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Abstract: Based on a Manasevich and Mawhin continuation theorem and some analysis skills
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1. Introduction

Differential equations with impulses were considered for the first time by Milman and
Myshkis [19] and then followed by a period of active research which culminated with the monograph
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by Halanay and Wexler [14]. Many phenomena and evolution processes in the field of physics,
chemical technology, population dynamics, and natural sciences may change state abruptly or be
subject to short-term perturbations, (see, for instance [1, 16] and the references therein). These short
perturbations may be seen as impulses. Impulsive problems arise also in various applications in
communications, mechanics (Jump discontinuities in velocity), electrical engineering, medicine, and
biology. For example, in the periodic treatment of some diseases, impulses correspond to the
administration of a drug treatment. In environmental sciences, impulses correspond to seasonal
changes of the water level of artificial reservoirs. Their models are described by impulsive differential
equations and inclusions. To date, a spectrum of mathematical results (such as existence, asymptotic
behavior, ...) have been obtained (see [2,3,8,9, 13, 16,28,29] and the references therein).

There have been many approaches to the study of the existence of solutions of impulsive differential
equations, such as fixed point theory, topological degree theory (including continuation methods and
coincidence degree theory), comparison methods and monotone iterative methods (see [15,23,27,31,
33]).

Recently in [20, 30], the authors studied the existence and multiplicity of solutions of some classes
of second order impulsive problems by variational methods.

In the last few years, ¢—Laplacian problems for differential equations such as

(@0 = f(t.y,y),

¥(0) = y(b),y'(0) = y'(b),
have been investigated by several authors. Existence and multiplicity results for the nonresonance and
resonance cases have been presented in [4, 5,24, 26]. These types of problems with impulse effects
have been considered by [25], in which they are based on the lower and upper functions.

Coincidence degree, introduced by Mawhin in 1972, is a topological tool for the investigation of the
semilinear equation Lu + Nu = f, where L is a linear Fredholm operator of index zero (not necessarily
invertible) and N is a nonlinear perturbation. Continuation theorems involving these kinds of mappings
(L, N) became an effective procedure in proving the existence of solutions of a large variety of boundary
value problems. This method is extended in [18] to the case when L is a quasi-linear operator in view
of its application to problems involving p—Laplacian-like operators.

In this paper we use the continuation methods to prove the existence of solutions to the ¢—Laplacian
problem for differential,equations with impulse effects and periodic boundary conditions

@O (1)) = f(t,y(0),y' (), t € J:=[0,b], t#t, k=1,...,m, (1.1)
y&) =y) = LO@)), t=t, k=1,....,m, (1.2)

Y =Y @) = Lo, t=4, k=1,....m, (1.3)

¥(0) = y(b), y'(0) =y (D), (1.4)

where 0 <t <fp <---<t, <b, f:[0,b]XxR"XR"xR" is a Carathéodory function, I, I, € C(R",R")
and ¢ : R" — R” is a suitable monotone homeomorphism.

Because the ¢—Laplacian is nonlinear, the continuation theorem of Mawhin [11] is not applicable,
which leads to difficulty for solving the problems (1.1)—(1.4). By using a Manasevich and Mawhin
continuation theorem [18] and some analysis techniques, we establish some sufficient conditions for
the existence of periodic solutions of the problems (1.1)—(1.4).

AIMS Mathematics Volume 4, Issue 6, 1610-1633.



1612

2. Preliminaries

Let ¢ : R" — R" be a continuous function which satisfies the following two conditions:

(H,) For any x;,x, € R", x; # x»,

(D(x1) — p(x2), x1 — x2) > 0.

(H,) There exists a function « : [0, c0) — [0, ), a(s) — +oo0 as s — +oo, such that
(@(x), x) = a(|lxDl|x]l, forall xeR"
It is well-known that under these two conditions ¢ is an homeomorphism from R” onto R”, and that
g~ Il — +o0 as [yl — +eoo.
Definition 2.1. A map f : [p,q] x R" — R" is said to be L'-Carathéodory if

(i) t — f(t,y) is measurable for all y € R”,
(i1) y — f(t,y) is continuous for almost each ¢ € [p, g1,
(iii) for each r > 0, there exists A, € L'([p, ¢],R.) such that

Ilf(t, )| < h,(¢) for almost each ¢ € [p, g] and for all ||y|| < r.
Let X and Z be two real Banach spaces with norms || - ||x and || - ||z, respectively. A continuous
operator M : X N domM — Z is said to be quasi-linear if

(i) dimKerM = dimM~(0) = n < oo;
(1) ImM = M(X N domM) is a closed subset of Z.

