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and the previously implemented level. The control may represent hedging, monitoring, preventive
maintenance, or automated incident response. Convex implementation and adjustment costs produce
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uniqueness, monotonicity, an activation condition, and adjustment-induced policy persistence. Balanced
experiments include favorable, neutral, adverse, and reverse misspecification, revealing protection
benefits and over-intervention costs of robustness. Using 437 monthly Standard & Poor’s 500 (S&P
500) jump counts, the out-of-sample illustration shows a variance-to-mean ratio of 4.811 and that
the NB model fits substantially better than the Poisson benchmark. Robust policies reduce tail loss
by 1.90%–17.11%; total-cost estimates also improve, although bootstrap intervals include zero. The
financial application illustrates the framework, while the theory extends to other clustered count-risk
settings.
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1. Introduction

Automation increasingly governs environments in which risk arrives as discrete, clustered events
rather than smooth fluctuations. System failures, cyber incidents, financial jumps, service disruptions,
safety violations, and demand shocks all share this feature. In these settings, the decision-maker must
choose a protective automation level before the realized count is fully known. Too little automation
leaves the system exposed to rare but severe event clusters; too much creates unnecessary implementation,
monitoring, and adjustment costs.

The central operational risk is therefore not overdispersion alone, but decision fragility caused by
acting on an imperfectly fitted overdispersed model. Count variance may substantially exceed the
mean, and extreme realizations may cluster across time, as documented in the literature on volatility
persistence, jump concentration, and time-varying tail risk [1–3]. A comprehensive review of ARCH-
based evidence in finance is provided by Bollerslev et al. [4]. Recent evidence on systemic fragility and
early-warning signals further links extreme-risk clustering to persistent instability and cross-sectional
amplification [5–7]. A statistically plausible count model may therefore still be operationally dangerous
if it understates policy-relevant tail exposure.

The Negative Binomial (NB) model is a natural benchmark, as its Gamma–Poisson mixture structure
captures excess variation while remaining parsimonious and interpretable [8–10]. Flexible long-tailed
count models, including the Sichel family, show that tail shape may vary beyond what a single NB
specification can represent [11–13]. These alternatives motivate tail-shape misspecification rather than
serve as final policy benchmarks. The decision problem is thus sharper than model selection: how
should a protective automation rule be calibrated when the fitted count law may either understate or
overstate tail-relevant exposure?

This question connects count-data modeling, adjustment frictions, automated execution, and robust
decision-making. Dynamic investment and switching models show how adjustment costs create delayed
responses and history dependence [14, 15], while persistence and long-memory mechanisms strengthen
the importance of gradual policy adjustment [16, 17]. In parallel, algorithmic execution, market
microstructure, blockchain systems, and digital platforms demonstrate how observed information is
converted into event-contingent action [18–20]. These streams motivate automation as a sequential
protective control rather than a one-time adoption choice.

Robust optimization and distributionally robust optimization (DRO) provide the natural tools for
this problem [21–23]. Work on moment and dispersion ambiguity is particularly relevant because the
automation decision depends on the tail-sensitive risk-damage functional induced by the fitted count
law [24, 25]. Related dynamic approaches include robust dynamic programming and distributionally
robust Markov decision processes [26–28]. The proposed framework robustifies the current-period
count-risk law while linking consecutive actions through adjustment cost; it does not require a Bellman
recursion or ambiguity over a transition kernel.

The closest predecessor is Cha et al. [29], which establishes that known overdispersed NB risk can
generate automation thresholds and hysteresis. The central question is different: What happens when
the fitted NB law itself is uncertain? The fitted law is treated as a nominal model, and a local ambiguity
set perturbs its mean and dispersion. Automation intensity is then chosen to balance worst-case residual
loss, implementation cost, and adjustment friction. Threshold shifts and policy persistence arise as
consequences of ambiguity rather than as the primary object of the model.
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This sequential formulation is intentionally lighter than a fully specified dynamic program. The
previous action carries operational memory through the adjustment term, while the current fitted or
ambiguity-adjusted exposure drives the new decision. It therefore captures gradual adjustment, delayed
reversal, and policy persistence without requiring the analyst to estimate a complete state-transition
model. This feature is useful in applications where count-risk parameters can be updated reliably but
long-horizon transition dynamics are difficult to identify.

The framework has three ingredients. First, a fitted NB law summarizes clustered count risk. Second,
a continuous automation action reduces residual exposure but is costly to implement and adjust. Third,
the fitted law is not treated as truth: The decision maker protects against plausible local misspecification.
Depending on the application, the action can represent hedging intensity, exposure reduction, liquidity
or margin protection, monitoring escalation, preventive maintenance, or automated incident response.
This interpretation makes the model relevant to both financial and industrial systems in which protective
actions must be updated repeatedly as risk estimates change.

Three contributions follow. First, the framework formulates a distributionally robust sequential
automation problem centered on a fitted NB count law. Second, the analysis establishes existence
and uniqueness, monotonicity in ambiguity-adjusted exposure, an explicit activation condition, and
adjustment-induced policy persistence. Third, the computational design evaluates the downstream
consequences of model error through total cost, tail loss, automation intensity, switching, under- and
over-intervention, and oracle-relative policy gaps. These metrics expose both sides of robustness:
protection when the nominal model understates risk and avoidable intervention when it overstates risk.

The computational design is deliberately balanced. It includes favorable, neutral, adverse, and reverse
misspecification environments rather than only stress scenarios aligned with the ambiguity set. The
comparisons cover Poisson plug-in, NB plug-in, robust NB, and oracle policies across ambiguity radii,
dispersion and long-tail perturbations, adjustment costs, and regime patterns. The results show that
robustness is not monotonically desirable: Moderate ambiguity can reduce under-intervention and tail
loss, whereas excessive ambiguity can create costly over-intervention. Accordingly, the ambiguity radius
should be calibrated to the direction and severity of model error rather than increased mechanically.

The balanced scenarios also answer an important design concern. Because a one-sided ambiguity
set can appear favorable when the data-generating process is perturbed in the same direction, the
experiment includes environments in which the nominal model is accurate or already conservative.
These cases reveal the price of robustness directly through higher implementation cost, over-automation,
and policy gaps. The comparison therefore distinguishes genuine protection from an advantage created
mechanically by the stress design.

An out-of-sample financial illustration uses 437 monthly S&P 500 jump counts. The sample variance-
to-mean ratio is 4.811, and the NB specification decisively improves on the Poisson benchmark. Across
the tested ambiguity radii, robust policies reduce tail loss by 1.90%–17.11%. Total-cost point estimates
also improve, although the moving-block-bootstrap intervals include zero. The empirical analysis is
therefore interpreted as a disciplined financial application rather than universal external validation. Its
broader role is to demonstrate how the theoretical framework can be transferred to reliability, insurance,
cyber-risk, service-disruption, safety-event, and other clustered count-risk settings.

Recent studies in Journal of Industrial and Management Optimization have examined irreversible
investment, green technology adoption, and unreliable production and inventory systems [30–32]. Related
work has considered regime-switching financial games and digital transformation decisions [33, 34]. The
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contribution to this stream lies in linking overdispersed count modeling, ambiguity-aware optimization,
and sequential protective automation in a unified decision-oriented framework.

The remainder is organized as follows: Section 2 reviews the related literature. Sections 3 and 4
introduce the baseline automation model and count-risk specifications. Section 5 formulates the robust
problem, and Section 6 develops the structural results. Sections 7 and 8 present the computational and
empirical analyses. Section 9 concludes with implications and limitations.

2. Literature review

2.1. Clustered events and overdispersed count risk

The starting point for this study is that many operational hazards arrive as event counts, while their
intensity and dispersion vary over time. Financial econometrics documents the broader mechanism
clearly: Volatility is persistent, jumps cluster in episodes, and tail compensation changes across market
states [3, 35, 36]. Recent work on systemic fragility and early-warning signals further links concentrated
extreme events to persistent instability and cross-sectional amplification [5–7]. These findings motivate
a count-risk representation in which rare events are neither independent nor adequately summarized by
a constant Poisson intensity.

Count-data research has long treated excess variation as a structural feature rather than a residual
anomaly. When the variance of observed counts exceeds the mean, the equidispersion restriction of
the Poisson model is often rejected, and mixed-Poisson models provide a natural alternative [8–10]. A
broader overview of overdispersion is provided by Dean and Lundy [37]. The NB model is especially
useful because its Gamma–Poisson representation separates mean exposure from dispersion in a
parsimonious and interpretable way. Related actuarial and applied-count studies use such models for
claims, accidents, health events, and heterogeneous operational exposure [13, 38, 39].

Recent applied work has also developed alternative one-parameter, compound, mixed-Poisson, and
related flexible distributional models for heterogeneous risk data in radiation monitoring, public health,
and agriculture [40–42]. Additional applications cover cytogenetics, biology, and clinical remission
analysis [43–45]. Statistical-process-control applications provide another extension [46]. These studies
broaden the available statistical toolkit for heterogeneous count, monitoring, and reliability-related data.
Our focus is the downstream sequential decision consequences of ambiguity around a fitted NB law
rather than by proposing a new count distribution.

Overdispersion, however, does not uniquely determine upper-tail behavior. Flexible mixed-Poisson
families, including the Sichel distribution, can produce longer and differently shaped tails than a standard
NB law [11–13]. Crash-count evidence further shows that dispersion accuracy matters for long-tail
behavior [39]. This distinction matters for decisions because two models with similar central fit may
imply different probabilities of costly high-count events. Accordingly, the present study uses the NB
model as the main policy benchmark while treating long-tailed alternatives as evidence that the fitted
tail structure may be misspecified.

The relevant gap is therefore not the absence of statistical models for overdispersion, but the limited
understanding of how estimation error in an overdispersed count law propagates into a protective operational
decision. Statistical adequacy and decision adequacy need not coincide: A model may fit average counts
well yet produce a poor action when the loss function places special weight on the upper tail.
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2.2. Event-contingent automation and digital execution

Future work explains why count risk naturally enters automated decision systems. In algorithmic
trading and market microstructure, execution rules convert observed order flow, inventory, and price-
impact signals into actions [18, 19, 47]. Related studies examine high-frequency trading, toxic arbitrage,
and liquidity effects [48–50]. The speed–sophistication trade-off provides an additional perspective [51].
In blockchain and decentralized systems, verifiable states trigger programmable transfers, settlement,
and contract execution [20, 52, 53]. Further research addresses decentralized finance, token valuation,
and digital economics [54–56]. Smart-contract-based financial markets provide a related example [57].
Across these settings, action is commonly event-contingent rather than a smooth response to infinitesimal
shocks.

This execution logic creates a close match between discrete-risk models and automation. A burst
of failures, cyber alerts, claims, or financial jumps changes the operational state in a way that can
trigger stronger monitoring, hedging, liquidity protection, maintenance, or incident response. A purely
diffusion-based representation may capture continuous variability while obscuring the number and
clustering of actionable events. Count models instead describe the arrival structure that automated
systems must process.

The literature has examined many execution mechanisms, but usually takes the underlying risk
representation as given. Attention shifts to the interface between estimation and action: An automated
rule may be internally consistent with its fitted count model and still be poorly calibrated if that model
understates or overstates tail-relevant exposure. This interface is where distributional uncertainty
becomes operationally consequential.

2.3. Sequential adjustment and policy persistence

Protective automation is also rarely chosen once and held fixed forever. Decision-makers revise
controls as new event data arrive, but changing an implemented action is itself costly. The investment
and switching literature shows that adjustment frictions generate delayed responses, inaction, and history
dependence [14, 15]. Persistence in financial and operational states strengthens these effects because
recent conditions remain informative about near-term risk [16, 17, 58]. Regime-switching evidence
provides a complementary account of persistent state dependence [59, 60].

Cha et al. [29] applied this logic to known NB risk and showed that overdispersion can alter
automation thresholds and hysteresis. That result provides the structural benchmark for the present
study. Our question begins one step later: If the count law used to construct the action is estimated
rather than known, how should the sequential rule respond to uncertainty around that estimate?

The formulation is deliberately parsimonious. The current action depends on the current fitted or
ambiguity-adjusted risk exposure and on the previous action through a convex adjustment cost. This
captures gradual adaptation, delayed reversal, and policy persistence without requiring an infinite-
horizon Bellman equation or a fully estimated transition kernel. The distinction is important: The model
is sequential, but its ambiguity concerns the current count-risk law rather than the transition dynamics
of a Markov decision process.
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2.4. Robust optimization and decision-oriented model evaluation

Robust control and robust optimization provide the conceptual foundation for protecting decisions
against model error [21,61,62]. Distributionally robust optimization formalizes this principle by optimizing
over a set of plausible distributions around a nominal or estimated law [22, 23, 63]. A comprehensive
review is given by Rahimian and Mehrotra [64]. Moment-, dispersion-, and tail-based ambiguity sets
are particularly relevant when limited data identify some distributional features more reliably than
others [24,25,65]. Stochastic-dominance constraints offer another data-driven formulation [66].

