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1. Introduction

In modern control theory, modeling and identification of complex dynamical systems continue to
pose fundamental challenges. The unique dynamic behaviors of systems exhibiting both time delays
and periodic variations [1–3] further complicate the identification process. Time delay phenomena,
prevalent in industrial systems [4, 5], often lead to performance degradation or even system instability.
When time-delay characteristics are combined with periodic dynamics, the resulting complex behaviors
frequently exceed the capabilities of traditional analytical methods [6, 7]. The identification of such
systems is particularly challenging for two main reasons. On one hand, time delay introduces a non-
causal dependence in the input-output relationship, as the current output depends on past inputs shifted
by an unknown or time-varying delay. This non-causal structure complicates the formulation of the
information matrix and makes conventional identification methods, which assume causal relationships,
difficult to apply. On the other hand, periodic variations in system parameters imply that the underlying
dynamics change periodically over time, requiring identification algorithms to track time-varying
parameters while maintaining convergence stability. When these two features coexist, they interact in
complex ways—for instance, the delay can induce periodic solutions or stability switches—making
the identification problem substantially more difficult than the case where only one of these features is
present. Regarding the identification of time-delay systems, a relatively mature theoretical framework
has been established in the academic community [8–10]. For systems with constant time delays, well-
developed theories and applications exist for both open-loop and closed-loop identification, with methods
broadly categorized into time-domain and frequency-domain approaches. Time-domain methods are
typically based on the prediction error minimization criterion, achieving joint estimation by constructing
an augmented information matrix that incorporates the delay parameter. Frequency-domain methods,
on the other hand, exploit the linear phase characteristic introduced by the time delay in the transfer
function, extracting delay information through frequency response analysis. However, these methods
generally assume the system parameters to be time-invariant, making them difficult to generalize directly
to periodically time-varying scenarios.

Among existing approaches, the Levenberg-Marquardt (LM) algorithm has emerged as a particularly
effective framework for solving nonlinear least squares problems in system identification [11]. Originally
proposed as a damped least-squares method, the LM algorithm uniquely combines gradient descent and
Gauss-Newton iteration, exhibiting superior convergence properties when dealing with ill-conditioned
Jacobian matrices—a common challenge in time delay periodic system identification. As a classical
optimization technique, the LM algorithm has found widespread application in numerous scientific and
engineering fields. In terms of solving nonlinear problems, Li et al. enhanced the LM algorithm by
incorporating normalized cross-correlation, thereby improving breast image registration accuracy for
early cancer screening [12]. Tong et al. refined the LM-Kaczmarz method through nonsmooth convex
constraints and adaptive parameter selection, enabling efficient solution of multiple nonlinear ill-posed
equations [13]. Tang and Zhou further proposed a modified LM algorithm with Broyden-like updates,
ensuring both global convergence and local quadratic convergence under certain conditions [14]. In
the field of neural network training, Mirza et al. applied Levenberg-Marquardt backpropagation neural
networks (LMB-NN) to analyze activation energy in tri-hybrid nanofluid two-phase flow [15]. Qureshi
et al. employed Levenberg-Marquardt neural networks (LMA-NN) to study reactive radiative nanofluid
flow, demonstrating the LM algorithm’s enhanced convergence and predictive accuracy [16]. Zahoor
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Shah et al. analyzed chemically reactive Carreau nanoflow using stochastic analysis on Levenberg
Marquardt backpropagation neural networks (SALMBNNs) [17], while Albasheir et al. studied magneto-
thermal effects on Carreau stagnation flow [18]. Both studies leveraged LM optimization to reformulate
fluid dynamics problems as neural network tasks, thereby advancing computational methodologies. In
parameter estimation, Nautiyal et al. employed the LM method for photovoltaic module parameter
identification, simplifying the five-parameter single-diode model to enhance maximum power point
tracking (MPPT) accuracy [19]. Liu and Chen developed an LM-based simultaneous estimator for time
delays and system parameters, utilizing finite element discretization and error mitigation strategies [20].These
studies demonstrate that the LM algorithm can significantly enhance the precision and efficiency of
parameter estimation, providing robust support for system modeling and analysis. To further improve the
performance of the LM algorithm, researchers have introduced various modifications and innovations.
Zhang et al. developed a frozen LM-Kaczmarz method with Nesterov acceleration and convex penalties,
maintaining initial Fréchet derivatives to enhance computational efficiency and accuracy for ill-posed
problems [21]. Boos et al. proposed an LM variant with a singular scaling matrix, achieving local quadratic
convergence and ensuring the existence of stationary points through globalization techniques [22]. These
advancements have expanded the applicability of the LM algorithm to a broader range of fields.

For the identification of periodic systems, traditional strategies typically employ lifting techniques
to transform periodically time-varying systems into high-dimensional time-invariant systems for
processing [23, 24]. While this approach preserves the periodic structure information of the system,
the computational complexity increases exponentially with the period length, and it handles time
delays in a rather unnatural manner. In recent years, auxiliary model-based methods have enabled
the transformation of complex problems into more tractable forms, thereby enhancing the feasibility
of numerical solution and analysis of models [25]. Hierarchical identification methods [26] further
decompose large-scale systems into lower-dimensional subsystems, an idea that shares similarity with
the lifting technique for periodic systems. Moreover, two-stage parameter estimation methods for
continuous-time systems have also been developed [27]. Nevertheless, research that simultaneously
incorporates both time delays and periodicity into a unified identification framework remains relatively
limited. Additionally, when the system is multivariable with partially-coupled information vectors,
existing recursive identification methods face further difficulties [28]. Recently, a recursive identification
algorithm for discrete time-delay periodic linear systems was proposed using auxiliary models and
recursive least squares (RLS) [29]. While the RLS-based method provides a baseline for this class
of systems, it assumes the system parameters are slowly time-varying and cannot efficiently handle
rapid periodic fluctuations or ill-conditioned Jacobians that arise due to the coupling between delay and
periodicity. The RLS algorithm minimizes a quadratic cost using a constant forgetting factor, which
fails to adjust the step size according to local curvature. Like other existing works, it either focuses
on time-delay identification while neglecting time-varying parameters, or addresses periodicity while
avoiding the non-causality introduced by time delays. The complex dynamic behaviors arising from
the coupling of these two factors—such as delay-induced periodic solutions, stability switches, and
resonance phenomena—impose more stringent requirements on the design of identification algorithms.
Therefore, developing identification methods capable of handling both time delays and periodicity is an
urgent need for engineering applications.

