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Abstract: In this paper, we considered the on-line single-machine scheduling with the objective
of minimizing the weighted makespan. For the general case, a lower bound of 2 and two on-
line algorithms with the best-possible competitive ratio of 2 were provided in the literature. We
considered eight special cases in which all jobs had the agreeability or disagreeability condition on
jobs’ parameters. For each special case, we provided a lower bound and a corresponding on-line
algorithm with the best-possible competitive ratio which matched the given lower bound.
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1. Problem Formulation

The on-line single-machine scheduling problem to minimize the weighted makespan can be stated
as follows: There are n jobs J1, J2, · · · , Jn which are processed on a single machine. Each job J j is
associated with an arrival time r j, a processing time p j, and a weight w j. That is, all jobs arrive over
time, and job J j and its parameters r j, p j, and w j become known only at or after time r j. Given a
feasible schedule, let C j be the completion time of J j in this schedule. The weighted makespan (the
maximum weighted completion time) is defined by WCmax = max{w jC j : j = 1, 2, · · · , n}. Using the
notation for scheduling problems, the general on-line single-machine scheduling problem is denoted by
1|r j, on-line|WCmax. For problem 1|r j, on-line|WCmax, Li [1] presented a lower bound of 2 and Chai et
al. [2] proposed two 2-competitive on-line algorithms, respectively. Moreover, Li [1] also pointed out
that objective function WCmax can be applied in some service systems, where each customer will hope
that their service costs (w jC j) as small as possible. In this situation, WCmax can avoid the excessively
delayed completion time for each job.
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Different from Li [1] and Chai et al. [2], we study some similar on-line single-machine scheduling
problems under several agreeability or disagreeability assumptions on jobs’ parameters. In practice,
there are many applications on the agreeability or disagreeability assumptions. For example, in the
screen manufacturing of mobile phones or computers, the larger the screen size, the greater the screen
cost. In this situation, the size of a screen and its cost satisfies the agreeability assumption. However,
in the chip manufacturing, the smaller the chip size, the greater the chip cost. In this situation, the size
of a chip and its cost satisfies the disagreeability assumption. In theory, if some agreeability or
disagreeability assumptions are satisfied, the difficulty of the studied problems might be decreased so
that we can design some approximation (on-line) algorithms with a smaller approximation
(competitive) ratio.

More precisely, we say that the jobs have agreeable processing times and weights if wi < w j

implies pi ≤ p j for any two jobs Ji and J j. This assumption for processing times and weights is also
called the (p j,w j)-agreeability condition, denoted by “(p j,w j)-agreeable” throughout this paper.
Furthermore, all jobs have disagreeable processing times and weights if wi > w j implies pi ≥ p j for
any two jobs Ji and J j. The corresponding disagreeability condition is denoted by
“(p j,w j)-disagreeable”. Similarly, we can also define other four agreeable and disagreeable
conditions: “(r j,w j)-agreeable”, “(r j, p j)-agreeable”, “(r j,w j)-disagreeable”, and
“(r j, p j)-disagreeable” throughout this paper. Using the notation for scheduling problems, the
corresponding on-line scheduling problems under consideration are denoted by

1|r j, on-line, (p j,w j)-agreeable|WCmax, (1.1)

1|r j, on-line, (p j,w j)-disagreeable|WCmax, (1.2)

1|r j, on-line, (r j,w j)-agreeable|WCmax, (1.3)

1|r j, on-line, (r j,w j)-disagreeable|WCmax, (1.4)

1|r j, on-line, (r j, p j)-agreeable|WCmax, (1.5)

and
1|r j, on-line, (r j, p j)-disagreeable|WCmax, (1.6)

respectively.
In addition, we also consider two more special problems (1.7) and (1.8). In problem (1.7), we

assume that w j = up j holds for each job J j, where u > 0 is a fixed number. That is, the weight w j of
each job J j is proportional to its processing time p j. Thus, problem (1.7) can be denoted by

1|r j, on-line,w j = up j|WCmax. (1.7)

In problem (1.8), we assume that w j p j = v holds for each job J j, where v > 0 is also a fixed number.
That is, the weight w j of each job J j is inversely proportional to its processing time p j. Thus, problem
(1.8) can be denoted by

1|r j, on-line,w j p j = v|WCmax. (1.8)
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Clearly, problems (1.7) and (1.8) are the special cases of problems (1.1) and (1.2), respectively.
The rest of this paper is organized as follows. We introduce some related literature in Section 2.