Dynamic extensions include robust dynamic programming and distributionally robust Markov decision
processes [26–28]. Average-and Blackwell-optimal extensions have also been studied [67]. Recent
work has developed moment-based, optimal-transport, Sinkhorn, and multistage data-driven ambiguity
models [68–70]. Multistage performance is examined separately by Zhang and Sun [71]. These
approaches establish that ambiguity-set design should reflect the information actually supported by the
data.

Our framework combines this robust perspective with decision-oriented model evaluation.
Predict-then-optimize research emphasizes that a forecast or fitted distribution should be judged by the
downstream decision it induces, not only by likelihood or predictive error [72]. Policies are therefore
compared through realized cost, tail loss, adjustment behavior, under- and over-intervention, and
oracle-relative gaps. This metric set is essential because robustness has two possible consequences: It
can correct harmful under-reaction when the nominal law is optimistic, but it can also create expensive
over-reaction when the nominal law is already accurate or conservative.

The literature thus leaves a focused gap. Existing count models describe overdispersion and long
tails; execution studies explain event-triggered action; adjustment models explain persistence; and robust
optimization protects against distributional error. What remains missing is a unified framework that traces
local uncertainty in a fitted overdispersed count law through a sequential automation decision and evaluates
both its protection benefit and its over-intervention cost. The next section develops that framework.

3. Model setup

In this section, we introduce the baseline automation environment and define the notation used
throughout the theoretical, computational, and empirical analyses. The formulation follows the NB
automation logic of Cha et al. [29], but assigns a different role to the fitted count law. In Cha et al. [29],
the NB risk law provides the structural basis for threshold and hysteresis behavior. Here, the fitted count
law is not treated as the true decision environment, but as a nominal model around which an ambiguity
set is constructed for robust policy evaluation.

The modeling approach follows a decision-oriented optimization perspective: The fitted count
distribution is evaluated not only by statistical fit, but by the automation decision and policy cost
it induces. This perspective is related to predict-then-optimize models, where estimation quality is
assessed through downstream optimization performance [72]. Table 1 summarizes the main notation
used throughout the model, structural analysis, computational experiments, and empirical illustration.

The notation table is intentionally comprehensive so that the distinction between primitive random
quantities, fitted objects, policy controls, ambiguity-set parameters, and evaluation metrics remains
explicit throughout the manuscript. Before presenting the structural results, the modeling assumptions
are separated from computational specifications. Compactness of the action set ensures existence of a
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period decision; convexity of residual exposure, implementation cost, and adjustment friction yields a
well-behaved one-dimensional optimization problem; strict convexity gives uniqueness; and
differentiability is used only when first-order conditions, activation thresholds, or comparative-static
formulas are invoked. These assumptions are also operationally interpretable: Automation reduces
residual exposure, higher automation is increasingly costly, and rapid changes in implemented
automation create adjustment friction.

Table 1. Notations used in the distributionally robust automation framework.

Symbol Type Description

Panel A: Time, count risk, and distributional primitives

t Index Decision period in the automation model.

m Index Calendar month in the empirical jump-count illustration.

Xt Random variable Nonnegative integer-valued risk count realized in period t.

Xm Random variable Monthly jump count in the empirical illustration.

Z+ Set Set of nonnegative integers.

Pθt Distribution Count-risk distribution in period t with parameter vector θt.

P⋆
t Distribution True data-generating count distribution in period t.

P̂t Distribution Fitted count distribution used by the decision-maker in period t.

θ̂t Parameter vector Estimated parameter vector of the fitted count model.

F Set Family of admissible count distributions.

µ Parameter Mean parameter of the Poisson or NB model.

r Parameter NB dispersion parameter. Smaller r implies stronger overdispersion.

(λ, χ, ψ) Parameter vector Parameters of flexible long-tailed count alternatives, such as the
Sichel/Poisson–GIG model.

Λ Latent variable Latent Poisson intensity in mixed-Poisson representations.

VMR Statistic Variance-to-mean ratio used to diagnose overdispersion.

Panel B: Automation decision, loss, and cost functions

at Control Automation intensity chosen in period t.

A = [0, 1] Set Feasible set for automation intensity.

q(x) Function Primitive damage from risk count x.

τ Parameter Tail threshold in the damage function.

κ Parameter Tail-penalty coefficient in q(x) = x + κ(x − τ)+.

(x − τ)+ Function Positive-part tail exceedance, defined as max{x − τ, 0}.

R(a) Function Residual-exposure function after automation intensity a.

ξ Parameter Automation effectiveness parameter in examples such as R(a) = exp(−ξa).

ℓ(x, a) Function Post-automation loss from count x under automation intensity a.

L(a; P) Function Expected residual risk loss under count law P.

C(a) Function Implementation cost of automation intensity a.

c1, c2 Parameters Linear and quadratic implementation-cost coefficients.

H(at, at−1) Function Adjustment friction from changing automation from at−1 to at.

η Parameter Adjustment-cost coefficient.
Continued on next page
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Symbol Type Description

Panel C: Ambiguity sets and robust optimization quantities

d(P,Q) Distance Distributional or parameter-space discrepancy between count laws P and Q.

∆t Scalar Count-model misspecification level, d(P⋆
t , P̂t).

ρt Parameter Ambiguity radius in period t.

Pt(P̂t, ρt) Set Ambiguity set of plausible count distributions around P̂t.

PNB(̂µ, r̂, ρ) Set Within-family NB ambiguity set.

PLT (P̂, ρ) Set Conceptual long-tail perturbation set used to motivate tail-shape
misspecification.

Mq(P) Functional Risk-damage functional, EP[q(X)].

Mq(P̂t, ρt) Functional Worst-case risk-damage functional over the ambiguity set.

Φ(a; P̂, ρ) Function One-period robust objective before exploiting separability.

Ψ(a; m, a−) Function Sequential period objective R(a)m +C(a) + H(a, a−).

Kq Constant Lipschitz constant linking distributional error to risk-damage error.

Panel D: Sequential policies and policy evaluation metrics

mπ
t Functional Risk-damage exposure supplied to the period problem under policy π.

πPI Policy Generic sequential plug-in policy based on a fitted count distribution.

πP Policy Poisson plug-in sequential policy.

πNB Policy NB plug-in sequential policy.

πR,NB Policy Robust NB sequential policy.

π⋆ Policy Oracle-informed sequential policy using the true current-period count law.

τPI Threshold Plug-in activation threshold.

τR(ρ) Threshold Robust activation threshold at ambiguity radius ρ.

Gt(at, at−1; P⋆
t ) Function Expected period cost under the true current-period law, including adjustment

friction.

CostT (π) Metric Total realized cost of policy π over horizon T .

GapT (π) Metric Oracle-relative realized cost difference over horizon T .

TailLossT (π) Metric Tail-loss metric under policy π.

a(π) Metric Average automation intensity under policy π.

SwitchT (π) Metric Frequency of meaningful automation changes.

UnderAutoT (π) Metric Frequency below the oracle action by more than εa.

OverAutoT (π) Metric Frequency above the oracle action by more than εa.

ImplCostT (π) Metric Cumulative implementation cost under policy π.

AdjCostT (π) Metric Cumulative adjustment cost under policy π.

εa Parameter Tolerance for meaningful automation differences.
Continued on next page
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Symbol Type Description

Panel E: Empirical jump-count construction

Pt Data series Daily adjusted closing level of the S&P 500 index.

rt Data series Daily log return, rt = log Pt − log Pt−1.

|rt | Data series Absolute daily log return.

qα Threshold Empirical α-quantile of |rt |.

α Parameter Jump threshold quantile; baseline value is 0.97.

Jt Indicator Jump-day indicator, 1{|rt | > qα}.

w Index Rolling estimation window.

P̂P
w Distribution Poisson distribution fitted in rolling window w.

P̂NB
w Distribution NB distribution fitted in rolling window w.

M̂(w)
q Functional Fitted tail-damage functional in rolling window w.

log L̂ Statistic Maximized log-likelihood of a fitted count model.

AIC Statistic Akaike information criterion.

BIC Statistic Bayesian information criterion.

Note: The automation intensity at is the control variable, while the fitted count law P̂t is treated as a nominal model for
policy construction. Plug-in policies treat P̂t as correct, whereas the robust NB policy optimizes over an ambiguity set
Pt(P̂t, ρt). The oracle policy uses the true count law P⋆

t only for benchmarking in simulation. Flexible long-tailed count
alternatives motivate tail-shape misspecification, but Sichel plug-in and robust Sichel policies are not retained as main
benchmarks in the final computational comparison. In the empirical illustration, the true count law is unobserved, so
feasible policies are compared using realized cost, tail loss, average automation intensity, switching frequency, and cost
decomposition. Oracle-relative quantities are used only in simulation, where the true current-period data-generating law is
known to the experimenter.

3.1. Decision environment

Time is indexed by t = 0, 1, 2, . . .. At each time t, the decision-maker faces a nonnegative integer-
valued risk count

Xt ∈ Z+, (3.1)

representing the number of risk events realized during the period. Examples include operational
incidents, system failures, cyber alerts, financial jump events, service disruptions, safety violations, or
clustered demand shocks. The count distribution is denoted by

Pθt ∈ F , (3.2)

where θt is a vector of distributional parameters, and F is a family of admissible count distributions.
The Poisson model is used as an equidispersed benchmark, and the NB model is used as the main

overdispersed count law for policy construction. Flexible long-tailed count alternatives are discussed in
Section 4 only as motivation for tail-shape misspecification. The final computational comparison does
not retain Sichel plug-in or robust Sichel policies as main benchmarks.

The decision-maker chooses an automation intensity

at ∈ A = [0, 1]. (3.3)
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The value at = 0 corresponds to no automation or minimal automated intervention, whereas at = 1
corresponds to full automation intensity. Intermediate values represent partial automation, such as
increased monitoring frequency, stronger algorithmic screening, additional automated verification, or
more aggressive event-triggered response.

3.2. Risk loss and automation effect

Let q : Z+ → R+ denote the primitive damage from a realized risk count. The function q(x) is
assumed to be nondecreasing in x. To allow tail events to receive greater weight than ordinary count
variation, the following specification is used:

q(x) = x + κ(x − τ)+, κ ≥ 0, τ ∈ Z+, (3.4)

where (x − τ)+ = max{x − τ, 0}. The parameter κ measures the additional penalty assigned to high-count
realizations beyond the tail threshold τ. Automation reduces residual exposure to the realized count.
The post-automation loss is written as

ℓ(x, a) = R(a)q(x), (3.5)

where R : [0, 1]→ R+ is the residual-exposure function.

Assumption 3.1 (Residual exposure). The function R(a) is continuous, nonincreasing, and convex on
[0, 1], with R(0) = 1 and R(1) ≥ 0.

Two representative specifications are R(a) = 1 − ξa for 0 < ξ ≤ 1, and R(a) = exp(−ξa) for ξ > 0.
The first specification gives a linear residual-exposure rule, whereas the second captures diminishing
residual exposure while keeping loss strictly positive. The structural analysis requires only the properties
stated in Assumption 3.1. For every count law P considered below, assume EP[q(X)] < ∞. Given such
a distribution P, the expected residual risk loss under automation intensity a is

L(a; P) = EP[ℓ(X, a)] = EP[R(a)q(X)]. (3.6)

Under the separable loss in (3.5), the count law affects the automation problem through the risk-damage
functional

Mq(P) = EP[q(X)]. (3.7)

3.3. Implementation and adjustment costs

Automation is costly. Let C : [0, 1]→ R+ denote the implementation cost of automation.

Assumption 3.2 (Implementation cost). The function C(a) is continuous, nondecreasing, and convex
on [0, 1], with C(0) = 0.

A standard specification is

C(a) = c1a + c2a2, c1, c2 ≥ 0. (3.8)

Convexity captures the idea that higher levels of automation require disproportionately greater
implementation effort, monitoring resources, computational capacity, or organizational adjustment. In
the sequential problem, changing the automation level across periods may also be costly. Let H(at, at−1)
denote the adjustment friction from moving from at−1 to at.
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Assumption 3.3 (Adjustment friction). The function H(a, a′) is continuous and nonnegative on [0, 1]2,
satisfies H(a, a) = 0, and is increasing in |a − a′|.