Let X = X;® X, and Z = Z, & Z,, where X; = KerM, Z, = ImM and X,,Z, are respectively
the complementary spaces of X; in X, Z, in Z. Assume that dimX, = dimZ;; then we can define
P:X — X, and Q : Z — Z, as the corresponding orthogonal projections such that

ImP = KerM, KerQ = ImM.

Denote by J : Z; — X; a homeomorphism with J(0) = 0.

Let Q) be a bounded open subset of X, with 0 € Q such that domM NQ # (), and consider a parameter
family of nonlinear perturbations (generally) N, : [0, 1]xQ — Z with N; = N. The continuous operator
N, is said to be M—compact in Q with respect to M if there is an operator K : ImM — X, with K(0) = 0
such that for 4 € [0, 1],

(I = QNAQ) € ImM,

(I - Q)N =0, ONx=0 QONx=0, 1€(0,1),
KM=1-P, KI-QN,:Q— X, is compact,
M[P + K(I = Q)Na] = (I = Q)N,.
We introduce the intermediate map

F(1,) =P+ K- Q)N + JON, 2.1)
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which is clearly compact under the above assumptions.
Consider the abstract equation
Mx = Nx, A€ (0,1]. (2.2)

Now, we consider the continuation theorem for a quasilinear operator due to Ge and Ren [12].

Lemma 2.1. [12] Let X and Z be Banach spaces, Q C X be an open and bounded nonempty set, M
be a quasi-linear operator and N, be a M—compact operator in Q. Then (2.2) has a solution x € Q
[resp x € 0] if and only if x € Q [resp x € 0Q] is a fixed point of F(A,-) defined in (2.1).

Theorem 2.2. [12] Let X and Z be two Banach spaces and €2 C X be an open and bounded nonempty
set. Suppose M : X NdomM — Z is a quasilinear operator and Ny : Q — Z, 1 € [0,1], is M—
compact. In addition, if

i) Mx # Nyx, A€(0,1), xe€0Q,
ii) deg(JON;,QQN KerM,0) # 0,

then the abstract equation Mx = Nix has at least one solution in Q.
3. Fixed point formulation

In order to define a solution for Problems (1.1)—(1.2), consider the space of piece-wise continuous
functions:

PC(0,b],R") = {y: [0,b] - R", y, € C(Ji,R"), k=0,...,m, such that
y(t;) and y(t)) exist and satisfy y(r;) = y(tx) for k=1,...,m},

endowed with the norm

Ivllo = max{llykllo, & =0,...,m} |yl = sup [y(®)l,

teJy

and let
PCy([0,b],R") = {y € PC : y(0) = y(b)}

be a Banach space with the same norm of PC.
Also, consider

PC'([0,b],R") = {y € PC : y, € C(Ju,R"), k =0,...,m, such that
y'(t;) and y' () exist and satisfy y'(t;) = y'(t),
fork=1,...,m},

endowed with the norm

Iyl = max(llyllo, Iy’llo), or lIylly = lIyllo + I1y"lo,

where y; = yl|;, and Ji = (%, tx+1], and let
PC, = {y € PC" : y(0) = y(b),y'(0) = y'(b)}

AIMS Mathematics Volume 4, Issue 6, 1610-1633.
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be a Banach space with the same norm of PC'. Define X = PC,, Z = L'([0,b],R") X R™ x R X R",

and for z = (x, ¢, ¢2, c3) € Z, we have

llzllz = max{llxllt, llei]l, lleall, lles][}-

Let

M :domM C X — Z,
y = (@0, ay(n), ... AY(tn), &Y (t1), - - - LY (tm), 0).
Let h € PC(J,R"). Then we define y by:

Lo(h)(0), if te[0,n],

Li(W(@®), if te(t,n],
() =

Ln(h)(®), if 1€ (tn, D],
where
Lo(h)(®) = ¢ + f ¢~ [0(a) + f S h(r)dr|ds,
0 0
t€10,1], ¢ = y(0), and d = y'(0),

Li(h)(@®) = Lo(h)(1y) + Ii(Lo(h)(11)) + f ¢_1[¢(L6(h)(t1)+71(Lo(h)(t1)))

+fh(T)dT]dS, t€(t, 0],
1

Ly(h)(®) = L (h)(12) + L(Li(h)(12))

+f%ﬂwu®mﬂémwmm

+ f h(‘r)dT]ds, t € (t, 13],
15}

umm:%me+M%4mwnfﬁﬂm¢Mmm

+ DLy (W)(8))) + f sh(T)dT]ds, £ € (1, b].

We will prove that M is a quasi-linear operator.

KerM = {y € domM : y(t) = y(0), t € J}.