Despite the widespread application of the Levenberg-Marquardt algorithm in nonlinear system
identification, several fundamental limitations hinder its direct application to time-delay periodic
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systems. First, the presence of time delay introduces a non-causal structure in the information vector,
making the conventional Jacobian formulation ill-posed when the delay is unknown or varies periodically.
Second, existing LM implementations assume time-invariant parameters and rely on fixed regularization
strategies, which cannot capture the intrinsic time-varying nature of periodic systems and often lead
to slow convergence or divergence when parameter variations occur over time. Third, the auxiliary
variables required for constructing the information matrix are unmeasurable in practical scenarios, yet
existing LM-based methods lack an effective mechanism to recover these latent states in a recursively
consistent manner. These limitations motivate the development of an enhanced LM framework that
jointly addresses time delay, periodicity, and latent variable estimation within a unified identification
structure. In this context, this paper proposes an improved Levenberg-Marquardt algorithm based
on auxiliary models to address the parameter identification problem of linear discrete-time periodic
systems with time delays under the least squares framework. The proposed algorithm incorporates
an adaptive updating strategy that not only improves the accuracy of parameter identification but also
enhances the algorithm’s robustness when dealing with complex dynamic systems. This approach
provides a novel methodology for handling periodic systems with time delays, offering both theoretical
and practical advancements in the field. The main contributions of this paper are twofold. First, we
devise a damping parameter update rule (Eq. (3.13)) that depends on the prediction error norm, allowing
the algorithm to automatically shift between gradient descent (when error is large or curvature changes
rapidly) and Gauss-Newton (when near a minimum). This is in sharp contrast to fixed or heuristically
tuned damping in conventional LM. Second, we develop an auxiliary model that generates surrogate
signals for unmeasurable intermediate variables without requiring state measurements. This integration
resolves the non-causality caused by time delays and enables recursive estimation. While existing
works introduce various modifications to the LM algorithm, none simultaneously address the coupling
between time delay and periodic parameter variations. The combination of these two innovations
enables a unified treatment of these challenging features—a capability that existing LM methods lack.
Numerical comparisons demonstrate that the proposed LM approach achieves faster convergence and
lower steady-state error than the existing RLS+auxiliary model method.

The remainder of this paper is structured as follows. In Section 2, we present a detailed formulation
of the state-space model for linear discrete-time periodic systems with time delays, analyzing their
distinctive characteristics and inherent complexities. This section also elucidates our identification
methodology based on measurable input-output data. Section 3 introduces the proposed auxiliary
model-based improved Levenberg-Marquardt algorithm, with comprehensive derivation of its
theoretical framework. Section 4 validates the correctness and effectiveness of the proposed algorithm
through carefully designed numerical case studies, demonstrating its practical performance in
real-world applications. Finally, we conclude the paper with a summary of key findings and
contributions.

Notation 1 In the upcoming discussion, T represents the matrix transpose, I represents the unit matrix
with appropriate dimensions, t indicates the time index, σ is the transfer operator of ν(t) with actions:
σν(t) = ν(t + 1), σ−1ν(t) = ν(t − 1), and ∥•∥ represents the L2 norm.
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2. The system model formulation

Consider the following state-space model for linear discrete periodic systems with d-unit time delays:x(t + 1) = A(t)x(t) + B(t)u(t − d),
y(t) = C(t)x(t) + v(t),

(2.1)

A(t) :=



0 1 0 · · · 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 · · · 0 1
−an(t) −an−1(t) −an−2(t) · · · −a1(t)


,

B(t) :=
[
bn(t) bn−1(t) bn−2(t) · · · b1(t)

]T
,

C(t) :=
[
0 0 · · · 0 1

]
,

where x(t) ∈ Rn is the state vector, u(t) ∈ Rr is the input vector, u(t − d) ∈ Rr represents the d-unit time
delay of system input, y(t) ∈ Rm is the output vector, v(t) ∈ R stands for the uncertain random noise, and
A(t) ∈ Rn×n, B(t) ∈ Rn×r, and C(t) ∈ R1×n are periodic system parameter matrices with period T .

Remark 2.1. Although the time delay d is assumed known, simply shifting the input by d does not
trivialize the identification problem in the presence of periodic parameter variations. The shifted input
remains coupled with the unknown and periodically time-varying matrix B(t) in the state equation.
Moreover, the delay affects the order of the numerator polynomial in the input-output model, thereby
influencing the structure of the information matrix.

Assume that n is known and the input satisfies u(t) = 0 for all t ≤ 0. The identification of time
delay linear discrete periodic systems with uncertain parameters and unmeasurable states in (2.1)
poses significant challenges. To circumvent the state measurement limitation, we adopt an input-
output data-driven identification framework. This approach leverages measurable excitation inputs
and corresponding system outputs, effectively bypassing the need for direct state observation while
preserving identifiability conditions.

Lemma 2.1. For the linear discrete periodic system (2.1) with period T and time delay d, there exist
constant coefficients ςi, j and time-varying coefficients ϖi,k(t) such that its transfer function can be
decomposed into T time-invariant sampled transfer functions Hi(z, t), i.e.,

G(σ, t) =
T−1∑
i=0

Hi(σT , t)σ−i, (2.2)

where i ∈ {0, . . . , T − 1}, and each Hi(z, t) is a rational function in z, i.e.,

Hi(z, t) =
∑n+d−1

k=0 ϖi,k(t)z−k

1 +
∑n

j=1 ςi, jz− j . (2.3)
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Proof. Based on the periodic system theory in [30], the input-output relationship of system (2.1) can be
expressed as

y(t) =
∞∑
j=0

M j(t − d)u(t − j − d) + v(t), (2.4)

where the Markov coefficients M j(t) satisfy the periodicity condition: M j(t + T ) = M j(t).
Introducing the shift operator σ, the periodic transfer operator for system (2.1) is given by

G(σ, t) =
∞∑
j=0

M j(t − d)σ− j. (2.5)

By exploiting the periodicity, we decompose the summation index modulo T as j = mT + i, where
m ≥ 0 and i ∈ {0, . . . ,T − 1}. Substituting into (2.5) yields

G(σ, t) =
T−1∑
i=0

∞∑
m=0

MmT+i(t − d)σ−(mT+i) =

T−1∑
i=0

[ ∞∑
m=0

MmT+i(t − d)(σT )−m
]
σ−i. (2.6)

Define the sampled transfer functions as

Hi(z, t) =
∞∑

m=0

MmT+i(t − d)z−m, i = 0, . . . , T − 1. (2.7)

