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1. Introduction

In [7], Griiss showed an integral inequality which connects the integral of the product of two
functions and the product of integrals for these two function. This inequality reads that, if f and g are
two continuous functions on [a, b] satisfying m < f(1) < M and n < g(r) < N for all T € [a, b] and
m,M,n, N € R, then

1 b 1 b b 1
'mj; f(T)g(T)df—(b_a)ZL f(T)dtL g(T)dt‘SZ(M—m)(N—n). (1.1)

For more information on the Griiss inequality (1.1), please refer to [11, Chapter X] and closely related
references therein.

In the latest decades, the fractional integral inequalities involving the Riemann—Liouville fractional
integrals have been widely studied by various researchers. The interested readers can refer to the work
in [1-3,5,17,22,24]. In [3], Dahmani introduced the following fractional integral inequalities for the
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Riemann—Liouville fractional integrals: if f and g are two integrable functions on [0, co) satisfying
m< f(r) < Mandn < g(t) < N forall T € [0, ) and m, M,n, N € R, then, for all 7, @, 8 > 0, we have

(04 1] 2
] T3 (o)) - 3 @) < [ | (= - )

I'a+1) @+ D
and
2
[F( D Tar D URm =IO em) ~ PO ()
¢ _x@ ~B _ Tﬁ ~ ~ " Tﬂ ™
) [(Mr(a = f(T))(J O 1)) ’ (° IO = 1))(Mr(ﬁ+ n Y <T))]

X[(Nr(aT i N Sag(ﬂ)(sﬂg(ﬂ B ”r(ﬁTi 1)) " (sag(f) B "r(aT i 1))(Nr(;r N Sﬂgm)]’

where I is the classical Euler gamma function [12,13,21] and the Riemann—Liouville fractional integral
3J# of order u > 0 for a function f € L'((0, o), R) is defined [10] by I°f(x) = f(x) and

Jf(x) = r%m f x(x — 7 f(rydr, R > 0.

The Riemann-Liouville fractional integrals 3/, and I of order y > 0 are defined respectively by

NS = o f (=@ x> e R >0 (1.2)
and 5
Sg,f(x) = FL(,u)f (x— T)’u_lf(T)dT, x<pB, R >0. (1.3)

For more details about fractional integral operators (1.2) and (1.3), please refer to [4,6,9,10,15,16,18]
and closely related references.
The left and right sided fractional conformable integral operators are respectively defined [8] by

" (-af - G- @)
o= ) [ .
d
" S B [ e e e (o s
I, f(x) = o . p b T, (1.5)

where R(1) > 0. Obviously, if taking @ = 0 and u = 1, then (1.4) reduces to the Riemann—Liouville
fractional integral (1.2). Similarly, if setting » = 0 and 4 = 1, then (1.5) becomes the Riemann—
Liouville fractional integral (1.3).

In [19] the conformable fractional integral

Mo /5’ 1
P X T f(T)
V0= 55 f S dr (1.6)
was defined. From (1.6), one can obtain easﬂy that 331 f(x) = P3Hf(x) and

#ﬁ\;uf(x) Bpasy JH£(x).
In this paper, we will empoy the conformable fractional integral (1.6) to establish some new
inequalities of the Griiss type for conformable fractional integrals.
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2. Main results

We are now in a position to state and prove our main results.

Theorem 2.1. Let f be an integrable function on [0,0). Assume that there exist two integrable
functions ¢y, ¢, on [0, 00) such that

P1(x) < f(x) < ga(x),  x €0, 00). (2.1)

Then, for x, . > 0, we have
P31 (0 f(x) + “F (X I f(x) 2 “T ()P F 1 (x) + *I f(xP T (). (2.2)
Proof. From (2.1), for all 7, p > 0, it follows that [¢»(t) — f(T)][f(p) — ¢1(p)] = 0. Therefore, we have
(1) f(p) + $1(0) f(T) 2 d1(p)2(T) + f(7) f(p) (2.3)

Multiplying both sides of (2.3) by 7o (== )*"'7#7! and integrating over 7 € (0, x) lead to

f(p)foxﬁ(

xﬂ — H
1"(0/)

Xt —

| esmarson [ o )“_lrﬂ—lﬂr) dr

2¢1(,0)j; m

F()*Fha(x) + ¢1(0)* I f(x) 2 $1(p)"F'P2(x) + f()* I f(x). (2.4)
Multiplying both sides of (2.4) by F(ﬂ)( )B p*~! and integrating over p € (0, x) result in

xﬂ — H — H

)a IT“ 'pa(r)d T+ f(p)f )alT"lf(T)dT

F(a/)

which gives

ey ! 1 x#_/}”ﬁl ey, x,u_p;l A1 -1
Yo [ () e e [ (S e e
e XL X —pt -1 2" XL X —pt . -1
>0 [ (L) ewrap s e [T o s,
which gives the required inequality (2.2). O

From Theorem 2.1, we can derive the following two corollaries.