3.1
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For y € KerM, we have

Co

@O®) =0= ¢y =c:=|
Cm-1

and then
Lo()(@)
o = | PPD et y0)
Lya ()0
(o) Lo(h)(0)

o) || Lo

=t
¢_1 (Cm—l ) Lm—l (h)(O)
The boundary conditions imply that

¢~ (co) 0 Lo(h)(@) Lo(h)(0)
¢~ (c1) _| 0 L@ | _| L)
¢~ (Cm-1) 0 L1 (h)(0) L1 (h)(0)
Thus
y(®) =y(0) =ceR"
Next, ImM = {(x,a,..., Ay Ay .. ., an,d) € Z : (¢(Y' (1)) = x(¢), a.e. t € [0,b], 2¥(ty) = ai, Y (t) =
a,k=1,..., m, x(t) € domM}.

From the following problem
(/) = x(0), ae.r€][0,b],
AYt) =ar, k=1,..., m, (3.2)
A () =ar, k=1,..., m,

we have
Lo(x)(®), if 1t€][0,1],

Li(x)(0), if te(n,nl,
() =

Ln()®), if 1€ (tm D]
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Since y(0) = y(b), we also have
Lo(x)(0) = Ly (x)(b),

b
¢ = Ly 1 (X)(tn) + (L1 (X)(t)) + f ¢! [$(L;,_ (X)(tn)
+ AL (X)(tn))) + f s x(t)dr|ds,
c= Lm—Z(x)(tm—l) + am—l(Lm—Z(x)(tm)) + fm ¢_1|:¢(L;n—2(x)(tm)
+ a1 (L2 (X) (1)) + f X(T)dr|ds + ap(Ly1(X)(tn)

b S
" f 67! [ B(L), ()t) + ALy (D)) + f x(v)dr]ds

c=c+ Z ar + f o(d) + f x(T)dT]dS + fz ¢_][¢(L6(x)(l1)

+an(Lo()(t)) + f x(@dr|ds + ..+ f [ ()

f

s b
¥ et (L2 (D (11)) + f x(r)drds + f o7 [o(L, (X0

+ (Lyea (X)(1)) + f x(mdrds

so that .
§:%+ﬂf‘ﬁ (d+§:m)+jﬁﬂﬂds =0,
k=1
and then
ImM = {(x ai,..., Ay, Qls - - ., a,,d)eEZ:
m b m t
Z a + f ¢!t + Z a) + f x(s)ds|dt = 0}.
k=1 0 k=1 0

Using the projections,
P: PC; - PC}), y - y(0),

Q:7Z-7 7z- 00,
z = (xai,..., am,ﬁl ..... A, d)

- (0,..., —(Zak+ f ¢! (d+Zak)+ f x(s)ds|dr),

we obtain that
ImP = KerM, KerQ = ImM.
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Thus
dimKerM = n = dim(Z/ImM),

and moreover, ImM is a closed subspace of Z. Therefore M is a quasi-linear.

For any QQ € domM, define the family

N, :Q—2Z
y e Afy,Y), G)), - . . Luyt), L)), - - ., Ln((t)), 0).

The problems (1.1)—(1.4) is equivalent to the operator equation
My = Ny. 3.3)
We will prove that N, is M—compact in Q. It is easy to show that
(I — Q)N(Q) c ImM and ON,(Q) = 0.
Let

K : ImM — domM N KerP,
2 Socpa i+ fy 070d + Locyes @) + [ x()dr]ds,

and the homeomorphism
J:ImQ — KerM

is given by
0,d) = J(0,d) =d.

We supposed that f(z,y,y’) is a Carathéodory function and ¢~! is continuous. Then we have the
following result.

Lemma 3.1. Suppose Q c PC'([0, b], R") is a bounded open set. Then N, is M-compact in Q.

Proof. We will prove that
e ON, : X — Z is continuous and sends bounded sets into bounded sets.
e K(I-Q)N,:Q — Xis completely continuous.

Step 1: ON, sends bounded sets into bounded sets and it is continuous.
First,

0
0

ON,(y)(1) = : )
L RO+ [7 ¢7 @i o))
+ fot Af (s, y(s), y’(s))ds]dt)

AIMS Mathematics Volume 4, Issue 6, 1610-1633.
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o ON, sends bounded sets into bounded sets in PC'([0, b], R").
Lety € Q= {y e PC'([0,b],R") : [yll; < r}.

ION )OI < ISy L@+ ) e~ [#(Sie, L))
+ [ AfCs.y(s).y (s)ds|ldr.
Clearly ||y|l; < r, and then, there exists . > 0 such that
W) < r. and |GG < re, k=1,...,m.

Since I; and I}, are continuous and B(0, r,) is compact in R", we have

m m

rn= sup k@l <coandr, = sup [l < oo,
k=1 x€B(,r.) k=1 x€B(,r.)