In Section 3, for each scheduling problem among problems (1.1–1.8), we analyze its lower bound on
any deterministic on-line algorithm and design an on-line algorithm with the best-possible competitive
ratio. Finally, Section 4 concludes the paper and discusses future research directions.

2. Literature review

Over the past three decades, on-line scheduling has been widely studied in the literature. In on-line
scheduling, no information about future jobs is known in advance. Two different on-line settings are
commonly considered in the literature: on-line over-time setting (see Amouzandeh et al. [3]) and on-
line over-list setting (see Braun et al. [4]). More recent articles on the on-line scheduling can also been
found in [5–10]. In this paper, we adopt the on-line-over-time setting. That is, the characteristics of
each job, including its arrival time, processing time, and weight, become known only at or after the job
arrives.

We consider the on-line single-machine scheduling problem to minimize the weighted makespan
WCmax, which is also defined as the maximum weighted completion time in some literature. Feng and
Yuan [11] were the first to introduce this objective function. They studied a two-agent single-machine
scheduling problem in which the objective for the first agent is to minimize the weighted makespan
WCmax, while the task for the other agent is to minimize the total weighted completion time

∑n
j=1 w jC j.

They showed that the problem is strongly NP-hard. Nong et al. [12] further investigated this model and
proposed the corresponding approximation algorithms. Since then, the study of WCmax has gradually
extended from the off-line complexity and approximation algorithms to the on-line models.

For the on-line single-machine scheduling problem, denoted by 1|r j, on-line|WCmax, Li [1]
presented a lower bound of 2 and proposed a 3-competitive on-line algorithm; for the on-line
parallel-machine scheduling problem P|r j, p j = p, on-line|WCmax, he developed an on-line algorithm
with the best-possible competitive ratio of 1+

√
5

2 ≈ 1.618. Furthermore, for the single-machine
scheduling problem 1|r j, on-line|WCmax, Chai et al. [2] closed the gap by presenting two
2-competitive on-line algorithms based on the different ideas. Furthermore, the weighted makespan
WCmax has also been studied in more complex machine environments. For the bounded parallel-batch
machines scheduling problem P|r j, p j = p, on-line, p-batch, b < n|WCmax, Li and Chai [13] obtained
an on-line algorithm with the best-possible competitive ratio of 1+

√
5

2 , and also derived a best-possible
dense algorithm with the competitive ratio of 2. More recently, Zhang et al. [9] studied the on-line
scheduling problem 1|r j, on-line, p-batch, b ≥ n|WCmax. They presented a lower bound of 2 and
designed a 4-competitive on-line algorithm for the above problem. For the special case in which the
jobs’ processing times and weights are agreeable, they further obtained an on-line algorithm with the
best-possible competitive ratio of 1+

√
5

2 ; when limited restart is allowed, they show that the
competitive ratio 1+

√
5

2 can be improved to 11
7 . In addition, there have been several articles on WCmax

with additional constraints. For example, Li and Yuan [14] studied the on-line single-machine
scheduling problem with the non-delayed processing (NDP) constraint; Li and Liu [15] further
investigated on-line NDP-constraint scheduling with delivery times. On the other hand, Lu et al. [16]
studied the single-machine scheduling problem with rejection, denoted by 1||WCmax +

∑
J j∈R e j. They

showed that this problem is binary NP-hard and provided a pseudo-polynomial algorithm and a fully
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polynomial-time approximation scheme (FPTAS for short). Zheng et al. [17] also considered a
single-machine lot scheduling model with the objective of minimizing the weighted makespan WCmax.

3. Main results

3.1. Problems (1.2), (1.3), (1.6), and (1.8)

In this subsection, we first consider the special problems (1.2), (1.3), (1.6) and (1.8). Note that, for
the more general problem 1|r j, on-line|WCmax, Li [1] proved that there is no deterministic on-line
algorithm which has a competitive ratio of less than 2. For completeness, the corresponding lemma
and its proof in [1] is provided as follow.

Lemma 3.1. ( [1]) For problem 1|r j, on-line|WCmax, there is no deterministic on-line algorithm
which has a competitive ratio of less than 2.