Two useful specifications are

H(at, at−1) = η|at − at−1|, η ≥ 0, (3.9)

and
H(at, at−1) = η(at − at−1)2, η ≥ 0. (3.10)

The first specification captures proportional switching friction, whereas the second captures smooth
convex adjustment cost.

3.4. Static plug-in automation problem

Suppose first that the decision-maker has fitted a count distribution

P̂t = Pθ̂t
∈ F (3.11)

and treats it as the true risk law for period t. The corresponding single-period plug-in automation
problem is

aPI
t ∈ arg min

a∈[0,1]

{
EP̂t

[ℓ(X, a)] +C(a)
}
. (3.12)

Equivalently, using (3.6),
aPI

t ∈ arg min
a∈[0,1]

{
L(a; P̂t) +C(a)

}
. (3.13)

The plug-in policy is natural when the fitted count model is trusted. However, it can be fragile when
the fitted law understates dispersion or tail probabilities. A fitted model may describe average counts
reasonably well while still misrepresenting the tail region that determines severe automation losses.
Whenever first-order conditions are invoked, R and C are assumed to be continuously differentiable on
(0, 1). Under this regularity, the first-order condition for an interior plug-in solution is

∂

∂a
L(a; P̂t) +C′(a) = 0. (3.14)

When ℓ(x, a) = R(a)q(x), (3.14) becomes

R′(a)EP̂t
[q(X)] +C′(a) = 0. (3.15)

Thus, the fitted distribution affects automation through the expected risk-damage functional Mq(P̂t). If
the fitted model underestimates high-count tail probabilities, then EP̂t

[q(X)] may be too small, leading
the plug-in policy to choose insufficient automation.

3.5. Sequential plug-in automation with adjustment friction

The plug-in policy is implemented sequentially. At the beginning of period t, the decision-maker
observes the fitted count law P̂t and the previously implemented automation level aPI

t−1. The current
automation decision is

aPI
t ∈ arg min

a∈[0,1]

{
L(a; P̂t) +C(a) + H(a, aPI

t−1)
}
. (3.16)
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Under the separable loss ℓ(x, a) = R(a)q(x), this becomes

aPI
t ∈ arg min

a∈[0,1]

{
R(a)Mq(P̂t) +C(a) + H(a, aPI

t−1)
}
. (3.17)

The formulation is sequential because the fitted count law and automation decision are updated over
time. It is path-dependent because the previous automation level enters the current objective through
adjustment friction. It is not an infinite-horizon dynamic-programming problem and does not include a
Bellman continuation value or require a specified transition kernel.

3.6. Oracle-informed sequential benchmark and realized policy loss

Let P⋆
t denote the true current-period count law. The oracle-informed benchmark solves the same

sequential adjustment problem as the feasible policies but uses the true current-period risk exposure:

a⋆t ∈ arg min
a∈[0,1]

{
L(a; P⋆

t ) +C(a) + H(a, a⋆t−1)
}
. (3.18)

The oracle does not observe future realizations and does not use a true transition law. Its informational
advantage is limited to knowledge of P⋆

t when the current decision is made.
For a realized count xt, define the realized period cost

gt(xt, at, at−1) = R(at)q(xt) +C(at) + H(at, at−1). (3.19)

Its conditional expectation under the true current-period law is

Gt(at, at−1; P⋆
t ) = L(at; P⋆

t ) +C(at) + H(at, at−1). (3.20)

For a sequential policy π, define the oracle-relative realized cost difference

GapT (π) =
T∑

t=1

[
gt(Xt, aπt , a

π
t−1) − gt(Xt, a⋆t , a

⋆
t−1)

]
. (3.21)

This is a simulation-based policy-evaluation metric. It is not online-learning regret and, because
compared policies generate different previous-action paths, it need not be nonnegative in every finite
replication. The manuscript therefore reports Monte Carlo means and uncertainty measures rather than
interpreting each realized value as a deterministic regret guarantee.

3.7. Count-model misspecification

The key source of fragility is count-model misspecification. Let

∆t = d(P⋆
t , P̂t) (3.22)

measure the discrepancy between the true count law and the fitted count law under a discrepancy d(·, ·).
Wasserstein distance is used for the policy-loss bound in Section 6, whereas the implemented NB
ambiguity set is defined directly in parameter space. A small value of ∆t indicates that the fitted model
is close to the true distribution, whereas a large value indicates dispersion or tail-shape misspecification.
The quantities ∆t and ρt serve different roles: ∆t is an ex post discrepancy from the unknown true
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law used in policy-loss analysis, whereas ρt is an ex ante, user-selected robustness parameter used to
construct feasible decisions. No equality between the two quantities is assumed.

The distinction between dispersion misspecification and tail-shape misspecification is important.
Dispersion misspecification occurs when the fitted model misstates the variance-to-mean relationship
within a given count family. Tail-shape misspecification occurs when the fitted family itself is too
restrictive to capture the probability of high-count events. The NB model is useful for analyzing the first
type of error. Flexible long-tailed count alternatives motivate the second type of error, but they are not
retained as main plug-in policy benchmarks in the final computational comparison.

The robust framework developed in Section 5 addresses this issue by replacing the single fitted law
P̂t with an ambiguity set

Pt(P̂t, ρt), (3.23)

where ρt controls the degree of distributional uncertainty. This ambiguity-set formulation follows the
distributionally robust optimization tradition, in which decisions are protected against misspecified
nominal distributions, sampling uncertainty, and out-of-sample distributional perturbations [22, 23, 63].
A broader review of these frameworks is provided by Rahimian and Mehrotra [64]. Because the
present model focuses on dispersion and tail-risk uncertainty in a fitted count distribution, it is also
closely related to robust optimization models with moment and dispersion ambiguity [24, 25]. The
main structural question is how this ambiguity changes the risk-damage functional, robust automation
incentives, persistence under adjustment friction, and oracle-relative policy gap.

4. Overdispersed count specifications

In this section, we introduce the count-risk specifications used to construct and interpret the
automation policies. The Poisson model is used as an equidispersed benchmark, and the NB model is
used as the main overdispersed count law for policy construction. Flexible long-tailed count alternatives,
such as the Sichel model, are discussed only to motivate the possibility of tail-shape misspecification.
They are not treated as final plug-in policy benchmarks. The distinction matters because the main
objective is not to compare many flexible count models, but to evaluate whether a parsimonious fitted
NB automation rule can be protected against local dispersion and upper-tail misspecification.

4.1. Poisson benchmark

The Poisson distribution is the canonical benchmark for count data. Let X ∼ Poisson(µ) with µ > 0.
Its probability mass function is P(X = x) = e−µµx/x! for x = 0, 1, 2, . . ., and it satisfies E[X] = µ and
Var(X) = µ. Thus, the conditional variance equals the conditional mean. This equidispersion restriction
makes the Poisson model analytically convenient, but it can be too restrictive when risk events are
clustered or when high-count realizations occur more often than the Poisson law predicts.

The Poisson model is not treated as a realistic description of clustered risk. Instead, it serves as a
benchmark for evaluating the policy cost of ignoring overdispersion. A Poisson plug-in automation
policy is expected to underestimate tail exposure when the true count process is overdispersed. This
benchmark therefore clarifies the operational value of moving from an equidispersed plug-in rule to a
NB plug-in rule and, ultimately, to a robust NB policy.
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4.2. NB specification

The NB model provides the main overdispersed count specification used for policy construction.
Under the mean–dispersion parameterization, X ∼ NB(µ, r), where µ > 0 is the mean and r > 0 is the
dispersion parameter. Its probability mass function is

P(X = x) =
Γ(x + r)
Γ(r)x!

(
r

r + µ

)r (
µ

r + µ

)x

, x = 0, 1, 2, . . . . (4.1)

Under this parameterization, E[X] = µ and Var(X) = µ + µ2/r, so the variance-to-mean ratio is
Var(X)/E[X] = 1 + µ/r. A smaller value of r therefore implies stronger overdispersion and greater tail
exposure relative to the Poisson benchmark.

The NB model also admits a Gamma–Poisson mixture representation: X | Λ ∼ Poisson(Λ) and
Λ ∼ Gamma(r, r/µ), where the Gamma distribution is parameterized by shape and rate. This mixture
interpretation is useful for automation modeling because it links observed count overdispersion to latent
intensity heterogeneity. In operational terms, the realized risk count is Poisson conditional on a latent
risk intensity, while that intensity varies across periods or regimes.

This combination of flexibility and interpretability makes the specification well suited to the present
framework. It captures excess variance while preserving a direct interpretation of dispersion. In the
computational experiments, the fitted law is used to construct both the main plug-in policy and the robust
policy centered on that law. Accordingly, it is the operational count specification being robustified,
rather than merely one candidate among a broad set of competing final plug-in policies.

4.3. Long-tailed count alternatives

Flexible long-tailed count models motivate the possibility that a fitted NB law may understate
upper-tail exposure. The Sichel distribution provides one such example. It was originally developed as
a flexible mixed-Poisson model for long-tailed count phenomena and remains useful when tail behavior
is not adequately captured by simpler Poisson or NB specifications [11, 12]. It can be represented as a
Poisson mixture in which the latent intensity follows a generalized inverse Gaussian (GIG) distribution:

X | Λ ∼ Poisson(Λ), Λ ∼ GIG(λ, χ, ψ), (4.2)

where λ ∈ R, χ > 0, and ψ > 0.
The density of Λ is

fGIG(λ0) =
(ψ/χ)λ/2

2Kλ(
√
χψ)

λλ−1
0 exp

{
−

1
2

(
χλ−1

0 + ψλ0

)}
, λ0 > 0, (4.3)

where Kλ(·) denotes the modified Bessel function of the second kind. Integrating out the latent intensity
yields the Sichel probability mass function

P(X = x) =
1
x!

(
ψ

χ

)λ/2 Kλ+x

( √
χ(ψ + 2)

)
Kλ

(√
χψ

) (
χ

ψ + 2

)(λ+x)/2

, x = 0, 1, 2, . . . . (4.4)

The parameters of the Sichel model jointly govern dispersion and tail shape. Its generalized inverse
Gaussian mixing structure is more flexible than the Gamma mixing structure underlying the NB model,

Journal of Industrial and Management Optimization Volume 22, Issue 8, 4039–4087.



4053

allowing the Sichel distribution to represent a wider range of heavy-tail behavior. Here, this flexibility
is used only to motivate the possibility of tail-shape misspecification. The final policy comparison
therefore does not include Sichel plug-in or robust Sichel policies. Instead, long-tailed misspecification
is examined through stress environments that assess whether robust NB automation improves on the NB
plug-in benchmark. Accordingly, the Sichel model serves a diagnostic and motivational role rather than
a final policy-construction benchmark.

4.4. Tail-risk functionals

The automation problem depends on the count distribution through expected risk-damage functionals.
For any count law P, define

Mq(P) = EP[q(X)], (4.5)

where q(x) is the primitive damage function introduced in Section 3.2. When

q(x) = x + κ(x − τ)+, (4.6)

the risk-damage functional becomes

Mq(P) = EP[X] + κEP[(X − τ)+]. (4.7)

The first term captures average event volume, while the second term captures tail exposure above the
threshold τ. Two count distributions with similar means may therefore imply different automation
decisions if their tail expectations differ.

This distinction is central to the robust automation problem. A fitted NB model may capture
overdispersion through the dispersion parameter r, but the resulting value of Mq(P̂) may still be too
small if the fitted law understates the exceedance term

EP[(X − τ)+]. (4.8)

The robust formulation in Section 5 addresses this issue by replacing the fitted value Mq(P̂) with a
worst-case risk-damage functional over an ambiguity set around the fitted NB law.

4.5. Tail ordering and policy relevance

To compare count laws in a policy-relevant way, the following tail-ordering concept is used. For two
count distributions P1 and P2, P2 is said to have greater q-tail exposure than P1 if

EP2[q(X)] ≥ EP1[q(X)]. (4.9)

When q(x) = x + κ(x − τ)+, this ordering compares both mean exposure and tail exposure. If the means
are matched, the ordering is driven by the expected exceedance term in (4.8).

