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1. Introduction

Necessary and sufficient conditions for optimality play a crucial role in solving problems in the
calculus of variations. The main necessary conditions for such problems are the well-known
conditions of Euler, Weierstrass, Legendre and Jacobi. In many cases, depending on the smoothness
of the assumptions, Euler’s necessary condition corresponds to a second order differential equation
which restricts solutions to lie in a family of trajectories with certain uniformity properties. Also, the
necessary condition of Jacobi cannot be applied when the extremal has corners and is not nonsingular.
This is an unfortunate feature since, in general, the admissible arcs or trajectories which are
candidates for solving the problem are neither nonsingular nor smooth.

On the other hand, one fundamental aspect of the theory of sufficient conditions for optimality
consists in slightly strengthening the necessary conditions. Concretely, if an admissible arc satisfies
the strengthened conditions of Euler, Legendre and Jacobi, then it is a strict weak minimum.
Additionally, if this admissible arc also satisfies the strengthened condition of Weierstrass, then it is a
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strict strong minimum. Some of the techniques used to obtain sufficiency include the construction of a
Mayer field on which the extremals are independent of the path with respect to an invariant integral
commonly called the Hilbert integral, the existence of a symmetric solution of the matrix Riccati
inequality associated with the problem, a verification function satisfying the Hamilton-Jacobi
equation, a quadratic function that satisfies a Hamilton-Jacobi inequality, the nonexistence of
conjugate points on the underlying half-closed time interval, or the incorporation of some convexity
arguments on the functions delimiting the calculus of variations problem (see for example [1-17] and
references therein).

It is important to mention that the smoothness and the nonsingularity assumptions are crucial in the
sufficiency theories mentioned above. In other words, the classical sufficiency theory in the calculus of
variations, in general, may not give a response when the extremal under consideration is singular or has
corners. In fact, as mentioned in [6], there is a gap between the set of necessary and sufficient conditions
and [6, Section 3.7] is entirely devoted to the study of some problems for which the nonsingularity
assumption fails. There, one finds a method which is only applicable to particular examples and may
not hold in general, since “although this algorithm sheds light on the theory, it provides no panacea.
Indeed there are no panaceas.” Additionally, we refer the reader to [13], where the importance of the
nonsingularity assumption in the classical calculus of variations sufficiency theory is fully explained.

In this paper we derive two new sufficiency results which provide sufficient conditions for strong
local minima in certain classes of parametric and nonparametric calculus of variations problems of
Bolza with variable or free end-points, inequality and equality nonlinear isoperimetric constrains, and
nonlinear mixed pointwise inequality and equality constraints. The main novelty of our new sufficient
theorems concerns their applicability to cases in which the extremals under consideration may be
singular and nonsmooth, that is, the strengthened condition of Legendre and the continuity of the
derivative of the proposed extremal are no longer required. More precisely, given an admissible
extremal whose derivative is not continuous nor piecewise continuous but only essentially bounded,
the elements comprising the new sufficiency theorems are the classical transversality condition, a
crucial inequality which arises from the original algorithm used to prove the main result of the article,
the necessary condition of Legendre, but not its strengthened version, the positivity of the second
variation over the set of all nonnul admissible variations, and three refined Weierstrass conditions
which are related to the functions delimiting the problems.

Another distinguishing characteristic of the main sufficiency result of the nonparametric calculus of
variations problem presented in this paper is the fact that the initial and final end-points of the states
are completely free, that is, they are not only variable end-points but they may belong to any set which
is not necessarily a smooth manifold described by some functions which usually involve some type of
equality or inequality conditions.

The paper is organized as follows. In Section 2 we pose the parametric calculus of variations
problem we shall deal with together with some basic definitions and the statement of the main result
of the article. In Section 3 we enunciate the nonparametric calculus of variations problem we shall
study together with some basic definitions and a corollary which is also one of the main results of the
paper. Section 4 is devoted to state two auxiliary lemmas in which the proof of the theorem is strongly
based. Section 5 is dedicated to the proof of the main theorem of the article. In Section 6 we prove
the lemmas given in Section 4 and, in the final section, we provide an example which shows how the
sufficient theory developed in this paper widens the range of applicability of the classical calculus of
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variations theory.
2. Statement of a parametric problem of Bolza and the main result

Suppose we are given an interval T := [fo,#;] in R, and functions I(b): R” — R, [,(b): R” — R
(y=1,...,K),¥:0b): R > R"(i=0,1), L(t, x,%): T xR"XR" > R, L,(t,x,x): T xR"xR" - R
(y=1,...,K)and ¢(t,x,x): T x R" Xx R" — R*. Set

Ri={t,x, %) e T XxR"XR" | 0, (t,x,%) <0(a € R), pp(t, x, %) =0(B € S)}

where R :={l,...,r}and S :={r+1,...,5} (r =0,1,...,s). If r = 0 then R = () and we disregard
statements involving ¢,. Similarly, if » = s then § = () and we disregard statements involving ¢g.

It will be assumed throughout the paper that L, L, (y = 1,...,K) and ¢ = (¢i,...,9,) have first
and second derivatives with respect to x and x. Moreover, we shall assume that the functions /, [,
(y=1,...,K)and ¥, (i = 0, 1) are of class C? on R”. Also, if we denote by c(t, x, X) either L(t, x, x),
L,(t,x,%)(y=1,...,K), ¢(t, x, X) or any of its partial derivatives of order less than or equal to two with
respect to x and x, we shall assume that if C is any bounded subset of TxXR"xR", then |c(C)| is a bounded
subset of R. Additionally, we shall assume that if {(I';, A,)} is any sequence in AC(T'; R") x LY(T;R")
such that for some U C T measurable and some {(I'y, Ag)} € AC(T; R") X L¥(T; R"), (I';(1), Ay(1)) —
(To(1), Ao(#)) uniformly on U, then for all g € N, c(¢,T',(¢), A,(?)) is measurable on U and

c(t,Ty(), Ay()) — c(t,To(1), Ao(?)) uniformly on U.

Note that all conditions above concerning the functions L, L, (y = 1,...,K) and ¢, are satisfied if
the functions L, L, (y = 1,..., K), ¢ and their first and second derivatives with respect to x and x are
continuous on 7 X R" x R".

Set

X =AC(T;R", U,:=L7(T;R%), A:=XxR".

We shall use the notation x, to denote any element x;, := (x,b) € A. Let B any subset of R” which
we shall call the set of parameters. The parametric calculus of variations problem we shall deal with,
denoted by (P), is that of minimizing the functional

I(xp) :==1(D) + fl L(t, x(1), x(2))dt

To

over all x, € A satisfying the constraints

c(t, x(t), x(t)) 1s integrable on 7.

be8.

x(t;) = Wi(b) for i = 0, 1.

Ii(x) = L) + [ Lilt, x(1), X(0)dt <0 (i = 1,..., k).
L) := Lib) + [ Lyt x(0), 5(0)dt =0 (j =k +1,..., K).
(t, x(1), ¥(1)) € R (a.e.in T).