Then we obtain the compact decomposition

G(σ, t) =
T−1∑
i=0

Hi(σT , t)σ−i. (2.8)

This is (2.2).
For rational periodic systems, the Markov coefficients MmT+i(t) decay exponentially with m, hence

each Hi(z, t) can be expressed as a ratio of two polynomials. That is, there exist constants ςi, j and
periodic functions ϖi,k(t) such that

Hi(z, t) =
∑n+d−1

k=0 ϖi,k(t)z−k

1 +
∑n

j=1 ςi, jz− j . (2.9)

This completes the proof of Lemma 2.1. □

Lemma 2.2. For the linear discrete periodic system (2.1) with period T and time delay d, there exist
time-invariant coefficients ς1, . . . , ςp and periodically time-varying coefficients ϖ0(t), . . . , ϖq(t) such
that its input-output relation can be written as

y(t) =
p∑

k=1

ςk y(t − kτ) +
q∑

j=0

ϖ j(t) u(t − j − d) + v(t), (2.10)

where τ is a multiple of the period T .
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Proof. Since (2.4) is realized in a finite-dimensional state space realization (i.e., (2.1)), its transfer
operator can be written as

G(σ, t) = [d(σ, t)]−1n(σ, t), (2.11)

where d(σ, t) and n(σ, t) are polynomials in σ with T -periodic coefficients. Also,

d(σ, t) = σn+d−1 + a1(t)σn+d−2 + · · · + an+d−1(t),
n(σ, t) = b0(t)σn+d−1 + b1(t)σn+d−2 + · · · + bn+d−1(t),

(2.12)

with ai(t + T ) = ai(t), b j(t + T ) = b j(t), and the delay d appearing as the excess of the numerator degree
over the denominator degree.

Multiplying both sides of y(t) = G(σ, t)u(t) by d(σ, t) yields

d(σ, t) y(t) = n(σ, t) u(t). (2.13)

Expanding the polynomials and rearranging terms gives a difference equation with periodic
coefficients:

y(t) +
n+d−1∑

k=1

ak(t) y(t − k) =
n+d−1∑

j=0

b j(t) u(t − j − d). (2.14)

Because the coefficients ak(t) are periodic with period T , the explicit time-dependence on the
left-hand side can be removed by constructing a T -step recurrence.

Define the extended state vector as

Y(t) =
[
y(t), y(t − 1), . . . , y(t − T + 1)

]T
. (2.15)

Writing equation (2.14) at times t, t − 1, . . . , t − T + 1 and exploiting the periodicity ak(t + T ) = ak(t),
algebraic elimination leads to a relation that involves only delays that are multiples of the period:

y(t) =
L∑
ℓ=1

ςℓ y(t − ℓT ) +
Q∑

j=0

ϖ j(t) u(t − j − d) + v̄(t), (2.16)

where the coefficients ςℓ are time-invariant, obtained from products of the original periodic coefficients
ak(·); the coefficients ϖ j(t) are periodic with period T , inherited from the original periodic coefficients
b j(t) together with the elimination procedure; and v̄(t) collects the noise term v(t) and its delayed
versions.

Taking τ = T (or any integer multiple thereof), equation (2.16) can be written in the standard form

y(t) =
p∑

k=1

ςk y(t − kτ) +
q∑

j=0

ϖ j(t) u(t − j − d) + v(t) (2.17)

after renaming p = L, q = Q, and absorbing the noise term into v(t).
Since every operation in the derivation (shifting, multiplication by periodic coefficients, and

algebraic elimination) preserves periodicity, each coefficient ϖ j(t) inherits the period T from the
original coefficients b j(t); i.e., ϖ j(t + T ) = ϖ j(t), j = 0, 1, . . . , q. Therefore, the proof of Lemma 2.2 is
completed. □
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The representation y(t) =
∑p

k=1 ζky(t − kτ) +
∑q

j=0 π j(t)u(t − j − d) + v(t) uses only output samples at
multiples of τ, where τ is an integer multiple of the period T . This downsampling potentially discards
inter-sample information, which may raise concerns about identifiability in time-varying periodic
systems. Nevertheless, the following considerations justify its use under appropriate conditions.

First, the parameter τ is typically chosen as the period T (the smallest integer multiple). By the
lifting technique, the original T -periodic system can be transformed into a T -step time-invariant system
whose state and output are sampled every T steps; the downsampled output sequence y(kT ) then exactly
corresponds to the output of this lifted system, and the parameters ζk become time-invariant. Second,
regarding persistency of excitation, assume that the original system satisfies the persistent excitation
condition: There exist constants α, β > 0 such that for sufficiently large N,

αI ≤
1
N

N∑
t=1

ψ(t)ψT(t) ≤ βI,

where ψ(t) is the full information vector using all available data. Under this condition, the downsampled
information matrix (constructed from samples at times t, t−τ, t−2τ, . . .) also satisfies a similar inequality,
provided the system is observable from the downsampled output. Hence, no essential information is
lost for parameter identification. Third, sufficiency for identifiability: For linear periodic systems with
period T , the lifted T -step ahead model is known to be identifiable if the original system is observable
and the input is sufficiently rich. The representation (2.10) with τ = T preserves all information
necessary to estimate the time-invariant parameters ζk and the periodic coefficients π j(t) up to a periodic
transformation. Finally, in practical implementation, the proposed algorithm does not actually discard
intermediate outputs; it directly uses the full input-output sequence {u(t), y(t)} to construct the auxiliary
model and update the estimates. The downsampled form (2.10) serves mainly as a theoretical bridge
to obtain a time-invariant denominator polynomial, simplifying the derivation of the identification
model. The final algorithm (Algorithm 1) operates on every sample, thereby avoiding any actual loss of
information.

Therefore, while the representation (2.10) omits inter-sample outputs, it remains a valid and sufficient
model for parameter identification under the standard assumptions of persistency of excitation and
observability of the lifted system. For τ > T , the same conclusions hold but require a proportionally
stronger excitation condition.

The periodic matrix equations arising from such models have been studied numerically in [31]. As a
natural progression of the input-output paradigm, we give the following equivalent reformulation of
(2.1) based on Lemma 2.1 and Lemma 2.2:

y(t) =
ϖ(σ, t)
ς(σ)

u(t) + v(t), (2.18)

where ς(σ) andϖ(σ, t) are determined by (2.19) and (2.20), respectively. This parametric decomposition
explicitly separates the time-invariant denominator ς(σ) from the time-varying numerator ϖ(σ, t),
enabling systematic parameter estimation.