Proof. Consider any deterministic on-line algorithm A and the following instance presented by the
adversary. Let σ denote the schedule produced by Algorithm A, and let π denote an optimal off-line
schedule. Furthermore, we also assume that WCon and WCopt are the objective values corresponding
to σ and π, respectively. At time 0, a job J1 with p1 = v and w1 = 1 arrives, where v is a sufficiently
large positive integer. Assume that algorithm A starts J1 at time S 1. If S 1 ≥ v − 1, then no other jobs
will arrive, and so WCon

WCopt
≥

1×(2v−1)
1×v → 2 when v→ +∞.

Suppose that S 1 < v − 1. Then, a job J2 with p2 = 1 and w2 = v arrives at time S 1 + ϵ, where
ϵ = 1

v−1 is a sufficiently small positive number. Note that, from algorithm A, J2 must be processed
after J1 in σ. Thus, we have WCon ≥ w2C2(σ) ≥ v(S 1 + v + 1). However, J2 is processed before J1 in
the optimal schedule π. Thus, we also have WCopt = w2C2(π) = v(S 1 + ϵ + 1) since
w2C2(π) = v(S 1 + ϵ + 1) ≥ 1 · (S 1 + ϵ + v + 1) = w1C1(π). Note that S 1 < v − 1. Hence, we have
WCon
WCopt

≥
v(S 1+v+1)
v(S 1+1+ϵ) →

v(S 1+v+1)
v(S 1+1) = 1 + v

S 1+1 ≥ 2 when ϵ → 0+. The result follows.

Note that, in the proof of Lemma 3.1, two jobs J1 and J2 satisfy r1 < r2, p1 > p2, and w1 < w2.
Thus, we have the following corollary.

Corollary 3.2. For problems (1.2), (1.3), and (1.6), there is no deterministic on-line algorithm
which has a competitive ratio of less than 2.

Note further that, in the proof of Lemma 3.1, w1 p1 = w2 p2 = v. Thus, we also have the following
corollary.

Corollary 3.3. For problem (1.8), there is no on-line deterministic algorithm which has a
competitive ratio of less than 2.

Chai et al. [2] proposed two on-line algorithms for problem 1|r j, on-line|WCmax with the
best-possible competitive ratio 2. Thus, the on-line algorithms in Chai et al. [2] are also best-possible
for problems (1.2), (1.3), (1.6), and (1.8).
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3.2. Problems (1.1) and (1.5)

Let α =
√

5−1
2 ≈ 0.618 be the positive root of α(1 + α) = 1. For the problem

1|r j, p j = p, on-line|WCmax, Li [1] showed that, for any deterministic on-line algorithm A, its
competitive ratio is at least 1 + α =

√
5+1
2 . Note that, problem 1|r j, p j = p, on-line|WCmax is a special

case of problems (1.1) and (1.5). Thus, we obtain the following theorem.

Theorem 3.4. For problems (1.1) and (1.5), there is no deterministic on-line algorithm which has a
competitive ratio of less than 1 + α.

Next, we will propose an on-line algorithm A1 for problems (1.1) and (1.5) and show that its
competitive ratio is exactly 1 + α. Let S be a set of jobs. A job Jk is called a key job of S if
wk = max{w j : J j ∈ S }. Note that, if there are multiple jobs in S which reach the largest weight, we
assume that the key job Jk has the earliest arrival time among them. Based on the concept of key jobs,
we design the following algorithm.

Algorithm A1

Step 1: Set t = 0.
Step 2: Let U(t) denote the set of available jobs which have arrived but not yet been processed on

the machine. If U(t) = ∅, let t′ be the arrival time of the next job if possible. Set t = t′, return to Step
2. If U(t) , ∅, let Jk be a key job in U(t).

Step 2.1: If t ≥ αpk and the machine is idle at time t, then assign Jk to be processed
non-preemptively on the machine. Set t = t + pk, return to Step 2.

Step 2.2: If t < αpk, set t = min{t′, αpk}, return to Step 2. Here t′ is the arrival time of the next job
if possible.

Theorem 3.5. For problems (1.1) and (1.5), Algorithm A1 has the best-possible competitive ratio
of 1 + α.