Elements b = (by,...,b,)" (the notation * denotes transpose) in B will be called parameters, elements
x, in A will be called arcs or trajectories, and a trajectory x,, is admissible if it satisfies the constraints.
The notation xo, refers to an element (xo, by) € A.
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Let us now introduce some definitions which will be used throughout the paper.

e An arc Xy, solves (P) if it 1s admissible and I(x,,) < I(x;) for all admissible arcs x;. For strong
local minima, an admissible arc xoy, is called a strong minimum of (P) if it is a minimum of / relative
to the following norm

lIxll == |b| + sup [x(2)] = D] + [Ixllc,

teT

that is, if for some € > 0, I(xo,,) < I(x;) for all admissible arcs satisfying [|x;, — xop, || < €.
e For all x € X, we use the notation (%(¢)) in order to represent (¢, x(¢), X(¢)). Also, (%y(¢)) represents

(1, xo(1), Xo(1)).

e Given K real numbers Ay, ..., Ag, for any x, admissible define the functional I, by

K "
To(xp) = I(xp) + Z AL (xp) = lo(b) + f Lo(x(1))dt,

y=1 fo
where [y: R” — R is given by

K
o(b) 1= 1(b) + " A,L,(b),

y=1

and Ly: T X R" X R" — Ris given by

K
Lo(t, x, ¥) 1= L(t, x, %) + Z AL (1, X, %).

y=1

e Given Ay,...,Ag, for all (¢, x,x,p,u) € T X R" X R" X R" X R?, define the Hamiltonian of the
problem by

H(ta X, x’p7ﬂ) = <p7 x) - Lo(t7 X, -x) - <,u7 Qo(t7 X, X)),
where p € R” denotes the adjoint variable and u € R’ is the associated multiplier of the mixed
constraints.

e Given (p,u) € XX Uy, and Ay, ..., Ak, for all (f, x, x) € T X R" X R", define the following function
associated to the Hamiltonian,

Fo(t, x, %) := —=H(t, x, , p(1), u(1)) — {p(2), X).

e Given (o, u) € X X Uy and A4, ..., Ak, for any x;, admissible define the functional J, by

1
Jo(xp) 1= (o(t1), x(t1)) — {p(t0), x(10)) + lo(D) + f Fo(X(0))dk.
To
e The notation yg refers to any element (y, 8) in A.
e Given (p,u) € XXU,, and Ay, . .., Ak, for any x;, € A with x € L*(T; R") and any yz € A consider

the first variations of Jy and I, (y = 1,..., K) with respect to x;, over yz which are given, respectively,
by

Jo(xps yp) == Cp(t1), y(11)) — {p(to), y(to)) + Lo(D)B + f {Fox(X(0)y(1) + Fox(X())y(n)}dt,

fo

AIMS Mathematics Volume 5, Issue 1, 111-139.



115

L(xp; yp) := L(D)B + f {L)x(X(0)y(2) + L,:(3(2))y(1)}dr.
e For all (z, x, x) € T x R" x R", denote by
T,(t,x, %) :={a € R| @,(t, x, x) =0},

the set of active indices of (z, x, x) with respect to the mixed inequality constraints.
e For all x, € A, denote by

ia(xb) = {l = 1,. . ,k | I,'(Xb) = O},

the set of active indices of x;, with respect to the isoperimetric inequality constraints.
e Given x, € A, let Y(x,) be the set of all y; € A with y € LA(T; R") satisfying

y(t) =¥i(b)B (i = 0,1),

I (xp3yp) <0 (0 € ia(xp)), Ii(xp3yp) =0 (j=k+1,...,K),
Pax(X(D)Y(1) + @ox(XN)Y(1) < 0 (a.e. in T, a € 1,(X(1))),
P (X)) + p(X))y(1) = 0 (a.e. in T, B € §).

The set Y(x;,) will be called the set of admissible variations along x,,.
e Given (o, ) € X X U, and A4,. .., Ak, for any x, € A with x € L*(T;R") and any yz € A with
y € L*(T;R"), we define the second variation of J, with respect to x; over ¥, by

Jo (xp3yp) := (g (D)B, B) + f 2Q0(x; 1, y(1), y(1))dt,

To

where for all (¢,y,y) € T Xx R" X R",

2Q0(x;1,y, ) 1= (¥, Fou(X(@))y) + 2(y, Foxe(X(1)y) + (3, Fore(X(0)y).

e Given (p,u) € X X U, Ay, ..., A and xop, € A, we say that x,, is singular, if for some 7 € T,
|H i (Xo(1), p(1), u(7))| = 0. It satisfies the Legendre condition if

Foss(%o(1)) = —H:(Xo(0), p(1), (1)) 2 0 (a.e.in T)

and the strengthened Legendre condition, if Fy;(Xyo(¢)) > 0 (t € T).
e Denote by E the Weierstrass excess function of Fy, given by

Eo(t, x,x,u) := Fo(t, x,u) — Fo(t, x, X) — Fo(t, x, X)(u — X).
e Similarly, the Weierstrass excess functionof L, (y = 1, ..., K), is given by

E,(t, x,x,u) := L,(t, x,u) — L,(t, x, X) — L,:(t, x, X)(u — X).
e Forall # = (ny,...,m,)" € R", set

V() = (1 + 7)Y - 1.
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e For all x € X, define [
D(x) := V(x(ty)) + f V(x(1))dt.

1o
¢ As we mentioned above the symbol * denotes transpose.
It is well-known that, under certain normality assumptions (see for example [10]), if x,, is a strong
minimum of (P), then there exist p € X and u € U, with u,(f) > 0 and w,(t)p.(%(?)) = 0 (@ €
R,a.e. in T) and multipliers A, ..., Ak with 4; > 0 and A;/;(xo,,) = 0 (i = 1,..., k) such that

p(0) = —H (Zo(1), p(1), u(1)) - and  Hi(%o(0), p(0), (1)) = 0 (a.e. in T).

The relations given above are the Euler-Lagrange equations of the constrained problem (P) and if
(xo0, p, ) satisfies the Euler-Lagrange equations, then (xy, o, 1) will be called an extremal.

The following theorem is the main result of the article. Given an admissible arc x,,, with X
neither continuous nor piecewise continuous but only essentially bounded, this theorem gives
sufficient conditions assuring that xo,, is a strong minimum of problem (P). Hypothesis (i) of
Theorem 2.1 is known as the transversality condition, hypothesis (ii) arises from the original proof of
the theorem, condition (iii) is the necessary condition of Legendre, but not its strengthened version,
hypothesis (iv) is the positivity of the second variation over the set of all nonnull admissible variations
and finally, hypothesis (v) involves three conditions related to the Weierstrass excess functions.

2.1 Theorem: Let xy,, be an admissible arc with Xy € L*(T; R"). Assume that I ,(%(-)) is piecewise
constant on T, and there exist (o, ) € X X U with u,(t) > 0 and p, (1) (Xo(t)) = 0 (@ € R,a.e. in T),
two positive numbers h, €, and multipliers A, ..., Ag with A; > 0 and A;1(xop,) =0 (@ = 1,...,k) such
that (xg, p, p) is an extremal and the following holds:

@) l(bo) + p*(11)¥ (Do) — p*(10)'¥y(bo) = 0.
(ii) p* (e (bo; B) — p*(t0)¥[ (bo; B) = O for all B € R”.
(ii1) H(Xo(1), p(), u(®)) <0 (a.e. in T).
(iv) J{ (Xop,3 ¥8) > O for all nonnull yg € Y (xop, ).
(v) For all x, admissible with ||x — xyl|c < €,
a. Ey(t, x(1), Xo(1), X(t)) > 0 (a.e. in T).
b. " Eo(t, x(0), 5o0). x()dr = h [ V(o) ~ 5o())d
C. f,: Eo(t, x(1), Xo(1), X(1))dt > hl ft: E,(t, x(t), %o(t), X(t))dt| (y = 1,..., K).
Then for some 6y,6, > 0 and all admissible trajectories x;, satisfying ||x, — Xop, |l < 61,
1(x) 2 I(x0p,) + 6 min{|b — bo|>, D(x = x0)}.

In particular, xo,, is a strong minimum of (P).
3. Statement of a nonparametric problem of Bolza and a fundamental result

Suppose we are given an interval T := [fo,#;] in R, two sets By,8; C R" and functions
(x1,x): R" X R" = R, {,(x;,x): R”"XR" - R(y = 1,...,K), L(t,x,%): T x R" xR" = R,
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L,t,x,%): TXR"XR" > R((y=1,...,K)and ¢(t, x, X): T x R" x R" = R’. Set
R :={(t, x,x) € T x R"XR" | ¢,(t, x,%) <0(a € R), Pp(t, x, %) =0 (B € S)}

where R :={l,...,r}and S :={r+1,....s} (r =0,1,...,5). If r = 0 then R = @ and we disregard
statements involving ¢,. Similarly, if » = s then S = 0 and we disregard statements involving ¢.

