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1. Introduction

Let us consider the following Cauchy problem of the incompressible micropolar fluid equations in
three-spatial dimensions :

ou+w-VYu—Au+Vr—-Vxw=0,

0w—Aw—-VV-w)+2w+ u-Vo—-VXxu=0, (1.1)
V-u=0, '
u(x, 0) = up(x), w(x,0) = wo(x),


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020024

360

where u = u(x, ) € R, w = w(x, 1) € R? and 7 = 7 (x, ) denote the unknown velocity vector field, the
micro-rotational velocity and the unknown scalar pressure of the fluid at the point (x, ) € R? x (0, T),
respectively, while u, w, are given initial data with V - 4y = 0 in the sense of distributions.

Theory of micropolar fluid equations was first proposed by Eringen [11] in 1966, which have
important applications in fluid mechanics and material sciences and which enables to consider some
physical phenomena that cannot be treated by the classical Navier-Stokes equations for the viscous
incompressible fluids, for example of animal blood, liquid crystals and delute aqueous polymer
solutions, etc. (see [28,29,31]). If w = 0, then (1.4) reduces to be the well-known Navier-Stokes
equations. Besides its physical applications, the Navier-Stokes equations are also mathematically
significant. Since Leray [24] and Hopf [23] constructed the so-called well-known Leray-Hopf weak
solution u(x,f) of the incompressible Navier-Stokes equation for arbitrary uo(x) € L?*(R?) with
V - up(x) = 0 in last century, the problem on the uniqueness and regularity of the Leray-Hopf weak
solutions is one of the most challenging problem of the mathematical community. Later on, much
effort has been devoted to establish the global existence and uniqueness of smooth solutions to the
Navier-Stokes equations. Different criteria for regularity of the weak solutions have been proposed
and many interesting results were established (see e.g. [12-14,22,33] and references there in).

Due to the importance of both physics and mathematics, the question of smoothness and uniqueness
of weak solutions to (1.4) is one of the most challenging problems in the theory of PDE’s. Galdi and
Rionero [19], Lukaszewicz [26] considered the existence of weak solutions of the micropolar fluid
flows (1.4). While the existence of regular solutions is still open problem, there are many interesting
sufficient conditions which guarantee that a given weak solution is smooth (see [4,9, 15-18,32] and
references there in). In particular, as for the pressure criterion, Dong et al. [10] (see also Yuan [31])
showed that the weak solution becomes regular if the pressure satisfies

3

2 3
ne 90, T; LP°[R?Y), for Z+=<2, Z<p<oo,
q p 2

or 0
me L'(0,T; B, (RY)),

-0
where L and B, ,, denote Lorents space and homogeneous Besov space. Later on, Jia et al. [20]
extended and improved Serrin’s regularity criterion to the largest critical Besov spaces as

m € L0, T; B, (RY)),

where 2+2 =2+, - <p<eoand -1 <r<1.
+r

Besides, some interesting logarithmical pressure regularity criteria of micropolar fluid equations are
studied. In particular, in [21], Jia et al. refined this question by establishing a regularity criterion in
terms of the partial derivative of the pressure in the Lebesgue space. More precisely, they showed that
if the partial derivative of the pressure dsr satisfies

T Sartll? 2 3 7 12
f 1105 ”Lq dt<oo, —+—=- and — < g < 00, (1.2)
o L+In(e+ |l p q 4 7

then the weak solution (u#, w) becomes a regular solution on (0, T]. (see, for instance [1-3] and the
more recent papers [5—8] and the references therein).
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Here we would like to give an improvement of the anisotropic regularity criterion of (1.5). Before
giving the main result, we recall the definition of weak solutions for micropolar fluid equations (1.4)
(see [26,27)).

Definition 1.1 (weak solutions). Let (19, wg) € L>(R?) with V - uy = 0 in the sense of distribution and
T > 0. A measurable function (u(x, 1), w(x, t)) on R>x (0, T) is called a weak solution of (1.4) on [0, T)
if (u, w) satisfies the following properties :

(@) (ww) € L((0,T); LAR})) N L2 ((0, T); H'(RY));
(ii) V- u = 0 in the sense of distribution;
(iii) (u, w) verifies (1.4) in the sense of distribution.

