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Abstract: We study the problem (—A)'u = —au™ + Ahin Q, u = 0in R"\ Q, u > 0 in Q, where
0 < s < 1,Q1is abounded domain in R” with C"! boundary, a and & are nonnegative bounded functions,
h # 0, and A > 0. We prove that if v € (0, s) then, for A positive and large enough, there exists a weak
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general result is also given.
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1. Introduction and statement of the main results

Elliptic problems with singular nonlinearities appear in many nonlinear phenomena, for instance,
in the study of chemical catalysts process, non-Newtonian fluids, and in the study of the temperature
of electrical conductors whose resistance depends on the temperature (see e.g., [3, 6, 10, 15] and the
references therein). The seminal work [7] is the start point of a large literature concerning singular
elliptic problems, see for instance, [1, 3, 5, 6, 8, 9, 10, 13, 15, 17, 18, 21, 22, 23, 24], and [30]. For
additional references and a systematic study of singular elliptic problems see also [26].

In [10], Diaz, Morel and Oswald considered problems of the form

—Au=—-u"+ Ah(x) in Q,
u = 0 on 0QQ, (1.1)
u>0in Q

where Q is a bounded and regular enough domain, 0 <y < 1,4 > 0 and & € L™ (Q) is a nonnegative
and nonidentically zero function. They proved (see [10], Theorem 1, Corollary 1, Lemma 2 and
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Theorem 3) that there exists 4y > 0 such that. for A > A, problem (1.1) has a unique maximal solution
u € Hy (Q) and has no solution when A < A,.

Concerning nonlocal singular problems, Barrios, De Bonis, Medina, and Peral proved in [2] that if
Q is a bounded and regular enough domain in R*, 0 < s < 1, n > 2s, f is a nonnegative function in a

suitable Lebesgue space, 4 >0, M >0and 1 < p < Zig;, then the problem

(=AY’ u=A2f(x)u™ + Mu? in Q,
u=0onR"\ Q, (1.2)
u>0in Q,

has a solution, in a suitable weak sense whenever A > 0 and M > 0, and that, if M = 1 and f = 1,
then there exists A > 0 such that (1.2) has at least two solutions when A < A and has no solution when
A>A.

A natural question is to ask if an analogous of the quoted result of [10] hold in the nonlocal case,
i.e., when —A is replaced by the fractional laplacian (—-A)*, s € (0, 1), and with the boundary condition
u = 0 on 0Q replaced by u = 0 on R” \ Q. Our aim in this paper is to obtain such a result. Note that
the approach of [10] need to be modified in order to be used in the fractional case. Indeed, a step in
[10] was to observe that, if ¢; denotes a positive principal eigenfunction for —A on Q, with Dirichlet
boundary condition, then
22 2 2(-y) o, -2

T+y 1+y

—Ap!7 = ——2 -\ in Q, 1.3
¢ T+y 19 (y+1)2| eil” ¢ (1.3)

where A; is the corresponding principal eigenvalue. From this fact, and using the properties of a
2

principal eigenfunction, Diaz, Morel and Oswald proved that, for & positive and small enough, aplm is

a subsolution of problem (1.1). Since formula (1.3), is not avalaible for the principal eigenfunction of
(—A)’, the arguments of [10] need to be modified in order to deal with the fractional case.
Let us state the functional setting for our problem. For s € (0, 1) and n € N, let

lu (x) — u ()l

H*(R") := {u eL’(R"): ——dxdy < oo},

RixRr X =)
1

s (R o 2 Ju(x)—u(y) 2 o
and for u € H* (R"), let ||ullsgn) := fRn u-+ fR dxdy| .Let Q be abounded domain in R

ny RN |x_y|n+2s

with C"*! boundary and let

Xo(Q)={uecH'R"):u=0a.e inR"\ Q},

RrxR? Ix_y|n+2s
With these norms, H* (R") and X (€2) are Hilbert spaces (see e.g., [29], Lemma 7), C (€2) is dense
in X (Q) (see [16], Theorem 6). Also, X (€2) is a closed subspace of H* (R"), and from the fractional
Poincaré inequality (as stated e.g., in [11], Theorem 6.5; see Remark 2.1 below), if n > 25 then ||.||X5(Q)

1
s — Ju0—u)P :
and for u € X; (), let IIMIIXS(Q) = dxdy) .

and ||.|| gz are equivalent norms on X; (€2) . For f € L! (Q) we say that f € (Xg (Q))I if there exists

loc
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a positive constant ¢ such that | fQ f(,0| < ¢ lullxsq) for any ¢ € Xj(Q). For f € (Xg (Q))/ we will write
((=A)*)™" f for the unique weak solution u (given by the Riesz theorem) of the problem

(-A)’'u=finQ,
{ u=0inR"\ Q. (1.4)
Here and below, the notion of weak solution that we use is the given in the following definition:
Definition 1.1. Let s € (0, 1), let f : Q — R be a Lebesgue measurable function such that fo € L' (Q)
for any ¢ € X; (Q2). We say that u : Q — R is a weak solution to the problem

(-A)’'u=finQ,
u=0mmR"\ Q

ifueXj(Q),u=0inR"\Qand, for any ¢ € X (Q2),

f (u(x) —u () (90+(2x) —eO) dy = f fo
RIXR? lx — y|n * Q

For u € X3(Q) and f € L, (Q), we will write (-A)’u < f in Q (respectively (-A)’u > f in Q) to

loc

mean that, for any nonnegative ¢ € H; (Q), it hold that f¢ € L' (Q) and

R PY  )
RIXR e — " o .

For u,v € X (Q), we will write (-A)" u < (=A)* v in Q (respectively (=A)" u > (-=A)* v in Q), to mean
that (—=A)" (u —v) < 0in Q (resp. (-A)’ (u —v) > 0in Q).

Let
E={ueXj(Q) :cd) <u<cda.e. inQ, for some positive constants ¢ and ¢’}

where, for x € Q, dq (x) := dist (x, 0Q) . With these notations, our main results read as follows:

Theorem 1.2. Let Q be a bounded domain in R" with C'!' boundary, let s € (0,1), and assume
n > 2s. Let h € L*(Q) be such that 0 < h £ 0in Q (ie, {x€Q:h(x)>0} > 0) and let
g : QX% (0,00) — [0, ) be a function satisfying the following conditions gl )-g5)
gl) g : Q% (0,00) — [0,00) is a Carathéodory function, g(.,s) € L*(Q) for any s > 0 and
lim, e [I(g (-, o)l = 0.
g2) o — g(x,0) is non increasing on (0, ) a.e. x € Q.
g3) g (- ody) € (X3 () and d (~0)") " (dpg (.. ody)) € L™ () for all & > 0.
g4) It hold that:

limg e [(d3) " (20" (dig (- od3))|| = 0. and

limg e [|dg? (8" (g (. o) - @ =0
g5)dig (., O'dé) € L*(Q) for any o > 0.