Proof. Let σ denote the schedule produced by Algorithm A1, and let π denote an optimal off-line
schedule. Let WCon and WCopt be the objective values corresponding to σ and π, respectively. Let
C j(σ) and C j(π) be the completion times of J j in σ and π, respectively. Furthermore, we also assume
that J j denotes the j-th completed job in schedule σ, j = 1, 2, . . . , n. Thus, we have C1(σ) ≤ C2(σ) ≤
· · · ≤ Cn(σ). Let Jk be the critical job corresponding to the objective value WCon. It follows that

WCon = WCmax(σ) = max{w jC j(σ) : j = 1, 2, . . . , n} = wkCk(σ).

In schedule σ, we assume that Ji is the job with the smallest index such that the jobs Ji, · · · , Jk

are processed consecutively on the machine, where 1 ≤ i ≤ k. Furthermore, we denote S i(σ) by the
starting time of job Ji in schedule σ. Thus, we have

Ck(σ) = S i(σ) +
k∑

j=i

p j. (1)
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From the definition of Ji, the machine is idle before time S i(σ). Thus, we have
S i(σ) = max{ri, αpi}. Next, we distinguish two cases in the following discussion.

Case 1. wk = min{w j : i ≤ j ≤ k}.

In this case, let Jx be the last completed job among the jobs Ji, · · · , Jk in the off-line optimal schedule
π, where i ≤ x ≤ k. Clearly, we have Cx(π) ≥

∑k
j=i p j and

WCopt = WCmax(π) ≥ wxCx(π) ≥ wk

k∑
j=i

p j. (2)

Next, we prove the competitive ratio by considering the value of S i(σ).

Subcase 1.1. S i(σ) = ri.

If ri = min{r j : i ≤ j ≤ k}, then Cx(π) ≥ ri +
∑k

j=i p j. Furthermore, we have

WCopt ≥ wxCx(π) ≥ wx

ri +

k∑
j=i

p j

 ≥ wk

ri +

k∑
j=i

p j

 = WCon.

If ri , min{r j : i ≤ j ≤ k}, then there exists a job Jh with i ≤ h ≤ k such that wh = max{w j : r j <

ri and i ≤ h ≤ k}. Note that {Ji, · · · , Jk} are processed consecutively in σ and the machine is idle before
time ri from the definition of Ji. Thus, we have αph ≥ ri. It follows that WCopt ≥ wh ph ≥ wk ph since
wk = min{w j : i ≤ j ≤ k} ≤ wh. From equations (1) and (2), we further have

WCon = wk

(
ri +
∑k

j=i p j

)
≤ wk

(
αph +

∑k
j=i p j

)
≤ αwk ph + wk

∑k
j=i p j

≤ (1 + α)WCopt.

Subcase 1.2. S i(σ) = αpi.

In this case, we have WCon = wkCk(σ) = wk

(
αpi +

∑k
j=i p j

)
. Moreover, we also have

WCopt ≥ wi pi ≥ wk pi since wk = min{w j : i ≤ j ≤ k} ≤ wi. It follows that
WCon = wk

(
αpi +

∑k
j=i p j

)
≤ (1 + α)WCopt.

Case 2. wk , min{w j : i ≤ j ≤ k}.

In this case, let Jy with i ≤ y ≤ k be the last job which satisfies wy < wk. By the definition of Jy, it
follows that w j ≥ wk > wy for each j = y+1, · · · , k. Note that Jy starts its processing on the machine at
time S y in σ. By the property of Algorithm A1, Jy must be a key job among all jobs that have already
arrived by time S y, i.e., wy = max{wr : Jr ∈ U(S y)}. Thus, for every job J j in the set {Jy+1, · · · , Jk}, we
have r j > S y since w j > wy, where j = y + 1, · · · , k.
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Let Jm and Jz (y + 1 ≤ z ≤ k) be the first and the last processed jobs among the set {Jy+1, · · · , Jk} in
the optimal schedule π, respectively. Thus, we have

Cz(π) ≥ rm +

k∑
j=y+1

p j ≥ S y +

k∑
j=y+1

p j.

It follows that

WCopt ≥ wzCz(π) ≥ wz

S y +

k∑
j=y+1

p j

 ≥ wk

S y +

k∑
j=y+1

p j

 . (3)

Note that wy < wk and ry ≤ S y < rk. From the (w j, p j)-agreeability condition in problem (1.1) or
the (r j, p j)-agreeability condition in problem (1.5), we can conclude that py ≤ pk. Note further that
Ck(π) ≥ rk + pk. Thus,

WCopt ≥ wk(rk + pk) ≥ wk(S y + pk) ≥ wk(αpy + pk) ≥ wk(αpy + py) = (1 + α)wk py.

