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1. Introduction

The present paper is devoted to the following differential system, which is composed by a fourth
order differential equation and a second order one. Namely,
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The system (1.1), suggested by Arioli-Gazzola [2], aims to model the main span of a suspension bridge.
In [2], the authors considered torsional instability through several numerical results, see [8,9] for some
more recent results on torsional instability. Here we give a simple sketch for suspension bridges in
Figure 1. The deck, which is viewed as a thin rectangular plate, is hooked to a large number of
hangers. At their upper endpoints, the hangers are connected with the main cables, which are sustained


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/Math.2018.4.608

609

by the towers. We assume that the origin of the coordinate system is at the point O and that the positive
vertical axis is oriental downwards, see Fig.1.

Figure 1. Sketch of a suspension bridge.

In system (1.1), L is the length of the deck between the two towers and 2¢ is its width, y = y(x, 1)
is the vertical (downwards) displacement of the longitudinal midline of the deck, 6 = 6(x, ) is the
torsional angle of the deck. The position of the cables at rest is denoted by —s = —s(x) < O (the
positive direction is vertical downwards). Hence, the function

E=E&x) = V1 +5(x)?

represents the length of the cable at rest. For the other parameters M, m, E, I, Hy, L., A, G, K which are
positive constants, one can find their physical meanings in [2, Section 4.4].

As in Arioli-Gazzola [1], the degenerate plate (modeling the deck of the main span of the bridge) is
assumed to be hinged at its two short edges where the cross sections between the towers cannot rotate.
Hence, the boundary conditions associated to (1.1) are

¥0,0) = (L, 1) = yxx(0,0) = yxu(L, 1) = 6(0,1) = O(L, 1) = 0, vt >0. (1.2)
In order to consider an initial value problem, we introduce the following conditions:
)’(x, 0) = yOa yt(-x5 O) = yl’ H(X, O) = 909 Gt(-x’ 0) = 91’ vx € (O’ L) (13)

The system (1.1) is suggested, recently, by Arioli-Gazzola [2] for describing the dynamics of a
suspension bridge. In that article, they made several numerical experiments for the nonlinear model
(1.1) and gave a new explanation for the torsional instability in suspension bridge, but they did not fully
study the system (1.1) from the theoretical point of view. Hence, the aim of this paper is to solve the
initial-boundary value problem (1.1)-(1.2)-(1.3) theoretically. For simplicity, we write them as follows

Vit + OYrxr = (3, 0), xe(0,L),t>0,

Oy — Py(x, )0, = ho(y, 0), x€(0,L),t>0, (1.4)
¥(0,8) = y(L, 1) = yxu(0, 1) = yulL, 1) = 6(0, 1) = (L, 1) = 0, t>0,

y(x,0) =)  y(x,0)=y", 6(x,0) =6, 6,x,0)=86" x€(0,L),
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a éﬁL
operators h; (-, -), ho(-,-): H*(0, L) x H*(0, L) — L*(0, L) are given by

-1
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The second order differential equation in (1.4) is of mixed type and the unpleasant terms 4;(y, 6),
h,(y, 0) are nonlinear and nonlocal. Moreover, the term /;(y, #) contains the second order derivatives
of 6 in x whereas h,(y, 6) includes the couplings such as y,6, and the second order derivatives of y
in x. These peculiarities show that (1.4) is a nonstandard problem and it appears quite challenging
to prove existence of a solution. Here we restrict to the case where the second order equation in
(1.4) is a “hyperbolic” type one, i.e. W,(x,7) > 0 and then we investigate the system (1.4) by the
Galerkin method as the researchers study this type of (nonlinear) hyperbolic equations or systems, see
for instance [1, 3, 10-12] and references therein. However, note that the complicated terms A;(y, 6)
and /,(y, 0) include the second order derivatives of y,#, we may obtain solutions by the Galerkin
method only if the initial data in higher regularity functional spaces such as H* x H>. Moreover, the
terms /,(y, 0) and h,(y, 8) are somewhat different from the cases, such as Ball [3] or Temam [11] and
references therein we met before, it seems out of reach to obtain existence results by applying their
methods directly.

In this paper we follow a different path and tackle the problem (1.4) in some high regularity
functional spaces. We first solve a correspond linear problem and we obtain existence and uniqueness
results. Then we show that the original system admits a local solution by applying the Contraction
Mapping principle and the iterative method.

