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1. Introduction

In this paper, we study the following initial boundary problem

Uy — Au + fot g(t — )Au(s)ds — Au, = |ulP~%u, (x,1) € Qx [0, T),
u(x,t) =0, x € 0Q,
Ll(.x, 0) = MO(X), ul‘(xa O) = M](X),

where 2 C R” is a bounded domain with a smooth boundary 0€).

It is well known that viscoelastic materials present a natural damping, which is due to some
properties of these materials to keep memory of their past trace. This type of equations with
viscoelastic term describe a variety of important physical processes [1] and the reference therein.
There is a vast literature on the existence or nonexistence of global solutions, blow up results in finite
time, and the asymptotic behavior of the solutions for the viscoelastic equations, we refer the
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interested readers to [2—11] and the references therein. In particular, Song and Zhong [5] studied
problem (1.1). They established a blow-up result for solutions with positive initial energy. Later, Song
and Xue [6] extended this blow up result to solutions whose initial data have arbitrarily high initial
energy.

Since Payne et al. [12, 13] applied a differential inequality technique to obtain a lower bound on
blow-up time for solutions of the semilinear heat equation. Many authors have given attention to this
problem and obtained many profound results [ 14—18] and the references therein. However, there seems
to have been little work devoted to obtaining lower bounds on blow-up time to solutions of viscoelastic
problems. To our best knowledge, only few articles dealt with this questions, see [19-21]. Yang et
al. [19] established a lower bound for the blow-up time of the following equation

f
Uy — Au + f g(t — )Au(s)ds — lu " *u, = |ul’u.
0
Tian [20] considered a semilinear parabolic equation with viscoelastic term

!
u, — Au + f g(t — 9)Au(s)ds = |ulu.
0

By the means of differential inequality technique, they obtained a lower bound for blow-up time of the
solution. Recently, Peng et al. [21] obtained a lower bound for the blow-up time to problem (1.1) by
establishing a differential inequality. But they can only derived a lower bounds for blow up time ¢*

2_ . ., . . .
when 2 < p < 2;(';_22)). Compared with the condition of blow up result for p in [6], there exists a gap
2_ . . . . . .
for p between zn((’; _22)) and n%”z It is still open whether a lower bound estimate can be obtained if p lies

in this gap. Inspired by [18,20], the goal of this paper is to gives an answer to the problem unsolved
in our earlier work Peng et. al [21]. By introducing a new auxiliary functional and using interpolation
inequalities, we obtain lower bounds for the blow-up time for the problem (1.1).

2. Main results

Throughout the paper, we use || - || to denote the L”— norm for 1 < p < oo. Before stating our
main results, let us recall the results on the local existence, uniqueness and blow-up in finite time of
solutions to (1.1).

Theorem 2.1 ( [6]). Let (uo, uy) € Hy(Q) x L*(Q) be given. Let g be a C' function satisfying

1—f g(®)ds =1>0. 2.1)
0
Let p be such that
2<p<oo n=1,2,
2 2.2
2<p< " n>3. (22)
n-—2

Then problem (1.1) has a unique local solution
u € C([0, T,); Hy(Q), u; € C([0, T,); L)) N L2([0, T,); Hy (),

for some T,, > 0.
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Define the energy functional E(¢) associated to the problem (1.1)

1 1 ! 1 1
B = Sllf + 5{1 - fo 830 I Vul + 5(g o V(o) - Sl

where

(gow(®) = fo g(t = 9)lv(r) = v(s)llxds.

Theorem 2.2 ( [6]). Assume that p > 2 satisfies (2.2) and let g be a C' function satisfying

g(s) =0, g'(s)<0, f g(s)yds < 1- 5 (2.3)
0 (r-1D
Let u(t) be a solution of problem (1.1) satisfying
2 2p
(2 wingdx + ||Vu(t)||2)|t:0 > k), 2.4)
Q

then u(t) blow up in finite time, where

K = n{rel(a(lﬁ)K(m) = k(n7),

k() = min(y/(p + 2)om41,6(1 = m1)),

Ay being the first eigenvalue of —A, 6 = (p—2)l— 11—7(1 —1), ¥ is the root of the equation /(p + 2)0m A, =
o(1 —m).