It will be assumed throughout this section that £, £, (y = 1,...,K) and ¢ = (¢, ..., ¢,) have first
and second derivatives with respect to x and &. Moreover, we shall assume that the functions ¢, £,
(y =1,...,K) are of class C> on R" x R".

Also, if we denote by c(t, x, x) either L(¢,x, X), L,(t,x,X) (y = 1,...,K), ¢(t, x, X) or any of its
partial derivatives of order less than or equal to two with respect to x and X, we shall assume that all
the assumptions posed in Section 2 in the statement of the problem are satisfied.

As in Section 2, X will denote the space of absolutely continuous functions mapping 7 to R" and
U, := L=(T; R’) the space of essentially bounded functions mapping 7 to R*.

The nonparametric calculus of variations problem we shall deal with, denoted by (P), consists in
minimizing the functional

T (x) := £(x(1), x(11)) + f L(1, x(1), X(0))dt

over all x € X satisfying the constraints

c(t, x(t), x(t)) is integrable on T'.

x(t;) € Bifori=0,1.

Ji(x) := i(x(t), x(11)) + ft: Li(t,x(2), x@)dt <0 (i=1,...,k).
Ji(x) = Ci(x(t), x(11)) + ft: Li(t,x(), x(t)dt =0 (j=k+1,...,K).
(t, x(t), x(t)) € R (a.e.in T).

Elements x in X will be called arcs or trajectories, and a trajectory x is admissible if it satisfies the
constraints.

An arc x; solves (P) if it is admissible and J(xy) < J(x) for all admissible arcs x. For strong
minima, an admissible arc x, is called a strong minimum of (P) if it is a minimum of J relative to the
norm

||x]| := sup |x(2)],
teT

that is, if for some € > 0, J(xp) < J(x) for all admissible arcs satisfying ||x — xo|| < €.

Let ¥: R" — R" x R" be any function of class C? such that By x 8, ¢ P(R"). Associate the
nonparametric problem (P) with the parametric problem of Section 2, which we denote by (Py), that
is, (Py) will be the parametric problem given in Section 2, with p = n, B = ¥/ (By x B)),[ = o P,
L,=t,o¥Y(y=1,....K),L=L,L,=L,(y=1,...,K), p = ¢ and ¥y, ¥, the components of ¥,
that is, ¥ = (¥y, ;). Recall that the notation x, means (x, b) where b € R”" is a parameter.

3.1 Lemma: The following is satisfied:

(i) x, is an admissible arc of (Py) if and only if x is an admissible arc of (P) and b € WY~ (x(ty), x(t))).
(11) If x; is an admissible arc of (Py), then

T (x) = I(xp).
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(ii1) If xop, is a solution of (Py), then xy is a solution of (P).
Proof: Conditions (i) and (ii) follow from the definitions of the problems. Now, let x an
admissible arc of (P) and let b € W~!(x(t), x(t;)). By (i), xo is an admissible arc of (P) and x; is an
admissible arc of (Py). Then by (ii),

I (x0) = I(xop,) < 1(xp) = J(x)

which shows (iii). I

The following corollary which is a consequence of Theorem 2.1 and Lemma 3.1, provides a set of
sufficient conditions of problem (P).

3.2 Corollary: Let ¥: R" — R" x R" be any function of class C? such that By x 8, c ¥(R") and
let (Py) be the parametric problem defined in the previous paragraph of Lemma 3.1. Let x,, be an
admissible arc of (Py) with xy € L*(T;R"). Assume that I ,(%y(-)) is piecewise constant on T, and
there exist (p,u) € X X U with u,(t) = 0 and u,(t)p.(%o(t)) = 0 (@ € R,a.e. in T), two positive
numbers h, €, and multipliers A, ..., Ag with A; > 0 and A;li(xop,) = 0 (i = 1,...,k) such that (xo, p, 1)
is an extremal and the following holds:

(1) ly(bo) + p*(11)¥ (bo) — p"(10)¥(bo) = 0.

(i) p*(11)'¥{ (bo3 B) = p*(10)'¥( (bo; B) = O for all § € R".
(iii) Hix(Fo(1), p(0), u(1)) < O (a.e. in T).

(iv) Ji (xo0py: ¥8) > O for all nonnull yg € Y(xop,).

(v) For all x, admissible with ||x — x| < €

a. Eo(t, x(1), %o(1), (1)) > 0 (a.e. in T).

b. [ Eo(t, x(), %0(t), 2(D)dt = h [ V() = %o(D)d.

e [ Eo(t, x(0), %o(t), (0)dt = Bl [ E, (1, x(2), 50(0), X(e)dt] (y = 1., K).

Then, x is a strong minimum of (P).
4. Auxiliary results

In this section we state two auxiliary results which will be used to prove Theorem 2.1. The proof of
these results will be given in Section 6. As before X denotes AC(T'; R").
In the following two lemmas, we shall assume that we are given xy, € X and {x?} a sequence in X
such that
lim D(x? — x0) =0 and d, := [2D(x? — x0)]"* >0 (q € N).

q—)OO

Forallge Nandtre T, let
x1(t) — xo(1)
y .

q

yq(t) =

We say that x9(t) — Xo(¢) almost uniformly on 7', if for any € > 0, there exists U. C T measurable with
m(U,) < € such that X/(t) — X((¢) uniformly on 7"\ U..
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4.1 Lemma: For some subsequence of {x?}, again denoted by {x1}, and some y, € X with y, €
LX(T;R"), x4(t) — xy(t) almost uniformly on T, Y¢(t) — yo(t) uniformly on T and {y,} converges
weakly in L'(T;R") to .

4.2 Lemma: Let U C T measurable, Ry € L*(U;R™") and {R,} a sequence in L*(U;R™"). If
x9(t) — Xo(t) uniformly on U, R,(t) — Ro(t) uniformly on U and Ry(t) > 0 (¢t € U), then

lim inf f (Ry(03,(1), yy(0)dt > f (Ro()30(1), yo(t))dt.
5. Proof of Theorem 2.1

The proof of Theorem 2.1 will be divided in three Lemmas. In Lemmas 5.1, 5.2 and 5.3 below, we
shall be assuming that all the hypotheses of Theorem 2.1 are satisfied. Before enunciating the lemmas,
we shall introduce some definitions.

First of all, note that given x = (x;,...,x,)" € R"and b = (by,...,b,)" € R?, if we define xi, bj €
R"™7 by xi := (x1,...,%,,0,...,0)" and bj := (0,...,0,by,...,b,)*, then

xﬂ%ﬂ:@buq%ﬁb”q%Y:(Z)eRmﬂ
Define Fy: T x R""? x R" — R by

~ . lO(‘fn 19~‘-’§n ) .

Fo(t,&,%) == —= e (IO

t — to
Observe that the Weierstrass excess function Ey: T x R*” x R” x R" — R of F| is given by
Eo(t,€, %, u) := Fo(t,&,u) = Fo(t,&, %) — Fou(t, &, %)(u — ).
It is clear that for all (7, x, x,u) € T Xx R" Xx R" x R" and all b € R?,
Eo(t, xi + bj, x,u) = Eo(t, x, X, u).

Define .\
Jo(xp) = {p(t1), x(11)) — {p(ty), x(to)) + f Fo(t, x(0)i + bj, x(1))dk.

fo

We have that Jy(x,) = Jo(x,) for all x, € A, and

Jo(xp) = jo(xozyo) + j(')(XObo; Xp = Xop,) + f(o(xoza(); Xp) + go(xozpo; Xp) (D

where

Eo(Xopy; Xp)

f | Eo(t, x(D)i + bj, xo(2), X(£))dt,

1o

Ko(xop,3 %) 2= f {Mo(t, x(i + bj) + (1) — xo (1), No(t, x(0)i + bj))}dr,

1o

Jo(Xopys Xp — Xop,) = {p(t1), x(t1) — xo(11)) — {p(t0), x(to) — Xo(t0))
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+ f {Foe(t, xo(D)i + boj, %o()([x(1) — xo(H)]i + [b — bolj)

+Fo(t, xo(0i + boj, Xo(1)(X(1) — %o(1)}dt,

and M,, N, are given by
Mo(t, xi+bj) := Fo(t, xi+bj, Xo(t))—Fo(t, xo(0)i+boj, %o(1))— Foe(t, xo()i+boj, xo())([x—xo(D)]i+[b—bolj).