Let

|<wr»|

=~

[

H? = H*(0,L) := {u € H*(0, L); u(x) = 0 on {0, L}},
H} = H*0,L) := {u e H0,L); u(x) = u”’(x) = 0 on {0, L}},
H! = HN0,L) := {u € H*0, L); u(x) = u”(x) = 0 on {0, L}},
which are complete subspaces of the Hilbert spaces H*(0,L), H*(0,L) and H*(0, L) respectively.

Denote
Y := C°([0, T1; H}(0, L)) n C'([0, T1; H2(0, L)) N C*([0, T1; L*(0, L));

® := C°([0, T1; H(0, L)) n C'([0, T1; H(0, L)) N C*([0, T1; L*(0, L)).

We say that (y,6) € Y X O is a strong solution of (1.4) if it fulfills the initial conditions and if the
following equations are satisfied for every ¢ € [0, T]:

Yu + (I)yxxxx = hl(y’ 0), gtt - \Py(-x’ t)exx = hZ(y, 0)
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Then we prove

Theorem 1.1. Assume that s € C*(0, L) N C3([0, L]). Lety° € H?, 8° € H? and y',0' € H?. Then for a
small T > 0O there exists a strong solution (y, 6) of (1.4). Moreover,

6 € C*([0, T1; Hy(0, L)).

Remark 1.2. The component 6 of (y, 0) is a classical solution to the second order equation.

By the Sobolev embedding theorem, we have 6,, € C°([0,T] x [0, L]), and then 6,, € C°([0, T] x
[0, L]). Hence, 6 € C*([0, L] x [0, T]).

Remark 1.3. The existence of global solutions of (1.4) is still open.

According to [2, Section 2.2], where the authors analyzed all the energies of the bridge, we can
write the total energy of the structure for # > 0 as follows
0*6?

M (t L EI (* GK [(*
E(?) :?f(; 3t dx+mf0 [y,2+€29,2]§dx+7‘f0 yixa’x+7]0‘ 62dx

- " “i+ O
- (Mg +2mg) vdx —2H, s'yydx + Hy -
0 0 0

5:2
’ 2 ’ 2
AE (fLSyxdx) +(fos9xdx)
o ¢ &

L ’ . 2+3€202
+H0f [sy(yx x)]dx
L. 0

0 &t
AE (" sy, LIy2 + 662 AE (" 56, Ly, 0,
_ f idxf yx—gx]dx— f il dxf y3 dx. (1.5)
Lo Jo & 0 & Lo Jo ¢ o ¢
Although the energy is conserved, we cannot guarantee that the solution of (1.4) is global in time. The
reason is that the functions s’y,, 5’6, and y.f, may have indefinite sign, one does not know if the sum of
the last three terms in (1.5) is positive or negative. If the sum has the negative sign, then it can happen

that it goes to —co at some time whereas the sum of the remainder terms in (1.5) goes to +oco even if
the energy still remains constant. In that case the solution may blow up in finite time.

2
yi+

dx

+

2. Preliminaries

On the Hilbert space L*(0, L), we denote the standard scalar product and norm by

1/2

L L
(u,v), := f wvdx;,  ullp = ( f uzdx) , Yu,v e L*0, L).
0 0

Then the scalar products, the norms of the Hilbert spaces Hé(O, L) and H?(0,L) can be defined,
respectively, by

(M, V)H(l) = (l/l,, v,)Za ||u||H('J = ||u,||25 VM,V € Hé(o’ L)a

. . 2
(I/t, V)Hf = (MH,V”)Z, ||u||H£ = ||MN||2’ VM,V € H*(O, L)

Recalling that the spaces H?, H>, H* in Section 1, we denote the duality pairings between H>,
H?, H* and their dual spaces, respectively, by (-, )2, (-, )y and (-, -)y+. Given a bounded function
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W = W(x) > 0, we define the weighted scalar products and the corresponding weighted norms on
these spaces, respectively, by

V)i, = (NWu', NWV o, g, = INW b, Yu,v € HA(O, L);

V), = (NWU W), Nl = INWU |, Yu,v € HX(O, L);

W Vg = (VWU NWY ), s = INWW™llo,  Vu,v € HXO, L).
We remark that W = @, ¥, (x, 1), K and F(?) in the sequel.