This ordering is useful because the plug-in single-period automation problem depends on the fitted
distribution through Mq(P). Under the separable loss structure

ℓ(x, a) = R(a)q(x), (4.10)
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the single-period objective can be written as

R(a)Mq(P) +C(a). (4.11)

Thus, for a fixed cost function and residual-exposure function, a distribution with greater q-tail exposure
generally creates stronger incentives for automation. The exact effect depends on the curvature of R
and C, but the economic mechanism is direct: Higher tail exposure increases the marginal benefit of
reducing residual risk.

This observation motivates the long-tail stress design in the computational experiments. The purpose
is not to select a more flexible plug-in count model. Rather, the purpose is to evaluate whether a
robust NB policy can protect against tail-relevant misspecification when the fitted NB law understates
high-count exposure.

4.6. Parameter estimation and model comparison

For a sample of counts x1, . . . , xn, the fitted distribution is denoted by P̂ = Pθ̂. The framework does
not require one particular estimator. Maximum likelihood is used for full-sample empirical model-fit
comparisons, while the rolling simulation implementation uses a transparent moment estimator for the
NB parameters:

µ̂ = x, r̂ =


x 2

s2 − x
, s2 > x,

+∞, s2 ≤ x,
(4.12)

where x and s2 are the sample mean and sample variance. In numerical work, a large finite value is used
when the fitted variance does not exceed the fitted mean, so that the NB law approaches its Poisson
limit.

For likelihood-based comparisons, the fitted parameter may instead be obtained from

θ̂ ∈ arg max
θ∈Θ

n∑
i=1

log pθ(xi), (4.13)

and statistical fit is summarized by the log-likelihood, Akaike information criterion (AIC), and Bayesian
information criterion (BIC) [73, 74]:

AIC = −2 log L̂ + 2k, BIC = −2 log L̂ + k log n. (4.14)

Statistical fit is supporting evidence rather than the final decision criterion. The computational
analysis evaluates fitted and robust exposures through downstream outcomes: realized total cost, tail
loss, implementation cost, adjustment cost, switching frequency, under-automation, over-automation,
and the oracle-relative realized cost difference in simulation. This is consistent with decision-oriented
predict-then-optimize evaluation [72].

4.7. Role of the count specifications in the robust model

The count specifications play distinct roles. The Poisson law is an equidispersed benchmark. The
NB law is the fitted model used for both plug-in and robust policy construction. Flexible long-tailed
count models motivate cross-shape stress environments in which the fitted NB law understates upper-
tail exposure; they are not additional final policy classes. Section 5 defines the local parametric NB
ambiguity set and the adverse-direction exposure used by the robust sequential policy.
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5. Distributionally robust automation

In this section, we formulate the distributionally robust automation problem. The plug-in policies
introduced in Section 3 treat a fitted count law as if it were correct. In contrast, the robust policy
recognizes that the fitted law may understate dispersion, tail exposure, or the probability of high-count
risk events. Although the formulation can be written for a general count family, the implemented robust
policy uses a local ambiguity set around the fitted NB mean and dispersion parameters. Thus, the
purpose is not to compare competing flexible plug-in count policies, but to robustify a parsimonious and
interpretable NB automation rule.

5.1. Ambiguity around a fitted NB law

Let
P̂NB

t = PNB
µ̂t ,̂rt

(5.1)

denote the fitted NB count law at time t, where µ̂t and r̂t are estimated from historical or rolling count
data. The true count law P⋆

t is not observed directly and may differ from P̂NB
t because of finite-sample

error, regime changes, dispersion misspecification, or tail-risk underestimation.
This uncertainty is represented through a local ambiguity set around the fitted NB law:

PNB
t (P̂NB

t , ρt) =
{
P ∈ F NB : d(P, P̂NB

t ) ≤ ρt

}
, (5.2)

where d(·, ·) is a distributional or parameter-space discrepancy, 0 ≤ ρt < 1 is the ambiguity radius, and
F NB is the admissible NB neighborhood used for robust policy construction.

A convenient parameter-space version of (5.2) is

PNB
t (̂µt, r̂t, ρt) =

{
PNB
µ,r : µ ∈ [̂µt(1 − ρt), µ̂t(1 + ρt)], r ∈

[
r̂t

1 + ρt
, r̂t(1 + ρt)

]}
. (5.3)

The rectangle is two-sided in both parameters. Its upper-mean/lower-r corner represents the adverse
direction relevant to the increasing convex damage functional used here: The upper mean increases
event intensity, while the lower dispersion parameter increases overdispersion. The distinction between
the two-sided parameter set and the adverse corner used for policy construction is maintained explicitly
below.

The ambiguity radius ρt measures the degree of protection against distributional error. When ρt = 0,
the ambiguity set collapses to the fitted NB law and the robust problem reduces to the NB plug-in
problem. When ρt > 0, the parameter rectangle admits both upward and downward local perturbations,
while the implemented adverse-direction exposure protects against the upper-mean/lower-dispersion
corner.

The parameters µ and r are perturbed because they carry the main operational meaning in the
fitted NB law: µ controls event intensity, whereas r controls overdispersion and tail exposure. This
local parametric construction is intentionally auditable in rolling implementation, especially when
the estimation window is not large enough to support a fully nonparametric ambiguity set reliably.
Other ambiguity formulations are possible, including moment sets, Wasserstein balls, ϕ-divergence
neighborhoods, zero-inflated or hurdle extensions, and ambiguity sets over transition dynamics. Those
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alternatives require different calibration targets and are therefore treated as extensions rather than as
additional benchmarks in the present decision-focused comparison.

This modeling choice follows the distributionally robust optimization literature, in which ambiguity
sets are used to protect decisions against sampling error, misspecified nominal distributions, and plausible
out-of-sample distributional perturbations [22,23,63]. A broader review of these frameworks is provided
by Rahimian and Mehrotra [64]. Recent operations research work further develops ambiguity-set
formulations based on moment information, dispersion information, stochastic dominance, optimal
transport, and Sinkhorn regularization [24, 25, 66]. Related contributions address dimensionality
reduction, optimal transport, and Sinkhorn regularization [68–70]. The present formulation differs from
generic DRO applications because the ambiguity set is placed on a fitted count-risk law that directly
determines the risk-damage functional, robust automation incentives, and oracle-relative policy loss.

5.2. One-period robust benchmark without adjustment friction

For a fitted NB law P̂NB
t , the one-period robust benchmark without adjustment friction is

aR,NB
t ∈ arg min

a∈[0,1]
sup

P∈PNB
t (P̂NB

t ,ρt)

{EP[ℓ(X, a)] +C(a)} . (5.4)

Using the expected residual loss L(a; P) defined in (3.6), this can be written as

aR,NB
t ∈ arg min

a∈[0,1]

 sup
P∈PNB

t (P̂NB
t ,ρt)

L(a; P) +C(a)

 . (5.5)

The robust policy differs from the plug-in policy in (3.13) because it minimizes worst-case expected
residual loss rather than expected residual loss under a single fitted model. The difference is policy-
relevant when high-count events are costly. If the fitted NB law understates tail exposure, then the
plug-in policy may select insufficient automation, whereas the robust policy accounts for nearby laws
with larger tail-relevant risk.

Under the separable loss structure ℓ(x, a) = R(a)q(x) in (3.5), the worst-case residual loss becomes

sup
P∈PNB

t (P̂NB
t ,ρt)

R(a)EP[q(X)]. (5.6)

Since R(a) ≥ 0, (5.6) is equivalent to

R(a) sup
P∈PNB

t (P̂NB
t ,ρt)

EP[q(X)]. (5.7)

Thus, the robust problem depends on the ambiguity set through the worst-case risk-damage functional

M
NB
q (P̂NB

t , ρt) = sup
P∈PNB

t (P̂NB
t ,ρt)

EP[q(X)]. (5.8)

For the numerical policy, define the adverse-corner exposure

M̃NB
q,t (ρt) = Mq

(
PNB
µ̂t(1+ρt), r̂t/(1+ρt)

)
. (5.9)
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When Mq(PNB
µ,r ) is nondecreasing in µ and nonincreasing in r on the parameter rectangle, the implemented

exposure equals the exact supremum in (5.8). Otherwise, (5.9) is interpreted as a transparent directional
stress rule rather than as an unrestricted distributional supremum. The computational experiments report
this implementation explicitly.

The corresponding one-period robust benchmark can therefore be written as

aR,NB
t ∈ arg min

a∈[0,1]

{
R(a)M̃NB

q,t (ρt) +C(a)
}
. (5.10)

This expression clarifies the role of distributional robustness. The ambiguity set replaces the fitted
risk-damage estimate

Mq(P̂NB
t ) = EP̂NB

t
[q(X)] (5.11)

with the implemented adverse-corner counterpart M̃NB
q,t (ρt). The larger this ambiguity-adjusted functional

is, the stronger the marginal incentive to increase automation. The policy effect of robustness is therefore
mediated through the risk-damage functional rather than through an arbitrary increase in automation
intensity.

5.3. Sequential robust automation with adjustment friction

The robust policy is recalculated sequentially as the fitted NB parameters evolve. It solves

aR,NB
t ∈ arg min

a∈[0,1]

 sup
P∈PNB

t (P̂NB
t ,ρt)

L(a; P) +C(a) + H(a, aR,NB
t−1 )

 . (5.12)

Under the separable loss, this is

aR,NB
t ∈ arg min

a∈[0,1]

{
R(a)M̃NB

q,t (ρt) +C(a) + H(a, aR,NB
t−1 )

}
. (5.13)

The previous automation level makes the policy path history-dependent. A larger ambiguity-adjusted
exposure may increase the current automation level, whereas the adjustment cost discourages abrupt
changes and can delay reversal after automation has increased. This effect is termed adjustment
persistence, not as an optimal hysteresis band, because the formulation does not solve an infinite-horizon
switching problem.

5.4. Practical interpretation and selection of the ambiguity radius

The radius has a direct percentage interpretation. For example, ρ = 0.10 allows a mean perturbation
of ±10%, while the adverse corner raises the fitted mean by 10% and reduces r by the factor 1/1.10.
The radius should not be interpreted as a universal preference for more conservative automation. It is a
tuning parameter governing the trade-off between tail protection and excess implementation cost.

In an applied setting, a candidate radius can be selected on a temporally separate validation sample.
One decision-oriented rule is

ρ̂ ∈ arg min
ρ∈R

{
Ĉostval(ρ) + ω ̂TailLossval(ρ)

}
, ω ≥ 0, (5.14)

where R is a prespecified radius grid. An alternative is to minimize validation cost subject to a tail-
loss ceiling. The experiments use a broad common radius grid across adverse, correctly specified,
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low-dispersion, and reverse-misspecification environments to show that the preferred radius is scenario-
dependent rather than mechanically increasing.

For implementation, the radius should be selected together with an over-automation diagnostic. A
larger radius is appropriate when tail-loss, liquidity, safety, or service-continuity constraints dominate
average cost. A smaller radius is preferable when implementation budgets are tight, the fitted count
process is stable, or rolling diagnostics indicate weak dispersion. In all cases, the selected value
should be justified by validation performance, scenario analysis, and the marginal cost of additional
intervention.

5.5. Plug-in, robust, and oracle-informed sequential policies

All policies solve the same sequential adjustment problem

aπt ∈ arg min
a∈[0,1]

{
R(a)mπ

t +C(a) + H(a, aπt−1)
}
, (5.15)

and differ only in the risk-damage exposure supplied to that problem:

mP
t = Mq(P̂P

t ), (5.16)

mNB
t = Mq(P̂NB

t ), (5.17)

mR,NB
t = M̃NB

q,t (ρt), (5.18)

m⋆
t = Mq(P⋆

t ). (5.19)

Thus, the comparison separates the cost of ignoring overdispersion, the cost of relying on a single fitted
overdispersed law, and the benefit or cost of robustifying the fitted NB rule.

5.6. Oracle-relative realized cost difference

Using the realized period cost in (3.19), the primary performance metric is the oracle-relative realized
cost difference in (3.21). It measures the downstream cost of using a fitted or robust exposure rather
than the true current-period exposure. No compared policy uses a continuation value or an estimated
transition model. This is a decision-oriented model-evaluation criterion rather than online-learning
regret [72].

5.7. Distributional misspecification and policy loss

The performance gap between plug-in and oracle policies is driven by distributional misspecification.
Let

∆t = d(P⋆
t , P̂

NB
t ) (5.20)

measure the discrepancy between the true count law and the fitted NB law. Suppose the risk-damage
functional is Lipschitz with respect to d, meaning that there exists Kq > 0 such that∣∣∣EP[q(X)] − EQ[q(X)]

∣∣∣ ≤ Kqd(P,Q) (5.21)

for all relevant P,Q. Then ∣∣∣∣Mq(P⋆
t ) − Mq(P̂NB

t )
∣∣∣∣ ≤ Kq∆t. (5.22)
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Inequality (5.22) shows how distributional error translates into policy-relevant risk-damage error.
A fitted model may have a small average prediction error but still produce a large policy error if it
understates the tail component of q(X). This is especially important when q(x) = x + κ(x − τ)+, because
the exceedance term magnifies errors in the upper tail of the count distribution.