(iv) (u, w) satisfies the energy inequality, that is,

! t
[, D72 + llwC, DI, + 2f IVu(-, DI, dr + 2f IV (-, DI, dr
0 0

< Nluolly> + llwollz,, forallt €[0,T].

We endow the usual Lebesgue space LP(R?) with the norm ||-||,,. We denote by §; = % the partial
derivative in the x;—direction. Recall that the anisotropic Lebesgue space consists on all the total
measurable real valued functions & = h(x, x,, x3) with finite norm

1
q = (f (f |h(X)|p dx,-);l’dxjdxk) ,
L R2 JR

where (i, j, k) belongs to the permutation group S =span{l, 2, 3}. Our main result is as follows:

(I

Theorem 1.2. Let (up, wy) € L*(RY) N L*R3) with V - uy = 0 in R3. Suppose that (u, w) is a weak
solution of (1.4) in (0, T). If the pressure satisfies the condition

q

v 1asac ol

slize
dt < oo, (1.3)
fo 1 +In(e + [lw(, D)
where L 2 o 3 :
—+—-+—=12€[2,3) and —<y<a< ,
Yy g « A =2

then the weak solution (u, w) becomes a regular solution on (0, T].

This allows us to obtain the regularity criterion of weak solutions via only one directional derivative
of the pressure. This extends and improve some known regularity criterion of weak solutions in term
of one directional derivative, including the notable works of Jia et al. [21].

Remark 1.1. Criterion (1.6) can be viewed as a generalization of the recent result (1.5) of Jia-Zhang-
Dong in [21]. Moreover, thanks to the fact that micropolar fluid equations (1.4) with w = 0 reduce
to the 3D Navier-Stokes equations, we notice that our criterion (1.6) becomes the recent result of
Liu-Dai [25] for the Navier-Stokes equations.
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As an application of Theorem 1.5, we also obtain the following regularity criterion of weak
solutions.

Corollary 1.3. Let (ug, wo) € L2 (R*) N L*R*) with V - ug = 0 in the sense of distributions. Assume that
(u, w) is a weak solution of (1.4) in (0, T). If the pressure satisfies the condition

T 0 ot qw
f 037 (-, D] di < o,
0

1 +In(e+ [|w(, D|z4)

where
2 3 3 1

—+—=A1€[2,3) and - <a<——,
q « A A=2
then the weak solution (u, w) becomes a regular solution on (0, T].

Let us consider the following Cauchy problem of the incompressible micropolar fluid equations in
three-spatial dimensions :

ou+w-VYu—Au+Vr—-Vxw=0,
Ow—Aw—-VV-w)+2w+ u-Vo—-Vxu=0,
V-u=0,

u(x, 0) = up(x), w(x,0) = wo(x),

(1.4)

where u = u(x,t) € R?, w = w(x,t) € R? and 7 =  (x, f) denote the unknown velocity vector field, the
micro-rotational velocity and the unknown scalar pressure of the fluid at the point (x,?) € R? x (0, T),
respectively, while uy, w, are given initial data with V - 4y = 0 in the sense of distributions.

Theory of micropolar fluid equations was first proposed by Eringen [11] in 1966, which have
important applications in fluid mechanics and material sciences and which enables to consider some
physical phenomena that cannot be treated by the classical Navier-Stokes equations for the viscous
incompressible fluids, for example of animal blood, liquid crystals and delute aqueous polymer
solutions, etc. (see [28,29,31]). If w = 0, then (1.4) reduces to be the well-known Navier-Stokes
equations. Besides its physical applications, the Navier-Stokes equations are also mathematically
significant. Since Leray [24] and Hopf [23] constructed the so-called well-known Leray-Hopf weak
solution u(x,f) of the incompressible Navier-Stokes equation for arbitrary ug(x) € L*(R?) with
V - up(x) = 0 in last century, the problem on the uniqueness and regularity of the Leray-Hopf weak
solutions is one of the most challenging problem of the mathematical community. Later on, much
effort has been devoted to establish the global existence and uniqueness of smooth solutions to the
Navier-Stokes equations. Different criteria for regularity of the weak solutions have been proposed
and many interesting results were established (see e.g. [12—-14,22,33] and references there in).