Let us introduce an auxiliary function

1 1 ! 1 1
o(1) = Ellutllg + 5(1 - fo g(S)dS)IIVuH% + (g0 Vi) 1) + ;Ilullp, (2.5)

with . | :
¢(0) = 5||M1(X)|I§ + §||Vuo(X)||§ + I—)Iluo(X)ll,’i. (2.6)

Theorem 2.3. Under the conditions (2.3) and (2.4), assume p satisfy

{2<p<oo, n=1,2,

2<p< , >3,
pn2 "

then the solution u(x,t) of problem (1.1) blows up in finite time t*.
(1) If n > 3, then t* is bounded below by

S 2n—np +4p
2Ki(p-2)

*

4-2p
[90(0)] 2n—np+4p s
where K, is given in (2.22).
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(2) If n = 1, then t* is bounded below by

PN 2(p-1)

T O

where K, is given in (2.29).
3) If n = 2, then t* is bounded below by

oy P

m [¢(0)]7+2 "*2

where Kj is given in (2.34).

Proof. According to Theorem 2.2, the solution u(x, f) of (1.1) blows up in a finite time #*.

Song and Xue [6] proved that
. 2 1 2
tim [l + (1 -+ - vl = e

which implies that
lim p(#) = +c0.
t—r*

Multiplying Eq. (1.1) by u, and integrating over € yields

Besides,

2.7)

t
f |u*dx + f |Vu|2dx f gt —s) f Vu, - Vudxds — f \Vu,[*dx + f lulP2un,dx.  (2.8)
Zdt 0 Q Q Q

For the first term on the right-hand side of (2.8), we have

f g(t— ) f Vut-Vudxds:li{ f g(s)ds f IVu(t)dx — f g(t — s)ds f |Vu(s)—vu(t)|2dx}
0 Q 2dt (Jo Q

—1g(r) f |Vu(z)|2dx+l f g'(t— s)ds f \Vu(s) — Vu(®)l*dx. (2.9)
2 Q 2 0 Q

Inserting (2.9) into (2.8) gives

1 1 ! 1 1
i{— f |u,|2dx+—(1— f g(s)ds) f \Vul?dx + =(g o Vu)(®) + — f |u|de}:— f \Vu,(t)|*dx
dt |2 Q 2 0 Q 2 P Jao Q

1 (" 1
+ = f gt—ys) f IVu(s) — Vu(t)|*dxds — =g(f) f IVu()*dx + 2[ lulP2uu,dx.
2o Q 2 Q Q

From (2.5), the above identity can be rewritten as

1 1
¢'(1) = =V, (DI - Eg(t)lqu(l)II2 +5(8 o Vu)n) +2 fg lul” e dx.

Since g’(s) < 0 and g(s) > 0, it follows from (2.10) that

O'(t) < =IVu, (DI + 2 f |lu|P 2 uu,dx.
Q

(2.10)
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Using Holder inequality, we have
@' (1) < =IIVu O + 20lually™ el
Next, we are going to estimate the second term on the right-hand side of (2.11).
Firstly, we consider the case n > 3. Using interpolation inequality yields
2n—p(n—2) n(p=2)

el < Ml ™ Nl
n-2

For any € > 0,r, 5,0 > 1, we have the following Young inequality

0
e, ger , 1 1 1
abc < —a" + + +
r K 0 ro s

Combing (2.12) with (2.13) gives

i : 2n—, g(n 2) n(g 2)
2leellD Meelly < 2Melly™ Modlly ™ Metoll o,
n-2
K [
8—7 2n— Z;n 2)5 S—Z 29 9(
_ p z = r-1)
< Py + = lhlly "+ ==l
with
4
= P > 1,
n(p—2)
4p(2n—np +6p —4) 4p 4p