Consider the problem
(=AY u=-g(,u)+ Ahin Q,
u=0inR"\ Q, (1.5)
u>0inQ
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Then there exists A* > 0 such that:

i) If A > A* then (1.5) has a weak solution u'¥ € &, which is maximal in the following sense: If v € &
satisfies (=A)*v < —g (,v) + Ahin Q, then u™® > v a.e.in Q.

i)lf A < A%, no weak solution exists in &E.

iii) If, in addition, there exists b € L™ (Q) such that 0 < b £ 0in Qand g (., s) > bs™? a.e. in Q for any
s € (0,00), then A* > 0.

Theorem 1.2 allows g (x, s) to be singular at s = 0. In fact, in Lemma 3.2, using some estimates from
[4] for the Green function of (—A)* in Q (with homogeneous Dirichlet boundary condition on R" \ Q),
we show that if g (x, s) = as™ with a a nonnegative function in L™ (Q) and 8 € [0, s), then g satisfies
the assumptions of Theorem 1.2. Thus, as a consequence of Theorem 1.2, we obtain the following:

Theorem 1.3. Let Q, s, and h be as in the statement of Theorem 1.2, and let g : Q X (0, c0) — [0, 00).
Then the assertions i)-iii) of Theorem 1.2 remain true if we assume, instead of the conditions gl)-g5),
that the following conditions g6) and g7) hold:

g6) g : QX% (0,00) — [0,00) is a Carathéodory function and s — g(x,s) is nonincreasing for a.e.
x € Q.

g7) There exist positive constants a and B € [0, s) such that g (., s) < as™ a.e. in Q for any s € (0, ).

Let us sketch our approach: In Section 2 we consider, for & > 0, the following approximated problem

(-A)Y'u=-g(,u+e)+Ahin Q,
u=0inR"\ Q, (1.6)
u>01in Q.

Let us mention that, in order to deal with problems involving the (p; g)-Laplacian and a convection
term, this type of approximation was considered in [14] (see problem P, therein).

Lemma 2.5 gives a positive number Ay, independent of £ and such that, for 4 = Ay, problem (1.6) has
a weak solution w,. From this result, and from some properties of the function w,, in Lemma 2.11 we
show that, for 4 > Ay and for any € > 0, there exists a weak solution u, of problem (1.6), with the
following properties:

a) cdy, < u, < ¢'d;, for some positive constants ¢ and ¢’ independent of &,

b) u, < u, where u is the solution of the problem (-A)’u = Ahin Q,u =0inR" \ Q,

¢) ug >y for any ¢ € X; (Q) such that (-A)’ ¢ = —g (., + &) + Ahin Q.

In section 3 we prove Theorems 1.2 and 1.3. To prove Theorem 1.2, we consider a decreasing sequence
{s f}jeN such that lim;_,, £; = 0, and we show that, for 4 > Ay, the sequence of functions {ug_/}jeN given
by Lemma 2.11 converges, in X; (£2), to a weak solution u of problem (1.5) which has the properties
required by the theorem. An adaptation of some of the arguments of [10] gives that, if problem (1.5)
has a weak solution in &, then it has a maximal (in the sense stated in the theorem) weak solution in
& and that if for some 4 = A" (1.5) has a weak solution in &, then it has a weak solution in & for any

A > A'. Finally, the assertion iii) of Theorem 1.2 is proved with the same argument given in [10].
2. Preliminaries and auxiliary results

We fix, from now on, & € L™ () such that 0 < 4 # 0 in Q. We assume also from now on (except in
Lemma 3.2) that g : Q X (0, 00) — [0, o) satisfies the assumptions g1)-g5 of Theorem 1.2.
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In the next remark we collect some general facts concerning the operator (—A)*.

Remark 2.1. i) (see e.g., [27], Proposition 4.1 and Corollary 4.2) The following comparison principle
holds: If u,v € X;(Q) and (-A)'u > (=A)’v in Q then u > v in Q. In particular, the following
maximum principle holds: If v € X3(Q), (-A)’v>0inQand v > 0in R" \ Q, thenv > 0 in Q.
ii) (see e.g., [27], Lemma 7.3) If f : Q — R is a nonnegative and not identically zero measurable
functionin f € (Xg (Q))’ , then the weak solution u of problem (1.4) satisfies, for some positive constant
c,

u > cdy, in Q. 2.1)

iii) (see e.g., [28], Proposition 1.1) If f € L™ () then the weak solution u of problem (1.4) belongs to
C* (R™) . In particular, there exists a positive constant ¢ such that

lu| < cdy, in Q. (2.2)

1v) (Poincaré inequality, see [11], Theorem 6.5) Let s € (0,1) and let 2} := n%’és Then there exists

a positive constant C = C (n, s) such that, for any measurable and compactly supported function f :
R" - R,

— 2
||f||L2:‘(R") < Cf dedy.
RAXR" |lx — y|

wﬁveﬂm&mmve@mmﬂmwwmwgcwmwmmc%muhmmmr

¢ € X; (), from the Holder inequality and iii), fQ [vp| < ||v||(2§)f llll,, < C ||v||(2§)r ||(,0||X5(Q) .
vi) (Hardy inequality, see [25], Theorem 2.1) There exists a positive constant ¢ such that, for any
¢ € X;(Q),

”ds_zs‘:" ,S¢ ||90||X5‘(Q)- (2.3)
Remark 2.2. Let z* € H® (R") be the solution of the problem

(2.4)

(-A)' z* =11hin Q
Z=0inR"\ Q,

with 7y chosen such that ||| g~ = 1. Since & € L™ (R"), Remark 2.1 iii) gives z* € C (R") (see also

[12], Theorem 1.2). Thus, since supp (z*) C Qandz* € C (5), we have z* € L™ (R"). Moreover, by
Remark 2.1 ii), there exists a positive constant ¢* such that

7> c'dyin Q. (2.5)

Remark 2.3. There exist positive numbers M, and M; such that

) (2.6)

[ee)

1
—c*M, >
2C 1 =2

1
dgf (=A™ (g ( Ec*Mld;z))
M, < M,,

1
Ec*Ml > ||dg (=) (g (., Mo))”Lw(Q) :

AIMS Mathematics Volume 3, Issue 4, 464-484



469

Indeed, by g4), lim,_ H(O-dgsz)_l ((_A)S)—l (df)g (.,O'dgz))H = 0 and so the first one of the above
inequalities hold for M; large enough. Fix such a M,. Since, from g4),
limg o [|dg’ (=8))7"' (¢ (,0))| 0, = O, the remaining inequalities of (2.6) hold for My large
enough.