Assume that s = s(x) € C*(0, L) n C3([0, L]) and let ||5||y = maxyeo, |$’'|. For any T > 0, we define
a bounded set § by

S = {y € C°([0, T1; H;(0, L)) : sup [yl2, < Az},

4 >
t€[0,T] H(D

where A satisfies

M+6 2H GK 2AE .1
0<A< | H6H0||s’||0L5/2 ¥ L—LW] . @.1)
M +6m 1+ g2 L1157 c
For any T > 0, let
Y := C°([0, T]; H¥(0, L)) n C'([0, T]; H*(0, L)), 02
0 := C°([0, T]; HX(0, L)) N C'([0, T1; H*(0, L)), '

then Y X @ is a Banach space when it endowed with the norm

1/2

-+ sup B
] *

— 2 2 2
N>, Dllysa = | sup ly@Il: + sup lly DIl + sup [0},
1€[0,T] ® €077 © o rel01] ( 1€[0,T

‘!’y Xt

Assume that V C L? is a Hilbert space endowed with the scalar product (-, -)y. We denote its dual
space by V’ and the duality pairing by (-, -)y. Given a bilinear continuously symmetric form a(-, -) on
V, one can associate with a(-, -) a linear operator A from V into V’ defined by

(Au,v)y = a(u,v), Yu,vev,

which is self-adjoint. We denote by A~ its inverse which is also self-adjoint.

Let H be another Hilbert space satisfying V C H and we restrict to the case where the injection of V
in H is compact. In this case A~! can be considered as a self-adjoint compact operator in H. Then we
are able to use the elementary spectral theory of self-adjoint compact operators in Hilbert space (see
for instance [7]) and we infer that there exists a complete orthonormal family {e;}ien of H such that

Aley = e, e = Aey Yk € N,
where {1 }ien 1s decreasing and goes to 0. The family {e;}iey is also orthogonal for a(-,-) in V.
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Problem 1. Assume that 0 < K = K(x) is a bounded function. We consider the following linear
problem in H*(0, L)

y= /lexxxxa BAS (0, L),
y(x) = yxx(x) = O’ X € {0, L}

Let A=K %. Then from the above argument there exist a basis { }xer of H*(0, L) (which ia also
a basis of H*(0, L)) and a positive sequence {1;} such that

(6> €2 = A€y €y -

Problem 2. Given T > 0, for everyt € [0,T], let 0 < F(t) = F(x,1t) be a bounded function in x. For
every t € [0, T], we consider the problem

-0 = ﬂF(t)exxa X € (O’ L),
6(x) =0, x € {0, L}.

Assume that A = F (z‘)dd—j2 for every ¢ € [0, T']. Then there exists a sequence of functions {u;(¢)} and
a complete orthonormal family {e;};eiy of H2(0, L) and H, (0, L) such that

(e ei)H(g = wi(t)(ei, ei)Hgm-
Problem 3. For every t € [0, T, we consider the linear problem in H>(0, L)

=0, = vF(1)b;,, x€(0,L),
0(x) = 0, x€{0,L}.

In fact, one can similarly obtain that a basis denoted by {u )z of the Hilbert spaces H>(0, L) and
H?(0, L) satisfies

(s uk)Hg = v;(t)(u, ”k)H;(,)~

In the sequel, we will use the Gronwall-type inequality, which can be deduced from [4] or [5,
Lemma A.5/p.157].

Proposition 1. Let y € C'(R,) be such that y(0) = 0, 0 < ¢'(¢) < C; + C, AJY(1) (with Cy,C, > 0) for

allt > 0. Then

(C1+Cr)?*,

U(t) < ¥+ (Cy + Oyt VYt > 0.

Now we deal with several linear problems. For any 7T > 0, assume that
g = g(x,1) € C°([0,T]; L*(0, L)) and g, € C°([0, T; L*(0, L)), we consider

ytt+nyxxx:g7 XG(O,L), t>0,
V(x, 1) = yulx, 1) =0, xe{0,L}, t>0, (2.3)
yx,0 =)0 »(x0=y, xe(0L),

where K > 0 is a bounded function as in Problem 1. Then we prove

AIMS Mathematics Volume 3, Issue 4, 608-624



614

Lemma 2.1. Assume that y° € H*(0,L) and y' € H*(0,L). Then for any T > 0 the problem (2.3)
admits a unique strong solution

y € Y NC*([0,T]; L*0, L)),

where Y is defined in (2.2).