Corollary 2.1. Let f be an integrable function on [0, co) satisfying m < f(x) < M for all x € [0, c0)
and m, M € R. Then, for x,a, > 0, we have

g xHe xHa+B)
oy X sy - N
mlu,Br(,B +1) A M,u"r(a' +1) AR liumﬁr(a, + DIB+ 1) + O f(x T f ().

Corollary 2.2. Let f be an integrable function on [0, 00) satisfying x** < f(x) < x*+1 for all x € [0, o).
Then, for x,a > 0, we have

x,u(rx+1) M (a+1)

+
ula+2) pT(a+1)

2x/4(a+1) M
+
ulla+2) wpT(a+1)

*
uel'(a+2)

]03/1 Fx) =

] ).
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Theorem 2.2. Let f and g be two integrable function on [0, 00). Suppose that the inequality (2.1) holds
and that there exist two integrable functions y; and Y, on [0, o) such that

Yi(x) < g(x) < Yo(x), x € [0, 00). (2.5)

Then, for x,a,B > 0, the following four inequalities hold:

P3P ()T F () + “Fa(xf Fg(x) 2 “F o F i () + I f(xf Fg(), (2.6)
P31 F g (x) + T (I f () 2 T (X F o (3) + I f(xF Fg(0), (2.7)
TP (TP (x) + T f (0 T (%) = Ty () T (%) + P Y (0TI f (), (2.8)
TP TP (x) + I (T (x) 2 T (T g(x) + I f (T (). (2.9)

Proof. From (2.1) and (2.5) and for x € [0, c0), we have [¢,(7) — f(7)][g(p) — ¥1(p)] = 0. Therefore, it
follows that

$2(1)g(p) + Y1 (p) f(7) 2 Y1 (p)ha(7) + f(1)g(p). (2.10)
Multiplying both sides of (2.10) by ﬁ(x“;“ )a_l‘r‘“1 and integrating over 7 € (0, x) arrive at

_ a-1 _ a-1
¢0) f (=) nmdr e f (=) e rwar
rol p

Iﬂ()
2‘/’1(/0)[0 @

a-1
) P emars g(p)f
8(P)*F'P2(x) + Y1 (P)*I f(x) Z Y1 (p)* I a(x) + ()" f(x). (2.11)
Multiplying both sides of (2.11) by %@(’W;‘M )ﬁ_l,o”‘1 and integrating over p € (0, x) reveal

— T/J — T/”

a—1
F(a) ) 1 f(n)dr

which gives

sy L -t . xﬂ_PHﬁ_l -1
Fho() fo r_w)(T) P o) dp + "I () f 7 T) P (o) dp
acy * 1 p” 129 xll_pll Ao -1
> T (x) fo r_@ ) () dp + UV () f F(B) | o ewrap.

which gives the required inequality (2.6).
Making use of the inequalities [(>(7) = g(D][f(0) — ¢1(0)] = 0, [$2(7) — f(D][g(P) — ¥2(p)] < O,
and [¢1(7) — f(D)]lg(p) — ¥1(p)] < 0, we can prove (2.7) to (2.9). O

Corollary 2.3. Let f and g be two integrable functions on [0, ). Assume that there exist m, M,n, N €
R such that m < f(x) < M andn < g(x) < N for x € [0,00). Then we have the following four
inequalities

) o @)

e S T M Gy S 8 2 M e T DTGB+ )
xHP y N e v H@+B)

MG S SN a2 e s DTG+ )

+ O f (I (),

+ B3 F(x) I g(x),
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w1 B H e B al 1
N LA () g (x) > M—— FFg(x) + N O f(x),
@ Dr@e D T > /WY 2 Moo e s+ N ey Y W

and

yHath) e y xHe Bt B
R >m———F3 +
" @@+ DIB+ 1) ST g(x) 2 " T+ 1) 8 "PTE D)

“F £ ().

Theorem 2.3. Let f be an integrable function on [0, 00) and let ¢, and ¢, be two integrable functions
on [0, 00). Assume that the inequality (2.1) holds. Then, for x,a > 0, we have
U

— ") = "I )P = ["Feha(x) = I fOIF f(x) = T epy (0)]
ul'(a+1)

@ M

xH
e Y1900~ SO = 100] + et () = V(S0

Ha Ha
+ m“ﬁ“ $2f (X) = “F o () f(2x) + 1 () F o (x) — m“i‘s/‘ $1¢2(x). (2.12)

Proof. For 1,p > 0, we have

[9200) — F(EILf(T) — $1(D)] + [¢2(7) — f(DILf () — d1(0)]
= [¢2(7) = FOIL () = $1(D] = [¢2(0) — f(ILf (o) — $1(p)]
= 2@ + f2(p) = 2f (D) f(p) + $2(0)f(T) + $1(D) f(p) — $1(Dpa2(p) + $2(D) f (p) + J1(0) f(T)
= $1(p)2(7) = $2(T) f(7) + P1(T)ha(T) — 1(D) f(T) — d2(p) f () + d1(P)2(p) — P1(0) f (). (2.13)

Multiplying both sides of (2.13) by ﬁ(ﬂi)a_lr’““l and integrating over 7 € (0, x) yield