It follows that wk py ≤
1

1+αWCopt = αWCopt. Finally, from inequality (3), we have

WCon = wk

S y + py +

k∑
j=y+1

p j


= wk py + wk

S y +

k∑
j=y+1

p j


≤ (1 + α)WCopt.

Combining the discussions of Case 1 and Case 2, we complete the proof of Theorem 3.5.

Remark. Note that, algorithm A1 is a delayed largest-weight-first on-line algorithm which is very
similar to the known algorithms proposed by Li [1] and Chai et al. [2]. In algorithm A1, we choose a
new threshold value α =

√
5−1
2 and use the agreeability assumptions in the proof of Theorem 3.5.

3.3. Problem (1.4)

In this subsection, we consider problem (1.4), namely, 1|r j, on-line, (r j,w j)-disagreeable|WCmax.
Let us first introduce the following algorithm.

Algorithm A2

All jobs are scheduled on the machine according to the LW (Largest-Weight first) rule. That is,
whenever a job is completed or a new job arrives at time t, among all jobs that have been released by
time t but are not yet completed, the job with the largest weight is selected for processing. All jobs are
processed non-preemptively on the machine, and if there are multiple jobs which reach the largest
weight, then we select the job with the earliest arrival time.
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Theorem 3.6. For problem (1.4), namely, 1|r j, on-line, (r j,w j)-disagreeable|WCmax, Algorithm A2

yields an optimal schedule.

Proof. Let π be an off-line optimal schedule for problem (1.4). Without loss of generality, we
assume that J j is the j-th processed job in π, where j = 1, · · · , n. Furthermore, let S j(π) and C j(π)
be the starting time and the completion time of J j, respectively. If the processing order in π does not
coincide with the LW rule, then there must exist two jobs Jk and Jk+1 in π such that Jk is processed
before Jk+1 with wk < wk+1. From the (r j,w j)-disagreeability condition and the fact that wk < wk+1, we
can conclude that rk+1 ≤ rk ≤ S k(π). That is, both Jk and Jk+1 are available at time S k(π).

Now, we construct a new schedule π′ from π by exchanging the processing order of Jk and Jk+1:
schedule Jk+1 for the first at time S k(π), and then process Jk immediately after Jk+1. It is easy to see
that Ck+1(π′) ≤ Ck(π′) = S k(π) + pk+1 + pk ≤ Ck+1(π). Furthermore, for every job J j with j , k, k + 1,
we have C j(π′) ≤ C j(π). It follows that

wk+1Ck+1(π′) ≤ wk+1Ck+1(π) ≤ WCmax(π)

and
wkCk(π′) ≤ wkCk+1(π) < wk+1Ck+1(π) ≤ WCmax(π).

Moreover, for all j , k, k + 1, we also have

w jC j(π′) ≤ w jC j(π) ≤ WCmax(π).

Note that π′ is a feasible schedule and π′ satisfies WCmax(π′) ≤ WCmax(π). This implies that π′ is also
an optimal schedule for the problem (1.4). Repeating the above exchange argument a finite number of
times, we finally obtain an optimal schedule of the required form, namely, an optimal schedule that
coincides the LW rule. This completes the proof of Theorem 3.6.

Remark. Note that, in problem (1.4), we have ri < r j implies wi ≥ w j. That is, any two jobs
have satisfied the LW rule when they have the distinct arrival times. Thus, in on-line algorithm A2,
we need only to sort those jobs in the LW rule when they arrive at the same time. Assume that there
are d distinct arrival times t1, t2, · · · , td and there are n1, n2, · · · , nd jobs which arrive at t1, t2, · · · , td,
respectively. It takes an O(ni log ni) time to sort the jobs arriving at ti, i = 1, 2, · · · , d. Note further that

n1 log n1 + n2 log n2 + · · · + nd log nd ≤ n1 log n + n2 log n + · · · + nd log n = n log n.

Thus, the time complexity of algorithm A2 is O(n log n).