ς(σ) = 1 + ς1σ
−1 + ς2σ

−2 + · · · + ςpσ
−p, (2.19)

ϖ(σ, t) = ϖ0(t) +ϖ1(t)σ−1 +ϖ2(t)σ−2 + · · · +ϖq(t)σ−q. (2.20)
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Therefore, the identification of system (2.1) can be transformed into the identification of ςi and ϖ j(t).
To address the challenge of unknown intermediate variables in the system, we propose an auxiliary

model-based improved Levenberg-Marquardt algorithm for parameter estimation. The key innovation
lies in the construction of an intermediate variable that bridges measurable inputs/outputs with unknown
parameters. Specifically, we define

i(t) =
ϖ(σ, t)
ς(σ)

u(t). (2.21)

Through an algebraic shifting operation, the relationship in (2.21) can be equivalently expressed as

ς(σ)i(t) = ϖ(σ, t)u(t). (2.22)

The complete parameter vector θ is then constructed by

θ := [ς1, ς2, · · · , ςp, ϖ0(t), ϖ1(t), ϖ2(t), · · · , ϖq(t)]T. (2.23)

Correspondingly, the information matrix ψ(t) is defined as

ψ(t) = [−i(t − 1),−i(t − 2), . . . ,−i(t − p), u(t), u(t − 1), . . . , u(t − q)]T. (2.24)

Substituting (2.19) and (2.20) into (2.22) and applying algebraic rearrangement, we derive the
expanded expression for the intermediate variable:

i(t) = [1 − ς(σ)]i(t) +ϖ(σ, t)u(t)
= −ς1i(t − 1) − ς2i(t − 2) − · · · − ςpi(t − p) +ϖ0(t)u(t) +ϖ1(t)u(t − 1) + · · · +ϖq(t)u(t − q)
= ψT(t)θ. (2.25)

Combining (2.18), (2.21), and (2.25) yields the final identification model for system (2.1):

y(t) = ψT(t)θ + v(t). (2.26)

3. The improved LM identification algorithm

The parameter identification of linear discrete periodic systems with time delays presents a
fundamental challenge due to the presence of unmeasurable intermediate variables. These latent
variables not only introduce additional nonlinearity to the system dynamics but also necessitate robust
identification algorithms capable of handling increased parametric uncertainty. To overcome these
limitations, we develop an improved Levenberg-Marquardt algorithm that incorporates auxiliary
modeling techniques. The proposed algorithm distinguishes itself from existing LM variants through
two key features: an adaptive regularization strategy that adjusts the damping parameter in response to
local curvature, and an auxiliary model that reconstructs latent variables without requiring state
measurements. These features collectively enable the algorithm to handle the coupling between time
delay and periodic variations—a capability not present in prior LM-based methods.

Conventional LM methods rely on measurable state information, which is unavailable in time-delay
periodic systems. To address this, the auxiliary model is constructed to recursively generate surrogate
signals î(t) from input-output data, explicitly incorporating the time delay d and synchronizing with the
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system period T . Unlike standard LM algorithms that assume time-invariant parameters, the proposed
update law tracks periodic variations by aligning the information matrix ψ̂(t) with the system period T .
Moreover, unlike state estimation techniques such as Kalman filtering—which require prior knowledge
of system matrices and are not designed for non-causal time-delay structures—the auxiliary model
operates directly within the identification framework, enabling latent variable reconstruction without a
separate state-space model while naturally accommodating both time delays and periodic variations.

The identification process begins with the definition of the criterion function:

V(θ) =
l∑

t=1

[e(t)]2 =

l∑
t=1

[
y(t) − ψT(t)θ

]2
, (3.1)

where θ denotes the parameter vector to be estimated and ψ(t) represents the information matrix at time
t. This quadratic form is chosen to facilitate the derivation of closed-form solutions while maintaining
convexity properties essential for convergence.

The Jacobian matrix J(θ) quantifies the sensitivity of the criterion function to parameter variations.
For the current sample at time t, the Jacobian row vector is constructed as

J(t) =
[
∂e(t)
∂θ1

, . . . ,
∂e(t)
∂θn

]
= −ψT(t), (3.2)

i.e.,
J j(t) = −ψ j(t). (3.3)

Building upon this Jacobian formulation, we define

γ̃(t) =
(
J(t)TJ(t) + λ(t)I

)−1
JT(t)

= −
(
ψ(t)ψT(t) + λ(t)I

)−1
ψ(t).

(3.4)

Let the effective gain matrix γ(t) be
γ(t) = −γ̃(t). (3.5)

Then the parameter update using the true information matrix is

θ̂(t) = θ̂(t − 1) + γ(t)
[
y(t) − ψT(t)θ̂(t − 1)

]
. (3.6)

The regularization parameter λ(t) is adaptively updated as

λ(t) =
β
∥∥∥V[θ̂(t)]

∥∥∥2
1 + α

∥∥∥V[θ̂(t)]
∥∥∥2 , α + β = 1. (3.7)

Notably, the implementation of (3.4)–(3.7) requires knowledge of intermediate variables i(t − i)
(i = 1, 2, · · · , 2n), which are inherently unmeasurable. To resolve this practical limitation, we develop
an auxiliary model that generates surrogate signals î(t) through the following procedure.

First, the information matrix ψ̂(t) is constructed using only previously estimated auxiliary variables:

ψ̂(t) =
[
−î(t − 1), . . . ,−î(t − p), u(t), . . . , u(t − q)

]T
. (3.8)
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Second, the parameter vector is updated using the current ψ̂(t):

θ̂(t) = θ̂(t − 1) + γ(t)
[
y(t) − ψ̂T(t)θ̂(t − 1)

]
. (3.9)

Third, the auxiliary variable is updated as

î(t) = ψ̂T(t)θ̂(t). (3.10)

This ordering ensures that no implicit equation appears; each variable is computed from previously
available quantities. Consequently, existence and uniqueness of the solution at each time step are trivial.

For completeness, the algorithmic implementation uses the estimated information matrix ψ̂(t) in
place of the true ψ(t). Hence, we rewrite the key steps as

γ(t) =
(
ψ̂(t)ψ̂T(t) + λ(t)I

)−1
ψ̂(t), (3.11)

θ̂(t) = θ̂(t − 1) + γ(t)
[
y(t) − ψ̂T(t)θ̂(t − 1)

]
, (3.12)

λ(t) =
β
∥∥∥V[θ̂(t)]

∥∥∥2
1 + α

∥∥∥V[θ̂(t)]
∥∥∥2 , α + β = 1. (3.13)

Thus, the complete auxiliary-model-based improved Levenberg-Marquardt (AM-ILM) algorithm
is given by (3.11)–(3.13) together with the adaptive regularization (3.7). The overall procedure is
summarized in Algorithm 1.