The robust policy reduces this sensitivity by replacing the fitted functional Mq(P̂NB
t ) with the worst-

case functional M
NB
q (P̂NB

t , ρt). If the true law belongs to the ambiguity set,

P⋆
t ∈ P

NB
t (P̂NB

t , ρt), (5.23)

then
Mq(P⋆

t ) ≤ M
NB
q (P̂NB

t , ρt). (5.24)

Thus, robust automation protects against underestimation of the risk-damage functional whenever the
ambiguity set contains the true law.

5.8. Within-family robustness and long-tail stress

The final computational design uses within-family NB robustness. In this case, the ambiguity set is
centered on a fitted NB model and allows nearby mean and dispersion values within the same family, as
in (5.3). This design reflects the main operational goal of the study: to evaluate whether a parsimonious
fitted NB automation policy can be protected against local misspecification.

The experiments do not use Sichel plug-in policies as final benchmarks. Instead, long-tail
misspecification is represented through stress environments that evaluate whether robust NB policies
remain stable when the true count process has heavier tails than the fitted NB law suggests. This
distinction is important. The purpose is not to select the most flexible count distribution, but to measure
the policy value of robustifying an interpretable NB automation rule.

This design separates two sources of policy loss. The first is overdispersion neglect, measured
by comparing Poisson plug-in and NB plug-in policies. The second is local misspecification of a
fitted overdispersed law, measured by comparing NB plug-in and robust NB policies. Long-tail stress
environments then test whether this robustification remains valuable when tail exposure exceeds what
the fitted NB law suggests.

5.9. Transition to structural analysis

The robust formulation has three structural implications. First, increasing the ambiguity radius
increases the worst-case risk-damage functional M

NB
q (P̂NB

t , ρt). Second, this increase can shift
automation activation incentives toward earlier intervention. Third, when adjustment friction is present,
the same ambiguity can make automation more persistent after activation by increasing the cost of
underreacting to tail-relevant risk.

In Section 6, these implications are formalized for the robust NB automation model.

6. Structural results

In this section, we study the sequential period problem implemented in the computational and
empirical analyses. For a current risk-damage exposure m ≥ 0 and previous automation level a− ∈ [0, 1],
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define
J(a; m, a−) = R(a)m +C(a) + H(a, a−), a ∈ [0, 1]. (6.1)

The policy map is denoted by
a⋆(m, a−) ∈ arg min

a∈[0,1]
J(a; m, a−). (6.2)

6.1. Existence and uniqueness of the period decision

Proposition 6.1 (Existence and uniqueness). Suppose R is continuous and convex, C is continuous and
strictly convex, and H(·, a−) is continuous and convex for every a− ∈ [0, 1]. Then, (6.2) has a unique
solution for every m ≥ 0 and a− ∈ [0, 1].

Proof. The objective is continuous on the compact action set [0, 1], so a minimizer exists. Strict
convexity of C, together with convexity of mR and H(·, a−), makes the objective strictly convex, so the
minimizer is unique. □

For the numerical specification

R(a) = e−ξa, C(a) = c1a + c2a2, H(a, a−) = η(a − a−)2, (6.3)

strict convexity holds whenever c2 + η > 0.

6.2. Adverse-direction NB exposure

For 0 ≤ ρ < 1, let

ΘNB(̂µ, r̂, ρ) =
{

(µ, r) : µ̂(1 − ρ) ≤ µ ≤ µ̂(1 + ρ),
r̂

1 + ρ
≤ r ≤ r̂(1 + ρ)

}
. (6.4)

Define the adverse-corner exposure

M̃NB
q (̂µ, r̂, ρ) = Mq

(
PNB
µ̂(1+ρ), r̂/(1+ρ)

)
. (6.5)

Assumption 6.2 (Adverse-corner monotonicity). Over the parameter region used for policy construction,
Mq(PNB

µ,r ) is nondecreasing in µ and nonincreasing in r.

Proposition 6.3 (Corner characterization). Under Assumption 6.2,

sup
(µ,r)∈ΘNB (̂µ,̂r,ρ)

Mq(PNB
µ,r ) = M̃NB

q (̂µ, r̂, ρ). (6.6)

Moreover, the right-hand side is nondecreasing in ρ.

Proof. The upper mean endpoint and lower r endpoint maximize the functional under the stated
coordinatewise monotonicity. As ρ increases, the upper mean endpoint increases and the lower r
endpoint decreases, so the corner exposure cannot decrease. □

Assumption 6.2 is transparent and testable numerically on the parameter rectangle. If it is not
imposed, the same formula is retained as a directional stress implementation and is not described as an
exact supremum.
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6.3. Monotone automation response

Proposition 6.4 (Monotonicity in risk exposure). Suppose R is nonincreasing and the minimizer in
Proposition 6.1 is unique. Then, a⋆(m, a−) is nondecreasing in m for every fixed a−.

Proof. For a2 > a1 and m2 > m1,

[J(a2; m2, a−) − J(a1; m2, a−)] − [J(a2; m1, a−) − J(a1; m1, a−)] = (m2 − m1)[R(a2) − R(a1)] ≤ 0.

Thus, J has decreasing differences in (a,m). Economically, a larger exposure m increases the penalty
from leaving residual exposure unreduced. Because R(a) is nonincreasing, higher automation becomes
relatively more attractive as m increases. The monotone comparative statics result for minimization,
together with uniqueness, implies that the minimizer is nondecreasing in m. □

Corollary 6.5 (Monotonicity in the ambiguity radius). Under Assumption 6.2, the robust period action

aR,NB(ρ, a−) = a⋆
(
M̃NB

q (̂µ, r̂, ρ), a−
)

is nondecreasing in ρ for fixed fitted parameters and fixed a−.

6.4. Adjustment-induced path dependence

Proposition 6.6 (Dependence on previous automation). Let H(a, a−) = η(a − a−)2 with η > 0, and
suppose the unique solution is interior and twice differentiable. Then,

∂a⋆(m, a−)
∂a−

=
2η

R′′(a⋆)m +C′′(a⋆) + 2η
> 0. (6.7)

Proof. The first-order condition is R′(a)m +C′(a) + 2η(a − a−) = 0. Implicit differentiation with respect
to a− gives (6.7). The denominator is the second derivative of the strictly convex period objective and is
therefore positive. □

The result establishes policy persistence rather than an optimal entry–exit hysteresis band: A higher
previously implemented automation level raises the current period action, other things equal.

6.5. Explicit activation condition

Under (6.3), the right derivative of the objective at zero is

J′+(0; m, a−) = −ξm + c1 − 2ηa−. (6.8)

Because the objective is strictly convex,

a⋆(m, a−) > 0 ⇐⇒ m >
c1 − 2ηa−

ξ
. (6.9)

If the right-hand side is negative, positive automation is selected for every feasible m ≥ 0, including
m = 0. Hence, higher exposure promotes earlier activation, while a larger previous action lowers the
exposure required to maintain positive automation.
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6.6. Directional robustness: Benefit and cost

Let m⋆ = Mq(P⋆), m̂ = Mq(P̂NB), and m̃(ρ) = M̃NB
q (̂µ, r̂, ρ). The following ordering result connects

the theoretical policy map to the balanced experimental design.

Proposition 6.7 (Directional correction and amplification). Fix a−. Under Proposition 6.4:

1. If m̂ ≤ m̃(ρ) ≤ m⋆, then
a⋆(m̂, a−) ≤ a⋆(m̃(ρ), a−) ≤ a⋆(m⋆, a−).

Thus directional robustness partially corrects under-automation.

2. If m⋆ ≤ m̂ ≤ m̃(ρ), then,
a⋆(m⋆, a−) ≤ a⋆(m̂, a−) ≤ a⋆(m̃(ρ), a−).

Thus, directional robustness amplifies over-automation.

Proof. Both claims follow directly from the monotonicity of the policy map in the exposure argument.
The first ordering corresponds to a nominal model that understates the policy-relevant exposure;
the robust exposure then moves the action toward the oracle-informed action. The second ordering
corresponds to a nominal model that is already conservative; the same adverse-direction adjustment
moves the action farther above the oracle-informed action and can increase over-automation. □

The proposition does not claim that a robust policy always has lower realized cost. Under correct
specification, m⋆ = m̂, every positive radius is conservative. Under reverse misspecification, m⋆ < m̂,
the adverse-direction rule can increase the implementation cost and the frequency of over-automation.
Accordingly, the preferred radius is generally scenario-dependent and may equal zero.

6.7. One-period plug-in policy-loss bound

The damage function q(x) = x + κ(x − τ)+ is (1 + κ)-Lipschitz. Therefore, for count laws with finite
first moments, Kantorovich–Rubinstein duality gives

|Mq(P) − Mq(Q)| ≤ (1 + κ)W1(P,Q). (6.10)

Since Assumption 3.1 implies 0 ≤ R(a) ≤ 1, conditionally on a common previous action a−, the standard
plug-in decision argument yields

J(aPI; m⋆, a−) − J(a⋆; m⋆, a−) ≤ 2(1 + κ)W1(P⋆, P̂). (6.11)

Proof. Let Ĵ(a) = R(a)Mq(P̂) +C(a) + H(a, a−) and J⋆(a) = R(a)Mq(P⋆) +C(a) + H(a, a−). Uniformly
in a,

|J⋆(a) − Ĵ(a)| ≤ |Mq(P⋆) − Mq(P̂)| ≤ (1 + κ)W1(P⋆, P̂).

Apply this bound at the plug-in and oracle minimizers and use plug-in optimality. □

This is a one-period decision guarantee conditional on the same previous action. It is not an infinite-
horizon or pathwise regret guarantee, because different sequential policies generally generate different
previous-action paths.
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6.8. Implications for the experiments

The structural analysis yields testable implications. First, increasing the adverse-direction radius
weakly increases the robust action for fixed fitted parameters and previous action. Second, quadratic
adjustment friction produces history-dependent persistence. Third, positive robustness may improve
policy alignment when the nominal exposure is too small, but it may create unnecessary automation
when the nominal exposure is correct or too large. The computational design therefore includes adverse,
correctly specified, low-dispersion, and reverse-misspecification environments, and reports both under-
automation and over-automation, together with total cost, tail loss, implementation cost, and adjustment
cost.

7. Computational experiments

In this section, we evaluate the proposed robust NB automation framework through controlled
computational experiments. The purpose is to assess fitted count models through the sequential
decisions and realized costs they induce, rather than through statistical fit alone. The revised design is
balanced across favorable, neutral, and unfavorable directions of misspecification. It therefore evaluates
both the tail-protection benefit of robustness and the possibility that an unnecessarily conservative
ambiguity radius can cause over-automation and excess implementation cost.

The experiments address four questions. First, what is the policy cost of approximating overdispersed
count risk by an equidispersed Poisson model? Second, how much does a fitted NB policy improve
on this benchmark? Third, when does local robustification of the fitted NB law reduce downstream
policy loss? Fourth, when does the same robustification become unnecessarily conservative because the
nominal model is already accurate or overstates the true count-risk exposure?

The computational experiments are empirically calibrated. The monthly S&P 500 jump-count series
constructed in Section 8 provides the baseline scale, dispersion, and regime frequency. Controlled
simulation is then used so that the current true count law is known in each period and an oracle-informed
sequential benchmark can be evaluated. Flexible long-tailed count behavior is represented through
a mixture stress environment rather than through a separate Sichel plug-in policy. The main policy
comparison therefore focuses on Poisson plug-in, NB plug-in, robust NB, and oracle-informed sequential
policies.

7.1. Common sequential implementation and performance measures

The computational study implements the plug-in, robust, and oracle-informed policies defined in
Section 5.5. All policies therefore share the same sequential adjustment structure and differ only in
the risk-damage exposure supplied to the current-period optimization problem. Their paths remain
history-dependent through the previously implemented action and the adjustment-cost term, but none
uses a Bellman continuation value or an estimated state-transition kernel.