3.4. Problem (1.7)

In this subsection, we consider problem (1.7), namely 1|r j, on-line,w j = up j|WCmax. For this
problem, we present a lower bound of the competitive ratio of 3

2 and design an on-line algorithm with
the best-possible competitive ratio of 3

2 .

Theorem 3.7. For problem 1|r j, on-line,w j = up j|WCmax, there is no deterministic on-line
algorithm which has a competitive ratio of less than 3

2 .
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Proof. Consider any deterministic on-line algorithm A and the following instance presented by the
adversary. At time 0, a job J1 with p1 = 1 and w1 = u arrives. Assume that algorithm A starts J1 at
time S 1. If S 1 ≥

1
2 , then no other jobs will arrive. In this case, we have WCon = w1C1 = w1(S 1 + p1) ≥

u(1
2 + 1) = 3

2u. However, in the optimal schedule, J1 starts its processing at time 0. Thus, we have

WCopt = u · (0 + 1) = u. It follows that WCon
WCopt

≥
3
2 u
u =

3
2 .

If S 1 <
1
2 , then a job J2 with p2 =

3
2 and w2 =

3
2u arrives at time S 1 + ϵ, where ϵ → 0+. In this

case, J2 must be processed after J1 from algorithm A. Thus, we have WCon ≥ w2C2 ≥
3
2u · (S 1 +

1 + 3
2 ) = 3

2 (S 1 +
5
2 )u. However, in the optimal schedule, J2 is scheduled before J1. Thus, we have

WCopt = max{u · (S 1 + ϵ +
5
2 ), 3

2u · (S 1 + ϵ +
3
2 )}. Note that

u · (S 1 + ϵ +
5
2

) −
3
2

u · (S 1 + ϵ +
3
2

) = u · (
1
4
−

1
2

S 1 −
1
2
ϵ) ≥ u · (

1
4
−

1
2
×

1
2

) = 0.

Thus, we have WCopt = u · (S 1 + ϵ +
5
2 ). It follows that WCon

WCopt
≥

3
2 u·(S 1+

5
2 )

u·(S 1+ϵ+
5
2 )
→ 3

2 when ϵ → 0+. This
completes the proof of Theorem 3.7.

Next, we will design an on-line algorithm A3 for problem 1|r j, on-line,w j = up j|WCmax and
analyze its competitive ratio.

Algorithm A3

Step 1: Set t = 0.
Step 2: Let U(t) denote the set of available jobs which have arrived but not yet been processed on

the machine. If U(t) = ∅, let t′ be the arrival time of the next job if possible. Set t = t′, return to Step
2; If U(t) , ∅, let Jk be a key job in U(t).

Step 2.1: If t ≥ 1
2 pk and the machine is idle at time t, then assign Jk to be processed

non-preemptively on the machine. Set t = t + pk, return to Step 2.
Step 2.2: If t < 1

2 pk, let t′ be the arrival time of the next job if possible. Set t = min{t′, 1
2 pk}, return

to Step 2.

Theorem 3.8. For problem 1|r j, on-line,w j = up j|WCmax , Algorithm A3 has the best-possible
competitive ratio of 3

2 .

Proof. Let σ and π be the schedule produced by Algorithm A3 and an optimal off-line schedule,
respectively. Furthermore, let WCon and WCopt be the objective values corresponding to σ and π,
respectively. We assume that J j denotes the j-th completed job in schedule σ, j = 1, 2, . . . , n. Let
C j(σ) be the completion time of J j in σ. Let Jk be the critical job corresponding to the objective value
WCon. That is,

WCon = WCmax(σ) = max{w jC j(σ) : j = 1, 2, . . . , n} = wkCk(σ).

In schedule σ, let i be the smallest index such that the jobs Ji, · · · , Jk are processed consecutively on
the machine, where 1 ≤ i ≤ k. Furthermore, we denote S i(σ) by the starting time of job Ji in schedule
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σ. Thus, we have

WCon = wkCk(σ) = wk(S i(σ) +
k∑

j=i

p j).

From the definition of Ji, we have S i(σ) = max{ri,
1
2 pi}. Next, we distinguish two cases in the

following discussion.

Case 1. wk = min{w j : i ≤ j ≤ k}.

In this case, whether S i = ri or S i =
1
2 pi, we can show that WCon ≤

3
2WCopt by taking α = 1

2 . The
proof is very similar to that in Case 1 of Theorem 3.5. Thus, we omit the detailed procedure.