Lemma 2.4. Let £ > 0 and let 7*, 71 and c* be as in Remark 2.2. Let My and M, be as in Remark 2.3.
Let 7 := M,z" and let w*¢ : R" — R be the constant function w*¢ = M,. Then there exist sequences
{WJ’S.}]'EN and .{g J’S}JEN in X§(Q) N L™ (Q) such that, for all j € N:

i) we > wi€ >0 in R,

ii) Wi > 2c"Myds, in Q,

iii) wh® is a weak solution of the problem

s & — _ i—1,e .
{ (=AY w® = g(.,w/ +8)+T1M1hln Q, @7

wi =0inR"\ Q.
iv) W€ =z — 7 in R" and [/ is a weak solution of the problem

, (2.8)

(-A)' =g ( witbe 4 s) in Q,
JF=0inR"\ Q.

-

x@ =€ for some positive constant ¢ independent of j and .
0

Proof. The sequences {wj’s}/eN and {{ j’g}jeN with the properties i)-v) will be constructed inductively.
Let £ € X (Q) be the solution of the problem

(-AN)* (=g (., w4+ 8) inQ
[ = 0inR"\ Q

(thus iv) holds for j = 1). From g/) and g2) we have 0 < g(.,wo’s + s) < g(,e) € L (Q). Thus
g ( wie + 8) € L™ (Q). Then, by Remark 2.1 iii), £'* € C (R"). Therefore, since supp ({1"9) cQ, we
have ' € L*(Q). By gl), g(.My) € L (Q) and so g(.My) € (X} (Q))'. Let
Up = ((—A)S)_1 (g (., Myp)). Then, by gI) and g3), d;’uo € L (€2) . We have, in weak sense,

(=) (£ = up) = g (. WO + &) = g (. M) <0in Q
0 —uy=0inR"\ Q.

Then, by the maximum principle of Remark 2.1 i),

0 <" <up < ||dguol) o i in Q. (2.9)

L(Q) "
Letz := M z". By Remark 2.2,z ¢ H* R" )N C (ﬁ) and

Z>c"Mydg in Q. (2.10)
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Also, z < M, in Q, and z is a weak solution of the problem
(=AY z=1 Mhin Q,
z=0inR"\ Q.
Let w'* := z—¢"*. Then w'* € H* (R") and w'* = 0in R"\ Q. Thus w'* € X3 (Q). Also w'* € L* (Q).
Since ¢! > 0 in Q, we have
W — Wl = My — 72+ > My—z> My — M, >0in Q.
Then w'® < w%¢ in Q. Thus i) holds for j = 1. Now, in weak sense,
(=8) W' = (=A) (2= £'%) = 1My = (=0)* ()
= - (.,wo’s + s) + 1 Mihin Q,
wh® =0inR"\ Q,
and so iii) holds for j = 1. Also, from (2.9), (2.10), and taking into account that (2.6),
whe =z = 2 ¢ Midgy = [[dg” (-0 (8 (. M) i
1
> EC*Mldé in Q.

and then w'* > 2¢*M,ds, in Q. Thus ii) holds for j = 1.
Suppose constructed, for k > 1, functions w'#, ..., w** and £'#, ..., £*¢, belonging to X3 (Q) N L™ (Q),
and with the properties i)-iv). Let /"¢ € X (€2) be the solution of the problem

{ (=A) fHle = ¢ ( wke 4 8) in Q,

2.11
é«k+1,s — O on Rn \ ,Q, ( )

(and so iv) holds for j = k + 1) and let w**'* := 7 — 7¥*1'*_ Then w**'* € H*(R") and w**'* = 0 in
R™ \ Q. Thus w**'* € X§ (Q) . Also,

Whe ke — §k+1,5 _ {k,s in R" (2.12)

and
(=A)* ({k”’g —~ {"’5) =g (., whe + 8) -g (., whkle 4 8) > 01in Q,
é"k+1,8 _ gk,s =0in R" \ Q,
the last inequality because, by g/), s — g(., s) is nonincreasing and (by our inductive hypothesis)
whe < wk=¢ in Q. Then, by the maximum principle, %' — /¢ > 0 in R". Therefore, by (2.12),
wke > wh*1e in R” and then i) holds for j = k + 1. Also,

(=A) Wl = (=AY 7z — (=A)* *18 = —¢ (., whe + 8) + 7 Mhin Q,
whtle = 0in R" \ Q.
Then iii) holds for j = k+ 1. By g4). g (.. 2" Myd}) € (X; (Q))' Letuy = ((-0)) " (g(. de"Mydy)) €
X; () . By the inductive hypothesis we have whke > %c*M 1dy, in Q. Now,

(=A)* (évk+1,s _ Ml)
= g(., whe 4+ 3) - g(,, lc*Mlngz) <0in Q,
e —up =0onR"\ Q,
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then the comparison principle gives ¢¥*1¢ < u;. Thus, in Q,
Wk+1,8 =z- §k+1,8 Z C*Mld;) _ ul

1
= "Mds, - ((=A)") ! (g ( Ec*Mldf-z))

> C*Mldgz -

1
dg* (=A™ (g ( Ec*Mldf!))

1
d;! > —c'M 1d§2,
. 2
the last inequality by (2.6). Thus ii) holds for j = k + 1. This complete the inductive construction of
the sequences {wj’g}/GN and {g“ f’s}/eN with the properties i)-iv).