Proof. Assume that {€;} is a basis of H#(0, L), and also is a basis of H>(0,L), see Problem 1. Let
||ek||H2 = 1, then ||l&l|2 = Vi 1 0. For any n > 1, denote &, := span{e;, &, ..., €,} and we put

6O = D 0" e =" in HO,L), (M= ) 0 edpa -y in HAO,L).  (24)
k=1 k=1

Then we look for .
=) We,
k=1
which solves the following variational problem
(On)its @2 + Vs @z = (85 P2 Yoe&,,t>0. (2.5)
Taking ¢ = ¢ (k = 1,2, ..., n) in the equation (2.5), we obtain n equations

L5+ YD = (g, (&) cern)2- (2.6)

According to the theory of linear ODE’s, one can find a unique solution y*(¢) to (2.6) for all ¢ € [0, T]
and the initial conditions

O =0 @y, OO0 =0 e

Hence, there exists a unique solution y,(x, f) of (2.5).
For any fixed T > 0, let ¢ = (y,,), in the equation (2.5) and integrating on (0, #) with < T, then

t L
I0mis + Il = 10Dl + 10"l +2 f f () ereugdxds
0 0

t L
= ”(yl)n”ilg + ||(y0)n||§{?< + 2((yn)xxxx(s)» g(S))2|6 - ZL j(; (yn)xxxxgthds-

Since g € C°([0, T]; L*(0, L)) and g; € C°([0, T1; L*(0, L)), there exists a constant o € (0, 1) such that
(by the Holder inequality and the Young inequality)

t L 1 1/2
2 ((yn)xxxx(s)a g(S))2|6 - f f (yn)xxxxgthds < C+ 0'||)’n||1294 + CT (f ||yn(S)||§,4 dS) .
0 Jo K 0 K

Hence,

" 172
10l + (1= vl < C+Cr ( f (I, ds) . 2.7)
« K 0 K
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Then by Proposition 1, (2.7) can be written as

Il + (1 = O')IIynlli,?( <C+Cr, V1e(0,T), (2.8)

where C and Cr are independent of n. Hence, the components y* do not depend on , that s,

=60 = > Y&
k=1

Now we prove that {y,} admits a strongly convergent subsequence in a suitable sense. Letm > n > 1
and define

Ymn = ym(xa t) - yn(xa t) = Z yk(t)6k~
k=n+1

Hence,
ym,n(-x, 0) = (yo)m - (yo)na (ym,n)t(xa O) = (yl)m - (yl)n-

Subtracting the two equations (2.5) (with n and m) and taking ¢ = (y,,,);, We obtain by using the
orthogonality of the {¢€} and by integrating over (0, ¢) witht < T

1ma)ill7 + ”ym,n”i]?( = 10Dm = Ol +10"m = (yo)nlli,;‘( — 0, by (24).

Therefore, {y,} is a Cauchy sequence in Y. By completeness of these spaces we conclude that there

exists y € Y such that

Yy, =y inY asn— oo,

From the equation in (2.3), we also have the additional regularity y € C?([0, T]; L*(0, L)).

Finally, arguing by contradiction and assuming that there are two solutions, we subtract the two
linear equations for the two solutions and we obtain a homogeneous linear problem; then one can
easily show that the two solutions are identical. m|

Forany T > 0, let f = f(x,t) € C°([0,T];L*0, L)) and f, € C°(0,T];L*(0,L)). We consider
another linear problem

0 — F(1)0yx = f, x€(0,L), t€(0,T),
0(x,1) =0, x€{0,L}, t€(0,7), (2.9)
0(x,0)=6°,  6,(x,0) =6", x € (0,L),

where F(t) = F(x,t) > 0 satisfies F(#) and F;(¢) are bounded. Then we prove

Lemma 2.2. Assume that ¢° € H2(0,L) and 6' € Hy(0, L). Then for a small T > 0 the problem (2.9)
admits a unique solution

6 € C°([0,T]; HX(0, L)) n C'([0, T1; Hy(0, L)) N C*([0, T1; L*(0, L)).
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Proof. Assume that {e;} is a basis of the spaces H2(0, L) and H;(0, L) with leillz, = Fit) > 0 for

every t € [0, T]. Then ||el-||H$ = Ju(OF(t) = a; with@; | 0 asi — +oo.
For any n > 1, denote a subset E,, := span{ey, e, ..., €,} and let