Algorithm 1 AM-ILM identification algorithm for time delay linear discrete periodic systems.

1. Initialize the length of the data to L and the tolerance ε with ε > 0. At t = 1, set the initial
value θ̂(0) = 1/ρ0, î(t − i) = 0, u(t − i) = 0, y(t − i) = 0 (i = 1, 2, · · · , 2n), λ(0) = 0.02, α = 0.1,
β = 0.9, ε = 10−6, γ(0) = 0.

2. For t = 1, 2, 3, · · · , L, collect input u(t) and output y(t).
3. Construct information matrix ψ̂(t) using equation (3.8).
4. Compute Jacobian matrix using equations (3.2) and (3.3).
5. Calculate gain γ(t) using equation (3.11).
6. Update θ̂(t) using equation (3.12).
7. Estimate auxiliary vector î(t) using equation (3.10).
8. if ∥θ̂(t)−θ̂(t−1)∥2

∥θ̂(t)∥2+δ
< ε, (with δ = 10−12 to avoid division by zero)

go to step 9.
else

Update λ(t) by equation (3.13),

t := t + 1, go to step 2.

end if
9. Output: Parameter estimate θ̂.

Remark 3.1. The persistent excitation condition requires that ∃ α, β > 0 such that for all t

αI ≤
1
T

t+T−1∑
k=t

ψ̂(k)ψ̂T(k) ≤ βI. (3.14)
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The convergence properties of Algorithm 1 are established through the following two fundamental
lemmas. First, we present a convexity result for the criterion function.

Lemma 3.1. ∀θ1, θ2 and η ∈ [0, 1],

E
[
V
(
ηθ1 + (1 − η)θ2

)]
≤ ηE[V(θ1)] + (1 − η)E[V(θ2)]. (3.15)

Proof. First of all, we have

V
(
ηθ1 + (1 − η)θ2

)
=

l∑
t=1

[
y(t) − ψ̂T(t)(ηθ1 + (1 − η)θ2)

]2
= ηV(θ1) + (1 − η)V(θ2) − η(1 − η)(θ1 − θ2)T

( l∑
t=1

ψ̂(t)ψ̂T(t)
)
(θ1 − θ2).

(3.16)

Since
∑l

t=1 ψ̂(t)ψ̂T(t) ⪰ 0 (positive semidefinite), the last term is nonpositive, yielding

V
(
ηθ1 + (1 − η)θ2

)
≤ ηV(θ1) + (1 − η)V(θ2). (3.17)

Thus V is convex.
Now take expectation on both sides with respect to the noise distribution. Expectation is linear and

preserves the inequality direction, hence

E
[
V
(
ηθ1 + (1 − η)θ2

)]
≤ ηE[V(θ1)] + (1 − η)E[V(θ2)].

Thus, the Lemma 3.1 is proved. □

We now proceed to demonstrate the monotonic error decrease property and establish mean-square
convergence.

Lemma 3.2. For the linear discrete periodic system (2.1) with time delays and period T , assume that the
persistent excitation condition (3.14) holds, the noise v(t) is zero-mean white noise with finite variance
σ2

v , and the gain matrix γ(t) is defined by (3.11). Then there exists a constant C > 0 such that

lim sup
t→∞

E
[
∥θ̃(t)∥2

]
≤ Cσ2

v , (3.18)

where θ̃(t) = θ̂(t) − θ. In particular, if σ2
v = 0, then

lim
t→∞
E
[∥∥∥θ̂(t) − θ∥∥∥2] = 0. (3.19)

Proof. First, define the parameter estimation error as

θ̃(t) = θ̂(t) − θ. (3.20)

Substituting (3.12) into (3.20) gives

θ̃(t + 1) = θ̂(t) + γ(t + 1)
[
y(t + 1) − ψ̂T(t + 1)θ̂(t)

]
− θ. (3.21)
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According to (3.20), (3.21) can be rewritten as

θ̃(t + 1) = θ̂(t + 1) − θ

= θ̂(t) + γ(t + 1)
[
y(t + 1) − ψ̂T(t + 1)θ̂(t)

]
− θ

= θ̃(t) + γ(t + 1)
[
y(t + 1) − ψ̂T(t + 1)θ̂(t)

]
. (3.22)

Substituting (2.26) into (3.22) yields

θ̃(t + 1) = θ̃(t) + γ(t + 1)
[
y(t + 1) − ψ̂T(t + 1)θ̂(t)

]
= θ̃(t) + γ(t + 1)

[
ψ̂T(t + 1)θ + v(t + 1) − ψ̂T(t + 1)θ̂(t)

]
= θ̃(t) + γ(t + 1)

[
ψT(t + 1)θ + v(t + 1) − ψ̂T(t + 1)

(
θ + θ̃(t)

)]
=
(
I − γ(t + 1)ψ̂T(t + 1)

)
θ̃(t) − γ(t + 1)∆ψT(t + 1)θ + γ(t + 1)v(t + 1),

(3.23)

where ∆ψ(t) := ψ̂(t) − ψ(t).
By (3.11), γ(t + 1) = (ψ̂(t + 1)ψ̂T(t + 1) + λ(t + 1)I)−1ψ̂(t + 1). Hence,

γ(t + 1)ψ̂T(t + 1) = [ψ̂(t + 1)ψ̂(t + 1)T + λ(t + 1)I]−1ψ̂(t + 1)ψ̂T(t + 1). (3.24)

Let σi(t+ 1) ≥ 0 be the eigenvalues of ψ̂(t+ 1)ψ̂T(t+ 1). Then the eigenvalues of γ(t+ 1)ψ̂T(t+ 1) are

µi(t + 1) =
σi(t + 1)

σi(t + 1) + λ(t + 1)
∈ (0, 1). (3.25)

Thus, 0 < γ(t + 1)ψ̂T(t + 1) < I.
According to (3.24), define ρ0 = maxi(1 − µi(t + 1))2, which satisfies 0 < ρ0 < 1. Since µi(t + 1) ∈