[¢2(0) = f(@I[*S f(x) = “F'h1(0)] + [*F'ha(x) = "I f (O] f () — p1(0)]
FHpa(x) = FOILS () = d1(0)] = [h200) = f()ILf () — P1(0)]

ua
ul'(a+1)
= VL0 + L) = 2OV + (VS
+ f(0)* I h1(x) = d2(p)*F'd1(x) + f(0)"IHPa(x) + ¢1(0)* I f(x)
= $1(0)* I Po(x) = “Fa f(x) + “FP1da(x) — “IF ey f(x)

M M U

X
- ¢2(.0)f(10)m ¢1(P)¢2(P)m - ¢1(P)f(/0)m~ (2.14)

Multiplying both sides of (2.14) by ﬁ( %)‘H p*~! and integrating the resultant identity with respect
to p from O to x bring out

[ o (x) = I fFOII f(x) = “Fh1 (0] + ["F o) — “F FOI[*I f(x) - “I ¢1(x)]

M

X a/cw —
F o (x) = FOILf(xX) = Py (x )]m Fpalo) = fLf(p) = ‘l’l(p)]mr(a D
_ ;%"Sﬂfzm + %”‘"’f () = 2°F F(0)" I F() + Ty ()" I £ ()
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+HIIFf () I i (x) = TP (0) T P1 (x) + “IF f(0) I o () + “Fehy (1) I f (%)
et e et

(ycwy afcwy _ X U X (027} _ X (o291
V1V G0) = e TG ) 4 G020 — 10
ua XM Xt
_ a U a U _ [0 291
T+ D) o f(x) + T+ D) Fp1¢2(x) T+ D) F1 f(x)
which yields the required inequality (2.12). O

Corollary 2.4. Let f be an integrable function on [0, co) satisfying m < f(x) < M for all x € [0, ).
Then, for all x,a > 0, we have

NiTed
T Y - Y AP
:lﬁﬂ X __asﬂfIX?”aﬁ”f<x>—'n - ] e M - ) -
ul'(a+1) '+ 11 pT'(a+1)

Theorem 2.4. Let f, g, 1, d2, Y1, and o, be integrable functions on [0, 00) satisfying (2.1) and (2.5) on
[0, o). Then, for all x,a > 0, we have

a

Tt S 8 =) < T b1, )T (g, 01, 2), (2.15)
where
x/.ld
T(u, v, w) = ["Fw(x) = “Fu)]["Fu(x) = Fv(x)] + ————"Fvu(x) - Iv(x)" I u(x)
ul(a+1)
xHe ot
T YO0~ WO U+ F I (),
Proof. Define
H(t,p) = [f(1) — f(p)llg(r) —g©)], T.pe0,x), x>0. (2.16)
Multiplying both sides of (2.16) by Fz(a>(x“ ) l(xtpu )4~ p#~! for 1, p € (0, x) and integrating the

desired inequality with respect to 7, o from O to x yield

al a-1
f f Tf‘ Xﬂ'upu) y—lpu—lH(T’p)dep

1ﬂZ(O/)
Ha
= mdsﬂfg(x) + Qi‘sﬂf(x)asﬂg(x). (2'17)

Applying the Cauchy—Schwartz inequality to (2.17) leads to

Ha 2
masﬂ F8(x) + “IJ f(x)*Ig(x)
<[ P - P | - (Y] @18)
Ll T(a+1) ul(a+1) T
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Since [¢2(x) = FOILf(x) — ¢1(x)] = 0 and [¢2(x) — g(x)][g(x) — Y1 (x)] = O for x € [0, o), we have

ua M
T D@~ @I - i) 20 and mwzm — g(@1[8(x) — 1 ()] 2 0.

Thus, from Theorem 2.3, we obtain

Ha
Ty Y - IYS@F S V) = I NI F(3) = Ty (0]
H g 2" ey xHe e _ax e
P O T O py Y RS0 RR
x}l(l
+ 31 () Iy (x) — masy¢l¢2()€) =T(f,é1,¢2). (2.19)

Similarly, we have

Ha
————— " (x) — [*Fg(0)] < [*Fa(x) — I g(0)][*Fg(x) — *F1 (x)]
ul'(a+1)
al ey oy ey X e
Tt ) Jng(x) = Iy () F'g(x) + T+ D) I ag(x)
iled
— "o () I (x) + Y1 (0 Iy (x) — ax—asﬂéblwz(x) =T(g 1, ¥2). (220
ul'(a+1)
Combining (2.18), (2.19), and (2.20), we obtain the desired inequality (2.15). O

Remark 2.1. For m,M,n,N € R, if T(f,¢1,¢,) = T(f,m, M) and T(g,¥,¥,) = T(g,n,N), then the
inequality (2.15) reduces to

a

Ha
< |5t
2ueT(a+ 1)

2
m ] (M— m)(N - I’l)

3 fe(x) = () I g(x)

in [20, Theorem 1].

Remark 2.2. In this paper, we presented some new conformable fractional integral inequalities which
generalize those corresponding ones in [23].

Remark 2.3. This paper is a slightly revised version of the preprint [14].
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