Using the fact that f is a Carathédory function, we obtain

< (i L@ + [ 11 (s, 3(5), ¥ ()lds
< NG SUPepory TN + [} lIg()llds
< SUP, ) IBCON + lgllp = L.

(i) Ty @) + fy Af(s,y(5).¥ (5))dsll

Since ¢! is continuous, we also have

-1
sup ¢ (x)| < oo.
xeB(0,])

Thus

IQNllz < i + b sup ¢ ()] 1= rs.
x€B(0,])

o ON, is continuous.
Let (y4)qen be a sequence such that y, — y in PC'([0, b],R"). Then there exists r > 0 such that

Iyl < r forall @ € N,
Hence there exists A, € L' ([0, b], R") such that
Lf (2, v (D), Y, (Ol < h,(F) ae.t€J.

From the definition of ON,, we have

ION ) = ON;OI < 11 [ 67 (S0 Tevae))
+ [y AF(5, yal(9), Yy (s))ds]
—¢ ' B(Zi) RO (@)
+ [y A£(5.3(8), Y (s)ds|drll.

AIMS Mathematics Volume 4, Issue 6, 1610-1633.
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By the dominated convergence theorem, and since I;, I;, ¢ and ¢~ are continuous functions, we
get
ION(Ve) = ON. Wz < 3 2ty ko) = Ty @))|

Pl o Tout)
+ 3 ASCs, Yals), Yy(s))ds]
—¢7|¢(Zi Lo1)
+ [ Af (s, y(5).y ())ds]ldr.
Thus
IONA(ye) = ON:()llz = 0 as @ — oo.

Hence, ON, is continuous.
Step 2: K(I — Q)N, is completely continuous.

(KNy)(®) = ) T(u(t) + fo 7o > T + fo f@y@), Y (@)dr]dr.

O<tr<t 0<tr<s

For this we prove that (I — Q)N, sends bounded sets into bounded sets and KN, is completely
continuous. The first part is immediate. For the second part, as in Step 1, we can prove that KN, is
bounded and continuous.

It remains to show that KN, is equicontinuous, then by using the Arzela-Ascoli theorem KN,is
compact. Indeed Let [}, [, € [0,b], [; < I, and Q be a bounded set in PC'([0, ], R"), and let y € Q.
Then

67 [#(Socser Tyt + [ 275, 305 yspas|
Sup o 167 O = 7.

where [ is defined in Step 1. By the mean value theorem, we obtain

I(KN2y) @l

IA

(KN y)(2) = (KNy)UIDI = 1K Ny)Y () = IDI < Fll = 4.
As I, — [ the right hand side of the above inequality tends to zero. Also we have

Ip((KNyY (1)) = KNy DI < Xty <iyets SUPepor) kOl
+ [ h(odt — 0as 1y = b,

Since ¢! is continuous function, we conclude that K(Q) is compact.

e Using the fact that f is a Carathéodory function and that I, I;, ¢ and ¢! are continuous functions,
we can easily prove that KN, is continuous.
O

Let us now consider the abstract differential periodic problem
My = N,y, (3.4)

and define
F(y,A) := Py+JON,y + K(I - Q)N,y, y € PC".
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We obtain that F' is a completely continuous operator. Furthermore, the operator equation (3.4) is

equivalent to the following fixed point equation:

y=F@,1), yePC'R".

Let us now consider the simple periodic boundary value problem
@O/ () = h(1),t€[0,b], t#8, k=1,....m,

Y& - y(t) = L), t=t, k=1,...,m,
Y =y @) = L&), t=t, k=1,....m,

y(0) = y(), y'(0) =y (),

(3.5)

(3.6)
(3.7)
(3.8)

where h € L' is such that fob h(s)ds = 0, and let us recall that y is a continuous solution to (3.5)—(3.8)

defined by
Lo(h)(®), if te[0,n],
L), if te(n,nl
y(1) =
Ln(W(@0), if 1€ (tn, D],
where
Lo(i)(®) = ¢ + f o' [#(d) + Ho(h)(s)]ds, 1 €[0,1],
0
Li(h)(®) = Lo(h)(1y) + Ii(Lo(h)(11)) + f ¢>_1[¢(L6(h)(t1)+T1(Lo(h)(t1)))
+ H(h)(9)|ds, 1€ (t.1],
Ly(h)(1) = Li(h)(1) + (L, (h)(12)) + f ¢_1[¢(L'1(h)(tz)+fz(L1(h)(tz)))
+ Hy(h)()|ds, 1€ (t2.13],
Lyy(h)(#) = Ly (B)(tn) + In(Lin 1 ()8)) + | 67 [¢(Li,,_1(h)(tm)
+ L(La (D) (tn)) + Hu(R)(s)|ds, £ € (2, ],
and

Hy(h)(s) = fs h(tydr, if te€][0,4],
0

(3.9)
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H(h)(s) = f‘ h(t)dr, if te(n,nl],

n

H,,(h)(s) = fs h(t)dr, if te€(t,,b].

m

The boundary conditions imply that

b
D L () (e) + fo ¢'|a+ Hm®)]dt = 0,

O<tr<b
with t
a=¢(/©0)+ D TLia (@), HI)) = f h(s)ds.