Due to the importance of both physics and mathematics, the question of smoothness and uniqueness
of weak solutions to (1.4) is one of the most challenging problems in the theory of PDE’s. Galdi and
Rionero [19], Lukaszewicz [26] considered the existence of weak solutions of the micropolar fluid
flows (1.4). While the existence of regular solutions is still open problem, there are many interesting
sufficient conditions which guarantee that a given weak solution is smooth (see [4,9, 15-18, 32] and
references there in). In particular, as for the pressure criterion, Dong et al. [10] (see also Yuan [31])
showed that the weak solution becomes regular if the pressure satisfies

2 3 3
e L490,T; LP°(R?), for Z+=<2, Z<p<oo,
q p 2
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or 0
m e LY0,T; B, (R)),

0
where L and B, , denote Lorents space and homogeneous Besov space. Later on, Jia et al. [20]
extended and improved Serrin’s regularity criterion to the largest critical Besov spaces as

m e L0, T; B, (RY),
where§+%:2+r, = <p<ooand -1<r<1.

Besides, some interesting logarithmical pressure regularity criteria of micropolar fluid equations are
studied. In particular, in [21], Jia et al. refined this question by establishing a regularity criterion in
terms of the partial derivative of the pressure in the Lebesgue space. More precisely, they showed that
if the partial derivative of the pressure d;7 satisfies

T dsll?, 2 3 7 12
f 1037l di<oo, —+==-and — < g < oo, (1.5)
o 1+In(e+ llwlls) p q 4 7

then the weak solution (u#, w) becomes a regular solution on (0, 7'].
Here we would like to give an improvement of the anisotropic regularity criterion of (1.5). Before

giving the main result, we recall the definition of weak solutions for micropolar fluid equations (1.4)
(see [26]).

Definition 1.4 (weak solutions). Let (i, wo) € L>(R*) with V - uy = 0 in the sense of distribution and
T > 0. A measurable function (u(x, t), w(x, 1)) on R3 x (0, T) is called a weak solution of (1.4) on [0, T)
if (u, w) satisfies the following properties :

(@) (u,w) € L2((0,7); LXRY) 0 L2((0,T); H'(RY));
(ii) V- u = 0 in the sense of distribution;
(iii) (u, w) verifies (1.4) in the sense of distribution.

(iv) (u, w) satisfies the energy inequality, that is,

! !
luC, D172 + llwC, DIl + 2f IVu(-, 7II;2 dt + Zf IVw(, DI} dr
0 0
< Muoll?> + llwoll3., forallt €[0,T1].
We endow the usual Lebesgue space L”(R?) with the norm |-||,,. We denote by 8; = % the partial

derivative in the x;—direction. Recall that the anisotropic Lebesgue space consists on all the total
measurable real valued functions 2 = h(x;, x», x3) with finite norm

= f ( f ()| dx;)rdxdxe |
LZ_ij R2 JR

where (i, j, k) belongs to the permutation group S =span{1, 2, 3}. Our main result is as follows:

(I
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Theorem 1.5. Let (up, wy) € L*(R*) N L*R?) with V - uy = 0 in R3. Suppose that (u, w) is a weak
solution of (1.4) in (0, T). If the pressure satisfies the condition

q
v P, o [,
2t < oo, (1.6)
L I +1In(e+ |lw(, D)
where 1 2 2 3 {
—+—-—+—=1€[2,3) and —<y<a< ,
Yy q « A A-2

then the weak solution (u, w) becomes a regular solution on (0, T].

This allows us to obtain the regularity criterion of weak solutions via only one directional derivative
of the pressure. This extends and improve some known regularity criterion of weak solutions in term
of one directional derivative, including the notable works of Jia et al. [21].

Remark 1.2. Criterion (1.6) can be viewed as a generalization of the recent result (1.5) of Jia-Zhang-
Dong in [21]. Moreover, thanks to the fact that micropolar fluid equations (1.4) with w = 0 reduce
to the 3D Navier-Stokes equations, we notice that our criterion (1.6) becomes the recent result of
Liu-Dai [25] for the Navier-Stokes equations.

As an application of Theorem 1.5, we also obtain the following regularity criterion of weak
solutions.