At each evaluation date, the Poisson and NB plug-in policies are constructed from estimates obtained
using the preceding rolling window. The robust NB policy uses the same rolling NB estimate but
evaluates the risk-damage functional at the upper-mean and lower-r adverse corner defined in Section 5.
In particular, its period-t exposure is

mR,NB
t (ρ) = Mq

(
PNB
µ̂t(1+ρ), r̂t/(1+ρ)

)
. (7.1)
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The oracle-informed benchmark uses the true current-period count law and regime but neither observes
future count realizations nor optimizes a continuation value.

For the baseline experiments, the functional specifications introduced earlier are evaluated at τ = 2,
κ = 2, ξ = 1.5, c1 = 0.05, c2 = 0.40, and η = 0.10. Each replication uses a rolling estimation window
of W = 120 periods and an evaluation horizon of T = 360 periods. The reported results are based
on NMC = 200 Monte Carlo (MC) replications. A fixed master seed generates a replication-level seed
table, and common random numbers are used whenever policies, ambiguity radii, or cost settings are
compared within the same data-generating environment. This matched design reduces simulation noise
and isolates policy differences from path-specific variation.

For a realized count path, the period cost of policy π is

gπt = R(aπt )q(Xt) +C(aπt ) + H(aπt , a
π
t−1), (7.2)

and its cumulative realized cost is

CostT (π) =
T∑

t=1

gπt . (7.3)

The corresponding oracle-relative cost difference is

GapT (π) = CostT (π) − CostT (π⋆). (7.4)

Because competing policies generally generate different adjustment paths, GapT (π) is interpreted as a
realized benchmark difference rather than as an infinite-horizon dynamic-regret guarantee.

To distinguish protection against extreme counts from overall economic performance, tail loss is
measured separately as

TailLossT (π) =
T∑

t=1

R(aπt )(Xt − τ)+. (7.5)

Automation intensity and policy persistence are summarized by

aT (π) =
1
T

T∑
t=1

aπt , (7.6)

SwitchT (π) =
T∑

t=2

1
{
|aπt − aπt−1| > εa

}
, (7.7)

and

MeanAbsChangeT (π) =
1

T − 1

T∑
t=2

|aπt − aπt−1|. (7.8)

The switching and action-change measures provide computational counterparts to the adjustment-
induced persistence result established in Section 6.

Under- and over-automation are assessed relative to the oracle-informed current-period action using
the economically meaningful tolerance εa = 0.025:

UnderAutoT (π) =
1
T

T∑
t=1

1
{
aπt < a⋆t − εa

}
, (7.9)
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OverAutoT (π) =
1
T

T∑
t=1

1
{
aπt > a⋆t + εa

}
. (7.10)

The second measure is particularly important in the neutral and reverse misspecification environments,
where robustness may create excessive intervention rather than additional protection.

Finally, total cost is decomposed into implementation and adjustment components:

ImplCostT (π) =
T∑

t=1

C(aπt ), (7.11)

AdjCostT (π) =
T∑

t=1

H(aπt , a
π
t−1). (7.12)

For matched comparisons with the nominal NB policy, the analysis also reports the robust-minus-NB
total-cost difference and the NB-minus-robust tail-loss difference. Together, these measures reveal
whether robustness reduces extreme-event exposure sufficiently to compensate for its additional
implementation and adjustment costs.

The numerical implementation is computationally parsimonious. For each policy-period pair, the
optimization is a deterministic one-dimensional bounded minimization over a ∈ [0, 1]. Under the
exponential residual-exposure and quadratic cost specification, the implementation evaluates the
boundary actions a = 0 and a = 1 and solves the scalar first-order condition for any interior candidate.
The previous action initializes the sequential path, and fixed absolute tolerances are used for scalar root
solving and objective comparison. For T periods and K ambiguity radii, policy evaluation scales
linearly as O(T K), apart from rolling count-model estimation and evaluation of Mq. Fixed master seeds,
replication-level seeds, common random numbers, and moving-block bootstrap resampling are used to
support reproducibility. Processed data, simulation outputs, and analysis code are available from the
corresponding author upon reasonable request. The common computational settings and policy inputs
used throughout the numerical analysis are summarized in Table 2.
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Table 2. Common computational settings and policy inputs.

Component Baseline specification

Evaluation horizon T = 360 periods
Rolling estimation window W = 120 periods
Monte Carlo replications NMC = 200 for final reported results
Action set at ∈ [0, 1]
Damage function q(x) = x + 2(x − 2)+
Residual exposure R(a) = exp(−1.5a)
Implementation cost C(a) = 0.05a + 0.40a2

Adjustment cost H(a, a−) = 0.10(a − a−)2

Meaningful action tolerance εa = 0.025
Rolling estimation Poisson sample mean and NB method of moments
Period optimization One-dimensional bounded minimization over at ∈ [0, 1] of the

common sequential adjustment objective
Randomization Fixed replication-level seeds and common random numbers for

matched comparisons

Notes: Pilot runs may use fewer replications, but all manuscript tables and figures are based on the final replication count. The
policy classes differ only in the exposure mπ

t supplied to the common sequential decision problem.

7.2. Balanced data-generating environments and empirical calibration

The simulation design contains neutral, lower-risk, reverse, and adverse misspecification
environments. This balance is important because the robust NB ambiguity rule moves the fitted model
toward a higher mean and stronger overdispersion. Evaluating that rule only under adverse stress would
not reveal the possible cost of unnecessary conservatism.

The empirical calibration anchor is the monthly S&P 500 jump-count series in Section 8. Let µ0

and r0 denote its full-sample NB method-of-moments mean and dispersion estimates. A persistent
two-state regime process Zt ∈ {0, 1} distinguishes calm and stress periods. The baseline regime-specific
parameters are

µ0
t = µ0 bµ(Zt), r0

t = r0 br(Zt), (7.13)

where bµ(0) = 0.75, bµ(1) = 2.10, br(0) = 1.35, and br(1) = 0.55. The transition probabilities are
calibrated to represent persistent calm and stress states, with baseline values Pr(Zt = 0 | Zt−1 = 0) = 0.94
and Pr(Zt = 1 | Zt−1 = 1) = 0.82. The initial stress probability is set equal to the empirical frequency of
months in which the jump count exceeds its empirical 80th percentile. The study considers the following
five data-generating environments.

Correctly specified NB environment (CorrectNB). The true count law is

Xt | Zt ∼ NB(µ0
t , r

0
t ). (7.14)

The fitted family is therefore correctly specified, although finite rolling samples still produce estimation
error. This environment evaluates the cost of robustification when no systematic adverse misspecification
is imposed.
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Near-Poisson environment (NearPoisson). The true mean retains the empirically calibrated regime
pattern, but the dispersion parameter is set to a large value rNP:

Xt | Zt ∼ NB(µ0
t , rNP), rNP = 100. (7.15)

Because Var(Xt) = µ0
t + (µ0

t )2/rNP, this environment is close to Poisson at the empirical count scale. It
evaluates whether robust NB creates unnecessary automation when overdispersion is weak.

Reverse NB misspecification (ReverseNB). This environment makes the true count law less risky
than the nominal policy input. For severity parameter δ ∈ (0, 1) and reverse-dispersion multiplier γR > 0,
the true parameters are

µ⋆t = µ
0
t (1 − δ), r⋆t = r0

t (1 + γRδ), (7.16)

and
Xt | Zt ∼ NB(µ⋆t , r

⋆
t ). (7.17)

To maintain a controlled reverse misspecification after rolling estimation, the policy-facing nominal NB
parameters are obtained from the rolling estimate (̂µt, r̂t) and shifted in the opposite direction:

µ̂nom
t = µ̂t(1 + δ), r̂nom

t =
r̂t

1 + γRδ
. (7.18)

The baseline specification uses γR = 3.5. This environment directly tests whether robustification
compounds an already conservative nominal model, thereby increasing over-automation and
implementation cost.

NB stress environment (NBStress). The true law remains within the NB family but moves toward
higher mean and stronger overdispersion:

µ⋆t = µ
0
t (1 + 0.75δ), r⋆t =

r0
t

1 + 3.5δ
, (7.19)

with Xt | Zt ∼ NB(µ⋆t , r
⋆
t ). This is the adverse within-family environment retained from the original

computational design.

Long-tail mixture environment (LongTailMix). The true law preserves the empirically calibrated
NB core while adding an upper-tail component:

P⋆
t = (1 − ωt) NB(µc,t, rc,t) + ωt NB(µh,t, rh,t), (7.20)

where (µc,t, rc,t) follow the NBStress core, ωt = min{0.35, 0.05 + δ}, µh,t = µc,t(1 + 6δ + Zt), and
rh,t = rc,t/(1 + 8δ + 2Zt). This environment evaluates adverse cross-shape misspecification relative to the
fitted NB law. It is therefore treated as a stress data-generating process rather than as a separate Sichel
policy benchmark.

For the severity-indexed environments, the baseline grid is δ ∈ {0.10, 0.20, 0.30}. CorrectNB and
NearPoisson are evaluated without an additional severity shift. The principal balanced comparison
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includes CorrectNB, NearPoisson, ReverseNB at δ = 0.30, NBStress at δ = 0.30, and LongTailMix at
δ = 0.30. The full severity grid is retained for supplementary analysis.

In the principal comparison, robust NB policies with ρ = 0.10 and ρ = 0.20 are reported alongside the
Poisson plug-in, NB plug-in, and oracle-informed policies. A separate ambiguity-radius experiment evaluates
the broader grid ρ ∈ {0,0.025,0.05,0.10,0.15,0.20,0.30,0.40} under all five environments. Table 3
summarizes the direction, purpose, and expected robustness effect of each data-generating environment.

Table 3. Balanced data-generating environments for the computational experiments.

Environment Direction relative to
nominal NB

Purpose Expected robustness effect

CorrectNB Correct family with no
systematic directional shift

Assess the cost of unnecessary
protection under correct
specification

A zero or small radius may
minimize total cost

NearPoisson Substantially weaker
overdispersion

Evaluate robustness when the
true law is close to equidispersion

Larger radii may increase
over-automation with limited
tail benefit

ReverseNB Nominal mean and tail
exposure exceed the true
law

Test reverse misspecification and
the cost of unnecessary
robustness

Robustification may amplify
over-automation and
implementation cost

NBStress Higher mean and stronger
overdispersion

Evaluate adverse within-family
misspecification

A positive radius may reduce
under-automation and tail loss

LongTailMix Heavier upper tail outside
the fitted NB shape

Evaluate adverse cross-shape
misspecification

A positive radius may provide
the strongest tail protection

Notes: The expected effects are hypotheses implied by the directional analysis in Section 6; they are not imposed as
conclusions. All policies are evaluated on matched count paths within each environment.

Before the final Monte Carlo runs, the data-generating-process implementation is checked through
three diagnostics. First, the simulated mean and variance are compared with the analytical NB or mixture
moments. Second, the ordering of the true risk-damage functionals is verified for the reverse, neutral,
and adverse environments. Third, at ρ = 0, the robust NB policy is required to coincide numerically
with the NB plug-in policy. These checks ensure that subsequent figures and tables reflect the intended
misspecification directions rather than coding artifacts.

7.3. Main balanced policy comparison

The sequential policies are next compared across the five balanced environments introduced in
Section 7.2. The comparison is constructed to evaluate both sides of distributional robustness.
CorrectNB retains the correctly specified NB family while preserving finite-window parameter
uncertainty. NearPoisson represents weak dispersion, and ReverseNB represents a conservative nominal
model that overstates the current risk environment. NBStress and LongTailMix represent, respectively,
within-family dispersion stress and upper-tail misspecification. The last two environments therefore
favor protective correction only if the fitted model materially understates policy-relevant exposure; the
first three prevent the experiment from mechanically favoring robustness.

Journal of Industrial and Management Optimization Volume 22, Issue 8, 4039–4087.



4069

Each environment includes the Poisson plug-in policy, the NB plug-in policy, robust NB policies
with ρ ∈ {0.10, 0.20}, and the oracle-informed sequential benchmark. All policies are evaluated on
identical simulated paths within each replication. The experiment uses NMC = 200 replications, an
evaluation horizon of T = 360, and a rolling estimation window of W = 120. Monte Carlo standard
errors are computed across replication-level outcomes. Policy differences are computed from matched
replication-level contrasts under common random numbers.

Table 4 reports the complete policy comparison. The Poisson benchmark performs poorly when the
count process is strongly overdispersed or long-tailed. Under NBStress, its mean total cost is 354.30,
compared with 324.05 for the NB plug-in policy. Under LongTailMix, the corresponding values are
675.91 and 581.78. These differences show that an equidispersed event-count model can materially
understate the protective response required by clustered financial-risk events.