No(t, xi + bj) := Fj (1, xi + bj, %(2)) — F5.(t, x0(D)i + b, xo(1)).
We have,

Mo(t, xi + bj) = 3{[x = xo()]i + [b — bolj, Po(t, xi + bj)([x — xo(D]i + [b = bol)), (2a)
No(t, xi + bj) = Qo(t, xi + bj)([x = xo(D]i + [b = boli), (2b)

where

1
Po(t, xi + bj) = 2f (1 = D F oz, [x0(2) + A(x = xo(O)]i + [bo + Ab — by)]j, Xo(1))dA,
0

1
Qo(t, xi + bj) L Fose(t, [x0(0) + Ax = xo(O)]i + [bo + A(b = bo)]j, ko (1)dA.

5.1 Lemma: For some v,k > 0 (k < €) and any admissible arc x), satisfying ||x, — Xop, |l < &,

Eo(Xopys Xp) = hA[D(x — x0) — V(x(to) — xo(to))],
|Ko(xop; X0)| < VX, — xop, I[1 + D(x = x0)].

Proof: By condition (v)(b) of Theorem 2.1, given x;, admissible with ||x; — xop || < €,

Eo(Xop3 Xp) = fEo(t,X(t)i+bj,5€o(t),5€(t))dt=f Eo(t, x(1), xo(2), X(1))dt

%

hf V(x(1) = Jo(1))dt = h[D(x — x0) — V(x(t9) — x0(p))].

On the other hand, by (2) and using [z, b] in order to denote (¢, x(¢)i+bj), observe that for some constants
co, ¢y > 0, for all x;, admissible with [|x; — xo, || < 1 and almost all 1 € T,

|Molt, b] + (x(r) — %o(2), No[1, b]))

12([x() = x0(D]i + [b = bolj, Polt, bI([x(1) — xo()]i + [b — bolj) + 20518, b1(x(t) — Xo(1)))|
(@) = xoO1i + [b — boljl - [1Polz, bII[x(1) — xo()]i + [ — boljl + 2105 (¢, b]II(r) — xo(D)]]
col[x(?) = xo()]i + [b — boljl - [I[x(2) — xo(D)]i + [b — bolj| + |X(£) — Ko(D)I]

IAN A

AIMS Mathematics Volume 5, Issue 1, 111-139.



121

collx(r) = xo(D]i + [b = boljl - [1x(t) — xo(D)] + b — bl + 5(2) — Ko(D)I]
col[x(1) = xo(Di + [b = boljl - [llxs — Xop, |l + 1%(2) = Xo(D)]]

collx(r) = xo(D]i + [b = boljl - [1 + |x(2) = Xo(1)]]

cil[x(t) = xo(Oi + [b = boljl - [1 + (1) = ko (1)1,

IAN A

IA

Setting v := max{cy, ¢(f; — 1)}, for all x, admissible with ||x, — xop, [l < 1,

IA

|Ko(X0p,5 Xp)|

cillxy = Xop, |l f [1 + V(x(r) = Xo(n))]dt

Vlxp = Xop, I[1 + D(x = x0) — V(x(to) — x0(0))]
Vllxp = Xop,I[1 + D(x — x0)]

IA

IA

and so the conclusion of the lemma is obtained with x = min{e, 1}. 1
5.2 Lemma: If conclusion of Theorem 2.1 is false, then there exists a subsequence {xzq} of admissible
arcs such that

lim D(x? — x0) =0 and d, :=[2D(x! — x0)]"* >0 (g €N).

q—?OO

Proof: 1f conclusion of Theorem 2.1 is false, then for all 6,, 6, > 0, there exists an admissible arc
xp such that

1 = Xopll < 61 and  1(x) < I(xop,) + 62 min{|b — bol, D(x = xo)}. 3)

Since
Uo(t) 20(@eR,ae.inT) and A, >20@G=1,...,k),

if x;, is admissible, then 1(x;) > Jo(x,). Also, since
Ho(D@o(Xo(1) =0 (e € R,ae.inT) and  Ali(x,) =0 =1,...,k),

then 1(xo,,) = Jo(xop,)- Therefore (3) implies that, for all 6,, 6, > 0, there exists x; admissible with
x5 — Xopll < 61 and  Jo(xp) < Jo(x0p,) + 6> min{|b — bol*, D(x — x0)}.

Let « and v be the positive numbers given in Lemma 5.1. Thus, if conclusion of Theorem 2.1 is false,
then for all g € N, there exists XZ,, admissible such that

by — bol> D(x9 - Xo)}
b q .

“4)

||qu — Xop, || < min{k, 1/qg}, Jo(xzq) — Jo(xop,) < min{

Clearly, D(x? — xy) = 0 if and only if x? = xy. Then, by the second relation of (4),
D(Xq -x)=0= bq # by.
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Suppose D(x? — x) = 0 for infinitely many g’s. Fori = 0, 1, we have

1
0 = x(1;) — xo(t;) = Wi(by) — Yi(bo) = f Yi(bo + Alby — bol)(by — bo)dA, (&)
0

1
0 = Yi(b,) — Yi(bo) = Wi(bo)(b, — by) + f (1 = )Y/ (bo + Alby — bol; by — bo)dA. 6)
0

Denoting by (b, by) the line segment in R” joining the points b, and by, by the second relation of (4),
by condition (i) of Theorem 2.1, by (6), and the mean value theorem, there exists Z, € (b,, by) such
that

0 > Jo(xop,) = Jo(x0p,)
= lo(by) — lo(bo)
= 1y(bo)(by — bo) + 516 (B (by — bo), by — bo)
= P (10)¥(bo)(by — bo) — p" (1) ¥ (bo)(by — bo) + 315 (E)(bg — bo), by — bo)

1 1
Z:(—l)"+1 f (1 = D ()W (bo + Alb, — bol; by — bo)dA + (U5 (B)(by — bo), by — by). @)
i=0 0

Choose an appropriate subsequence of {(b, — by)/|b, — bo|} (without relabeling), such that

lim 2= 0 (8)
1mm =
g by — by Po
for some 3y € R” with || = 1. By (5),
Wi(bo)Bo =0 (i=0,1). )

Forall (t,£,x) e TXxR"” xR"andy = 1,..., K, if we set

Len =28 ;1_%6 DLt e 60,

and for all (1,&, %, u) e T X R™” xR"xR"andy = 1,..., K, if we set
E (& %u) = L(t,&u) — L(t, & %) — Ls(t, €, X)(u — %),
we have that for all x, € Aandy =1,...,K,
L(xp) = L(xop,) + L(Xop3 Xp = Xop,) + K, (X0p3 Xp) + E, (Xopy; Xp)

where

& (xons Xp) 1= f E(t, x(0)i + B, 5o0), 1),

fo

R, (vony: %) f (BT, (1, (1) + Bj) + (50 — o(0), N, (1, x(0) + b)),

fo
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f;(xObo; Xp = Xop,) = f {L,¢(t, xo(Di + boj, Xo(1)([x(2) — xo(D)]i + [b — bolj)
+L,:(t, xo(Di + boj, xo(1)) (1) — Xo(1))}dt,

f | L,(t, x(0)i + bj, (1))dt,

fo

iy(xb)

and M,, N, are given by
M,(, xi+Dbj) := Ly(t, xi+bj, 50(1))~ Ly (t, xo(8)i+boj, 50())~Lye(t, xo(i+boj, Xo(t))([x—xo()]i+[b~bolj),