Corollary 1.6. Let (uy, wo) € L2 (R*) N L*R*) with V - ug = 0 in the sense of distributions. Assume that
(u, w) is a weak solution of (1.4) in (0, T). If the pressure satisfies the condition

fT 1057 (-, D)II2.,
dt < oo,
o 1+In(e+[lw, D)

where

2 3 3 1

—+—=41€[2,3) and - <a< ,

q « A =2
then the weak solution (u, w) becomes a regular solution on (0, T].

2. Preliminaries

Before to prove our main result, we first recall the following result proved in [30].

Lemma 2.1. Let n > 2 be a natural number, y;,t; > 0, p; € (1,+00), i = 1,2, 3, ...,n and suppose that

n n

1 1+¢
Z%= , Z—>land 0= 1>O
Pi )’i(n—l)—l"';

i=1 i=1

Then there exists C > 0 such that for every f € C® N L?

(f 4 (X)'édx)(’ | =l (f FEF™ OGO dx|
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Next, we recall the following Gagliardo-Nirenberg interpolation inequality in R!.

Lemma 2.2. Let 1 < k,u,v < oo satisfy
1 1 1-6
—-=(--1)8+—— forsome 6¢€[0,1].
K v u

Assume that ¢ € H'(R®). Then there exists a constant C > 0 such that

lell.s, < Cldsellzy, ||<,0||(1 .

2.1

The crucial tool in this paper is the following result, which plays important role in proving our main

result.

Lemma 2.3. Letr > 1land1 <y < a < oo. Then for f,g,¢p € C8°(R3), we have

wdxdx,dx;

H(r 1) [ H)() 1)

ab’(r D H”‘p”L

< ol |

]uawn%

b(] 9)(r—])

xlx

X”f”Lz o1 f1l 'zllf?zfl IIgIILz 1014 22||32g|

where 0 < 0 < 1 satisfying
1 N 1 a-1

a b a

and
1 0 1-6

+ - = .
yr=1) v Bly-1
and C is a constant independent of f, g, ¢.

Proof: Invoking Holder’s inequality and Fubini’s theorem, we obtain

f |f gl dxidx,dxs

f {maxl¢|(f A "x3) ( fR |g|2dx3)i}dx1dx2 )
{f (m 'sol) dxldxz} x { [ ( [ dx}) d}ﬁdxz} ;

r—1

L 5
x{f (f Iglzdx3) dxldxz} .
R2 \JR

max ¢l < r f 03¢ - ™" dxs.
x3€R

IA

IA

Notice that

(2.2)

(2.3)
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Moreover, by Holder’s inequality and (2.1), we obtain

~ =

1
r ¥
{ f (maxl(pl) dxldxz} < g7 f f 1030 - o dxzdx;dx,
R2 x3€R R2
R
1
] 1
< 7 08l |, (ller™|
< rr|selly ||, lllle! | e
X% w5 lLet
1 1
1 G or=1) 1 1 [(1=0=D||"
< v |8a¢lly, - ||63¢||L{3 ||<p||L€3 ' Lo
- ) X1%)
1 = 1
1 G or-D)||" a-o-nf"
< rrilloselly 03¢l Il s
X3 Lgl X X3 Lx1x2 Lx3 Lx1x2
) 1 0(r=1) a-6(-1)
= r r r
< sl |, st s [t | e
12 12 - X1X2
where we use the interpolation theorem
I a-1
-4 = —,
a a
and
1 N 6 1-6
yr=1) vy By-1

2

(2.4)

We can use Lemma 2.1, where we putn = 2,6 = =5, py = p» = %,yl =y = %, th=tb=r—1and

estimate by applying Holder’s inequality

r—1 %
21 dxyd 2T dx,d
(fR2|f| X1 Xz) {(Lz|f| X1 Xz) }

r=1
r

2 2(r-1 2 % %
= {H]( f Vi |3if|’dxldXz) }
i= R2
2 5 T ) )"
< {.H (f |1 dxldxz) (f 0 f] dxldxz) }
i=1 R2 R2

1
-

20-1 1 1
||f||LZER2) ||alf||£2(R2) ||62f||£2(R2)

So by applying Minkowski’s inequality, we obtain

{fRZ (fR " dXS)r_rl dXIdxz}rzrl : {L ([Rz |f|’2‘7rl dxld)m)rrl dx3}2

( f |f|2dx1dXz)r ( f |alf|2dx1dx2) ( f |82f|2dx1dxz)r
RZ RZ RZ
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IA