To see v), we take ¢ J€ a3 a test function in (2.8). Using ii), the Holder inequality, the Poincaré inequality
of Remark 2.1 iv), we get, for any j € N,

2 _ i—1,e £ 1 * s e
XS(Q)—Lg(.,wJ +8)§J ngg(.,zc Mldg)gj
s 1 * s —S #],€
:fdgg(., EC‘ Mldg)dg {J’
Q

: 1 , ~ '
o 3 )| el <l
2

&>

<

|x5(9) '

2

where c is a positive constant ¢ independent of j and &, and where, in the last inequality, we have used
g5). Then ||§ | « has an upper bound independent of j and &. Since wh® = z— /¢, the same assertion
0

holds for w#¢. O

Lemma 2.5. Let € > 0 and let 1 and c* be as in Remark 2.2. Let My and M, be as in Remark 2.3 and

Ji Jie : — Tim. Jie — Tim. Jie
let {w }jeN and {{ }jeN be as in Lemma 2.4. Let w, := lim;_, w/® and let {, := lim;_,, {’*. Then

i) ws and £, belong to H* (R") N C (Q).

ii) %C*M 1d, < wg < My in Q, and there exists a positive constant ¢ independent of € such that w® < cdy,
in Q.

iii) w, satisfies, in weak sense,

-Aw,=—-g(,ws+&)+T1 MhinQ,
{ w,=0inR"\ Q. (2.13)
iv) {; satisfies, in weak sense,
(=AY Lo =g(,ws+ &) inQ,
{ L=0inR"\ Q. (2.14)

Proof. Let 7 be as in Remark 2.2, and let z := M,z". Let My, and M, be as in Remark 2.3. By
Lemma 2.4, {w/"‘”"}jeN is a nonincreasing sequence of nonnegative functions in R”, and so there exists
we = limj_,, w/®. Since ¢ = z — w/™1¢, there exists also ¢, = lim;_ {**. Again by Lemma 2.4 we
have, forany j € N, 0 < w/ = z — (¢ < z € L*(Q). Thus, by the Lebesgue dominated convergence
theorem,

{wj’g}jeN converges to w, in L” (Q) for any p € [1, o), (2.15)

AIMS Mathematics Volume 3, Issue 4, 464-484



472

and so {g (., whe + 8)}j€N converges to g (., w, + &) in L? (Q) for any p € [1, 0). We claim that

Lo € X3 (Q) and (7] , converges in X3 (Q) to Z;. (2.16)

Jj€
Indeed, for j, k € N, from (2.8),

() (7 = £#) = g (w4 &) = g (w1 + 8) in Q, (2.17)
{7 - £ = 0in R\ O |

We take ¢/ — *¢ as a test function in (2.17) to obtain

ig(g) = fg ((j’g - {k’s) (g ( wiThe 4 g) —-g ( whle 8))

< ||é»j,s _ ke , Hg (.’Wj—l,a + z—:) _ g(.’wk—lﬁ + S)H(z*)’

||é«j,s _ {k,s

where 2% := 2= Then
n=2s

|7 - fk’8||xg<9> sc Hg ( w/he ‘9) -8 ( L 8)H(2?)' '

where c is a constant independent of j and k. Since {g (., wi=le 4 s)} o converges to g(.,wg+¢) in
J

L) (Q), we get
lim [|¢7F - ¢

Jik—00

-0,

|X(§(Q)

and thus {{ j’g}jeN converges in X (€2) . Since {{ j’s}jeN converges to £, in pointwise sense, (2.16) follows.

Also, w/ = z — *, and then {wf’g} ., converges to w,, in X (©2) . Thus
j

we € X () and {wj"g} ., converges in X; () to w,. (2.18)

Jj€

To prove (2.14) observe that, from (2.8), we have, for any ¢ € Xj(€2) and j € N,

(€27 (0) = 299 () (@ (x) = © () ~
f s dxdy = f g (., w4+ s) ®. (2.19)
RIXRA |x =yl a

Taking lim;_, in (2.19) and using (2.16) and (2.15), we obtain (2.14). From (2.14) and since, by
gl)and g2), g(.,,w, +¢€) € L~ (Q), Remark 2.1 iii) gives that, in addition, {, € C (ﬁ) (and so, since

we =7 —{,, then alsow, € C (ﬁ)).
Let us see that (2.13) holds. Let ¢ € X (Q). From (2.7), we have, for any j € N,

(w7 () = w'* (1)) (@ ()~ (1)
f n+2s dXdy (220)
RIXR™ lx =yl

= L\pr) (—g (.,Wj_l"8 + 8) + TlMlh) Q@.
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Since ¢ € X (€2) and {wf’g}jeN converges to w, in X; (€2) we have

(W () = wi* (1)) (@ () = ()
dxd

lim . 'y (2.21)
jooo ROXR? |x _ y|n+2‘s
3 f (we (X) = we () (¢ (x) = ¢ () J
- n+2s Xdy
R7XR? lx — y[™
Also, w, (x) = lim;_,, w/ (x) for any x € Q, and
(w7 +e)g| < g (ol € L' (@),
and clearly |r; M hg| € L' (Q) . Then, by the Lebesgue dominated convergence theorem,
lim [ (=g (.w/™"*+&)+7Mh)p = f (=g (W + &) + T M1 h) . (2.22)
=% Jo Q

Now (2.13) follows from (2.20), (2.21) and (2.22). Finally, by Lemma 2.4 we have, for all j € N,
%C*M 1dg, < w/* in Q and so the same inequality hold with w/® replaced by w,. Also, since w** < z; in
Q we have w*® < cdy, with ¢ independent of j and ¢. O

Remark 2.6. Let G : Q X Q — RU{oo} be the Green function for (—A)® in Q, with homogeneous
Dirichlet boundary condition on R” \ Q. Then, for f € C (ﬁ) the solution u of problem (1.4) is given
by u(x) = fg G (x,y) f(y)dy for x € Q and by u(x) = 0 for x € R" \ Q. Let us recall the following
estimates from [4]:

1) (see [4], Theorems 1.1 and 1.2) There exist positive constants ¢ and ¢’, depending only on Q and s,
such that for x;y € Q,

Glxy) < e 22 (2.23)
|x _ y|n S
do(x)* 1

G(x,y) < , 2.24

G(x,y) < CM (2.25)

lx —yI"

G(x,y) > c’;_ if |x — y| < max {dﬂ (x), do (y)} (2.26)
|)C _ yln 2s 2 2

G(x,y) > Cf% if [x —y| > max {dgz(x), d"z(w} 2.27)

ii) From 1) it follows that there exists a positive constant ¢”’, depending only on Q and s, such that for
x;y €Q,
G(x;y) 2 ¢"dq (x)" da (v)° . (2.28)