(0, 1), the contraction factor ρ0 = maxi(1 − µi(t + 1))2 satisfies ρ0 ∈ (0, 1) for each t, and moreover
ρ̄0 = supt ρ0(t) < 1 holds uniformly. Then for any vector x,

∥(I − γ(t + 1)ψ̂T(t + 1))x∥2 ≤ ρ0∥x∥2. (3.26)

Persistent excitation (3.14) implies ∥γ(t + 1)∥2 ≤ gmax.
Let ∆i(t) = î(t) − i(t). From (3.10) and (2.25), we have

∆i(t) = −
p∑

k=1

ζk∆i(t − k) + ψ̂T(t)θ̃(t). (3.27)

The homogeneous part of (3.27) has the characteristic polynomial zp +
∑p

k=1 ζkzp−k, which is stable
[32], so there exist constants c0 > 0, λ ∈ (0, 1) such that for any initial condition,

|∆i(t)| ≤ c0λ
t max

1≤k≤p
|∆i(0)| + c0

t−1∑
k=0

λt−1−k
∣∣∣ψ̂T(k)θ̃(k)

∣∣∣. (3.28)

Persistent excitation yields ∥ψ̂(k)∥ ≤ M almost surely, so |ψ̂T(k)θ̃(k)| ≤ M∥θ̃(k)∥. Squaring (3.28),
taking expectations, and using the Cauchy-Schwarz inequality gives

E[∆i(t)2] ≤ c1λ
2t + c2

t−1∑
k=0

λ2(t−1−k)E[∥θ̃(k)∥2], (3.29)
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with c1, c2 > 0. Since ∥ψ̂(t) − ψ(t)∥2 =
∑p

k=1 ∆i(t − k)2, there exists c3 > 0 such that

E[∥∆ψ(t + 1)∥2] ≤ c3λ
2t + c3

t∑
k=0

λ2(t−k)E[∥θ̃(k)∥2]. (3.30)

Let ∆I(t) = [∆i(t − 1), . . . ,∆i(t − p)]T, and define the Lyapunov function

V(t) = ∥θ̃(t)∥2 + α0∥∆I(t)∥2, (3.31)

where α0 > 0 will be chosen later. Using the dynamics of ∆I(t) derived from (3.27) and the stability of
the homogeneous part, there exist constants 0 < ρi < 1 and ci > 0 such that

E[∥∆I(t + 1)∥2 | Ft] ≤ ρi∥∆I(t)∥2 + ci∥θ̃(t)∥2, (3.32)

where Ft is the σ-algebra generated by all data up to time t.
Take conditional expectation in (3.23). Because v(t + 1) is independent of Ft and zero-mean, and

∆ψ(t + 1) is Ft-measurable, we obtain from (3.26), (3.28), and (3.30):

E[V(t + 1) | Ft] ≤ ρ0∥θ̃(t)∥2 + 2g2
max∥θ∥

2E[∥∆ψ(t + 1)∥2 | Ft]
+ 2g2

maxσ
2
v + α0

(
ci∥θ̃(t)∥2 + ρi∥∆I(t)∥2

)
≤
(
ρ0 + 2g2

max∥θ∥
2c3 + α0ci

)
∥θ̃(t)∥2

+
(
2g2

max∥θ∥
2c3 + α0ρi

)
∥∆I(t)∥2 + 2g2

maxσ
2
v + δ(t), (3.33)

where δ(t) ≤ c4λ
2t is an exponentially decaying term.

Since ρ0 < 1 and ρi < 1, we may select α0 sufficiently small so that

ρθ := ρ0 + 2g2
max∥θ∥

2c3 + α0ci < 1, ρI := 2g2
max∥θ∥

2c3 + α0ρi < 1. (3.34)

Let ρ = max{ρθ, ρI}; then 0 < ρ < 1. Notice that ∥θ̃(t)∥2+∥∆I(t)∥2 ≤ max(1, 1/α0)V(t). Consequently,
from (3.33) we obtain for some 0 < ρ′ < 1 and C′ > 0,

E[V(t + 1) | Ft] ≤ ρ′V(t) +C′σ2
v + δ(t). (3.35)

Take full expectation in (3.35) and iterate:

E[V(t)] ≤ (ρ′)tE[V(0)] +
C′

1 − ρ′
σ2

v +

t−1∑
k=0

(ρ′)t−1−kδ(k). (3.36)

Because δ(k) ≤ c4λ
2k and we can ensure λ2 < ρ′ by a suitable choice of α, the last sum is bounded

and tends to zero as t → ∞. Hence,

lim sup
t→∞

E[V(t)] ≤
C′

1 − ρ′
σ2

v . (3.37)

Since ∥θ̃(t)∥2 ≤ V(t), we finally obtain

lim sup
t→∞

E[∥θ̃(t)∥2] ≤
C′

1 − ρ′
σ2

v =: Cσ2
v . (3.38)

If σ2
v = 0, then C′ = 0, and

lim
t→∞
E
[
∥θ̃(t)∥2

]
= 0. (3.39)

Therefore, Lemma 3.2 is proved. □
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Remark 3.2. From (3.11), we have γ(t)ψ̂T(t) = (ψ̂ψ̂T + λI)−1ψ̂ψ̂T, whose eigenvalues are σi/(σi + λ) ∈
(0, 1). Hence 0 < γψ̂T < I, which guarantees the contraction property used in Lemma 3.2.

Lemma 3.3. Under the same conditions as Lemma 3.2 (zero-mean white noise with finite variance σ2
v ,

persistent excitation (3.14), and asymptotic stability of the denominator polynomial 1 +
∑p

k=1 ζkz−k), let
ψ̂(t) be generated by the auxiliary model (3.8)–(3.10), and let ψ(t) be the true information matrix (2.24).
Then there exists a constant D > 0 such that

lim sup
t→∞

E
[
∥ψ̂(t) − ψ(t)∥2

]
≤ Dσ2

v . (3.40)

In particular, if σ2
v = 0, then

lim
t→∞
E
[
∥ψ̂(t) − ψ(t)∥2

]
= 0, (3.41)

and E[ψ̂(t)]→ ψ(t).