@)= D (@ edmp e >0 InHOL) (@)=Y @ e)ge;— 0" inHyO,L). (2.10)
i=1 i=1
Then we look for 6, in the form of

0, = Zn: Qi(f)ei,
i=1

which solves the following approximating problem
() = F(O)(En)xx = [ x€(0,L),1>0. (2.11)

Testing the equation (2.11) with ¢ = —(e;),, (i = 1,2, ...,n) and integrating over (0, L), we obtain n
equations

@; (0,0 + F100,(1) = =(f, (€)xx)2- (2.12)

According to the method of successive approximations (see Coddington-Levinson [6]), one can find
a unique solution ¢ (¢) to (2.12) in [0, 7] with T > 0 small, and hence there exists a unique solution
6,(x,t) of (2.11) with the initial conditions

6.0) = ez, (G (0) = (0", ey

Then for this fixed 7 > 0, testing the equation (2.11) with ¢ = —(6,),,, and integrating on (0, L) X (0, t)
with ¢ < T, we have

II(Hn)t”iIé + ||9n||i,%(r) =||(91)n||f,(1) + ||(90)n||2%(0) = 2(f(0), (0,)xx())2 + 2(f(0), (61)x(0))2
+ zf ((Qn)xm ﬁ)2d7+f ((gn)i;p Ft)ZdT-
0 0

Since F, F, are bounded and f, f; € C°([0, T1; L*(0, L)), by the Holder inequality and the Young
inequality, there exists ¢ € (0, 1) such that

t
1615, + 66,7, <C+C f 16,0, dr < C+CT sup 6,11, .
t 0 T

te[0,T] £

For a smaller 7 > 0 if necessary, it follows that

2 2
sup [|(@)dllz + sup 164, < Cr, Vte(0,7),
1€[0,T] 0 1[0,T] F(0)

where C7 1s independent of n and we can write

6, = Z 0'(t)e;.
i=1
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Let m > n > 1 and define

m

O = On(5,0) = 0,05,0) = ) 0(Des

i=n+1

and then
Om,n(xa 0) = (Ho)m - (go)na (Qm,n)t(-x, 0) = (Ql)m - (el)n-

Subtracting the two equations (2.11) (with n and m) and testing the difference equation with ¢ =
—(6n.n)xx» W Obtain by integrating over (0, L) X (0,¢) witht < T

!
1y + 10l = Con + f (Fis O adls
! 0

!
2 2
< Cpnte f (e ds < Cop + T sup [6lPee
0 F(s) t€[0,T] F(1)

where C, = 110" = (6")ull7, + 116°),, — (6°),1I7, . Hence, for a smaller T > 0 if necessary, we have
F(0)
Sup [|@m)ill7y + sup 0ually, < (1=cT)Cpu — 0, by (2.10).
1€[0,T] 0 te[0,T] F()

Therefore, {6,} is a Cauchy sequence in C°([0, T'1; HZ(0, L)) N C'([0, T'1; Hy(0, L)). By completeness of
these spaces we conclude that there exists 8 € C([0, T']; HZ(0, L)) N C'([0, T1; H)(0, L)) such that

6, — 0 inC°[0,T]; HX0,L)) N C'([0,T]; Hy(0,L)) asn — oo.

From the equation in (2.9), one can prove that 6, € C°[0,T];L*©0,L)) and hence
6 € C*(0,T];L*0,L)). By contradiction one can get the uniqueness result and we finish the
proof. O

Furthermore, if F(x,t) € C*([0,L]) x C'([0,T)), f € C°([0, T]; H*(0, L)), f, € C°([0, T1; L*(0, L)),
then we have

Lemma 2.3. Assume that 8° € H>(0, L) and 6' € H*(0, L). Then for a small T > 0 the unique solution
0 of the problem (2.9) satisfies

6 € ® N C*([0,T]; Hy(0, L)),

where © is defined in (2.2).