Indeed:

If |x — y| > max {dgz(x), dﬂ(”} then, from (2.27), G(x;y) > c’%‘;ﬁw and so G(x;y) > c’%.

d, da(y) . d, da(y) d, :
92("), ER } then either |x — y| < % orlx—yl < == If[x—y| < % consider z € 6Q

N}

Iflx—yISmax{
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such thatdg (y) = |z—y|. thendo(y) = |z—y| > |x =zl =[x =y = do(x) =[x =y > %dg(x).Then

do (y) > 1dqo (x) > |x —y|. Thus, since also |x — y| < @, we have |x — y| < \IF (do (x)do (¥))? , and

n_ dg,(x)dg () 2375
so, from (2.26), G(x,y) > ¢’ — > ¢’ 1 ) Ve i L ds, () d5, ().
’ ) ’ _y|—2s 1\n—2s d Q n
ol (L atodaon?) (do(do(y)? ~ (diam(€2)

Iflx—y| < @, by interchanging the roles of x and y in the above argument, the same conclusion is
reached.
i) If 0 < B < s, then

do (x)° do (y)°

G(x,y) < c
g x — y"=*#

(2.29)
Indeed, If dq (y) > |x — y| then, from (2.23),

do ()" _ da(0) da oY < o) da oY

G(X, )’) <c n—s n—s n-s ’
™ e F T =y

and if dq (y) < |x — y| then, from (2.27),

G(x,y) < CdQ (ljfc)s_ciflzn@)A _ Cdg (X)° do (VY do (v)* <c dq (x)* tiQSE)/;)ﬂ ,

X =yl -y T x—yl

w) If f € C (ﬁ) then the unique solution u € X7(€) of problem (1.4) is given by
u(x):= fQG(x,y)f(y)dyforx € Q,and u(x) := 0 for x € R"\ Q.

Lemma 2.7. Leta € L™ (Q) and let € [0, ). Then ad] € (X;(Q)) and the weak solution u € X3 (€)
of the problem

(2.30)

(=AY u=ad} inQ,
u=0inR"\Q

satisfies d'u € L™ ().

Proof. Let ¢ € X;(Q). By the Holder and Hardy inequalities we have fg |ad;f cp| fQ |ad P dy’
llal| | dz{ﬂ | 5 ||d‘5 <c ||<,o||X5(Q) with ¢ a positive constant independent of ¢. Thus adgﬁ € (Xg (Q))

Let u € Xj(Q) be the unique weak solution (given by the Riesz Theorem) of problem (2.30) and

consider a decreasing sequence {8 J-}jeN in (0, 1) such that lim;_,, &; = 0. For j € N, let u,, € X (Q) be
the weak solution of the problem

s B .
(~A)Y U, = a (qg +e) inQ, 231)
ug; =0inR" \ Q.

Thus u,, = fQ G(,y)a(y) (dg ) +e j)_ﬁ dy in Q, where G is the Green function for (-A)* in Q, with
homogeneous Dirichlet boundary condition on R" \ Q. Since 8 < s we have fQ |x_yl+w,dy < oo. Thus,
recalling (2.29), there exists a positive constant ¢ such that, for any j € N and (x,y) € Q X Q,

_ ds d’B 3
0<G a0 (da®) +e) < c% (da)+e)”
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< cdi) (%) e L' (Q,dy).

|X _ y|n7s+ﬁ

Since also lim; G (x,y)a (y) (dg ) + sj)_ﬁ =Gx,y)a®) ds_f (v) for a.e. y € Q, by the Lebesgue
dominated convergence theorem, {ugj (x)}jeN converges to fQ G(x,y)a(y) d;f (y)dy for any x € Q. Let
u(x) := limj_ e g, (x) . Thus u (x) = fQ G(x,y)a(y) d;f (y)dy. Again from (2.29), u < cd}, a.e. in Q,
with ¢ constant ¢ independent of x. Now we take u,; as a test function in (2.31) to obtain that

f (s, () = s, (y))2 ~ f (e, () — s, (y))2
QxQ RrxR”

|x _ y|n+25 |x _ y|n+2s

- [ 1, ) (da 01+ 2) "

Q

<o [ Bm@am ey [ df o=
Q Q

with ¢ and ¢’ constants independent of j. For j € N, let U, and U be the functions, defined on R" X R",
by

Us, (£,) 1= ttg; (X) = us; (), U(x,y) := u(x) —u(y).

Then {Ugj}jeN is bounded in H = L? (R” X R", dedy). Thus, after pass to a subsequence if

necessary, we can assume that {U‘gj}jeN is weakly convergent in H to some V € H. Since {Ugj}jeN
converges pointwise to U on R” X R", we conclude that U € H and that {Ugj}jeN converges weakly to
U in H. Thus u € X3 () and, for any ¢ € X3 (Q),

f U@ -uMe®-e0) dy

RAXR? |X _ y|n+2s
- (e, () = 11, ) (0 (¥) = 0 (V)

- hmf n+2s dXdy
J=% JRaxrn |x —y|""~
. B -

i [l v o [aite

Then u is the weak solution of (2.30). Finally, since for all j, Ug; < c'd}, a.e.in Q, we have u < c'd}}

a.e.in Q. O

Lemma 2.8. Let A > 0 and let € > 0. Suppose that {u j}jeN C X; () is a nonincreasing sequence with
the following properties i) and ii):

i) There exist positive constants ¢ and ¢’ such that cd, < u; < c'dy, a.e. in Q for any j € N,

ii) for any j € N, u; is a weak solution of the problem

(=A)’u; = —g(.,uj +8) + Ahin Q,
uj=0inR"\ Q, (2.32)
Uj > .0inQ
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Then {u j} , converges in Xj (Q) to a weak solution u of the problem

je
(-A)’u=-g(,u+e)+AhinQ,
u;=0inR"\ Q, (2.33)
u>0inQ,

which satisfies cd}, < u < c'd}, a.e. in Q. Moreover, the same conclusions holds if, instead of ii), we
assume the following ii’):
ii’) for any j > 2, u; is a weak solution of the problem

(_A)S uj=-—-g (.,l/tj_l + 8) +Ahin Q,
uj = OinR"\ Q,
u; > 0in Q.