N,(t, xi + bj) := L, (¢, xi + bj, %o(1)) — L (1, xo(t)i + boj, %o(1)).
We have

M, (t, xi + bj) = 3{[x — xo()]i + [b — bolj, P, (¢, xi + bj)([x — xo(D)]i + [b — bolj)),
N,(t, xi + bj) = Q,(t, xi + bj)([x — xo()]i + [b — bolj),
where

1
P,(t,xi + bj) := 2f (1 = DL, ee(t, [xo(1) + Ax — x())]i + [bo + Ab — bo)]j, %o(1))d A,
0

O,(t, xi + bj)

I
f Lyse(t, [x0(t) + Ax = xo(O)]i + [bo + A(b = bo)]j, %o(1))dA.
0

Since X0p, and xo,, are admissible, for all i € i,(xo,,), we have

0

\%

Ii(XObq)

= Ii(XObq) — Ii(xop,)

= ii(Xth) - ii(XObO)

= I (xop,: Xop, — Xor,) + KiXos,: Xop,) + Ei(Xopy: Xop,)
= I} (Xopy3 Xop, =~ Xob,) + Ki(Xop,3 Xop,)

= L(bo)(by — bo) + Ki(x0p,; X0, )-

As one readily verifies, forally =1,...,K,

Ky (Xopys Xop,)

lim 0.
q— |bq - bo'
Then, for i € i,(xop,),
0 > Ii(bo)Bo = I} (Xop,; 0g,)- (10)

On the other hand, once again since Xop, and x,, are admissible, forall j =k +1,..., K, we have
0 = I(xop,) — Ij(x0p,)
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= ij(XObq) - ij(XObo)

= f}(x()bo; Xop, = Xop) + K (X0p,; Xop,) + E(Xopy: X0p,)
= I (X0, Xob, = Xop,) + Kj(Xop,s Xop,)

= i(bo)(by — bo) + K j(x0p,; Xop,)-

Then, for j=k+1,...,K,
0= l}(bo)ﬁo = 1}(x0b0; 050)-

Consequently, by (9), (10) and (11), O, € Y (xop,)-
By (7), (8) and condition (ii) of Theorem 2.1, it follows that

0 > p )Y (bo: Bo) — p (10)¥( (bo: Bo) + (I5 (bo)Bos o)l
> (15 (bo)Bo, Bo)
= %J(I)l(x()bo 5 0,30)

which contradicts (iv) of Theorem 2.1. Therefore, we may assume that for all g € N,
d, = [2D(x? - x¢)]"* > 0.

Since (xo, p, ) is an extremal, for all ¢ € N,

Jo(Xopys XZq — Xop,) = {p(t), XU(t1) — x0(t1)) — {p(to), X! (to) — xo(to)) + L(bo)(by — o)

and thus
BN .4 _
lim Jo(xop,; X, — Xop,) = 0.
q—)OO q

By (1), the first relation of (4) and Lemma 5.1, for all g € N,

Jo(qu) — Jo(xop,) = Jo(Xop,; XZq — Xop,) + Ko(Xop, > qu) + Eo(Xop, > qu)

\%

Jo(Xosy: Xy = Xop,) = VIIX; = Xop |

+D(x" = x0)(h = VIlxy = xop,[l) = RV (x*(t0) = xo(to)),

then, by (4), for all ¢ € N,

v 1 14 5,
D(x? — Xo)(h - 5 - 6—]) < 5 + hV(x1(ty) — xo(tp)) — JO(XObo; qu - X()bo).

By (12),
lim D(x? — xg) = 0.1

q—)OO

5.3 Lemma: If conclusion of Theorem 2.1 is false, then condition (iv) of Theorem 2.1 is false.

(1)

(12)

AIMS Mathematics Volume 5, Issue 1, 111-139.



125

Proof: Let {qu} be the sequence of admissible arcs given in Lemma 5.2. Then,

lim D(x? — x9) =0 and d, = [2D(x! — x¢)]"* >0 (g€ N).

q—)OO

Case (1): Suppose first that the sequence {(b, — by)/d,} is bounded in R”.
Forall g e Nandt € T, define

XI(1) - Xt by —b
YOG 00d wy(0) =y 0 + 225,
dq dq

Yq(t) =

By Lemma 4.1, for some y, € X with y, € L*(T; R") and a subsequence of {x?}, again denoted by {x},
{y,} converges weakly in L'(T; R") to yo. Once again, by Lemma 4.1,

lim y,(#) = yo(#) uniformly on 7. (13)
g—

Since the sequence {(b, —by)/d,} is bounded in R”, then we may assume that there exists some g, € R”

such that
. bq - bO
lim = fo. (14)

q—)OO q

First, we are going to show that fori = 0, 1,

yo(t:) = ¥i(bo)Bo- (15)

Note first that for i = 0, 1 and all ¢ € N, we have that

! , (bq - bO)
Vq(ti) = f Wi(bo + A[b, - bo])d—d/l. (16)
0 q
By (13), (14) and (16), we obtain (15). Now, we claim that
Jo (Xopy> Yog,) <0 and  yog, % (0,0). (17)
To prove it, observe that by (2), (13) and (14),
My(t, x1(O)i + b,j N
fim Mol O DD L, (0), Polt, X(0)i + byjw, (1))
= 20i + Boj. Foze(t, xo(Di + boj, Xo(0)[yo(i + Bojl)»
. N, x(0i+ bgj) L. ~ C . L
Jim 7 = lim Qo(t, 101 + bg)wy(t) = Fose(t, Xo(1)i + baj, Xo(t)[yo(0i + Boj]
q

both uniformly on 7. With this in mind and since {y,} converges weakly in LY(T;R") to y,, we have

. EO(XObo;qu) I . . = . . . .
lim ————— = —f {o(Di + Boj, Foee(t, xo(DL + boj, Xo())[yo(Di + Bojl)

2
g0 d; 2 Js
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+230(1), Fose(t, xo(Di + boj, %o(1)[yo(D)i + Bojly}dt.

Since (xo, p, ) 1s an extremal and by condition (1) of Theorem 2.1, it follows that

7 .
. Jo(xObo, 'qu - xobo)
lim

g—co d2
= hm <P(l1) x1(t1) — xo(t1)) — {p(t), X! (to) — x0(t0)) + Lo(bo)(by — bo)]
= qh_)l‘l'}o E[P*(ll)(‘yl(bq) = Wi(by) — Y (bo)(by — by))
q
—P*(lo)(lyo(b ) = Wo(bo) — Y;(bo)(by — bo))]
= lim — f Z( D1 = Dp*(t) W (bo + A, — bol; b, — bo)dA

= 3l (fl)‘P'f(bo,ﬁo) — p*(to)Y§ (bo; Bo)].

Consequently, by (1), (4), (19), and condition (i1) of Theorem 2.1,

o Ko(rop:xp)  Eolxopy: X))
0> lim —2" + liminf ———
q—oo dq g—oo dg
Now, let us show that
. . 8~0(x0b0; xzq) 1 tl . -l . . . .
liminf ——— > > f Go(®), Fous(t, xo(D1 + boj, xo(2))yo(2))dt.
g0 d; 2y

(18)

(19)

(20)

1)

To this end, let U a measurable subset of T such that x7(r) — Xy(#) uniformly on U. For all g € N and

t € U, we have that
%Eo(t X0+ by, ko(1), 11(D) = 5(3,(1), Ry(1)3(1)),
where 1
R, (1) := 2](; (1 = D) F o, x1(0i + bgj, Xo(t) + A[X1(1) — Xo(H)])dA.