Case 2. wk , min{w j : i ≤ j ≤ k}.

In this case, let Jy with i ≤ y ≤ k be the last job which satisfies wy < wk. By the definition of Jy, it
follows that w j ≥ wk > wy for each j = y+1, · · · , k. Note that Jy starts its processing on the machine at
time S y in σ. By the property of Algorithm A3, Jy must be a key job among all jobs that have already
arrived by time S y, i.e., wy = max{wr : Jr ∈ U(S y)}. That is, for every job J j in the set {Jy+1, · · · , Jk},
we have r j > S y since w j > wy, where j = y + 1, · · · , k. Similar to the proof for Theorem 3.5, we can
conclude that

WCopt ≥ wk

S y +

k∑
j=y+1

p j

 . (4)

Set M = {Jy+1, · · · , Jk} and |M| = k − y, where |M| is the number of the jobs in set M. Since Jk ∈ M,
we have |M| ≥ 1. According to the value of |M|, we distinguish two subcases in our discussion.

Subcase 2.1. |M| ≥ 2.

According to the definition of M, for all jobs J j ∈ M, we have r j > S y and w j > wy. Note
that w j = up j and wy = upy, and we have p j > py for each job J j ∈ M. Thus, we have WCopt ≥

wk(S y + |M|py) ≥ wk(0 + 2py) = 2wk py. Note that WCon = wk(S y + py +
∑k

j=y+1 p j). Using (4), we
further have

WCon = wk py + wk(S y +

k∑
j=y+1

p j) ≤
1
2

WCopt +WCopt =
3
2

WCopt.

Subcase 2.2. |M| = 1.

In this case, since |M| = 1, we have M = {Jy+1, · · · , Jk} = Jk. Thus, we have
WCon = wk(S y + py + pk) from (4).

If wk
wy
≥ 3

2 , since wk = upk and wy = upy, we have pk
py
≥ 3

2 . Note that WCopt ≥ wk(rk + pk). Thus, we
have
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WCon

WCopt
≤

wk(S y + py + pk)
wk(rk + pk)

<
S y + py + pk

S y + pk
= 1 +

py

S y + pk
≤ 1 +

py
1
2 py + pk

= 1 +
1

1
2 +

pk
py

≤
3
2
.

Next, we assume that wk
wy
< 3

2 . If Jk starts its processing before Jy in the optimal schedule π, then we
have WCopt ≥ wy(rk + pk + py) ≥ wy(S y + pk + py). It follows that

WCon

WCopt
≤

wk(S y + py + pk)
wy(S y + pk + py)

=
wk

wy
<

3
2
.

Note that wk > wy. From the fact that wk = upk and wy = upy, we also have pk > py. If Jy starts its
processing before Jk in the optimal schedule π, then we have

WCopt ≥ wk(ry + py + pk) ≥ wk(0 + py + py) = 2wk py.

Furthermore, we have wk py ≤
1
2WCopt. It follows that

WCon = wk(S y + py + pk)
≤ wk py + wk(S y + pk)

≤
1
2

WCopt +WCopt

=
3
2

WCopt.

Combining the discussion of Case 1 and Case 2, we complete the proof of Theorem 3.8.

4. Conclusions and future research

This paper studies on-line-over-time scheduling problems on a single machine under agreeability
and disagreeability assumptions on jobs’ parameters, with the objective of minimizing the weighted
makespan. We show that problems (1.2), (1.3), (1.6), and (1.8) have the best-possible competitive ratio
of 2; problems (1.1) and (1.5) have the best-possible competitive ratio of

√
5+1
2 ; problem (1.4) can be

solved by an optimal schedule; and problem (1.7) has the best-possible competitive ratio of 3
2 .

For future research, the first interesting direction is to study the problem on m > 1 parallel machines
under agreeability and disagreeability assumptions. For the special case with p j = p, Li [1] gave an
on-line algorithm with the best-possible competitive ratio

√
5+1
2 . However, for the more general case

with the agreeable processing times and weights, the lower and upper bounds are still open. A second
interesting on-line problem is to introduce restarts into the model as that in [18]. By allowing restarts,
it may be possible to obtain an on-line algorithm with a smaller competitive ratio.
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