Proof. Assume i) and ii). For x € R", let u (x) := lim;_,., u; (x) . For j,k € N we have, in weak sense,

{ (—A)S(uj—uk):g(.,uk.-l-s)—g(uj+s) in Q, (2.34)
uj—u =0inR"\ Q.
We take u; — uy as a test function in (2.34) to get
||uj — Uy ig(g) = L(g (,u+e)— g(., uj + 8)) (uj - uk) (2.35)

= j;dg2 (g(-, up + &) — g(-, uj+ 8)) dg’ (”j - ”k)

< ”d;; (@ - ﬁk)H2 Hd;‘z (o0 +e)— g (71 + g))”2 .

where ¢” is a constant independent of j

By the Hardy inequality, Hdés (uj - uk)Hz <c” ||u] — uk|
and k. Thus, from (2.35),

X@

||u‘,~ - uk”xg(g) < c”||dg (g G up +€)— g(., uj+ 8))H2 ) (2.36)

2
Now, lim ;e 'dgz (g (up+¢&)— g(., u; + s))‘ = 0 a.e. in Q. Also, since u; > cd;, a.e. in Q for any
[ € N, and taking into account g5) and g2),

05 (8 o+ 8) = g (s + 6))| < ¢ (dig (ecdd)) € L' @),

where ¢’ is a constant independent of j and k. Then, by the Lebesgue dominated convergence theorem

lim e Hd;2 (g (Lur+e)—g (., uj+ 8))”2 = 0. Therefore, from (2.36), lim;_,« ||uj - ”k”xg(g) =0and
SO {u j}jeN converges in X; (2) to some u* € X;j(Q). Then, by the Poincaré inequality of Remark 2.1

. ) % o 2;# . ) «
iv), {u J}jeN converges to u* in L~ (), and thus there exists a subsequence {u J"}keN that converges to u
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a.e. in Q. Since {u fk}keN converges pointwise to u,, we conclude that u* = u. Then {u j} - converges to
J
ug in X; (€2) . Now, for ¢ € X (€2) and j € N,

f (u, (x) — u; (y)) (saz(x)—sO(y))dxdy _ f (_g(.,uj N 8) + Ah) 0. (2.37)
RAXR? lx =y Q

Since {u j} o converges to u in X (Q2), we have
J

(40— 1,0) ¢ @ =00

lim +2 xdy (2.38)
] JRnxRn |_x — yln s
: f (u(x) —u(y) (p(x) - so(y))d
- n+2s Xdy
ROXRY |x =yl

On the other hand, '(—g (., uj + 8) + /lh) (,0‘ < (g (. cdg) + Alhllo) lel € L' (Q) (with ¢ as in i)). Also,
{(—g (u i+ s) + /lh) <p}j€N converges to (—g (u + &) + Ah) ¢ a.e. in Q. Then, by the Lebesgue dominated
convergence theorem,
lim f (~g(-uj+&)+An)p = f (—g (,u+¢e) +ah)e. (2.39)
J=% Jo Q
From (2.37), (2.38) and (2.39) we get, for any ¢ € X (Q),

f () —u®) (2x) —¢ (y))dxdy = f (—g(,u+e)+ Ah) .
RXR? |x — yI"= Q

and so u is a weak solution of problem (2.33) which clearly satisfies cdj, < u < ¢’d}, a.e. in Q. If instead
of ii) we assume ii’), the proof is the same. Only replace, for j > 2, k > 2 and in each appearance,
g (., uj) and g (., u) by g (., uj_l) and g (., u;_) respectively. O

Lemma 2.9. Let A > 0, and let u be the weak solution of

(-A)’'u=2AhinQ,
{ u=0inR"\ Q. (2.40)
Assume that, for each & > 0, we have a function v, € X§ (Q) satisfying, in weak sense,
(-A)'V, < —g(, Ve +e)+AhinQ,
{ T, =0inR"\ Q. (2.41)

and such that v, > cd, a.e. in Q, where c is a positive constant independent of &. Then for any &€ > 0
there exists a sequence {u j}jeN C X; () such that:

i)uy =uandu; <uj_ forany j > 2.

ii)ve <u;<uforall jeN.

iii) For any j > 2, u; satisfies, in weak sense,

(=AY uj = =g (. upr + &)+ hinQ,
uj=0inR"\ Q.

. . o . . . ) o
iv) There exist positive constants ¢ and c'independent of € and j such that, for all j, cd}, < u; < c'd},
a.e. in Q.
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Proof. By Remark 2.1 iii), there exists a positive constant ¢’ such that u < ¢’dy, in Q. We construct

inductively a sequence {u j}jeN satisfying the assertions i)-iii) of the lemma: Let u; := u. Thus, in weak
sense, (—A) u; = Ah > —g(.,vg + &) + Ahin Q. Thus (—A)* (u; = v,) = 0in Q. Then, by the maximum
principle in Remark 2.1 i), u; > v, in Q, and so u; > cd}, in Q. Then, for some positive constant ¢”,
|—g (., up +&)+ Ah| <’ (1 +g (., cd‘é)) in Q and, by g/), g (., cdgz) € L= (). Thus there exists a weak

solution u, € X (€2) to the problem

(=AY’ ur = —g(,u; + &)+ Ahin Q,
u, =0inR"\ Q.

Since, in weak sense, (—=A)’ u, < Ah = (—=A)’ u; in Q, the maximum principle in Remark 2.1 i) gives
ur < up in Q. Since u; > v, in Q we have, in weak sense, (—A) uy = —g (., u; +&)+Ah > —g(, v, + &)+
Ahin Q. Also, (-A)’ v, < —g (., v + &)+ Ah in Q and so, by the maximum principle, u, >V, in Q. Then
i)-iii) hold for j = 1.

Supposed constructed u, ..., u; such that i)-iii) hold for 1 < j < k. Then, for some positive constant
', |—g(uy+¢e)+Ah| <’ (1 +g (., ca’gs))) in Q and so, as before, there exists a weak solution u;,; €
X, (€) to the problem

(=AY w1 = —g (G up + &)+ Ahin Q,
U = 0IinR"\ Q.