Clearly,
lim R, (1) = Ro(t) := Fou:(t, xo(D)i + boj, %o(t)) uniformly on U.
g—

By condition (iii) of Theorem 2.1, we have
Fous(t, oD + boj, 10(1) = Ro(1) 20 (1 € V).
With this in mind, and since by (v)(a) of Theorem 2.1 for all g € N,

Eo(t, x1(1), xo(1), x1(1)) >0 (a.e.inT),
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by Lemma 4.2,

lim inf

q—)OO

Eo(xop,: )

q—)OO

1 M.
- lim inf 7 f Eo(t, x1(0)i + bgj, Xo(1), 2(1))dt
q q Yo

1 d
liminf — f Eo(t, x9(1), xo(1), X1(2))dt

g0 d2

1 f Eo(t, x9(t), xo(1), x1(1))dt

liminf —

q—)OO

\%

1 .
lim inf 7 Eo(t, x1(0i + b,j, Xo(2), X1(1))dt

1
5MMMI%®RNM®W25fWMRWM®W-

As U can be chosen to differ from T by a set of an arbitrarily small measure and the function

1= (Go(0), Ro()yo(1))

belongs to L'(T;R), this inequality holds when U = T, and this establishes (21). With this in mind, by
(18) and (20), we have

0

\%

fo

f {Go(®), Foze(t, xo(O + boj, x0(0)30()) + 200, Fose(t, xo(Di + boj, %o())[yo(Di + Bojl)

+(o (D1 + Boj, Fogg(f, Xo(1)i + boj, Xo(D)[yo(Di + Bojl)}dt

(I (bo)Bo, Boy
+ f {0(0), Fosi(Xo()y0(1)) + 2€0(1), Fosx(Xo(0))yo(1)) + (yo(1), Foxx(Xo(1))yo(0))}dt

fo

(I (bo)Bos Bo) + f 2Q0(x03 2, yo(1), Yo(D)dt = Jg (Xop,} Yog,)-

1o

Now, let us show that Yog, # (0,0). By (20), the first conclusion of Lemma 5.1, the fact that V(r) <
|7[>/2 for all € R",

AIMS Mathematics

; Ko(xop,; xzq) . h h I |X9(t0) — xo(t0)I?

im—"" + 2 _ “limsu

et d? 2 2 e d;

. KoGosixl) poop up 0B - Po(bo)l?

lim ———— + - - —1

q—0 dé 2 2 d2
Ko(xop,; XY non b, — b\ |

lim ———— 4+ — — = ¥ (by + A[b, — b (q )d/l

s 2 T TP f olbo N7
ffo(xozao;xz ) h h

lim ——— + - — =|¥,(b

lim z +3 2| o(bo)Bol*
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Ko(xops X1) 1 1
= l - 9 4+ - — — 1 2.
Jim a2 5 ~ 7o)l

With this in mind and (18), the fact that y,, = (0, 0) contradicts the positivity of / and this establishes
(17).

Let us now show that
I (X0 Yog,) <0 (i € ia(X0p,))- (22)
To this end, note that, forally =0,1,...,K,
. M, x0i+bgj) . - C
lim = lim §<[x‘1(t) = xo(D]i + [by = bolj, Py (t, x*(1)i + byj)w, (1)) = 0,
g—00

g—oo d,

lim Ny(t, x1(i + byj) = lim Qy(t, x1OF + b j)([x1(2) — xo(D]i + [b, — bolj) = 0,
q— g—0
all uniformly on T and {y,} converges weakly in LY(T;R") to yy, then forally = 0,1, ..., K,

lim 23
fim — (23)
Asin (19), we have
) j(')(XObO;XZq - XObO)
lim
g—oo d,
1 1
= lim 1 Z(—l)"+1 f (1 = Dp* ()Y (by + A[b, — byl; b, — by)dA
g—>oo dq - 0 i q q
= 0. (24)
By (4), (23) and (24),
‘ Jo(x! ) = Jo(xop,) . Eo(Xopy; x2)
0 > lim sup . = lim sup .
g—o0 dy g—oo dy
Since Ey(xop,; qu) > 0 (g € N), then
Eo(xopy; X1 )
lim — b _
g—o0 d,
Therefore, by condition (v)(c) of Theorem 2.1, forally =1, ..., K,
. Sy(xObo; )CZ )
lim ——— =0. (25)

g—oo d,
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As for all g € N and i € i,(xop,),

Ii(xzq)

= Ii(xzq) = Li(xo,)
= ii(xzq) - ii(XObo)

= 1} (X0pys xzq = Xop,) + Ki(Xop,5 xzq) + Ei(X0py5 qu)

0

\%

= I} (X0pys qu = Xop,) + Ki(Xop,5 xzq) + Ei(X0p,5 qu),

then, by (23) and (25), for all i € i,(xop,),

I ,’ (XObO; xzq - xObO)

0> lim
q—00 d,

Therefore, since y,(f) — yo(#) uniformly on T, {y,} converges weakly in L'(T;R") to y and (b, —
bo)/d, — PBo, then for all i € i,(xqp,),

1 ; (xoz;o; xzq - XObo)

0> }il?o Z = I; (Xop,> Yog,)
which establishes (22).
Now, let us show that
Li(Xopys Y0g,) =0 (j=k+1,...,K). (26)

Indeed, as forallge Nand j=k+1,...,K,

0 = Ij(xzq) = Ii(x0p,)
= ij(xzq) - ij(XObo)
= i}(xozm; qu = Xop,) kj(XObo; qu) + éj(xObo; qu)

= L(xop,s xzq = Xop,) + Kj(Xo0p,5 qu) + Ej(Xo0p, > XZq),

by (23) and (25), forall j=k+1,...,K,

I}(onyo; XZq - xObO)

0= lim S = L)
which is precisely (26).
We claim that, for all @ € 1 ,(Xy(?)),
Pax(Xo())yo(?) + pai(Xo(1)yo(1) <0 (a.e.in T). 27)

Indeed, for all @ € R, g € N, almost all € T and A € [0, 1], define
Gy (1, 2) = @a(t, x0(1) + ALxXU(1) = xo(D)], Xo(2) + ALK (1) — %o(D)]),
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WD) = [~a(Z(1))]'?,
Zy (1) 1= =@ax(Fo(D)yo(t) — @az(Xo(1))o (1),

where as usual (¥9(7)) := (¢, x9(¢), x4(¢)) (a.e. in T). Given t € [ty, t;) a point of continuity of 7 ,(%y(-))
and @ € 7 ,(%(1)), since I ,(%y(-)) is piecewise constant on T, there exists an interval [¢,7] C T with
t < t such that ¢, (%y(7)) = 0 for all 7 € [z, f]. Using the notation

[7] := (7, x0(7) + A[xU(7) = xp(T)], Xo(7) + A[XU(7) — Fo(T)]),

we have
, (Wi(1))? 1 B .
0 < lim ————dr = lim — {=0(X1(7)) + @o(Fo(T)}dT
4= J1inU dq q= dg Ji,anU
lim ! f {G%(t; 1) — GY%(t;0)}d lim ! f fl 9 GY%(t; DdAd
= - — 1) — T T=— — —GY(t; T
o dy Jpanu ! 1 o dy Jygnu Jo 0471

1 1
- lim — f . fo {@ax[TI(X(T) = x0(7)) + Pas[TI(X(7) — Xo(7))}dAdT
[t,fINnU

g— dq
1
~ —lim f f (Garl Ty + paslTlyg(D)dAdT
4= Jninu Jo
_ f (—gur(Fo(™N0(T) = @asEo(P)To(DdT = f Z ().
[t,f]lINnU [t,fINU

Since U can be chosen to differ from 7 by a set of an arbitrarily small measure, then

7
0< f Z(t)dr.
t
If Zj(7) < 0 on a measurable set © such that ® C [z, 7] and m(®) > 0, then

(Wa T 2
0> f Zy(t)dt = lim Md?’ >0
enu

= Jony  dg

which is a contradiction. Therefore, Zj(r) > 0 a.e. in [£,7] with ¢ € [fy, ;) an arbitrary point of
continuity of 7 ,(X(-)) and, therefore, Z7 () > 0 for almost all z € T which shows (27).
Now, let us show that forall g € S,

@p:(Xo(0)yo(1) + @pe(Xo())yo(?) = 0 (a.e.in T). (28)
Indeed, forall g € S, g € N, almostall r € T and A € [0, 1], define
Wf(t; A) = @p(t, xo(1) + A[x(2) = x0(1)], Xo(1) + A[X(2) = Xo(D)]).

