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1. Introduction and preliminaries

A function A : I € R — R is said to be a convex, if
A((1 —ou+ov) < (1 -0)A) +0AW), VYu,velpel01]

Recently convexity has received special attention by many researchers and consequently it has been
extended and generalized in different directions, for instance, see [3] in which authors introduced and
discussed several new types of convexities. Varosanec [15] introduced h-convex functions. It has been
noticed that for different suitable choices of function /(.) it contains the classes of Breckner type of
s-convexity [2], Godunova-Levin type of s-convexity [5], P-functions [7], Q-functions [8] and tgs-type
of convex functions [14] etc.

Definition 1.1. Let /2 : (0, 1) — R be a real function. We say that A : I — R is an h-convex function, if

Alou + (1 — o)) < h(o)A(w) + h(1 — o)A(v), Vu,vel,pe(0,1).
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Theory of convexity played significant role in the development of theory of inequalities. Many know
results in theory of inequalities can be obtained using the convexity property of functions. A simple
yet a powerful result in this regard is Hermite-Hadamard’s (HH) integral inequality, which provides us
a necessary and sufficient condition for a function to be convex. It reads as:

Theorem 1.1. Let A : I = [e, f] CR — R be a convex, if A € Lle, f], then

e+ f 1 A(e) + A(f)
A( 5 )SJ:fA(u)duS#

e

For more information, see [6].
Recently Sarikaya et al. [13] utilized the concepts of Riemann-Liouville (RL) fractional integrals
which are defined as:

Definition 1.2 ( [9]). Let A € Ly[e, f]. Then the RL integrals J%, A and J?_A of order @ > O withe > 0
are defined by

1 u
J% A(u) = o f (u—0)""A)do, u>e, (1.1)
and ;
1
Ji-Au) = @ f (0—w'Al@)do, u<f, (1.2)
where

F(oz):f e “u"'du.
0

and obtained a new version of HH inequality in the setting of fractional calculus.

Theorem 1.2 ( [13]). Let A : [e, f] = R be a positive function with0 < e < fand A € Lle, f]. If A is
convex function on e, f1, then

A(e+f)< T(a + 1)

> %A + T2 Ae)] < Al©) + A

T 2f-e) 2

Note that if @ = 1, then the above version of HH inequality reduces to the classical HH inequality
as described in Theorem 1.1. We now recall some preliminary concepts of k-fractional calculus.
Generalized k-gamma and k-beta functions were introduced and studied by Diaz et al. [4] respectively
as:

k™ (nk)t!
im KOO ouec\ iz (1.3)
— (u)n,k
Iy is one parameter deformation of the classical gamma function as I', — I' when k£ — 1. I is based

on the repeated appearance of the expression of:

[(u) =1

O+ k)P +2k)(p+3k)...(¢+ (n—1)k).
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This above statement is a function of the variable ¢ and is denoted by (¢),,. It is known as Pochhammer
k-symbol, which reduces to classical Pochhammer symbol (¢), by taking k = 1. The integral form of

I is given by 't (u) = fg” ! ‘TdQ, R(u) > 0 and

()T
Bu(u,v) = % Rwu) > 0, R(1) > 0. (1.4)

Integral form of k-Beta function is given by:

1

B = 1 f 101 - o) do.

0

Sarikaya et al. [12] discussed the concept of k-RL fractional integrals and discussed some of its
interesting aspects and applications.

Let A be piecewise continuous on /™ = (0, co) and integrable on any finite subinterval of I = [0, co].
Then for o > 0, we consider k-RL fractional integral of A of order «

EAW) = )f< ~ o)t 'AMe, u> ek >0,

Note that when kK — 1 k-RL fractional integrals become classical RL fractional integral. For details on
fractional inequalities and k-fractional inequalities, see [1,12, 16].

The motivation of this paper is to derive some new parametric estimations of Hermite-Hadamard
like inequalities via h-convex functions involving the concepts of k-fractional calculus. We also discuss
in detail the special cases which can be deduced from the main results of our paper. In the last section,
we discuss some applications. This shows the significance of our results. It is expected that the results
of this paper may inspire interested readers.

2. Main results

We now derive a new k-fractional integral identity which will play significant role in obtaining main
results of the article.