By our inductive hypothesis, u; > v, in Q. Then, in weak sense, (—A)’ 4, = —g (., up + &) + Ah

>
—g(,ve+&) + Ah > (-A)'V, in Q and thus, by the maximum principle, u;,; > v, in Q. If k = 2
we have u, < u;_; in Q. If £ > 2, by the inductive hypothesis we have, in weak sense, (-A)’ u; =
gy +&)+Ah < —g( g+ &)+ Ahin Q. Also, (-A)’ uy = —g (., ux—1 + €) + Ah in Q. Thus, by
the maximum principle, u;,; < uy in . Again by the inductive hypothesis u; < u in Q and then, since
Uy < U in Q, we get up; < u in Q.

Since for all j, v, < u; < uin €, iv) follows from the facts that u < ¢’d}, in €, and that Ve > cdf, in Q,
with ¢ and ¢’ positive constants independent of € and . O

Lemma 2.10. Let A > 0. Assume that we have, for each & > 0, a function v, € X;(Q) satisfying, in
weak sense, (2.41), and such that v, > cdy, a.e. in Q, with c a positive constant independent of &. Then
for any & > 0 there exists a weak solution u, of the problem

(=AY u, =—-g(u,+&)+Ahin Q,
u, =0inR"\ Q, (2.42)
u:. > 0in Q.

such that:
i) uz > v, and there exist positive constants ¢ and ¢’ independent of & such that cdj, < u, < c'd}, in Q,

ii) If u, € X3 (Q) and (=AY u, < =g (..u, + &)+ Ahin Q. then u, < u, in Q,
iii) If 0 < & <nthen u, < u,.
Proof. Let {u‘,}jeN be as given by Lemma 2.9. For x € Q, let u, (x) := lim; u; (x). By Lemma 2.8,

{u‘,}jeN converges to u, in X; (€2) and u, is a weak solution to (2.42). From Lemma 2.9 iv) we have

u. > v, in Q and cd}, < up < c'dj, in Q, for some positive constants ¢ and ¢” independent of €. Then
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i) holds. If u, € X3 () and (-A)'u, < —g(..u, +&) + Ahin Q, then (—A)'u, < Ah = (=AY u; in Q,
and so u_ < u;. Thus (-A)'u,_ < —g (.,gs + s) +Ah < —g(,uy + &) + Ah = (=A)’ up, then u_ < u, and,
iterating this procedure, we obtain that u_ < u; for all j. Then u_ < u,. Thus ii) holds. Finally, iii) is
immediate from ii). O

Lemma 2.11. Let € > 0 and let Ty and M, be as in Remarks 2.2, and 2.3 respectively. Let w, be as in
Lemma 2.5. Then, for A > T\M, there exists a weak solution u, € X (L2) of problem (2.42) such that
i) ug > w, and there exist positive constants ¢ and c’, both independent of &, such that cd}, < u, < c'd},
in Q,

ii) If u, € X3 (Q) and (=AY u, < —g(..u, + &)+ Ahin Q. then u, < u, in Q,

iii) If 0 < & < &, then u,, < u,.

Proof. Let A > 1M, and let w, be as in Lemma 2.5. We have, in weak sense,

-Aw, = —g(,we +&) + 1 Mihin Q,
w,=0onR"\ Q,

Also, —g (., wg + &)+ Mh < —g(,ws + &)+ Ahin Q, and cd}, < w, < ¢'d}, in Q, with ¢ and ¢’ positive
constants independent of &. Then the lemma follows from Lemma 2.10. O

3. Proof of the main results

Lemma 3.1. Let 1 > 0. If problem (1.5) has a weak solution in &, then it has a weak solution u € &
satisfying u > a.e. in Q for any ¥ € & such that —Ay < —g (., ) + Ah in Q.

Proof. Let u* € & be a weak solution of (1.5), and let u be as in (2.40). By the comparison principle
u* < uin Q. We construct inductively a sequence {u j}jeN C & with the following properties: u; = u and
i)u"<u;<uforall jeN
ii) g (. u;) € (X3 () forall j e N.
iii) uj < uj_y forall j > 2.
iv)Forall j > 2

{ (=8 u; = =g (. uj1) + A in Q,

uj=0onR"\ Q.

To do it, define u; =: u. Thus u; € &. By the comparison principle, u* < u, i.e., u* < u;. By Remark
2.1 there exist positive constants ¢ and ¢’ such that cd, < u < c’d}, in Q. Thus |-g(.,u) + Ah| <
g(-cdy) + Allhll, and so —g (,uy) + Ah € (X; (Q))’ . Thus i) and i) hold for j = 1. Define u, as the
weak solution of

(=AY’ up = —g(.,uy) + Ahin Q,
u, = 0onR"\ Q.

Then, in weak sense,
(=AY’ ur < (=A)° uy in Q,
U =0 =u;onR"\ Q.
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and so u, < u; = ua.e. in L. Since u; > u*, we have, in weak sense,

(=AY’ up =-g(Cu)+Ah>-g(,u)+Ah=(-A)’u"in Q,
u, =0 =u*onR"\ Q.

and then uy > u* a.e. in Q. Thus u* < u, < u. In particular this gives u, € &. Let ¢”” > 0 such that
u* > c"’dg in Q. Now, |—g(.,uz) + Ah| < g(,up) + Ah < g(,u*) + Ah < g(.,c”df!) + A|h|| and so
—g(,up) + Ah € (Xg (Q))/. Thus i)-iv) hold for j = 2. Suppose constructed, for 2 < j < k, functions
u; € & with the properties i)-iv). Define u;,; by

(=A) upy1 = —g (,w) + Ahin Q,
.1 =0onR"\ Q.