Proof. Assume that {u;} is the basis of H*(0,L) and H>(0, L). Then the solutions 6, of the problem
(2.11) can be written in the form of
AT
k=1

Let

n n

@)= D @ udgy e (O:= D 0w,

k=1 k=1
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so that
6", —» 6°in H}(0, L), @Y, = 0'in H*(0,L) asn — oo. (2.13)
Differentiating (2.11) with respect to x, we have
(O)xer = F(0)(0n)xex = Fx(0)(0n)xx + f, x€(0,0),1>0. (2.14)

For the fixed T > 0 in Lemma 2.2, testing (2.14) with —(6,) .., and integrating over (0, L) X (0, ¢) with
t < T, we are led to

!
1Ol7 + ||9n||i,;() =E"ll7 + II(QO)nIIi,;(O) - 2f (F2(8)(6)xx> (Bn)xxn)2d's
t * 0

! t
+ f (Fta (Hn))zgxx)st - 2f (fx’ (Qn)xxxt)st-
0 0
Now we estimate the three nonlocal terms. Since F(x, ) € C*([0, L]) x C'([0, T]), we have

! !
f(Ft,(Gn)ixx)zdsscf 16.(5)II>s ds
0 0 F(s)

and

fo (Fx(s)(en)xxa (Qn)xxxt)st = _‘fo (Fxx(s)(gn)xx’ (Hn)xxt)ZdS - j; (Fx(s)(gn)xxxa (Hn)xxt)st
< Cj(; 16, (N 210 ($)ll s + Cj; 16.(5)lpz3 11€On)e (2l s

! !
SCf||9n(s)lli,3()a’s+Cf||(9n)z(s)||22ds-
0 Fs 0 ’

The condition f € C°([0, T']; H*(0, L)) allows us to estimate

t t t 1/2 ¢ 1/2
[) (frs On)xxu)ods = —j; (frxs (Bn)xu)2ds < C(j; ||fxx(S)||§dS) (fo ||(9n)t(5)||23ds)

t
< C+f 16 ($)II7 .
0

Hence, we have

1 !
1615 + ||9n||?,;() <C+ Cf ||0n(s)”i1%( )ds + Cf 6 (Il7,dls.
t 0 s 0 *
For a smaller 7' > 0 if necessary, one gets

sup ||(9,,)t||12q2 + sup ||t9,,||i,3 < C, Cisindependent of n.
te[0,T] * t€[0,T] F(n

Then there exists a unique 6 € ® (by following the procedure in the proof of Lemma 2.2) such that

6, — 6 in ® asn— oo.
From the equation in (2.9), one can prove that 6, € C°0,T]; Hé (0,L)) and then
6 € C*([0,T1; Hy(0, L)). The proof is finished. o
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With the results above and according to Ball [3], where the author considered some nonlinear
(nonlocal) hyperbolic problems, we are able to prove

Theorem 2.4. Assume that s € C*0,L) n C*([0,L]) and q(x,1) € S. Let YW e HY 60 € H? and
y',0' € H. If T > 0 is small enough, then for any (z,17) € Y X © there exists a unique solution
(v,60) € Y X O of the problem

Vit + PYrx = h1(2, 1), xe(0,L),t>0,
O — W y(x, )0y = ha(z, 1), x€(0,L),t>0, 2.15)
¥(0,0) = Y(L,1) = y(0,0) = yu(L, 1) = 6(0,1) = O(L,1) =0, >0, '
y(x,0) =y, y(x,0)=y', 6(x,0)=6° 6,(x,0)=6", x€(0,L).
Proof. The condition g(x, t) € S leads to the function ¥,(x,#) > 0 and
W, (x, 1) € C*([0, L]) x C°([0, T]).
Moreover, (z,7) € Y x O, then we have
hi(z.m) € C°([0, T1; L*(0, L)),  ha(z.m) € C°([0, T1; H*(0, L))
and
(hi(z, )i, (ha(z,m)): € C°([0, T1; L*(0, L)).
Hence, the statements of Theorem 2.4 follows by Lemmas 2.1, 2.2 and 2.3. O

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First we define a subset of ¥ x © (see (2.2)) by
Q:={(0) €Y X0 :[(0)l} 5 < yA® and (1.3) holds},

where A satisfies (2.1) and y € (0,1_). FBr any (z,n) € Q C Y x ©, the unique solution (y, 8) of (2.15)
allows us to defineamap': Q — Y X ® by

(>, 6) =I'(z.n), (z,m) € Q.
Lety' € HY, 6° € H?, y',6' € H? and h(0) = hi(y(x,0), 8(x, 0)) € L*(0, L) satisfy
0165 + WG + 0PI+ 1615 + 20Ol llag + 61RO < pA%, 3.1
where 0 < p < y/T( with Ty > 2. Then we prove

Lemma 3.1. Assume that (3.1) holds. Then if T > 0 is sufficiently small, I'(Q) C Q.