0<tx<b 0
For fixed [ € PC(|0, b], R") and ¢ € R”, let us define

b
Geia@)= D" ILir () (@) + f ¢! |a+ io]ar. (3.10)
O<tr<b 0

Proposition 3.2. If ¢ satisfies conditions (H,) and (H,), then the function G.; has the following
properties:

(i) For any fixed | € PC([0, b],R") and c € R", the equation
Gei(a)=0 (3.11)
has unique solution a(l).

(ii) If QL I(x), a(l)y > 0, x € R", where the function’a : PC([0, b],R") — R" is defined in (i), then
a is continuous and sends bounded sets into bounded sets.

Proof. (1) By (H)), it is immediate that
(Gei(a)) = Gelaz),ar —ay) > 0, for a; # ay,

and hence if (3.11) has a solution, it is unique. To prove its existence we will show that (G ,(a),a) > 0
for ||a|| sufficiently large. Indeed we have

(G.(a),a)

(Soeer LLici @) + [ ¢7'(a + l)dt, a)

= (Soaear KLt @), ) + (67 (a + 1(1)), apdlt

= (Soees WLia (@) @) + [ (@7 (@ + 1D, a + LD)dt
~ [P @+ L), Ky,

and thus

Vv

(Gea),a) = (Xo<y<p IlLi-1(W)(1)), @) + fob<¢_1(a+l(t)),a+l(f)>dt

(3.12)
~llllo [} 167" (@ + Lol

AIMS Mathematics Volume 4, Issue 6, 1610-1633.
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From (H,), Yy € R", we have that

@' 3,y = allg” I~ OII. (3.13)
Thus from (3.12) and (3.13),

(Zoaney I Lir (D)), )+ K alg™ @+ 1anlig (@ + L))

=l ;167" (a + Lo)lidt (3.14)
<20;tk<b (L1 (W)(10), a)

+ Iy (elig™ (@ + 1)l = lillo)lle™"(a + Ke)ld.

(Gei(a), a)

\%

\%

Since ||a|| — oo implies that ||¢~' (a +I())|| — oo, uniformly for ¢ € [0, b], we find from (3.14) that there
exists an » > 0 such that

(Geyla),ay >0 forall aeR" with |la|| =r.

It follows by an elementary topological degree argument that the equation G, ;(a) = 0 has a solution for
each / € PC, which by our previous argument is unique. In this way we define a functiona : PC — R"
which satisfies

b
EZQ@FWM@“:f¢4W+Kﬂm:Q (3.15)
0

0<tr<b

To prove (ii) let B be a bounded subset of PC and let [ € B. From (3.15)

b
(D Bl (@) + fo ¢! [act) + 1) |dr,awy) = 0.

O<tr<b
Then )
(7 Bl @), alh) + f (@' [aw + 1o araw) = o,
0

O<tx<b
and hence
(Soeyer L@, ADY + @7 [@d) + 1o)]dr. @) + 1)
= @@ + 1olar i@y,
Assume that {a(l),! € B} is not bounded. Then, for an arbitrary A > 0, there is an [ € B, with ||/||
sufficiently large, so that

(3.16)

A < afjg™ @) + 10)).
Hence by using (3.16) and (3.13), we find that

A

A7 @D+ 1o < f a(llg™ @D + LanI)ig™ @) + Ke)lde
e @ + 1. ai) + Ko)d

— (et Le(Li (B)(11)), a(D))

+ [ @0 + 1), 1))

@@ + 1), 1)

Wl fy 1™ @(0) + L)l

I IA

IA A
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Thus A < ||l|lop, which is a contradiction. Therefore a sends bounded sets in PC into bounded sets in
R".

Finally, to show the continuity of a, let (/,) be a convergent sequence in PC, say [, — [, as @ — oo.
Since (a(l,)) is a bounded sequence, any subsequence of it contains a convergent subsequence, denoted
by (a(l,,))- Let a(l,;) — a, as j — co. By letting j — oo in

b
f ¢~ @ly,) + Lo, (1))dt = 0,
0
we find that .
f o~ (@+ I(1))dt =0,
0

and hence a(l) = a, which shows the continuity of a. O
4. Existence results

We will assume in this section that ¢ : R" — R” is continuous and satisfies conditions (H;) — (H>)
of Section 2. Our aim in this part is to apply the Manasevich and Mawhin continuation theorem [18]
for quasilinear equations to the quasilinear problem with impulse effects (1.1)—(1.4).