Lemma 2.1. Let A : I = [e, f] C R — R be k-fractional differentiable function on I°. If N\’ € Lle, f],
then

— 1 1
zesiein=T2| [Coin (o5 v a-oeao- [Catn (05 v - o).
0 0

where

e, fia,k)
e+ f) Twe+D[( 2\ 2\
AR seno-(7R) s
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Proof. Take

| 1
f;e[f Q%A'(ge;fﬂl—p)e)dg—fQZA'(Q%CJf(l‘Q)f)dQ]:II_IZ'
0 0

Integration by parts and using k-fractional integral, we have

1
n= [ QZA'(Q#+(1—Q)€)dQ
0

%+1 ¢
__2 A(e+f)+9( 2 ) f(e—u)%-lA(u)du

f—e 2 k\e—f

etf
2 e+ f 2\
—f_eA( . )+Fk(a+l)(ﬁ) kJ(%+A(e).

Also

1
h= [ e[ 5t va-or)u
0

2 fe+f 2\
e L TR P BV

Combining (2.1), (2.2) and (2.3) completes the proof.

Note that for k = 1, we have Lemma 2.1 [10].
Now utilizing Lemma 2.1, we derive our main results.

2.1)

(2.2)

(2.3)

Theorem 2.2. Let A : I = [e, f] C R — R be k-fractional differentiable function on I° and N’ € Lle, f].

If|\'| is h-convex function, then

A,e+f
%)

B, frabl < L 46{2 fo ot ho)do + [N (@) + (D)) f Q%ha—mdg}.
0

Proof. Using Lemma 2.1, the hypothesis of the theorem and the property of modulus, we have

1Z(e, f; )|
1 1
< f;e{f of A’(Qe;fﬂl—g)e) d9+f 0¥
0 0
+ h(1 —Q)lA'(e)l]dQ

— 1 (Y—
L e e ()
LI e+ f ,
+f0Qk [h(g)A( 3 )+h(1—Q)|A(f)|]dQ}

X e+ f
%)

2

A (gﬂ (1= Q)f)' dg}

| 1
f ot h(o)do + {IA(e)l + IN (I} f th(l—@)dg}
0
0

This completes the proof.

O
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We now discuss some special cases of Theorem 2.2.
(i) If h(o) = o, then we have result for convex functions.

Corollary 2.3. Under the conditions of Theorem 2.2, if |\’| is convex function, then

- ) f—e 2k e+ f k> , ,
Ete. fra. k)l < — {(oz+2k)‘A( > )l+((a+k)(a+2k)){m<e>|+|A<f>|}}.

(ii) If (o) = o°, then we have result for s-convex functions of Breckner type.

Corollary 2.4. Under the conditions of Theorem 2.2, if |\’| is s-convex function of Breckner type, then

|E(e,f;a,k)|gf_e{( 2k )lA'(e+f)

) D tks ik 2 + kBi(a + k, ks + k){|A"(e)| + |A'(f)|}}.

(iii) If h(o) = 0o7*, then we have result for s-convex functions of Godunova-Levin type.

Corollary 2.5. Under the conditions of Theorem 2.2, if |\’| is s-convex function of Godunova-Levin
type, then

|E(e,f;a,k)|§f;e{( 2k )lA,(e+f)

a—ks+k 2

+ kBi(a + k, k — ks){|A"(e)| + IA’(f)I}}.

(iv) If h(o) = 1, then we have result for P-convex functions.

Corollary 2.6. Under the conditions of Theorem 2.2, if |\’| is P-convex function, then

—_ . k(f_e) ’ ’ ﬂ ’
[E(e, fra, k)| < Nath) {|A (€)|+2lA( 7 )|+|A (f)|}-

(v) If h(o) = o(1 — o), then we have result for tgs-convex functions.

Corollary 2.7. Under the conditions of Theorem 2.2, if |\'| is tgs-convex function, then

— . k2(f - e) et f ’
e fra bl < S e@+ 30 A ( 2 )' A (f)l}'

{IA’(e)I +2

Theorem 2.8. Let A : I = [e, f] C R — R be k-fractional differentiable function on I° and A’ € Lle, f].
If|N'|? is h-convex function and if g > 1,q > r > 0, then

1-1
|Z(e, f;a,k)| < f-e ( k(g—1) ) q

4 \a(g-r)+k(g—-1)

1 q 1 q
x 2[ [etnone| v (52) +[ [ etna-one
0 0

Proof. Using Lemma 2.1 and the hypothesis of the theorem, we have

A ()l + A (NI ¢ -

1Z(e, f1a, k)
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1

1-1

7 ! 1 alg-r) 4
do| + ( f Q“q”dg)
0

1 1
Sf;e(j‘kxmm) Lfgy (
0
] N
ot eo-onf
0
1 1
f-e kg=10 N Lol | (et f
=73 (a(q—r>+k(q—1>) [fg @ A(T)
0
1
k(g—1) e+ 1\
+(a(q—r>+k<q—1)) [fg [h(Q)A(T)
0