1
2r-1) 2
{f ||f||L2(]R2) ”81f”L2(R2) ”aZfHLZ(RZ) }
||f||L£ 1101 11 z’2||<92f|z§

IA

Similarly, we have

r=1
ﬁ E r=1 1 1
{ [ ( [ |g|2dx3) dxldxz} < gl gl 1asgll:
R R

Thus,

f |f 8¢l dxidxzdxs
R3
9(r71> (= 6)(r D

< CHHGSQOHLV ”(pllLﬁ ” (1 9)(r Db

H||a3so||L

Lﬁ(r— Da

><||f||L2 ||31f|| ’2||0sz| IIgIILz 1014l 2II02g||L2

O

We recall the following result according to Dong et al. [10], that will be used in the proof of
Theorem 1.5.

Lemma 2.4. Suppose (uy, wo) € L*(R?), s > 3 with V - uy = 0 in R3. Then there exists T > 0 and a
unique strong solution (u, w) of the 3D micropolar fluid equations (1.4) such that

(u,w) € (L® N C) ([0, T); LS(R3)).

Moreover, let (0, Ty) be the maximal interval such that (u, w) solves (1.4) in C ((O, Ty); LS(R3)), s> 3.
Then, for any t € (0, T)),

Gty )G Dl = =
(To-0=

with the constant C independent of Ty and. s.

By a strong solution we mean a weak solution (u, w) such that
(u,w) € L™ ((0,7);: H'(R?)) N L* ((0,T) : H*(R?)).

It is well-known that strong solution are regular (say, classical) and unique in the class of weak
solutions.

3. Proof of Theorem 1.5
This section is devoted to the proof of Theorem 1.5.
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Proof: First, we multiply both sides of the equation (1.4); by u|ul* , and integrate over R>. After
suitable integration by parts, we obtain

1 2
4 2012 2
L—@nu( t)||L4+fR3 IVul® |u| dx+§fR3 |V [u|” dx
f Vr - (lulu)dx +f | |ul? |Vu| dx, 3.1
R3 R3
where we used the following identities due to divergence free condition:
1
f(u-Vu)-Iulzudx —f u-Viul*dx=0
R3 4 R3
f (Au) - ul® udx - f IVul* [ul* dx - 2 f IV [udl* ul* dx
R3 R3 R3

1
f Vul? Juf? dx——f IV | dx,
fow-IuIzudx:—fIulzw-qudx—fw-V|u|2><udx.
R3 R3 R3

IV Xul <|Vul, |V]ull <[Vul.

<

Note that

Multiplying the second equation of (1.4) by w |w|* , then integrating the resulting equation with respect
to x over R3 and using integrating by parts, we obtain

1d 2
~ = lwC, Dl + f Vol lof dx + f V1wl dx
4d R3 R3

1
+—f V X wf |a)|2dx+2f jwl* dx
2 R3 R3

= f V X u - |w* wdx, (3.2)
R3

where we have used the fact that Vdivw = V X (V X w) + Aw yields

- f Vdivw - |w|* wdx
R3

—f (VX (VX w) + Aw) - |w|? wdx
R3

|V><w|2|a)|2dx+f wa-V|w|2><wdx+f Vol |l dx + = f|V|w|| dx
R3 R3 R3

flVle lwl? dx——f(lVle lwl? +|V|a)||)dx+f Vol ol dx+2f IV |wP| dx

= ——f IV x wf |l dx + = f|V|a)|2| dx.

Combining (3.1) and (3.2) together, it follows that

\%

d 4 4 21,12 1 212
1dr (llu(-,t)||L4 + ||w(-,t)||L4) + fﬂ@ \Vul” |u|” dx + 3 )., |V [u?| dx
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V0P| dx +2 f jwl* dx
R3

IA

+ f IVol? || dx + f
R3 R3
f V7 - (Julu)dx| + f || [uf* |Vu| dx + f u| |w|* |Vw| dx
]R3 R3 R3
= A +A, +A;. (33)

With the use of Holder’s inequality and Young’s inequality, the first two terms on the right-hand side
of (3.3) is bounded by

f || [uf* |Vul dx + f |u| |w|* |Vw| dx
R3 R3

< Meollll: MedVedlz + Neollall2 NIVl

< S MlVals + 3 Wl + 3 AVl + 5 Nl

< S MlVuls + 5 AVl + ol

< %nmuwu; + % (Ilellfs + lewll3s) (3.4)