Theorem 4.1. Assume that Q is an open bounded set in PC([0,b],R") such that the following
conditions hold:

(H3) Foreach A € (0, 1) the problem
(@) = Af (. y,Y),

Ay(te) = A(y(t)),

~ 4.1)
Ay (t) = AU(y(1)),
y(0) = y(b),y'(0) = y'(D),
has no solution on 0Q.
(H4) The equation
Geal@) 1= HIBIL WLia (it + [} 7' [0(d) “2)

+ S LG (@) + [} f(s.a,0)dsldr] = 0,

where h = f(t,a,0) and Ly(h)(t) = ¢ + fo’ ¢~ [(¢(d) + [ f(x,a,0)dT]ds, t € [0, 1] has no solution
on 0Q NR".
(Hs) The Brouwer degree

dplG, QN R",0] #0.

Then the problems (1.1)—(1.4) has a solution in Q.
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Proof. We transform the problems (1.1)—(1.4) into the one parameter family of problems

GO = AfEyy)+ (1= (] S ke ®y@)
+ ) 076070 + Bty Il (@)
+ o S5, y(5), Y (s)ds|dr]),

ALt 43)

Ay(t)

AL (1),

Ay’ (1)

y(0) = y(b), y'(0) = y'(b).

For 4 € (0, 1], observe that in both cases, y is a solution of problem (4.1) or y is a solution of
problem (4.3). We have necessarily

1 m b m _ f
(D0 WL (o) + fo 7[00/ (0) + > TLia (1)) + fo F(s,3(8),¥ (9))ds]di) = 0.
k=1 k=1

It follows that, for A € (0, 1], problems (4.1) and (4.3) have the same solutions. Furthermore it is
easy to see that f Carathéodory implies that N : PC'([0, b],R") x [0, 1] — Z defined by

Ny, = (AINs(y)+ A - DJON(), Ii(y(t1)),
s L&), L)), -y Ln(¥(E)), 0),
where
Ny(y) =N(y,1), foreachye PC'([0,b],R"),

is continuous and sends bounded sets into bounded sets. Problem (4.3) can be written in the equivalent
form

y=Fi(y, D, (4.4)
with
Fp(y,) = Py + JONy(y) + K o [AJ(I = Q)N/1(y).
We assume that for 4 = 1, (4.4) does not have a solution on 9Q. By hypothesis (H3), it follows that
(4.4) has no solution for (y, 1) € 9Q % (0, 1]. For A = 0, (4.3) is equivalent to the problem
@O = | Ty L @) + [ 67 [607(0)
+ Sy Tl (@) + [ £(5,3(8), ' (s))ds]dr], 4.5)

¥(0) = y(),y"(0) = y'(D).

And thus if y is a solution of this problem, we must have

m b m
D L (h)(n) + f 6700/ ©0) + > TeLica (1))
k=1 0 k=1 (4.6)

+ fo £(5.3(5),y ())dsdr = 0.
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Hence

@G/ () =0
which implies that

Y(0) =¢7'(0),

where ¢ € R" is a constant. Integrating this last equation over [0, b], we obtain ¢~'(c) = 0, and thus
y(t) = e, a constant, and by (4.6)

Zlk@k ()(8)) + f ¢[00 <0)+Zlk<lk D)

f f(s,e, O)ds

which, together with hypothesis (H,), implies that y = e ¢ 0Q. Thus we prove that (4.4) has no
solution (y, 1) € 0Q % [0, 1]. Then we have that for each A € [0, 1] the Leray-Schauder degree d;s[I —
Fs(.,2),Q,0] is well defined and by properties of that degree, that

dis[I = Fg(-,1),Q,0] =dis[I — Fs(:,0),Q,0]. 4.7)

Now it is clear that the problem
y=Fi(, 1) (4.8)

is equivalent to the problem (1.1)-(1.4), and will have a solution, if we can prove that
dLS [I - Ff(’ 0), Qa 0] # 0.

We have that
F¢(y,0) = Py + JON¢(y).

Thus we obtain
Y= F(3,0) = y—Py— 4| Si, hLioi ()0)+

1 #7100/ ©0) + St Tl (D(80)))
+ fot S(s,y(s), y’(S))ds]dt].