= >—:2,
2n—-np+2p)2n—np+4p) 2n—np+2p 2p

2n—np +2p p2n—np+6p —4) >2n—np+6p—4
= S =

= > 1.
4p-1) (p—12n—-np+4p) 2n—np +4p

Applying Sobolev inequality to the first term on the right-hand side of (2.13), we have

2 2 2
”th”zi2 < C1||Vu[||2,
P

where C| is the best constant of the Sobolev embedding H(‘) Q) — L Q).
Recalling (2.5), we have

1 1 1 ! 1 1
Sty < el + 5(1 - fo g(s)ds)nwu% +2(g o VO + ~llly = ¢,

1 1 1 f 1 1
—lludll3 < Sl + —(1 - f g(s)ds)IIVuH% + (g o Vu)@) + —lull}) = ¢(0).
2 2 0 2 p

[\

[\

Plugging (2.15)—(2.17) into (2.14), it follows that

8C2 _21 20— p(n 2 g—zi
-1 h O(p—1
2lull; el < IIVuzllz —lufll, ™+ —Ilull (P=
s 0
2 _9 A~
1 2 (2n—np+2p)s (2n-np+2p)s &E 2r2 o(p—1) 6(1
<— (V|5 + 2 e+ g P [e(D)] 7
AIMS Mathematics Volume 3, Issue 4,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

514-523



519

Noting that
(2n—np+2p)s O(p-1) 2n—-np+6p—4

> 1,
4p p 2n—np +4p
(2.18) can be rewritten as
% Y s pyzg [
20l el < TIIVqu% HTET Y 8_2*] [p(D)]". (2.19)
where 5 6p— 4
il ) e (2.20)
2n—np +4p
Inserting (2.19) into (2.11), we obtain
8C2 27 s 729 [
¢ (1) < (—1 - 1) Vi |3 + | =& 7 + p@ s‘%] [e(D)]". (2.21)
r s
. _ 4p .
Taking € = -2 in (2.21) leads to
¢' () < Kilp®]". (2.22)
where ny(p=2) ny(p=2)
2n — 2p [n(p —2CT"" _w p—1[n(p-2)CT]*" "
K, = 2= 2p | b = 2 yop P LnP = 26T (2.23)
py2*Y 4p Y'Y 4p
Integrating (2.22) from O to ¢ results in
1
T {leor o1 < kit (224)

Thus, letting ¢+ — ¢* and taking into account (2.7), we have the lower bound for #*

*

[90(0)]1—7 - w

2p—4
t > ——— [ (0)] 2n—np+4p .
Kiy -1 2Ki(p-2) ¥

Next, we continue to estimate (2.11) for the case n = 1. Using Holder inequality and Sobolev
inequality, we have
et < Ml lea| 2, < Neadlly > (Call V|, (2.25)

where C, is the best constant of the Sobolev embedding Hé Q) — L*(Q).
Using again (2.13), we arrive at

: 2 1 p=2 2p—np+2n
— — 2,
2ully Netell, < 2G5 Mully™ NV ulll,” Nuell, ™

(2p—np+2n)s

s [
£ 2 €Y E2 o 01 10(p-1
< I;IIVut||2+—S Neell, 7 +—2 Cz”””p(p ), (2.26)

0
with
r=p>2,
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__prBp-4 :2p(p—2)+p2> 2p
(p—-Dp-2) (@-DpE-2) p-1
pGp-4) _3(p-1+2p-3 3

>

=2,

- -1

Combining (2.11), (2.16), (2.17) with (2.26) yields

_0
(P=2)s &

, Fo _i 2r 0 20 op—1)
@'(1) < (;—DIIVutIIz . —leaill, +72 Cy [lull,”

A
< (= DIVu3 + {—2“25” + S 000y p ] [p(t)]77.
p 0
Taking € = p in (2.27), we have
3p—4
@' (1) < Kal@(n)]>D,

where

(p-D(p-2)
p@Bp—4)

p— p2—9p+8
K2 — (pZP—Z)z(pE]l)(ifz) 1+ 2(p—21)p 2%; 1)9(;; 2) (Zcz)z(p 1)2]
p

2(p-1
2= Doyt < Kor'
which implies that
2p-1 .
> L[ p(0)]7.
Ka(p-2)"