The robust policies improve performance when the fitted NB law understates risk. Under NBStress,
total cost falls from 324.05 under NB plug-in to 320.70 for ρ = 0.10 and 318.55 for ρ = 0.20. Tail
loss falls from 60.16 to 56.78 and 54.11, while under-automation declines from 36.92% to 30.21%
and 24.03%. The benefit is larger under LongTailMix: Total cost falls from 581.78 to 571.36 and
563.21, and tail loss falls from 141.02 to 136.08 and 132.18. These results indicate that robustification
is especially valuable when model error affects the upper tail rather than only the conditional mean.

The neutral and reverse environments reveal the cost of excessive prudence. Under NearPoisson,
robustification lowers tail loss but raises total cost from 180.86 under NB plug-in to 181.37 and 182.71.
Under ReverseNB, the increase is more pronounced: Total cost rises from 188.03 to 191.92 and 196.09,
while the over-automation rate increases from 77.29% to 80.10% and 82.98%. Thus, a policy may
reduce tail exposure and still be economically inferior because the additional implementation burden
exceeds the protection benefit.

CorrectNB provides an intermediate case. The distributional family is correctly specified, but the
decision-maker still estimates its parameters from a finite rolling window. Robustification therefore
protects against estimation-induced tail understatement and produces modest total-cost reductions.
This finding should not be interpreted as evidence that positive ambiguity is always optimal; rather, it
distinguishes correct family specification from perfect knowledge of the current parameters.

Table 5 isolates the matched economic effect of robustness relative to NB plug-in. Under NBStress,
ρ = 0.20 reduces total cost by 5.50 and tail loss by 6.04, despite raising implementation cost by 15.78.
Under LongTailMix, the corresponding reductions are 18.57 and 8.84, with an additional implementation
cost of 9.48. The residual loss reduction therefore more than compensates for the added intervention
cost in the adverse environments.

The opposite pattern appears under NearPoisson and ReverseNB. For NearPoisson, ρ = 0.20 lowers
tail loss by 1.05 but raises total cost by 1.85. For ReverseNB, it lowers tail loss by 2.40 but raises total
cost by 8.06 and over-automation by 5.69 percentage points. These matched contrasts provide direct
evidence for the directional result in Section 6.6: Robustness is beneficial when the nominal exposure is
understated and costly when the nominal model is already sufficiently conservative.
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Figure 1. Matched robustness–performance trade-off for robust NB automation relative to the
NB plug-in policy. Panels report (a) robust-minus-NB total cost, (b) NB-minus-robust tail
loss, (c) the change in under-automation frequency, and (d) the change in over-automation
frequency. Error bars are Monte Carlo standard errors of replication-level matched differences
computed under common random numbers. Negative values in panel (a), positive values
in panel (b), and negative values in panel (c) favor robustness. Positive values in panel (d)
indicate additional intervention relative to the oracle-informed response. The caption therefore
distinguishes tail protection from the economic cost of over-intervention.

Figure 1 summarizes the central tradeoff. The signs of the matched cost effects reverse across
environments: Robust NB raises total cost under NearPoisson and ReverseNB, but lowers it under
NBStress and LongTailMix. Tail loss decreases in every environment because robustification raises the
exposure input and hence the selected automation intensity, consistently with Proposition 6.4. However,
the economic value of that protection depends on whether the true environment justifies the additional
intervention. Robustification also lowers under-automation while increasing over-automation, making
explicit that protection and excess intervention are two sides of the same policy response.

From a financial-risk-management perspective, the adverse environments represent circumstances
in which a rolling count model understates the frequency, clustering, or upper-tail severity of extreme
market events. The robust action can then be interpreted as a timely increase in hedging, liquidity
protection, margin discipline, or exposure reduction. By contrast, NearPoisson and ReverseNB represent
calm or conservatively calibrated conditions in which the same response may create unnecessary hedging
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costs, capital usage, liquidity holdings, or lost trading opportunities. The results therefore support
calibrated rather than maximal robustness.

7.4. Computational findings and implementation implications

The balanced experiment establishes four findings. First, the Poisson policy is fragile when discrete
financial-risk events are clustered or long-tailed, whereas the NB plug-in policy provides a substantially
stronger nominal benchmark. Second, robust NB automation has positive economic value when the
nominal model understates the risk-damage functional, especially under upper-tail misspecification.
Third, robustification is not uniformly beneficial: Under weak dispersion or reverse misspecification,
lower tail loss can be accompanied by higher total cost and more over-automation. Fourth, the ambiguity
radius acts as an economically meaningful prudence parameter rather than a purely statistical tuning
constant.

These findings broaden the use of the framework beyond a single market index. The count process
may represent extreme-return days, volatility or liquidity breaches, margin events, clustered defaults,
insurance claims, cyber incidents, or operational losses. Correspondingly, the action may represent
automated hedging, leverage reduction, liquidity buffering, margin adjustment, reserve activation,
or escalation of monitoring and intervention. The structural results remain unchanged across these
applications because only the policy-relevant exposure input and the economic interpretation of the
action must be adapted.

The empirical illustration in Section 8 complements these controlled experiments by applying the
same sequential policy architecture to observed S&P 500 jump counts. In that setting, the true count
law and the oracle action are unavailable, so the evaluation focuses on realized costs, tail protection,
policy paths, and the empirical sensitivity of the protective response to the ambiguity radius.

Together, the five environments and the ambiguity-radius grid cover the main directions needed for
sensitivity evaluation: Correct specification, near-equidispersion, reverse misspecification, within-family
overdispersion stress, and cross-shape upper-tail stress. The reported metrics also separate statistical
protection from economic cost by recording total cost, residual loss, tail loss, implementation cost,
adjustment cost, switching, under-automation, over-automation, and oracle-relative gaps. Thus, the
simulation study is not designed to show dominance of the robust policy; it is designed to identify when
robustness is economically useful and when it becomes inefficient.

8. Financial application: Jump-count-driven protective control

In this section, we illustrate how the proposed robust NB framework converts a discrete financial-risk
signal into sequential protective action. The application uses monthly counts of extreme S&P 500 return
days. Its role is not to claim external validation for every operational setting, but to provide a transparent
out-of-sample policy illustration in an environment where event counts are observable, clustered, and
economically consequential.

In this application, the control am ∈ [0, 1] represents the intensity of an automated protective response.
Depending on the institution, this can mean stronger hedging, exposure reduction, leverage control,
liquidity buffering, margin tightening, defensive trading restrictions, or escalation of automated risk
monitoring. The empirical analysis retains the sequential one-period policy architecture used in the
theory and computational experiments, with aπm ∈ arg mina∈[0,1]{R(a)mπ

m +C(a) + H(a, aπm−1)}. No policy
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uses a Bellman continuation value or an estimated transition kernel. This makes the implementation
transparent, auditable, and directly aligned with the structural results in Section 6.

The analysis proceeds in four stages: construction of monthly extreme-return counts, comparison
of Poisson and NB count models, examination of rolling dispersion and policy-relevant exposure, and
out-of-sample evaluation of plug-in and robust policies. The final step reports not only point estimates
but also moving-block-bootstrap uncertainty, thereby separating statistically stable tail protection from
more modest and less precisely estimated total-cost gains.

8.1. Financial jump-count construction

Let Pt denote the daily adjusted closing level of the S&P 500 index on trading day t, and define the
daily log return as rt = log Pt − log Pt−1. A jump day is identified by Jt = 1{|rt| > qα}, where qα is the
empirical α-quantile of |rt|. The baseline uses α = 0.97, and the monthly jump count is Xm =

∑
t∈m Jt.

The sample covers January 1990 through May 2026 and contains 437 monthly observations. Daily
adjusted closing prices are first converted to log returns, and the absolute-return threshold is computed
once from the full daily sample only for constructing the event definition. All rolling model estimates and
policy decisions use only information available before the evaluated month, so the out-of-sample policy
comparison does not use future counts in the decision rule. The estimated threshold is q0.97 = 0.02698.
The monthly count series has mean 0.629, variance 3.027, sample variance-to-mean ratio 4.811,
and maximum count 18. These values provide direct evidence of overdispersion and show why an
equidispersed Poisson benchmark is potentially inadequate for protective-control design.

The transformation has a clear financial interpretation. The count Xm summarizes the frequency of
extreme market days in month m, while am controls the strength of the next protective response. A
larger count can therefore justify stronger hedging, lower gross exposure, more conservative leverage
limits, larger liquidity buffers, tighter margins, or stronger defensive trading restrictions.

8.2. Rolling estimation and policy-relevant instability

Using a 120-month rolling window, Poisson and NB models are fitted, denoted by P̂P
w and P̂NB

w .
For each window, the analysis computes the sample variance-to-mean ratio (VMR) and the fitted
policy-relevant exposure M̂(w)

q = EP̂w
[q(X)], where q(x) = x + κ(x − τ)+, with τ = 2 and κ = 2. The

rolling variance-to-mean ratio is VMRw = V̂arw(X)/Êw[X].

Figure 2 reports the resulting diagnostic series. Figure 2(a) displays the monthly jump-count path
in lollipop form and highlights the largest observed clusters, showing that extreme-return days arrive
episodically rather than at a stable rate. Figure 2(b) plots the rolling VMR and shades the excess-
dispersion region above the Poisson benchmark of one; the series remains persistently overdispersed
and changes materially over time. Figure 2(c) plots the fitted Poisson and NB risk-damage exposures
and shades the gap between them. The NB exposure M̂NB

q is consistently larger, particularly during
high-clustering periods. Thus, the empirical issue is not only goodness of fit, but also the magnitude and
temporal stability of the risk-damage input supplied to the sequential optimization problem.
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Figure 2. Rolling financial count-risk diagnostics for Standard & Poor’s 500 (S&P 500) jump
counts. (a) Monthly jump counts constructed from the 97th percentile of absolute daily log
returns; the largest clusters are labeled. (b) Rolling 120-month variance-to-mean ratio, with
the shaded region showing excess dispersion above the Poisson benchmark of one. (c) Rolling
policy-relevant tail-damage exposures under fitted Poisson and NB models; the shaded band
reports the NB-minus-Poisson exposure gap.

8.3. Poisson and NB model comparison

Table 6 compares the full-sample Poisson and NB fits using the maximized log-likelihood and the
AIC and BIC defined in Equation (4.14).

Table 6. Empirical count-model comparison for monthly S&P 500 jump counts.

Model Log-likelihood AIC BIC Mean VMR M̂q

Poisson -628.6896 1259.3791 1263.4590 0.6293 1.0000 0.6905
NB -416.4397 836.8793 845.0392 0.6293 4.6193 1.1622

Notes: The Poisson model is the equidispersed benchmark. The NB model is the nominal overdispersed law used for
policy construction. The sample variance-to-mean ratio is 4.811; the fitted NB variance-to-mean ratio is 4.619.
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The NB model improves the log-likelihood by more than 212 log units and reduces AIC and BIC
by approximately 422.5 and 418.4, respectively. Its fitted variance-to-mean ratio is also close to the
sample variance-to-mean ratio. Importantly, its fitted risk-damage exposure is 1.1622, compared with
only 0.6905 under the Poisson benchmark. The empirical policy comparison is therefore deliberately
demanding: It asks whether local robustification can improve decisions even after the nominal model
has already been upgraded from Poisson to a well-fitting NB specification.

8.4. Out-of-sample sequential policy evaluation

At each month m, the count model is estimated using only the preceding 120 months. The policies
are πP, πNB, and πR,NB(ρ), with ρ ∈ {0.025, 0.05, 0.10, 0.15, 0.20, 0.30}. The robust policy uses the
adverse-direction parameter corner µwc

m = µ̂m(1 + ρ) and rwc
m = r̂m/(1 + ρ), which raises the mean

while reducing the NB dispersion parameter. For the increasing tail-damage functional used here, this
parameter shift produces the policy-relevant adverse exposure identified in the structural analysis.

For each policy, realized total cost is Cost(π) =
∑

m[R(aπm)q(Xm)+C(aπm)+H(aπm, a
π
m−1)], and realized

tail loss is TailLoss(π) =
∑

m R(aπm)(Xm − τ)+. The analysis also reports average control intensity and
the number of meaningful action changes satisfying |aπm − aπm−1| > εa. Standard errors in Table 7 are
obtained from a 12-month moving-block bootstrap with 1,000 replications.