<f—e( kg - 1) )“q
4 \a(g-r)+kig-1)

1 % 1 q
x 2[f9“z’h(g)dg] A(#) +[fgt’h(1—g)dg
0 0

here we have used the fact that Z(e, + fi)" < Z + Z f" where 0 <w < 1, ej,e;,...,€, > 0 and

+(1 —Q)e)

+(1 —.Q)f)

1

q q

+h(l - Q)IA’(e)I"} d@]

+h(l - Q)IA’(f)Iq] dQ]

(A @l +IA (DI 5

N

fis fos ooy fu = 0. This completes the proof. 0

We now discuss some special cases of Theorem 2.8.
(i) If h(o) = o, then we have result for convex functions.

Corollary 2.9. Under the assumptions of Theorem 2.8 if |N'|? is convex function and if g > 1,q > r > 0,
then

k(g —1) yﬁ
alg—r)+k(g—1)

Y e+ f k? a ) )
X{z(ar+2k) A( 2 )l+((ar+k)(ar+2k)) ”A(e)'”A(f)”}'

(ii) If (o) = o’, then we have result for s-convex functions of Breckner type.

Iﬂaﬁakﬂsf;e(

Corollary 2.10. Under the assumptions of Theorem 2.8 if |\’|? is s-convex function of Breckner type
andifqg>1,q>r >0, then

Kg-1) yﬁ
alg—r)+k(g—-1)

Plarsiz) (3
ar+ks+k 2

(iii) If h(o) = o7*, then we have result for s-convex functions of Godunova-Levin type.

e i< 135

+ (kBy(k + ar, k + ks))é [IA"(e)| + IA'(f)I]} .
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Corollary 2.11. Under the assumptions of Theorem 2.8 if |N'|? is s-convex function of Godunova-Levin
typeandifqg > 1,q>r >0, then

kg - 1) yﬁ
alg—r)+k(g—1)

ko V| fe+r
x{z(ar—ks+k) A( 2 )

(iv) If h(o) = 1, then we have result for P-convex functions.

Iﬂaﬁakﬂsf;e(

+ (kBy(k + ar, k — ks))t [|A'(e)] + IA'(f)I]} :

Corollary 2.12. Under the assumptions of Theorem 2.8 if |N'|? is P-convex function and if ¢ > 1,q >

r >0, then
e+ f
AN | —

1

_ k(f—e) Ka-D 7

e ikl <~ 1( 4 IN(@)] +2
dar + kys \alg—1) +k(g—1)

Corollary 2.13. Under the assumptions of Theorem 2.8 if |N’|? is tgs-convex function and if g > 1,q >

r >0, then

+ IA'(f)I} -

(v) If h(o) = o(1 — o), then we have result for tgs-convex functions.

|Z(e, 3, k)|
2 _ _ 1_5
< (f - e) 1( q-1 ) @Aﬁm+2A(fiI)+mxﬂ&_
A(ar + 2k)(ar + 3k)]s \@lg—=1) +q -1 3

Theorem 2.14. Let A : I = [e, f] € R — R be k-fractional differentiable function on I° and N’ €
Lle, f1. If |\’|? is h-convex function and ifl—l) + é =1, then

f-el kg-1 )i
4 \ag+k(g—-1)

1 q
x 2[ f h(o)do| |A’ (%()
0

Proof. Using Lemma 2.1 and the hypothesis of the theorem, we have

|E(e, fra, k)| <

1 q
+(fh(l —Q)dg] [IA (o)l + IN ()]
0

|Z(e, f;a, k)l
1
f-e k(g—-1)
< i )[” v
0
1
kg = 1) e+f
+(aq+k(q—1)) [Of[ ( )
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1 1

q 1
A(#) +[fh(l — 0)do

0

q

A @l + A (DI 5

1 1
Cfeef kg-D V
_4(W+M—J 4[““’
0

here we have used the fact that Z(e, + )V < Ze + Zf” where 0 < w < 1, e1,e5,...,¢, = 0 and

fis fas o fu 2 0. This completes the proof. O

We now discuss some special cases of Theorem 2.14.
(i) If h(o) = o, then we have result for convex functions.