Finally, we estimate (2.11) for the case n = 2. Using interpolation theorem [22], we have
p=2 2
llerll, < NIVugll,” Nuadlly
where K is an embedding constant.
Using again (2.13), we arrive at

p=2 2

-1 -1
20llly™ Neagll, < 2NNy 1V atell,” Noaslly

P2 o g%
< Siwu, + ||ut||2 - 29N9||u||9<P-1),
(p-2e 4
= LIV + || 17 = £ N 1"
with
2 2p? 2p? 2
r= p>2,s: P , 0= d > p>1.
p—2 p+2 (p-D(p+2) p+2
Combining (2.11), (2.16), (2.17) with (2.31) yields
’ ( _2)8 ;f 6 ]2)11
o) < [ Pt 1]||Vut||§ Yl K
P 0

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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) -5 o -% ) ,
< [(” e _ 1]||Vut||§ + [‘9 “ 00 4 i29N"pf+2] ()], (2.32)
2p s 0
Taking &£ = 2% in (2.32), we have
2p
¢’ (1) < Ks[p(n)]72, (2.33)
where

-p(p=2) p(p-2)%

2(p+2) _ 2(p-1)(p+2) 2
Ks = p;z(pzpz) ok 1+(p—1)( 2p2) C awtmNe R (234

Noting that % > 1 and integrating (2.33) from O to ¢* results in

'E

p ]7 Kit,

which implies that
oy P~
Ki(p+2)

The proof is complete. O

[¢(0)]7+ =3

Remark 1. From the proof of (2.14), we observe that it is clear that 2n —np+2p = O when p = nzT”z for
n > 3. In this case, the inequality (2.14) doesn’t hold. Thus we need to develop new ideas to restructure
this inequality.

Theorem 2.4. Let ¢(t) and ¢(0) be defined in (2.5) and (2.6). Suppose that the conditions of Theorem
2.2 hold. Then the solution of (1.1) blows up in finite time t*, which is bounded below by

) ~ dn
r> f a(p=1) ?
¢O Min@dr + M,

1 ap-D 2 2a
20/ la a— lpp(n 1) M2 — —( )2 arBz“
a—1 2-a

and By is the best constant of the Sobolev embedding Hé (Q) — LP(Q).

where

l<a<?2, M =

Proof. As already mentioned, going back to (2.11), we need to estimate the second term on the right
hand side of (2.11). In what follows, we are going to estimate it in a different way.
Forany € > 0,r > 1, s > 1, we have the following known Young inequality

-;‘ 11
ab<Za+ b, -+ =1, (2.35)
r s ros
By means of the inequality (2.35) with r = a; s = %5, € = a, it follows that
- ap-1) o
20ulls™ el < Calleelh) 7= + gl (2.36)
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where C3 = --2aT@ w1,
We now focus our attention on the second term on the right in (2.36). Since 1 < a < 2, using
Sobolev inequality and (2.35) with r = 2 5= 2% £ = 2, we arrive at
a (04 (04
el < BINVullly < IVull3 + Ma, (2.37)

2a
where M, = ﬁ(%)ﬁBSz’“ , By is the best constant of the Sobolev embedding Hé (Q) — LP(Q).
Inserting (2.37) into (2.36) yields

ap-1)
202 leedll, < C3(Uludl2)7e™ + [ Vu|l5 + M. (2.38)
Combining (2.11), (2.16) with (2.38), we get
¢(1) < Milp()) 7 + M, (2.39)

a(p-1)

where M = C3preD,
Integrating (2.39) from O to ¢ yields

o(t) d
[
©(0) M]?]”(”’l) + M,

from which we deduce a lower bound for ¢*, namely,

” dn '
f o) <t.
9O MnreD + M,

The proof is complete. O
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