Table 7 yields three main findings. First, the Poisson policy is both less protective and more costly
than the NB benchmark: Total cost is 4.55% higher, tail loss is 49.62 rather than 39.64, and average
control is only 0.564 rather than 0.731. Second, increasing ρ raises average control monotonically from
0.744 to 0.844 and reduces residual and tail losses. Third, the gain is much stronger for tail protection
than for total cost. At ρ = 0.30, tail loss falls from 39.64 to 32.86, whereas total cost falls from 252.26
to 247.25. The number of meaningful action changes also falls from 28 to 24, so the stronger protection
is not produced by excessive switching.

To distinguish economic magnitude from sampling precision, Table 8 reports matched percentage
reductions relative to the NB plug-in policy together with percentile 95% moving-block bootstrap
intervals.
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Table 8. Empirical ambiguity-radius trade-off with 95% moving-block-bootstrap intervals.

ρ Total-cost reduction vs. NB (%) Tail-loss reduction vs. NB (%) Average control Switches

0.025 0.20 [−0.77, 0.79] 1.90 [1.79, 2.03] 0.744 27
0.05 0.38 [−1.54, 1.54] 3.71 [3.53, 3.96] 0.756 27
0.10 0.66 [−3.14, 2.90] 7.07 [6.66, 7.52] 0.780 27
0.15 0.87 [−4.66, 4.16] 10.02 [9.06, 10.72] 0.800 26
0.20 1.18 [−5.68, 5.34] 12.63 [11.01, 13.59] 0.818 27
0.30 1.99 [−6.95, 7.37] 17.11 [14.22, 18.51] 0.844 24

Notes: Reductions are measured relative to the NB plug-in policy; positive values favor robust NB. Brackets
report percentile 95% intervals from 1,000 moving-block-bootstrap replications with block length 12.
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Figure 3. Out-of-sample financial policy evaluation. (a) Sequential protective-control paths
under Poisson plug-in, NB plug-in, and robust NB policies, with direct labels at the path
endpoints. (b) Realized-cost decomposition into residual loss, implementation cost, and
adjustment cost; labels report total realized cost. (c) Policy map showing how increasing
ambiguity radii move the policy from the NB plug-in benchmark in the average-control–total-
cost plane; marker size reflects switching frequency. (d) Point estimates and percentile 95%
moving-block-bootstrap intervals for tail-loss and total-cost reductions relative to the NB
plug-in policy. The figure separates policy trajectories, cost decomposition, robustness–cost
trade-offs, and bootstrap uncertainty.
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The tail-loss intervals are strictly positive at every radius, rising from 1.90% [1.79, 2.03] at ρ = 0.025
to 17.11% [14.22, 18.51] at ρ = 0.30. Tail protection is therefore both economically meaningful
and statistically stable in this empirical path. By contrast, the total-cost point estimates improve
monotonically but their intervals include zero. The proper interpretation is consequently not that robust
NB establishes statistically conclusive total-cost dominance, but that it delivers a clear tail-protection
benefit while producing modest positive total-cost point estimates over the evaluated radius grid.

Figure 3(a) confirms the theoretical ordering: Stronger ambiguity adjustment produces stronger
protective action, especially in periods of elevated estimated exposure. Figure 3(b) shows the economic
mechanism: Residual loss falls as implementation expenditure rises, while adjustment cost remains very
small. Figure 3(c) recasts the radius comparison as a policy map. Moving from the NB plug-in point
toward larger ρ raises average control and lowers the total-cost point estimate; the marker sizes show
that this movement is not accompanied by a systematic increase in switching frequency. Figure 3(d)
separates point estimates from uncertainty. Every tail-loss interval lies above zero, whereas every
total-cost interval crosses zero. The visual evidence therefore supports strong and statistically stable tail
protection, but only a modest and statistically inconclusive total-cost advantage on this single empirical
path.

Accordingly, the empirical evidence should be interpreted as strong evidence of improved tail protection,
but not as statistically conclusive evidence of lower average total cost on this single financial series.

The numerical implementation also verifies the structural consistency of the empirical policies.
The cost-accounting error is zero to numerical precision; there are no violations of monotonicity in
the adverse exposure, and, when the previous action is held fixed, the first-order-condition solver
produces no action-monotonicity violations. Average control is nondecreasing in ρ, and both tail loss
and total-cost point estimates are nonincreasing over the tested radius grid. These checks confirm that
the empirical code implements the same sequential model analyzed theoretically.

8.5. Dual industrial implications and transferability

The application supports two distinct channels of industrial impact. The first is direct financial
implementation. Asset managers can interpret am as a hedge ratio, gross-exposure reduction, volatility-
control intensity, or cash buffer. Banks and clearing institutions can interpret it as liquidity reserve,
collateral tightening, margin escalation, leverage restriction, or counterparty exposure reduction. Trading
systems can interpret it as a defensive execution mode, inventory limit, or monitoring escalation. In each
case, the ambiguity radius makes the degree of prudence explicit and auditable rather than embedding it
implicitly in an opaque risk score.

The second channel is cross-industry transfer. The same structure applies when Xt counts insurance
claims, credit defaults, cyberattacks, operational-loss events, equipment failures, service outages,
supply disruptions, safety violations, or adverse healthcare events. The substantive action changes—
for example, reserves, inspections, preventive maintenance, staffing, isolation, or escalation—but the
optimization logic is unchanged:

uncertain clustered event counts −→ tail-relevant exposure −→ calibrated protective intervention.

The managerial lesson is therefore two-sided. When the nominal law understates clustering or
upper-tail exposure, robustification can materially reduce insufficient intervention and tail loss. When
the nominal law is accurate or already conservative, the balanced experiments in Section 7 show that the
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same mechanism can create over-automation and unnecessary cost. The framework does not recommend
maximizing robustness mechanically; it provides a disciplined way to select protection intensity by
comparing the marginal value of tail-loss reduction with the marginal cost of intervention.

9. Discussion and conclusions

The results support a decision-oriented interpretation of overdispersed count modeling. A fitted
count law is not merely a forecasting device: It determines the policy-relevant exposure supplied to the
automation problem. A Poisson model can understate clustered risk because it imposes equidispersion,
whereas a fitted NB law captures excess variance but may still be locally misspecified in its mean,
dispersion, or upper tail. The proposed robust policy treats that fitted NB law as a transparent nominal
model rather than as known truth. This positioning is consistent with the broader distributionally
robust optimization literature, in which decisions are protected against ambiguity around an estimated
distribution [22, 23, 63]. A broader synthesis is provided by Rahimian and Mehrotra [64]. It also
complements the NB automation model of Cha et al. [29]: That work established the structural role of
overdispersion in threshold and hysteresis behavior, whereas the present study asks how a fitted policy
should be protected when the nominal count law is uncertain.

9.1. What the balanced experiments establish

The computational evidence is deliberately two-sided. In the NB-stress and long-tail environments,
the nominal law understates policy-relevant exposure; robustification then raises protection, reduces
under-automation, lowers tail loss, and moves policy performance toward the oracle. In the near-Poisson
and reverse-NB environments, however, the nominal law is accurate or already conservative. In those
settings, a larger ambiguity radius can increase over-automation and total cost. Robustness is therefore
not uniformly beneficial, and the results do not support choosing the largest feasible radius mechanically.
They instead confirm the directional logic of the theory: Robustification corrects errors when the
nominal model is biased toward under-protection, but can amplify errors when the nominal model is
already pessimistic.

This distinction responds directly to a central concern in robust optimization: A method should be
evaluated not only under perturbations aligned with its ambiguity set, but also under neutral and reverse
perturbations. The balanced design shows that the robust policy is not favored by construction. Its value
depends on the relationship between model error and the marginal cost of protection. Related work on
moment and dispersion ambiguity similarly shows that uncertainty in distributional summaries changes
the optimal protection level rather than guaranteeing uniform improvement [24, 25].

The ambiguity radius should consequently be interpreted as a managerial protection parameter. A
practical calibration rule is to select the smallest radius that achieves an acceptable tail loss or under-
automation target while keeping implementation expenditure and over-automation within operational
limits. Scenario analysis, rolling backtests, and confidence regions for fitted count parameters can all
inform this choice. When the application places a hard constraint on tail exposure, liquidity, capital,
safety, or service continuity, a larger radius may be justified even when its average-cost gain is uncertain.
When intervention cost dominates and the fitted model is stable, a smaller radius is more defensible.
Extensions based on statistically calibrated moment, optimal-transport, or Sinkhorn ambiguity sets
could link the radius more directly to sample size and estimation uncertainty [68–70].
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9.2. Empirical interpretation and practical impact

The S&P 500 analysis is an out-of-sample financial illustration, not a claim of universal external validity
for all operational systems. Monthly jump counts are appropriate here because they summarize clustered
episodes in which protective actions may be escalated. In this setting, the automation variable can represent a
composite intensity of rule-based hedging, exposure reduction, leverage control, liquidity buffering, margin
tightening, defensive trading, or automated risk-monitoring escalation. The empirical analysis therefore
illustrates how a discrete financial risk signal can be converted into a calibrated protective response.

The empirical findings should also be read with a precise distinction between tail protection and
average cost. The sample exhibits strong overdispersion, and the NB model fits substantially better
than the Poisson benchmark. Robustification then produces monotone tail-loss reductions across the
evaluated radius grid, with moving-block-bootstrap intervals remaining above zero. By contrast, total-
cost point estimates improve more modestly, and their intervals include zero. The strongest empirical
conclusion is therefore that robust NB automation provides stable tail protection; the net average-cost
advantage is favorable in point estimates but statistically less conclusive. This distinction prevents the
empirical illustration from being overstated and makes the protection–cost trade-off explicit.

The industrial relevance is broader than the financial example, although the action must be interpreted
application by application. The same structure can map insurance claims to reserve or reinsurance
actions, defaults to credit or collateral controls, cyber incidents to monitoring and isolation, equipment
failures to preventive maintenance, service disruptions to staffing or capacity buffers, and adverse
healthcare events to escalation protocols. The common architecture is

clustered event counts −→ tail-relevant exposure −→ calibrated protective intervention.

This transferability is conceptual rather than empirical: Each industry requires its own count construction,
loss function, implementation cost, and radius calibration.

9.3. Computational tractability, limitations, and future work

The implemented policy remains computationally transparent. Conditional on a fitted or worst-case
exposure, each period requires the solution of a one-dimensional strictly convex problem on [0, 1].
With the exponential residual-exposure and quadratic cost specification, the optimizer is obtained from
boundary checks and a scalar root solve. For T periods and K candidate radii, policy evaluation is
therefore linear in T K apart from count-model fitting and evaluation of the tail-damage functional. This
simplicity makes the method auditable and suitable for rolling implementation, while avoiding the
state-space growth associated with robust dynamic programming or ambiguous transition kernels.

Several limitations remain. First, the ambiguity set is local and parametric; it does not represent
every form of dependence, regime uncertainty, sampling error, structural break, or tail-shape
misspecification. Severe nonlocal misspecification or abrupt changes in the count-generating process
may therefore require adaptive ambiguity sets, online learning, Bayesian robust estimation, or
regime-switching extensions. Second, the theory relies on compactness, continuity, monotonicity, and
convexity. Nonconvex implementation choices, multiple interacting controls, capacity constraints, or
high-dimensional automation actions may require different methods. Third, the empirical illustration
contains one financial count series and does not observe an oracle policy. Additional applications to
claims, failures, cyber events, hospital demand, environmental risk, or service disruptions are needed to
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assess external validity. Fourth, direct numerical comparisons with CVaR, entropic-risk,
Wasserstein-DRO, robust Markov decision process, reinforcement-learning, or Bayesian robust policies
are outside the controlled comparison adopted here, because those approaches change the objective,
ambiguity object, learning structure, or transition model. Such comparisons are worthwhile future work
when richer datasets permit fair calibration across methods. Finally, flexible count models such as
zero-inflated, hurdle, generalized Poisson, Conway–Maxwell–Poisson, and long-tailed mixed-Poisson
families may be valuable when their additional parameters can be estimated stably. Long-tail stress
environments are instead used to test the robustness of a parsimonious NB policy.

In conclusion, the study develops a sequential ambiguity-aware policy layer for overdispersed count
risk. The theory establishes a unique period decision, an explicit activation condition, monotone response
to ambiguity-adjusted exposure, and persistence induced by adjustment friction. The experiments show
both sides of robustness: material protection against underestimated clustered risk and measurable
over-intervention cost when the nominal model is accurate or conservative. The empirical illustration
reinforces the same message: Robustness yields strong and stable tail protection, while total-cost
gains are more modest. The appropriate policy is therefore not “maximum robustness,” but calibrated
robustness—a radius selected to balance tail protection, intervention expenditure, and the credibility of
the fitted count law.
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