Forall 5 € §, g € Nand almost all # € T, we have

1

0
0 = HIn1)—H0) = i Z7H( DdA
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1
= f {@p:[21(x" (1) — x0(1)) + @p:[£1(2%(7) — Xo(2))}dA.
0

Therefore, forall 5 € §, g € Nand almostallt € T,

1
0= fo {pxl11y4(1) + @p:lt]yg(D}dA. (29)

By (29), forallt e Tand S € S,

0= ﬁ ] U{QOBX(J?O(T))yO(T) + pe(Fo(7))¥o(7)}dT.

Since, as before, U can be chosen to differ from 7" by a set of an arbitrarily small measure, then for all
teTand B € S,

0= f {px(Fo(D))yo(T) + @ps(Fo(T))yo(T)}dT

and so (28) is verified. Consequently, from (15), (22), (26), (27) and (28), Yog, € Y (xop,). This fact
together with (17) contradicts condition (iv) of Theorem 2.1.

Case (2): Now, suppose that the sequence {(b, — by)/d,} is not bounded. Then,
b,—b
lim |[-L——

q—)OO

= +o00. (30)

q

Choose an appropriate subsequence of {(b, — by)/|b, — bol} (without relabeling), and By € R” with
|Bol = 1, such that
b,—b
lim ———
g— |b, — by

= fo. 31)
Forallg e Nand r € T, define

) xU(t) — xo(t), bg—bo ,
W, (1) = i+ .
’ b, —bol by - byl

By Lemma 4.1 and (30),

a(f) — d
fim 07200 6 —2 — ()0 = 0 uniformly on 7. (32)
o by — byl ame b, — bol

Fori=0,1 and all g € N, we have

x(t) - xo(t) (", by = bo
T fo W(by + Alb, - bo])(l - bol)d/l. (33)
By (31), (32) and (33), for i = 0,1,
W/ (bo)Bo = 0. 34
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Now, by (2), (31) and (32),

. Mo(t, xU(0)i + b,j)
Iim
¢ |by — bol?

lim 2@, (1), Po(t, X9(1)i + byj)@y(1))
g0

= 2(0p,, Foee(t, xo(D)i + boj, x0(1))0,)

_ {Bo, lj (bo)Bo)
2(ty — 1)
No(t, x1(Oi + b,j .
lim MOV D) Got 190 + b, (1)
q—0 |bq — bOl q—0

= Foxg(f, xo(D1 + boj, %0(1))0g,
=0

both uniformly on 7'. Together with Lemma 4.1, this implies that

i Ko(xop, xp,) v 1 ;
— = , + (D,
= (B0, Iy (bo)Bo)-

As in (19), we have
) J~(/)(X0b0; qu = X0b,) Lo . _ . ., _
lim —— = 2o ()W (bo: Bo) — p" (1) ¥ (bo: Bo)]-
q—0 |bq - b()l

Even more, by (1), (4), (36), and condition (i1) of Theorem 2.1,

Ko(xop,; x1) Eo(Xopys X1 )
0> lim 0 + liminf—Obq.
oo |by—bol 4w by — boP

Consequently, since So(x()bo; qu) > 0 (g € N), by (35) and (37),
%(B Iy (bo)Bo) = %J(')’(x()bo;()ﬁo)-
Let us now show that for all i € i,(xop,),
I (X055 05,) < 0.

To prove it, note that since

x4(1) = xo(2)

im =0 uniformly on T,
q— |bq - b()l

M@ﬂmnwmw

(35)

(36)

(37)

(38)

(39)
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and {y,} converges weakly in LY(T;R") toyy, forally =0,1,...,K,

; K, (xop3 X7,)
m ——m-=
q— |bq - l’)()l

Asin (24),

) Jé(XObO; qu - xObO)
lim =
P |bgy — byl

Then, by (4), (40) and (41),

0> fo(xzq) — Jo(xop,) i Eo(X0p, xy,)
> lim su =lmsup — >
q_’oop |bq - bOl q—)oop |bq - b0|

Thus, by condition (v)(c) of Theorem 2.1, forally =1, ..., K,
m-——— =
q— |bq - bol
As for all g € N and i € i,(xop,),

0

v

Ii(xzq)

= Ii(xzq) - Ii(XObO)

= I(x) ) = TiCxon,)

= I (o3 X5, = Xon,) + Kilxopy: x5, ) + Eixops )

= I (X0pys XZq — Xop,) + Ki(Xop,s XZq) + Ei(X0py5 qu),

then, by (40) and (42), for all i € i,(xop,),

T g lby — bol
Hence, since
d,
{y,} converges weakly to y, in L'(T; R"), 70,
lby — bol

. x4t — xo(t) ) b, — b _
lim ———= = Q uniformly on 7, and — Bo,
% Tlby — bl y by —bol P

for all i € i,(xop,),
. I (Xopys X). = Xop,)
0> lim 1
g0 |by — bol
which establishes (39). Finally, let us show that forall j =k +1,...,K,

= [i(bo)Bo = I (Xon; Op,)

(40)

(41)

(42)

(43)
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Indeed, as forallge Nand j=k+1,...,K,

0 = 1;(x;) = 1j(xop,)
= Ij(x} ) = Ij(xon,)
= i;'(XObo; XZq — Xopy) + Ki(Xop, XZq) + &E(Xop,; qu)

= Ii(Xop,s xlq,q = Xop,) T Kj(Xop, XZq) + & i(X0pys x,‘fq),

then, by (40) and (42), forall j=k+1,...,K,

’ R
0= 1lim

N T

which is precisely (43). Consequently, (34), (38), (39) and (43) contradicts condition (iv) of Theorem
2.1 and this completes the proof of Theorem 2.1.1

6. Proof of Lemmas 4.1 and 4.2

Proof of Lemma 4.1: For all g € N and almost all ¢ € T, define
cq = [1+ 2V(xXU(t0) — xo(tp)]'*  and  Wy(1) := [1 + 2V(x9(1) — xo(1))]">.
For all g € N, note that
c o WD

_ [x7(t0) = xo(to)I? 1 f @ = X0
d2[1 + 3V (x(to) = xo(t0))]  dg Jiy 1+ 5V(59(2) = io(1))

_ |x7(20) = xo(t0)I N 1 f” [%9(1) = Jo(n)
D(x? = x0)[2 + V(x4(t9) — xo(to))] ~ D(x? = x0) Jy, 2+ V(X(1) = %o(0))

1 !
- —(V(xq(fo)—xo(fo))'i' f V<xq(t)—xo<t)>dt)

dt

D(x7 - xo) fo
_ D(.Xq - XQ) _
~ D(x7—xg)

Clearly lim,_,.,c, = 1. Then, there exist some subsequence of {x?}, again denoted by {x?}, some
$o € R" and some o, € L*(T;R") such that

1
lim yq( O)
q— Cq

= l}l_{?qu(to) = )—)09
{4/ W,} converges weakly in L*(T; R") to 0.
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As W;(t) > W,(1) > 1 for all g € N and for almost all r € T', we have

1

0< fl[Wq(t) - 1]dt < fl[Wg(t) - 1]dt = 3 fl V(x1(t) — X%o(2))dt < D(x? — Xxo).