Proof. Set ∆i(t) = î(t) − i(t). From (2.24) and (3.8), we have

ψ̂(t) − ψ(t) = [−∆i(t − 1), . . . ,−∆i(t − p), 0, . . . , 0]T, (3.42)

hence ∥ψ̂(t) − ψ(t)∥2 =
∑p

k=1 ∆i(t − k)2. Thus it suffices to analyse ∆i(t).
From the true model (2.25) and the auxiliary model (3.9)–(3.10), we obtain

i(t) = −
p∑

k=1

ζki(t − k) +
q∑

j=0

π j(t)u(t − j − d), (3.43)

î(t) = −
p∑

k=1

ζ̂k(t)î(t − k) +
q∑

j=0

π̂ j(t)u(t − j − d). (3.44)

Let θ̃(t) = θ̂(t) − θ with components ζ̃k(t) = ζ̂k(t) − ζk, π̃ j(t) = π̂ j(t) − π j(t). Subtracting (3.43) from
(3.44) and using

ψ̂T(t)θ̃(t) = −
p∑

k=1

ζ̃k(t)î(t − k) +
q∑

j=0

π̃ j(t)u(t − j − d), (3.45)

we obtain

∆i(t) = −
p∑

k=1

ζk∆i(t − k) + ψ̂T(t)θ̃(t). (3.46)

The homogeneous part of (3.46) is stable. As shown in the proof of Lemma 3.2 (specifically,
inequalities (3.28)–(3.30) and the subsequent derivation), there exist constants c1, c2 > 0 and λ ∈ (0, 1)
such that

E[∆i(t)2] ≤ c1λ
2t + c2

t−1∑
k=0

λ2(t−1−k)E[∥θ̃(k)∥2]. (3.47)

By Lemma 3.2, E[∥θ̃(k)∥2] is bounded and lim supk→∞E[∥θ̃(k)∥2] ≤ Cσ2
v . Hence, there exists C1 such

that
t−1∑
k=0

λ2(t−1−k)E[∥θ̃(k)∥2] ≤ C1σ
2
v . (3.48)
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Therefore,

lim sup
t→∞

E[∆i(t)2] ≤
c2C1

1 − λ2σ
2
v . (3.49)

If σ2
v = 0, Lemma 3.2 yields E[∥θ̃(k)∥2]→ 0, so the sum in (3.47) vanishes and E[∆i(t)2]→ 0.

Since ∥ψ̂(t) − ψ(t)∥2 =
∑p

k=1 ∆i(t − k)2, we obtain

lim sup
t→∞

E
[
∥ψ̂(t) − ψ(t)∥2

]
≤ p ·

c2C1

1 − λ2σ
2
v ≜ Dσ2

v , (3.50)

and the upper bound is zero when σ2
v = 0. Finally, ∥E[X]∥2 ≤ E[∥X∥2] implies E[ψ̂(t)]→ ψ(t). □

Based on the above analysis, we now establish the convergence of Algorithm 1 and present the
relevant conclusions in the form of Theorem 3.1.

Theorem 3.1. Consider the linear discrete periodic system (2.1) with time delay d and period T . Assume
that the noise sequence v(t) is zero-mean Gaussian white noise with finite variance σ2

v , independent
of the input u(t) (u(t) is deterministic) and the information matrix ψ(t), and the persistent excitation
condition (3.14) holds. E[∆ψ(t) | Ft−1] = 0, where Ft−1 is the σ-algebra generated by all observations
up to time t − 1 (i.e.,Ft−1 = σ

{
u(1), . . . , u(t − 1), y(1), . . . , y(t − 1)

}
). Let θ̂(t) be the estimate obtained

by Algorithm 1 using the estimated information matrix ψ̂(t). Then θ̂(t) is an asymptotically unbiased
estimate of θ.

Proof. By (3.11) and the persistent excitation condition, there exists a constant 0 < ρ < 1 such that
∥I − γ(t)ψ̂T(t)∥2 ≤ ρ a.s. for all sufficiently large t, and ∥γ(t)∥2 is uniformly bounded.

Taking expectation of (3.23) and using E[v(t + 1) | Ft] = 0 together with the Ft-measurability of
γ(t + 1) and ψ̂(t + 1), we obtain

E[θ̃(t + 1)] = E
[
(I − γ(t + 1)ψ̂T(t + 1))E[θ̃(t) | Ft]

]
− E
[
γ(t + 1)∆ψT

]
θ. (3.51)

Denote β(t) = E[θ̃(t)], Φ(t) = E[I − γ(t + 1)ψ̂T(t + 1)], and Γ(t) = E[γ(t + 1)∆ψT(t + 1)]. Then,

β(t + 1) = Φ(t)β(t) − Γ(t)θ. (3.52)

Since E[∆ψ(t) | Ft−1] = 0 and γ(t) is Ft−1-measurable, hence

E[γ(t)∆ψT(t)] = E
[
γ(t)E[∆ψT(t) | Ft−1]

]
= 0, (3.53)

i.e., Γ(t) = 0. Therefore, (3.52) reduces to β(t + 1) = Φ(t)β(t).
From Lemma 3.2 ((3.25) and (3.30)), we have 0 < γ(t)ψ̂T(t) < I almost surely, and ∥I −γ(t)ψ̂T(t)∥2 ≤

√
ρ0 < 1. Hence,

∥I − E[γ(t)ψ̂T(t)]∥2 ≤ E
[
∥I − γ(t)ψ̂T(t)∥2

]
≤
√
ρ0 < 1, (3.54)

which implies that I − E[γ(t)ψ̂T(t)] is a contraction (its spectral radius is less than 1).
Consequently, there exists a constant 0 < ρ < 1 such that

∥β(t)∥ ≤ ρ∥β(t − 1)∥. (3.55)

Iterating this inequality gives β(t)→ 0, i.e.,

lim
t→∞
E[θ̂(t)] = θ.

Thus, θ̂(t) is an asymptotically unbiased estimate of θ. This completes the proof of Theorem 3.1. □
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4. Simulation and analysis

In this section, we employ Algorithm 1 to identify the system parameters of the unit-time delay
system (2.1) with period T = 3 and T = 4, respectively. We evaluate the performance of Algorithm 1
through Example 4.1, and compare it with the AM-RLS, LM, fully connected neural network (FCN),
model-agnostic meta-learning (MAML), Bayesian and RLS algorithms. Example 4.2 further examines
the robustness of Algorithm 1 under different initial conditions and varying system parameters (T = 4,
d = 2). Example 4.3 presents an application. In the numerical simulations, the input signal u(t) is a
sequence of independent and identically distributed (i.i.d.) continuous random variables following a
Bernoulli 0-1 distribution, and the variances of the noise terms v(t) in these examples are δ2 = 0.5,
δ2 = 0.1, and δ2 = 0.01 respectively.