Hence by the properties of Leray-Schauder degree (proved in [7]), we have that

dis(I = Ff(.,0),Q,0) = (-1)"ds(G,QNR",0),

where the function G is defined in Proposition 3.2, and dp denotes the Brouwer degree. Since by the
Hypothesis (Hs) this last degree is different from zero, the theorem is proved. O

Our next theorem is a consequence of Theorem 4.1. We need first the following definition.
Let f = (f1,...,f) : I XR"XR" — R" be a Carathéodory function. We will say that f satisfies a
generalized Villari condition if there is an py > 0 such that for all y € PC!,y = (y,...,y,), with

min|y;| >
nil ly;l > po,
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for some j € {1,...,n}, it holds that

b
f fit, y(@),y"()dt # 0,
0
for somei € {1,...,n}.

Let B(R) denote the open ball in R” with center zero and radius R.
Theorem 4.2. Assume that the following conditions hold:

(K)) There existv e C'(R",R") and h € L'(J,R,) such that

<¢(y), v’(x)y> >0, <x, v(y) — v(z)> <0, foranyx,y,z€R",
and
|f (@, x, VI < (f(2, %, ), (X)) + h(D),

forall x,y e R"and a.et € J.
(K») fsatisfies a generalized Villari condition.
(K3) There exist positive constants cy, such that for each k = 1,...,m, we have

()] <, VxeR,
and

it @0+ L) V(@) = v + L)) <0,
S (S £ x ) v(y) <0,
forany x,y,z € R".
(K4) There is an Ry > 0, such that all the possible solutions to the equation
G@ = X LWL + [} ¢ 160/ (0)
+ S el (@) + [ f (s, a,0)dsldr] = 0,

belong B(0, Ry).
(Ks) The Brouwer degree
dp|G, B(0,Ry),0] # 0.

Then the problems (1.1)—(1.4) has at least one solution.
Proof. Let (v, ),y € PC}, A € (0, 1), be a solution to (4.1), then using (4.2), we have

o
\%

b
_ fo (@O 1)),V )Y (1))

b
fo (O @), v = (Lo(k)(0), v Lo(k) (1)) = ¥(Lo(k)(0)))

= D (DL K1) + Tl L R)1)),

k=1

4.9)

(4.10)
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(LK) (t11)) = (L (0)(1) + I(Liea (R)(10))))

_< k f(t, x, y)dt, V(Lk_1 (k)(tk)»

Tk-1

b
=I{f<ﬂnﬂ&yﬁﬁm@®»—(%wamﬂdbm»—VUM@®ﬁ>

0
= (L 0@ + T ),

k=1

(L) (tre1)) = V(L ()1 + T L1 (k) (1))

_< ftk £(t, x,y)dt, V(Lk—l(k)(tk))>'

Then, from hypothesis (K;), (K3) and (K3), we get

b
ﬂfo (f, @),y @), v(y(@®)) < 0.

(4.11)

Let us set ¢(y'(£)) = b(¢) + b, with fo” b(Hdt = 0,and b = 1 fo” #(y'(£))dt. From (4.11) and (4.2), we get

b(t) = Af (1, y(1),y (D).

Then,
115111

IA

fob |f (2, y(0),y'(2))ldt

IA

fob<f(l, Y@,y (), v(0))) + Al < Al

which yields
Ibllo < bliAllL:.

We next find an a priori bound for b. We have that
V(0 = ¢7'(b(1) + D)

Hence, by integrating on each J;, = (1, #;] and using the boundary conditions, we obtain

y@w@+2uwﬂwwﬁfW@w%m,mmm
0

O<t <t
Then,
b —_— —_
I(Li_1(h)(1)) + f ¢~ (b(t) + b)dt = 0.
0

(4.12)

(4.13)

(4.14)

AIMS Mathematics Volume 4, Issue 6, 1610-1633.



1628

By Proposition 3.2, it follows that b = a(b), where the function @ is defined in that proposition.
Recalling that a sends bounded sets into bounded sets, we have that there is a positive constant C,
such that

bl < C;.

Hence, from (4.13) and the fact that ¢! is continuous, we obtain a positive constant C, such that

1Yl < Co. (4.15)

Hence for ¢ € [0, 1], we get

! 1
ny'(s)dsH sf Iy D)lldt < Caty := M.
0 0
Fort e (tl,tz]
! 1
||f Y (s)ds|| < f ly (O)lldt < Co(ts — 1) := M.
n 131

We continue this process and we obtain that, for ¢ € (¢,,, b],

4 b
H f ¥ (s)ds| < f Y (Olldr < Calb — 1) = M,

Then ) i
H f y’(s)dsHS f Iy ()it < max(My, M, ..., M,,) := M. (4.16)
0 0

Next the solution y satisfies

0 = L[ fey@.y @

¢ 4.17
= LF(1O0) + Doy L @) + [ ¥/ ()ds, ¥ () d. @10

By the generalized Villari condition, we have, for each j; € {1,...,n}, there exists ¢;, € [0, ;] such that

;i (7)1 < pr.

