az+b)

f@) = >

where ny,n, € C and y € C. Substituting (5.11) into the first equation of (5.3), it yields R = —a’nn,.
For the sake of brevity and readability, we give the proof of Theorem 1.3 (ii;)-(ii3) in Appendix A.
Therefore, this completes the proof of Theorem 1.3. O

+d, (5.11)
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6. The proof of Theorem 1.4

Proof. Suppose that Eq. (1.4) admits a finite order transcendental meromorphic solution f(z) with
finitely many poles. We can rewrite Eq. (1.4) as

[/ (@) + iaf(z+c) = BFDILS" (@) — ilaf(z +¢) - Bf(2)] = R@). (6.1)

Since f(z) has finitely many poles and R is a nonzero rational function, then f”(z) +i(af(z+c)—Bf(2))
and f(z) — i(af(z + ¢) — Bf(z)) both have finitely many poles and zeros. Thus, (6.1) can be written as

1/ . _ — (z)
{f @) +i(af(z + ©) — Bf(2)) = Rie"?, 62

f'@ = iafz+c) = Bf(2) = Roe™™?,

where R;,R, are two nonzero rational functions such that RjR, = R and p(z) is a nonconstant
polynomial. By solving the above equations system, we have

R, eP@ 4 R, e P@

2 ’ 6.3)

R.eP® — R, e P@
af(z+c) - Bf(z) = — oy el

@)=

In view of the second equation of (6.3), it follows that

A, eP@ — B, e P
20 ’

af’'@+0)-Bf" (@ = (6.4)

where A, = A| + Ap" and B, = B} — B p’. Substituting the first equation of system (6.3) into (6.4), it
yields
eP® [ia/Rl(z + )l P@ _iBR | (z) - Az(Z)]
4P [iaRz(z 4 ¢)ePEHIPQ _igR. (7) & Bz(Z)] =0. (6.5)

By Lemma 2.5, it yields from (6.5) that

6.6
iR (7 + €)e "I PO — iBR)(2) + Ba(z) = 0. (00)

{ia/R1 (2 + €)e"IPD _iBR (2) — Ax(2) = 0,
Since R;, R, are two nonzero rational functions and f is of finite order, we obtain that p(z) is a
polynomial of degree one. Let p(z) = az + b, a # 0,b € C. Substituting p(z), A, B, into (6.6), and let
7 — oo, thus we can conclude from Lemma 2.4 that

. [Ri(z+0©) \ . . Al(2)

lim i| =2 =2 ppta)—p@) _ ) — (e — B) = +ad*=d,
e ( Ri@) B|=ilae" =A =210

. [Ra(z+0) N D e B (2)

llm 1 —eP(Z+C) p(@) _ ) = (e ac __ — _ a2 — _a2’
s ( Ry@) A=K P =0
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which means that
i(we™ —B) = a*, i(ae ™ —B) = —d*. 6.7)

Hence, it follows a* = o — 5°.

(i) If @ = +p, this is a contradiction with a* = @? — B%. Therefore, this proves the conclusion of
Theorem 1.3 (i).

(i1) If @ # +B. Substituting p(z) = az + b and (6.7) into (6.6), it yields

{iaeac[Rl(Z +¢) = Ri(2)] = R{(2) + 2aR|(2), (6.8)

iae™[Ry(z + ¢) — Ry(2)] = —RY (2) + 2aR}(2).

Suppose that R;, R, are nonconstant rational functions, in view of Lemma 2.3 and (6.8), we can
conclude that e* = +1 and R, R, are nonconstant polynomials of degree one. Set deg.R; = k and
deg, R, = .

Ifk=1ands = 1, in view of Lemma 2.3, we obtain (2.7). If e¢* = 1, then from (6.7), it follows that
ia—iB = a* and ia — i = —a?, a contradiction. If e=* = 1, then from (6.7), it follows that —ia — i = a?
and —ia — i = —a?, a contradiction. Hence, there is at most a polynomial of degree one in R and R,.
For the sake of brevity and readability, we give the proof of Theorem 1.4 (ii;) and (ii) in Appendix B.

Therefore, this completes the proof of Theorem 1.4.
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Appendix A

The proof of Theorem 1.3 (ii;) — (ii3): (iiy) If @ = B, in view of (5.7), it follows that e““ = +1.
If e = 1, then a = 0 as ia(e” — 1) = a, a contradiction. Thus, ¢ = —1. Hence, it follows that
c=30" g = digandd € C.

(iiy) If @ = =B, in view of (5.7), it follows that e* = 1. If ¢*“ = —1, thena = 0 as ia(e™ ™ + 1) = a,
a contradiction. Thus, ¢? = 1. Hence, it follows that ¢ = % a=2icdand d = 0.

(ii3) If @ # B, substituting (5.11) into the second equation of (5.3), it yields d = 0. in view of
(5.7), it follows that e® = 1. If e* = —1, it follows that c = 4™ and a = i(@ - B). If e = —1, it
follows that ¢ = % and a = —i(a + ).

Appendix B

The proof of Theorem 1.4 (ii;) and (ii;): (ii;) Suppose that k = 1 and s = 0. In view of (6.5), it
follows that f is of the form

51(2)e"* + s55(z)e™ @b

f2) = 5 + P(2), (6.9)

where a # 0,b € C, s51(z) = miz+ny, $2(2) = ny, my(# 0),ny,n, € C and P(z) is a polynomial of degree
one. Since a # S, then it yields from the second equation of (6.5) that P(z) = 0. And in view of the
first equation in (6.8), it follows that iae*c = 2a. Hence, f(2) is of the form

s (Z)eaz+b + nze—(az+b)
2 b

f@) =

2.
log ©8 4 okmi .
ng’ e’ = % # +1 and R = a’my[as;(2) + 2m,].

where a* = > -p*,beC,c =
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Suppose that k = 0 and s = 1. Similar to the above argument as in (ii;), we get that

B nleaz+b + Sz(z)e—(az+b)

f@) > ,

9.,
log = 4 (2k+ ymi e
where a* = o> - B>, beC,c = g’“f(), ¢ =2 ¥ +1 and R = a’ny[asy(z) — 2m;).

(ii;) Suppose that R, R, are two nonzero constants. In view of (6.5), it follows that f is of the form

Cleaz+b + C2e—(az+b)

2

f(2) = + P(2), (6.10)

where a # 0,b € C, ¢y, ¢, € C— {0} and P(z) is a polynomial of degree one. Since a # 3, then it yields
from the second equation of (6.5) that P(z) = 0. Hence, f(z) is of the form

Cleaz+b + Cze—(az+b)
2 2

f@) =

2.,
log “HB 1 2kri

where a* = > - B>, beC,c = L and R = a*ccs.
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