Proof. Given any (z,717) € Q, the solution (y, ) satisfies

2 2 2 2 0112 112 012 112
1R | e (1 P | | PR o 1 | o | R o | O | 8
) * Wq(x.) * ] * Wq(x,0) *
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+ f ((\Ijq(x» t))t’ Qixx)st - Zf ((qu(x, t))xgxx’ exxxt)ZdS
0 0

3 t L
- ZL ((hZ(Zv U))x, Hxxxt)ZdS + 2](; L (y)xxxxthl(za U)dXdS

Now we estimate the nonlocal terms. Since ¥, (x,7) € C 2([0, L]) x C'([0, T]), we have

t !
f (Wo(x, D), O )0ds < ¢ f oIz, ds
0 0

Wq(x.s)

<cT sup 100I2: <T@, 0@ -
c tdo%ll ()”Hi,,u,n 1TIO(@), 0D, 5

and

! t
2 f ((\Pq(-x, t))xgxxa gxxxt)st ==2 f ((\Pq(xa t))xxgxm 9xxt)2ds
0 0

t
_zf ((\Ijq(x’ t))xgxxx’exxt)2ds
0
<cT(sup [0, + sup [6,0I)
t€[0,T] Yqr)  1€[0,T] *

<2 T, 6)IE .

The condition h,(z,17) € C°([0, T1; H*(0, L)) allows us to obtain by the Young inequality

2 f ((hZ(Z’ 77)))69 0xxxt)2ds =-2 f ((hZ(Z’ n))xm exxt)st
0 0

1 5 1 2,
<CT+7 Sup 16:0ll2 < CT + 200, 6O, 5

Since (z,n) € Q implies that h(z, ) € C'([0, T]) for every x € (0, L), it follows that

|7y (z(x, 1), n(x, )| = |h(@®)| < |(0)| + C,T, foreveryte[0,T].

t L
2 f f (y)xxxxthl(za U)dXdS
0 0

t L
= 2(yxxxx(t)a hl(Z’ 77))2 - 2(yxxxx(0)’ h(O))2 - zf f (h](Z, n))tyxxxdeds
0 JO

Hence,

1
< 20 Il @l + 2RO LI Nz + CT + 3 Sup Iy (I,
t€[0,T] @

1
< 7,3p YOl + 16(IAO)E + (CLTYL) + CT + 20Ol g

t€[0,T

1
< 6@, 0N, 5 + 16O + CT? + CT + 2/AO0) o/l I .
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Then we deduce that
1
(5 —(er+ Cz)T) 16:), 00N, 5 < pA* + CT? + CT,

Let T < =22 with Ty > 2, then

— 2(c1+c2)To

100, 6UDIE, 5 < pToA? + To(CT? + CT).

If T > 0 is smaller enough, then
2 2
50, 6O 5 < yAZ,
which proves that I'(Q) C Q. O
Next, we show that the map I is contractive for sufficiently small 7.

Lemma 3.2. Assume that (3.1) holds. If T > 0 is sufficiently small, then T is a contractive map.

Proof. Let (z,11%), (%, 1) be two different elements in Q and let (y*, 6%) = I'(z%, %), (*, 6°) = T(", ")
and we denote

ZZZ“—Zb, n:na_nb’ y:ya_yb’ nga_eb,
which yields that z(x, 0) = n(x, 0) = y(x,0) = 6(x,0) = 0, and hence,

h(2(x, 0),7(x, 0)) = ha(2°(x, 0), 71"(x;, 0)) = 0. (3.2)

Differentiating the second equation in (2.15) with respect to x both side and then subtracting the
two problems (2.15) for (y,8%) and (y”, 6°), we get a system

Vi + Oy = M1 (2% 1% — (2, 1), x€(0,L),t>0,

Ouir — Wy (x, D0 = (Py(x, 0),0rr + (a2 ) = (2(2",11"))es x€(0,L),2>0, (3.3)
¥(0,0) = y(L, 1) = yxx(0,1) = yu(L, 1) = 6(0,1) = 6(L, 1) = 0, 1> 0,

y(x,0) =0, y/(x,00=0, 6(x,0)=0, 6,(x,0)=0, x € (0,L).