Let us now estimate the integral A,. The Cauchy inequality implies that

f V7 - (ulfu)dx
R3

2[3 el [l Vel dox < 2 ||eudl 2 el Vil 2
R

Ay

f 7 - div(julPu)dx

R3

IA

IA

1
Cf I® Iulzdx+§|||u||Vullliz- (3.5)
R3

I= f 7 |ul? dx
R3

on the right-hand side of (3.5). Before turning to estimate /, it is well-known that for the micropolar
fluid equations in R?, we have the following relationship between 7 and u and Calderén-Zygmund
inequality

Let us estimate the integral

3
~Ar = div (- Vu) = Y 8, (ui),

ij=1
2
Irlle < Cllullys s 1< g < oo

We select that a = W and b = % in Lemma 2.3, then the selected a and b satisfy (2.4). Then
we can estimate / as follows

I = f || |7 [ dx,dx,dxs
R3
% Bly-1) a—y+aB(y-1) y+ay—a y+ay—a
YR yHBy-1) a(y+p(y-1) 2a(y+p(y-1)) 2a(y+p(y-1))
< C||igsmiz, B el T PR 2
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><|||M| a<y+/f<y 1)) ||8 |u| 201(7+ﬁ(7 D) d, |u| 2a<7+,8(7 D)
WW D ﬁw( 1)1> 4((,( 7+lfml_»l » (+Z( _01» ( +Z< _01»
TB(— ¥ v(y+ v(y+
< C Bzl |77 aell " Nl 7 (9l ||V a2
Xl"2
) y+ﬁy(y1)l> 4(1(:(3;%(71_);)) ey a(7+ﬁ(7 =)
< C szl |77 el el e [Vaelll7777 |V Ju®
L"l’”2
a- 7+a13<7 D a— (;[i(zﬁ(;) T 4
< C |95l | Il el + |||u| Vull, + |V 1P, ),
X1X2
where @, 8, r and 0 satisfy the following identities
a=0(r-1a,
B=1-6)(r-1b,
= ar+afy-1)
T ytay-a
0= —""L—
af(y=D+a=y’

Using the fact that 2 < A < 3, we choose r = (y = ﬂ)ay , then it follows from (3.6); that 8 =
on the one hand, observe that

1
— o 1y-3<23-21
12 Y - ( )Y

Aay —3a <203 — Day

Aday —a -2y <23 - Day — 2y + 2«
Aday —a -2y <L

23 - VDay —y + «a]

¢ ¢ 0 A

On the other hand, since

W

y2-—oday>23ae lay—a—-2y >2a -2y

A.a

and since a > 7y, we get
Aday —a -2y > 0.

But you know, A must be less than 3, hence

B-Day>0
a-y=>0

which implies that (3 — )ay + (@ — y) > 0. Gathering these estimates together, we obtain

0 < Aday —a =2y

< <1,
2[3 - Day —y + ]

and it is clear that
Aday —a -2y +2(3—/l)a/y—oz(/ly—3) B

23 - Day —y + «a 2[3 - Day —y + «a]

(3.6)

(3 /1)7 _ Now.
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. . . . . Aay—a—2y 2(3-Day—a(dy-3)
Now using Holder inequality with exponents TG—Day i & and G-Day—+al > ] can be further estimated
as
1 2112 2 3]j 4
Io< 2|Vl + e VleliEo) + C sl ||, lorllia lelz
X1 X9

1
3

1 2 2 2 -4 2 4
IV 1]+ M ¥ 1) + C|fiDsrele || ol el

X1 %

IA

L
3-1

1 2]1? 2 2 4
< UV 1Pl + e V1L + € U937l | IVl el
X1 X2

Aay—a—=2y

When 2[(3-VDay—y+a]

:O(i.e.a:y:%)or

«
X142

1 2112 2 /l:yyz—”(Z—Zy % 4
1< 2V Pl + i Vi) + € ([0l |77 + il el

L%

5 ﬂiz 4y(3-B) 4
y—a=zy 2y(3-1)-3(y-1
< —<||V|u| [ |||u|V|u|||Lz)+C(H||63n||n Tl ’)nunU,