Thus, by the comparison principle, u;,; < u. Also, by the inductive hypothesis, u; > u*, then

(=N’ upy1 = —g () + Ah > —g(,u*) + Ahin Q,
U1 =0=u"onR"\ Q.

and so ux,; > u*. Then u* < wupyy < u. In particular u;,; € &. Again by the inductive hypothesis,

Uy < uy_1. Then

(A w1 = =g () + Ah < =g (L uy—y) + Ah = (=A)’ uy in Q,
U1 =0= I/tkOIan\Q.

and so uy1 < uy. Also, |[-g () + AN < g )+ A < g(,u)+Ah < g (., c”d‘;'z) + A||h|| and so
—g(, up)+ Ah € (X(S) (Q)), . Thus i)-iv) hold for j = k + 1, which completes the inductive construction

of the sequence {uj}jeN. For x € R" let u(x) := lim;,o u;(x). By i) we have ¢"d}, < u; < ¢'d}, in

Qforall j € N, and so ¢"d}, < u < ¢'d}, in Q. By Lemma 2.8 {uj}jeN converges in X7 (€2) to some
weak solution u™ € X7 (€2) of problem (1.5). Thus, by the Poincaré inequality, {u j}jeN converges to u**
in L% (Q), which implies u = u**. Thus u € X, (€2) and u is a weak solution of problem (1.5). Since
c’d}y < uj < c'df, in Q for all j, we have ¢”d}, < u < c’d}, in Q. Thus u € &. Let ¢ € & such that
Ay < —g (., ) + Ah in Q. By the comparison principle, ¥ < u a.e. in 2. An easy induction shows that
< uj for all j. Indeed, by the comparison principle, ¥ < u = u;. Then

A Y < —g( )+ Ah < —g(,up) + Ah = (—A)’ up in Q,
Y =0=uonR"\ Q.

Thus, again by the comparison principle, ¥ < u,. Suppose that kK > 2 and ¥ < ;. Then, in weak sense,

ANy <—g( )+ Ah < —g(,u) + Ah = (=A) uyy in Q,
Y =0=uonR"\ Q,

which gives ¢ < uy, . Thus ¢ < u; for all j, and so ¢ < u. O
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Proof of Theorem 1. Let {s j}je
A > 7 M and j €N, let u,; be the weak solution of problem (2.42), given by Lemma 2.11, taking there

 © (0,00) be a decreasing sequence such that lim; . &; = 0. For

e = g;. Then {ugj}jeN is a nonincreasing sequence in X () and there exist positive constants ¢ and ¢’
such that cd, < u; < c’dy, in Q for all j € N. Therefore, by Lemma 2.8, {ugj}
some weak solution u € X (€2) of problem (1.5). Let

1 S
jan converges in X (Q2) to

7 :={1>0: problem (1.5) has a weak solution u € &} .

Thus A € 7 whenever A > 7M. Consider now an arbitrary 4 € 7, and let I’ > A. Let u € & be a weak
solution of the problem
(=AY’ u=-g(,u)+ Ahin Q,
{ u=0onR"\ Q.

Let {8 j} o (0, c0) be a decreasing sequence such that lim;_,, £; = 0. We have, in weak sense,
J

(-A)'u=—g(u)+Ah < —g(Lu+e;)+ VhinQ,
u=0onR"\ Q.

Then, by Lemma 2.9, used with € = g, T/;j = u, and with A replaced by A’, there exists a nonincreasing

sequence {’ﬁs_/} o C X; (€2) such that

(=N Ty, = =g (T, + &) + Vhin Q,
{ U, =0inR"\ Q,

satisfying that u.; > u for all j € N, and cd}, < u.; < ¢'dy, in Q for some positive constants ¢ and ¢’

independent of j. Letu := lim;_,, u;;. Proceeding as in the first part of the proof, we get that u € & and

that u is a weak solution of problem (1.5). Then A’ € 7 whenever 2’ > A for some A € 7. Thus there

exists A > 0 such that (1%,00) C T C [A*, 00).

By Lemma 3.1, for any A € 7 there exists a weak solution u € & of problem (1.5) such that u >  a.e.

in Q for any ¢ € & such that (-A)* ¢ < —g (., ¥) + Ah in Q.

Suppose now that g (., s) > bs™ a.e. in Q for any s € (0, o) for some b € L (Q) such that 0 < b # 0

in Q. Then there exist a constant 7o > 0 and a measurable set Q; C € such that [Qy| > 0 and b > 1

in Q. Let A; be the principal eigenvalue for (—A)® in Q with Dirichlet boundary condition ¢; = 0 on

R™\ Q, and let ¢; € X (€2) be an associated positive principal eigenfunction. Then

ﬁlfs0901=f () =) (@1 (x) — ¢ (y))dxdy
Q nxR?

|x _ y|n+2S

and ¢; > 0 a.e. in Q (see e.g., [25], Theorem 3.1). Let 1 € 7 and let u € & be a weak solution of (1.5).

Thus
/hfwl :f (e (x) = u(y)) (1 (x) — ¢y (y))dxdy
Q RAXRA

|x _ y|n+23
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= L(—golg(.,u) + Ahg)) < L(—bu‘ﬁgol + /Uzgol)

and so

ﬂfghsm ano (A1 + bu) zisgg(msmos—ﬁ)f o

Qo
thus A > inf ¢ (/lls + nos‘ﬁ) (fg h(pl)_l fQO ¢ forany 4 € 7 . Then A* > 0. O

Lemma 3.2. Let g : Q X (0,00) — [0, 0) be a Carathéodory function. Assume that s — g(x,s) is
nonincreasing for a.e. x € Q, and that,for some a € L™ (Q) and € [0,5), g(.,s) < as™ a.e. in Q for
any s € (0,0). Then g satisfies the conditions gl)-g5) of Theorem 1.2.

Proof. Clearly g satisfies gl) and g2). Let o > 0. By Lemma 2.7,
0 < g(.,adg) < ao"ﬁdgﬁ € (Xg (Q))/ and so g(.,adgz) € (Xg (Q)),. Also, from the comparison
principle, 0 < (—A))™" (dyg (- oady)) < (—A)) ' (0ady,’) in Q, and, since ady,” € L (Q), by
Remark 2.1 iii), there exists a positive constant ¢ such that ((—A)“')_1 (O'adz;ﬁ ) < cdy, in Q. Thus
Ay (A" (g (-ody)) € LY(Q). Then g satisfies g3). In particular,
dg* (-0 (dyg (- d3)) € L™ (Q). Since.for o > 1,

0 < (0d}) ™ (8" (dig (- od})) < o'y (A)) " (dig ().
. -1 et . o
we get lim, o “(o'df!) ((=A)%) (dfzg (., O'dgz))“ = 0. Also, by the comparison principle,
0 <dg’ (A" (g (o) < o7dg’ (-A)) ' (@),
and, by Remark 2.1 iii), d5* (-A)") ™' (a) € L* (Q) . Thus
Tim [[dg” (=8))7" (8 (. )] gy = 0.
Then g4) holds. Finally, 0 < d},g (., O'dgz) < o7Pd};Pa and so g5) holds. m
Proof of Theorem 1.3. The theorem follows from Lemma 3.2 and Theorem 1.2. O
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