Thus, it follows that

11

|
lim | [W,()—1]dt = lim f [W2(r) - 11dr = 0.
g— fo q—00 fo

Note also that . . )
f [W,(t) — 11°dr = f [W2(r) — 11dt — 2 f [W,(1) — 11dt.
Io Io 1o
Then for any h € L*(T;R"),
lim |[hW, — All, = 0
q—)OO

and so . ) ‘ )
fim f (). 3. (0)dr = lim f 1<h(t)W(t) Ya(0) >dt: f (). o)yt
g Jy 4= Jy W, (1) 0

Therefore, {y,} converges weakly in L'(T;R") to 0. Hence, {y4) 1s equi-integrable on T" and therefore

the sequence {y,} is equi-continuous on 7. Thus, if yo(f) = yo + ft; oo(t)dr, then, yo € X with
yo € L>(T;R") and

!
lim y,(¢) = lim y,(#)) + lim f Y¢(T)dt = yo(2) uniformly on T,
g— g— g— 0

{y,} converges weakly in L'(T; R") to yo = 0op.

Now, let us show that x(f) — X((¢) almost uniformly on 7. For almost all ¢ € T, define

W) = [1 + V)]

S E7 05 | AL P (5 N & N
fto 2W2(t)dt_ft0 Trvam T f V(x(®)dt < D(x),

4}

Observe that

51 11
f 2WA(t)dt = 2t — 21y + f V(x(t))dt < 2t; — 2ty + D(x).

fo fo

From these relations, we have

11 . 2 1]
I%]° < ft %m ft 2W2(5)dt < D(x)[2t; — 2ty + D(x)].

Consequently, [|x? — Xo||; — O and so some subsequence of {x?} converges almost uniformly to X, on
T.1

Proof of Lemma 4.2: Recall the definition of W, given in the proof of Lemma 4.1. As W, (1) — 1
uniformly on U, then for all h € L*(U;R"),

limf@q(t),h(t))dt: limf<yq(t) ,Wq(t)h(t)>dt: f(yo(t),h(t))dt,
q= Jy g0 Jy \ W, (1) U
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that is, {y,} converges weakly in L*(U;R™) to 9. As Ry(¢) > 0 (t € U), the function

y"—>f<Ro(t)y'(t),y'(t)>dl
U

is convex in L?>(U;R") and since this function is strongly continuous on L*(U;R"), then this function
is weakly lower semicontinuous in L*(U; R"). Thus,

q—)OO

liminf f (Ro(1)y4(1), yo(D)dt = f (Ro(0)yo(1), yo(1))dt.
U U

Since R,(t) — Ry(?) uniformly on U, it follows that
lign inf f (Ry(D)yg(D), yo(1))dt = f (Ro()yo(2), yo(2))dt.1

7. Example

In this section, we show with an example how our sufficiency theory is able to detect optimality even
when the proposed extremal to be a strong minimum is singular and its derivative is only essentially
bounded. It is worthwhile observing that the initial and final end-points of the states of admissible
trajectories are not restricted to belong to any manifold described by any smooth function, in contrast,
these boundary points must only lie in the set of real numbers, that is, these boundary points are
completely free.

In Example 7.1 since no isoperimetric constraints occur ly, Lo, Fo, Eg and Jij correspond simply to
I, L, F, E and J” respectively.

7.1 Example: Let x;: [0, 1] — R be any absolutely continuous function with x, € L*([0, 1]; R) and
x0(0) = x0(1) = 0. Consider the nonparametric problem (P) of minimizing

1
J(x) := x*(0) = x(1) + f {exp(r(x(2) — %o(1)) + x(D)}dt
0

over all arcs x € X satisfying the constraints

c(t, x(t), x(t)) is integrable on [0, 1].
x(0) € R, x(1) € R.
(t, x(1), (1)) € R (a.e. in [0, 1])

where

R :={(t x,%) €[0,1]x RxR | ¢(t, x, %) <0},

$1(1, X, %) 1= (% = X%o(1))* = exp(1(x = Xo(1))) + 1(x = %o(1)) + 1,

X := AC([0,1]; R) and c(t, x, x) denotes either
L(t, x, x) 1= exp(t(x — Xo(1))) + x,
¢1(t, x, %), or any of its partial derivatives of order less than or equal to two with respect to x and x.
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For this problem we shall consider the data of the nonparametric problem given in Section 3 which
are givenby 7 = [0, 1], n = 1, r=1,s =1,k = K =0,8) = R, B; =R, l(x,x) = x%—xz,
L(t, x, %) = exp(t(x — io(1))) + x, ¢1(t, x, %) = (& — Xo(£))* — exp(t(x — Xo(1))) + 1(x — Xo(1)) + 1.

Clearly, all the assumptions posed in the statement of the problem are easily verified.

Also, it is evident that the trajectory x, is admissible of (P). Let ¥: R — R X R be defined by
W(b) := (b,b). Clearly, ¥ is C*> in R and B, x B; ¢ W(R). The associated parametric problem of
Section 2 denoted by (Py) has the following data, p = 1, B =¥ !(ByxB)) =R, [ =0 ¥, L = L,
¢ = ¢ = ¢ and ¥y, ¥, the components of P, that is, Wy(b) = b, ¥Y1(b) = b (b € R). Recall that the
notation x;, means (x, b) where b € R is a parameter.

Observe that if we set by := 0, then xo, is admissible of (Py). Also, clearly 7,(Xo(-)) is constant
on T. Let (o(t), u1(¢)) := (¢,0) (t € T) and note that (o, u) € X X Uy, (1) = 0, i (H)p1(Xo(2)) = 0
(a.e.inT).

Now, observe that the Hamiltonian H is given by

H(t, x, X, p(1), u(1)) = 1X — exp(#(x — Xo(1))) — x.

Also, note that
H.(Xo(0), p(0), u(0) = =1, Hi(Xo(1), p(1), u(1)) =0 (a.e.inT),
and so (xo, p, 1) satisfies the Euler-Lagrange equations which are given by
p() = —H(%(0), p(1), (1)), Hi(Xo(1), p(0), (1)) =0 (a.e.inT).
Thus, (xo, p, 1) is an extremal. As Wo(b) = b, ¥,(b) = b, I(b) = b*> — b (b € R), then
I'(bo) + p(1)¥'(bo) = p(0)¥(bo) = 0

and so condition (i) of Corollary 3.2 is satisfied. Also, as one readily verifies,

()W} (by: B) — p(0)¥y (by: B) = O for all B € R

and so condition (ii) of Corollary 3.2 is fulfilled.
Additionally, as

H:(%(t), p(0), u(@)) = =*  (ae.in T),
it follows that (iii) of Corollary 3.2 is satisfied and (xy, p, ) is singular since
H(%0(0), 0(0), u(0)) = 0.

As ¢1(%o(1)) = ¢1:(Fp(1)) = 0 (a.e. in T), then Y(xy,,) is given by all y; € X X R with y € L*(T;R)
satisfying y(0) = B, y(1) = 8. We have,

1
J" (Xopy; vp) = 28° + f £y (t)dt > 0
0

for all ys € Y(xop,), ys # (0,0), and hence (iv) of Corollary 3.2 is satisfied. Now, observe that for all
(t,x,x) e T xR xR,

F(t,x, %) = —H(t, x, x, p(£), i(t)) — p(H)x = —t + exp(t(x — xo(1))).
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Hence for almost all # € T, if x;, is admissible,

E(t, x(1), Xo(1), X(1))

F(1, x(1), x(1)) — F(t, x(1), %(1)) — F(t, x(2), Xo(£))(5(2) — %o(1))
—tx(1) + exp(t(x(t) — Xo(1))) + txo(2) — 1
exp(#(x(t) — xo(1)) — 1(x(t) — %o(1)) =1 =2 0

which implies that (v)(a) of Corollary 3.2 is verified with any € > 0. Finally, for all x;,, admissible, we
have

1 1
fO E(t, x(1), Xo(1), X(1))dt ]; {exp(z((r) — Xo(1))) — (k) — Xo(1)) — 1}dt

%

1 1
f (x(2) = %o(£))*dt > 2 f V(x(t) — xo(2))dt.
0 0

Therefore, (v)(b) of Corollary 3.2 is satisfied with any € > 0 and 2 = 2. Since kK = K = 0, it is evident
that (v)(c) of Corollary 3.2 is also verified with any € > 0 and 4 = 2. By Corollary 3.2, x; is a strong
minimum of (P).
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