X112

Aay—a—2y

(3 /1)7
o < 1 (e §<y<a<3)andf=

when 0 <

Combining all the estimates from above, we get

C sl | 15l Wit + € (el + ol
X1 X2
4 if y=a-= i,
4 4 2ay _ HG-H
N u.’t + (,U,t )S Aay—a=2y - 3,7
dt (” ( )||L4 ” ( )||L4 (H”837T”L” ” ”12112,;33 D=3(y-1) ” ||L4 ( )
XIXZ
4
+C (Ilullfs + llwll}a)
3
if 2 <vy <a< )

Defining
H(t) = e + |luC, Dll}s + lwC, Ol s
and thanks to

A

I +In(1+||lwl|l;2) < 1+In(e+ ||w||i4)

IA

1+ In(e + llullys + llwllj),
inequality (3.7) implyes that

1
3-1
1071,

Ce 2 |Vul 2, H(1)(1 + In H(2)),

1+In(1+lwll 4)

if y=a=3,
d H(l‘) < _ 2oy y A
R Aay—a=2
dt = Hllaﬂf”g3 L{,y ! _ 40
X1 %) 2y(3-1)-3(y-1)
TR + ||u||L2B H(t)(1 + In H(t)),
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and hence

.
3-1

(1937|
H 3 LQ'Lg]XZ 2 . o,
IVull;, (1 +InH(@)), if y=a=3,

I+In(1+|wll;4)

2ay
Aay—a-2y
|11,
X’; (o2

d
—(1+InH@) <
dt(+n()_

4y(3-2)

I+In(1+lwll;4) L8 -2

Thanks to (u, w) is a weak solution of the 3D micropolar equations (1.4), that is
u e L¥(0,T; L*(R%) N L*0,T; H'(RY)),

together with the interpolation inequality yields that

2 3 3
ue L0, T; L' (R*) with —+—:§zmd2§r§6
S r

On the other hand, since

1 G-y
< S3y-Ay>y-1¢& 1
Y 1-2 YAy >v 1
and
B -Ay
y>—-6©3y-Ay<3y-3& 7 3,

it is easy to see that

23-4 1

2 < ( )Y 6 if —<y<a<——=
v—1 =2
and consequently
2 3 283-y-3¢y-1) 3@y-1) 3
oD T BA T 23-4) 2G-1) 2
23-Dy-3(y-1) y-1
Hence, one has
4y(-1) ETERTI N .3 1
ue LEbe (0, Ts LT (RY), if S <y << —.
Applying the Gronwall inequality yields that
1
Hllayr(.,t)l\L;2 zj [
2T hx x 2
exp {C sup | sy | 19ute o .
if y=a=3,
In(H (1) < C(T, g, wo) A
; ||1937T(',T)“L3;3 L:'y_('_ 7 4y(3-1)
X1 X 2y(3-k)-3(y-1)
€Xp fo 1+ln(1+||w(-,‘r)l\|L24) GOl |dTy,
if % <y<a< ﬁ

3N x —)=3(y— ]
L2 ]| 2970700 (1 + In H(7)),  if % <y<a<-L.

(3.8)

(3.9)

(3.10)
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Now, we are in a position to complete the proof of Theorem 1.5. From Lemma 2.4, it follows that
there exists T > 0 and the smooth solution (&, w) of (1.4) satisfying

@, w)(1) € (L™ N CY([0, To); L*RY)), (@, @)(0) = (uo, wp).

Since the weak solution (u,w) satisfies the energy inequality, we may apply Serrin’s uniqueness
criterion to conclude that

(I/t, w) = (-IZ’ a) on [0’ TO)
Thus, it is sufficient to show that Ty = T. Suppose that Ty < 7. Without loss of generality, we may
assume that 7 is the maximal existence time for (1, w)(¢). By lemma 2.4 again, we find that

C
G-, Dl s + llwC, Dlls 2 ——— forany 7 € (0, Tp). (3.1
(To—1)3

On the other hand, from (3.10), we know that

sup ([luC, Ol + ot D) < CT, o, 00) (3.12)
<t<Ty
which contradicts with (3.11). Thus, Ty = T. This completes the proof of Theorem 1.5. O
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