Corollary 2.15. Under the assumptions of Theorem 2.14 if |\’|? is convex function and if ¢ > 1, then

’ e+f
A(T)

(ii) If (o) = o°, then we have result for s-convex functions of Breckner type.

o foe( kg-1 |\
(e, fra, k)] < 22+1 (aq + k(g - 1))

{IA'(e)I +2

+ IA'(f)I} -

Corollary 2.16. Under the assumptions of Theorem 2.14 if |N'|? is s-convex function of Breckner type
and if g > 1, then
A (e +f )
2

1
_ kg —1 =
B, fran k) < —L ( g )J %N@Hz
(iii) If (o) = 07, then we have result for s-convex functions of Godunova-Levin type.

4(s + 1)s \@q + k(g -1 + IA’(f)I} :

Corollary 2.17. Under the assumptions of Theorem 2.14 if |N’|1 is s-convex function of Godunova-

Levin type and if ¢ > 1, then
’ e + ’
A( Zf»HAUW}

_ k(g — 1 -5
|E(e, fra, k)| < foe - ( (g—1) ) {IA'(6)| +2
4(1 — s)a \aq +k(g—1)
Corollary 2.18. Under the assumptions of Theorem 2.14 if |\’|? is P-convex function and if ¢ > 1, then
1
- —e_kg-1D [, (et :
[=(e, [, k)| < ! ( 9 — 1)) {IA (@l +2]A (Tf)‘ +A (f)l}-

4 \aqg+k(g
(v) If h(o) = o(1 — o), then we have result for tgs-convex functions.

(iv) If h(o) = 1, then we have result for P-convex functions.

Corollary 2.19. Under the assumptions of Theorem 2.8 if |N’|7 is tgs-convex function and if g > 1,

then
,(e +f)
2
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3. Applications

In this section, we discuss some applications for our results to means of special numbers. Let us
recall some previously known concepts.

Definition 3.1 ( [11]). Recall the following definitions:

(1) For arbitrary e >0, f >0and e # f

__f-e
L= log f —loge’
is the logarithmic mean.
(2) For arbitrary e, f e Rand e # f
e+
AN =31,
is the arithmetic mean.
(3) For arbitrary e, f e Rand e # f
1
fp+1 _ ep+1 ?
Lye, )= [— ;
oot (f-ep+1)

is the generalized log-mean, p # —1,0.
We now present our applications.

Proposition 3.1. Lete, f € R, e < fandn e R, n > 2, then

n n Inl(f —e) ne el | pine
(A e, f) = Lie, f)] < {—2 {21 (e )l + Al 1 £}
Proof. The proof is immediate from Corollary 2.3 applied for @ = 1 = k and A(u) = u"*, u € R. m|

Proposition 3.2. Lete, f € R, e < fand 0 < s < 1, then

- |
e, - £ite. ] < P e

s—1 s—1
m) Allel™, 1] )} .

Proof. The proof is immediate from Corollary 2.4 applied for@ = 1 = kand A : [0,1] — [0, 1],
A(u) = u’. O

Proposition 3.3. Lete, f € R, e < fandn e R, n > 2, then
\A (e, £) = Lie, [
m(F-e)( q-1 \"if( 1\
< ( 9 ) {( ) A ‘(e,f)|+(

1
(r+1)r+2)

1
! n—1 n—1
I b — )ﬂ(|e| 1A )}.

Proof. The proof is immediate from Corollary 2.9 applied for @ = 1 = k and A(u) = v, u € R. O
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Proposition 3.4. Lete, f €R, e < fand 0 < s < 1, then

[ A (e, f) = Lie, )] <

slF—e)( g1\
4 2g-r—1

X {2 (;) A (e, £l + Bi(r + 1,5 + DA(el*", |f|5‘1)} .
r—s+1

Proof. The proof is immediate from Corollary 2.10 applied for@ = 1 = kand A : [0,1] — [0, 1],
A) =u’. o

Proposition 3.5. Lete, f e R, e < fandn e R, n > 2, then

|ﬂ%aﬂ—1ﬂafﬂs““f_@(q_l

; 2qg -1

xF ) (A e, I+ Al 117D

Proof. The proof is immediate from Corollary 2.15 applied for@ = 1 = k and A(u) = u", u € R. O
Proposition 3.6. Lete, f € R, e < fand 0 < s < 1, then

1
, , IsICf =€) (g=1\"7 .
\A (e, ) = Li(e, f)] < f‘l(q ) (A (e, P+ Allel ™, 1117
2s+ 1)a \2g =1
Proof. The proof is immediate from Corollary 2.16 applied for@ = 1 = kand A : [0,1] — [0, 1],
A(u) = u’. |
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