Since

'
Vi) =y ;) + f y;-l(S)dS,
‘

J1
we get
i DI < Iy @)l + My < py + M.

For each j, € {1,...,n}, there exists a ¢, € (#;,1,] such that
[y, () < pa.

Since

yjz(t):yjz(tj2)+ll(L0(h)(tl))+f ¥, (s)ds,

72
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we get
O < |y, + i + My < py + ¢ + M.
We continue this process, and we get that, for each j, € {1,...,n}, there exists a ¢, € (f,, b] such that
1y &) < P
Since )
Vin® = ¥5,,(5,) + Lu(Lin-1(0)(25)) + f ¥, (s)ds,
Ljm
we get
|yjm(t)| < Pm +Cp t+ Mm-
Then for each j € {1,...,n}, there exists ¢; € J such that

|yJ(t)| < mapr-- «sPm + ch + M = M
k=1

Thus there is a constant C3 such that |[y|lp < Cs. It follows that we can find Ry > 0 such that, if (y, 1)
is a solution to (4.1), then ||y|l; < Ryo. We define next the set Q c PC 15 that appears in Theorem 4.1
as Q = B(Ry), the open ball in PCé of center 0 and radius Ry. Thus condition (H3) of Theorem 4.1
is satisfied with Q = B(R), and since the rest of the conditions of Theorem 4.1 are also satisfied, the
proof is complete. O

Corollary 4.3. Suppose that the following conditions are satisfied.

(M) There is a mapping v iCl(R”, R™) such that conditions (K;) and (K3) hold.
(M,) There exist a function h € L'(J,R,) and continuous function n : [0, 00) — [0, o), such that

n(s) — oo as s — 00,

and

n(lxl) = h(t) < (2, x,y)l, (4.18)

for almost all t € J, and all x,y € R".
(M3) Condition (Ks) holds.

Then the problems (1.1)—(1.4) has at least one solution.

Proof. Let (y,4), A € (0,1) be a solution to (4.1). As in the proof of Theorem 4.2, it follows from
conditions (K;) and (K3), that there is a positive constant C, such that |[y’'[lp < C,. We claim that
conditions (K3) and (M;) imply that there is a constant C3 such that ||y|lp < Cs. Indeed, from (4.12), we
have that

b
fvmwwmwmmm.
0
Then by (4.18)
b —~
LUWWWSWMHMH 4.19)
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Since (4.15) holds by the reasoning of the previous theorem and 7(s) — oo as s — oo, from (4.19) we
find the required bound for ||yl|o.
Now let a € R" be such that

m b m N
Zuwmwmnl&wPW®+ZhwmmmHlQmeﬂm=a
k=1 k=1

Then (4.18) implies that n(Jal) < C,, and hence |a| < C3, for some positive constants C, and C3. Thus
there is Ry > 0 such that every solutions of (4.10) belongs to B(Ry), and since condition (Ks) holds,
then all condition of Theorem 4.1 are satisfied. Therefore, (1.1)—(1.4) has at least one solution. O

Example 4.1. We consider the following

YOI @) = —(1 +y*@) + h(t), ae. tel:=]0,nr], (4.20)
Tt T T

y(Z )_y(Z) = I(y(Z))’ 4.21)
’ 7T+ ’ T _ 7 7_T

y (Z )=y (Z) = 1(y( 4)), (4.22)

y(0) =y(x), ¥'(0)=y'(n), (4.23)

where /1 : J — R defined by
h(t) = cost, t € [0, 7].

Letv=ce C'(R,R), c € R,, then
(60).V/()y) 2 0, (x,v() - W(2) <0, forany x,y,z € R,

and
|f (@, x, VI < [, x, ), v(x)) + h(D),

forall x,ye Randaet € J.
(K;) There exist positive constants @, a,, such that
I(x)=a), I(x) =a,, VxeR,

and
(p(x + 1)), v(@) = v(y + 1)) = 0,

and

c [ £t x,y)dt

—en(1+x%) <0

¢ [F @ xyydi + ¢ [T f(t,x,y)di

for any x,y,z € R.

Define
G(a) = %

ar+ [ 7 [d+ax+ [ f(s,a,0)ds] dt].

It is clear that G : R — R is a continuous function. We can show that there exists Ry > 0 such that
G(B(0,Ry)) c B(0,Rp). Then d(G, B(0,R),0) # 0. So all the conditions of Theorem 4.2 are satisfied.
Hence the above problem has at least one solution.
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