Multiplying (3.3) by (Vxxxxr> —Bxxxr) and integrating over (0, L) X (0, ) with ¢ < T, one has
t L
||y||2§) + ||y,||f{3 + ||0|Ii,3w o 16,17, =2 f f (h (1) = (&, 1")Yxxcudxds
q(xt ' 0 Jo
t L
+ f f [(¥y(x, D)7 = 2(¥ (X, 1) xOxOrrildxd s
0o Jo

t L
-2 f f [ha (2%, ") — ho (22, 1)) Brrwidxds
0 0
=1+ 11 -1I1I.

Since h(z,n) € C'([0, T1; L*(0, L)) and h;(z(-, ), (-, 1)) € C'([0, T1]), we have

11 (2%, 7") = (@)l < CT sup |I[hi(z%,7") = (2", 1)1l < CT (D), 7()llp,c5-
t€[0,T]
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Hence, from (3.2) we obtain

! L
I =2(yeee(0), [y 1) = @, ) l)2 = 2 f f (") = @ ")y cxexdxds
0 0

<CT sup [llA (2%, n) = @ ) URIG@N: + CTIGON 10, 7))llyxe

t€[0,T]

<CTI|(y(®), 0D)llyxal(z(®), n(1)ly-

Since ¥, (x, 1) € C*([0, L]) x C'([0, T]), we have

! L t L
1l = f f (Wy(x, t))ﬂixxdxds -2 f f (P (%, 1)) 110xxO e xd s
0o Jo o Jo

! L
- 2f f (\Pq(-xa t))xexxxexxthds
0 JO

<cT(su ||9(t)||2 + sup |6 (Z‘)”2 ) < cT|| (t),@(t))”% _
tE[O,I;] Hy, o) te[og] N g2 (v '

Since hy(z,n) € C°([0, T1; H*(0, L)), (hy(z, n)); € C°([0, T] x L?*(0, L)), it yields that

t L
1r = -2 f f (o, 11") = ha(2", ")) b xd's < CTN((2), 00))lyal(2(0), ()l
0 JoO

Therefore,
(I =) [|(x(0), 9(”)”2?@ < CT|(y(@), 00)llyyallz@), n()ly -

Then if T > 0 is small enough, we have

(D), 0y < all(z(@®), n()llyg, With0 <a <1
and we finish the proof. O

Then by the Contraction Mapping principle, there exists a unique local solution to (2.15) with
hi(y, 6) and h,(y, 0) in place of h,(z,n) and hy(z, n).

Now we prove the existence result of (1.4). For any given ¢y € §, there exists a unique solution
(y1,601) C Q of the problem (1.4) with W, (x, ) = ¥, (x,1). Moreover, y; € S. Let W (x,1) = ¥, (x,1)
in (1.4), then the problem (1.4) with ¥,(x,7) = ¥, (x,7) has a unique solution which is denoted by
(32, 6»). Repeating this process, we obtain that the problem (1.4) with W, (x, 1) = ¥, (x, ?) has a unique
solution (y,,6,) (n > 1).

Since (y,, 6,) € Q, we have that (y,, 6,) is bounded in C*([0, T']; L*(0, L)) x C*([0, T]; H}(0, L)) from
the system (1.4). Hence, there exists (y,6) € Q N (C*([0, T]; L*(0, L)) x C*([0, T1; H}(0, L))) such that
for every t € [0, T]

O, 0,) = (v,6),  weakly in H*(0, L) x H3(0, L),

(On)i> Bn)i) = s 6),  weakly in L*(0, L) x H}(0, L),

which implies that for every ¢ € [0, T']

On)reex = Yuwers  Weakly in L2(0, L)
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and for every t € [0, T]
Y, 0,) = (0, 6),  ho(ye,0,) — ha(y,0), YW, (x,1) = ¥(x,7), strongly in L*(0,L).
Moreover, for every ¢ € [0, T], we have (6,).x — 6y, strongly in L%(0, L), then it yields that

Iy, (2, D)(O)xx — Py (x, DOxall2 = 1Py, (x, 1) = Wy (x, D) (O) a2 + [Py (x, D((0n) 1z — Or)l2
< C“\Pyn—l(x’ t) - \Py(xa t)”Z + C”(Hn)xx - Hxx”Z - O

Then (y,0) € Y x © satisfies the two equations of (1.4) in L*(0, L) for every t € [0,T] and we claim
that (y, 6) is a solution of the problem (1.4) and we finish the proof.
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