Example 4.1. Consider a periodic system of the form (2.1) with period T = 3 and time delay d = 1.
The system matrices are given by

a(t) =


0.2, t = 3k

0.26, t = 3k + 1
−1, t = 3k + 2

, b(t) =


0.1, t = 3k

0.58, t = 3k + 1
−2, t = 3k + 2

. (4.1)

According to Lemma 2.2, the periodic transfer operator of system (2.1) can be derived as

G(σ, t) =
b(t + 1)σ2 + b(t + 2)σ + b(t)

σ3 − a(t)
. (4.2)

Based on Lemma 2.1, the periodic transfer operator (4.2) can be decomposed into three time-invariant
rational functions in σ3. For i = 0, 1, 2, the sampled transfer functions are

H0(σ3, t) =
b(t)

σ3 − a(t)
,

H1(σ3, t) =
b(t + 1)σ3

σ3 − a(t + 1)
,

H2(σ3, t) =
b(t + 2)σ3

σ3 − a(t + 2)
.

(4.3)

To obtain a representation with a time-invariant denominator, we define

d(σ, t) = σ3 − a(t), n(σ, t) = b(t + 1)σ2 + b(t + 2)σ + b(t). (4.4)

Pre-multiply both polynomials by

d∗(σ, t) = (σ3 − a(t + 1))(σ3 − a(t + 2)). (4.5)

Then, the transfer operator becomes

G(σ, t) =
[
d∗(σ, t)d(σ, t)

]−1d∗(σ, t)n(σ, t), (4.6)

Journal of Industrial and Management Optimization Volume 22, Issue 6, 3023–3049.



3040

and the new denominator is

d∗(σ, t)d(σ, t) = σ9 − ς1σ
6 − ς2σ

3 − ς3, (4.7)

with constant coefficients

ς1 = a(t) + a(t + 1) + a(t + 2),
ς2 = −a(t)a(t + 1) − a(t)a(t + 2) − a(t + 1)a(t + 2),
ς3 = a(t)a(t + 1)a(t + 2).

(4.8)

The numerator is

d∗(σ, t)n(σ, t) = ϖ1(t)σ8 + · · · +ϖ8(t)σ +ϖ9(t), (4.9)

with
ϖ1(t) = b(t + 1),
ϖ2(t) = b(t + 2),
ϖ3(t) = b(t),
ϖ4(t) = −[a(t + 1) + a(t + 2)]b(t + 1),
ϖ5(t) = −[a(t + 1) + a(t + 2)]b(t + 2),
ϖ6(t) = −[a(t + 1) + a(t + 2)]b(t),
ϖ7(t) = a(t + 1)a(t + 2)b(t + 1),
ϖ8(t) = a(t + 1)a(t + 2)b(t + 2),
ϖ9(t) = a(t + 1)a(t + 2)b(t).

(4.10)

Then, we obtain

θ = [−0.54, 0.408,−0.052, 0, 0.58,−2, 0.1, 0.4292,−1.48, 0.074,−0.1508,−0.52,−0.026].

The identification performance of Algorithm 1 (AM-ILM) is quantitatively evaluated in Figure 1,
with precision metrics defined as

ε =
∥θ(t) − θ∥2

∥θ∥2
. (4.11)

To comprehensively evaluate the proposed Algorithm 1, we select several representative baseline
methods: RLS and AM-RLS represent conventional recursive least-squares approaches; classical LM
represents fixed-damping nonlinear least-squares; FCN and MAML serve as representatives of
black-box modeling and rapid adaptation, respectively; and Bayesian methods represent probabilistic
inference frameworks. The comparative results are listed in Table 1, and the performance metrics of the
algorithms are illustrated in Figure 2 and tabulated in Table 2.

Journal of Industrial and Management Optimization Volume 22, Issue 6, 3023–3049.



3041

0 5 0 1 0 0 1 5 0 2 0 0- 2 . 5
- 2 . 0
- 1 . 5
- 1 . 0
- 0 . 5
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0

 Es
tim

ate
d v

alu
e

t

 ς 1      ϖ 0    ϖ 3    ϖ 6    ϖ 9
 ς 2      ϖ 1    ϖ 4    ϖ 7
 ς 3      ϖ 2    ϖ 5    ϖ 8

Figure 1. Evolution of parameter
estimates ςi and ϖ j(t) over time.
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Figure 2. Comparison of identification
accuracy ε for different algorithms.

Table 1. Estimated value of ςi and ϖ j(t) by the different algorithms.
Algorithm m ς1 ς2 ς3 ϖ0(t) ϖ1(t) ϖ2(t) ϖ3(t) ϖ4(t) ϖ5(t) ϖ6(t) ϖ7(t) ϖ8(t) ϖ9(t)

AM-ILM

5 1 1 1 1 1 1 1 1 1 0.78781 0.43779 -0.16857 0.06242
20 0.39764 0.82910 0.43663 0.39635 0.75221 -1.07983 0.30675 0.50551 -1.38721 0.10251 -0.22111 -0.53750 -0.03741
50 -0.47089 0.42016 -0.06477 -0.02326 0.59076 -1.99629 0.14643 0.48942 -1.48514 0.10261 -0.17072 -0.50760 -0.02004
100 -0.54075 0.40911 -0.05160 -0.00023 0.57918 -1.99627 0.10023 0.43239 -1.47614 0.07412 -0.15007 -0.51820 -0.02517
150 -0.54047 0.40708 -0.05198 -0.00071 0.57966 -1.99978 0.10007 0.42964 -1.48039 0.07369 -0.15096 -0.51979 -0.02738
200 -0.54024 0.40795 -0.05187 -0.00005 0.58012 -1.99998 0.09975 0.42975 -1.48112 0.07393 -0.15082 -0.52003 -0.02613

AM-RLS 200 -0.54139 0.40877 -0.0524 -0.00005 0.57995 -2.00091 0.10273 0.42909 -1.48093 0.07598 -0.15079 -0.51988 -0.02534
LM 200 -0.53954 0.40684 -0.05292 -0.00099 0.57940 -2.00090 0.10069 0.42993 -1.47912 0.07358 -0.15074 -0.52052 -0.02692
FCN 200 -0.54368 0.40309 -0.05755 0.00712 0.57825 -1.87956 0.10734 0.43353 -1.45258 0.07537 -0.1566 -0.51401 -0.02865
MAML 200 -0.53501 0.39881 -0.04865 0.00917 0.57765 -1.95109 0.10526 0.41849 -1.47036 0.10678 -0.14682 -0.50573 -0.02752
Bayesian 200 -0.54532 0.41197 -0.05437 -0.00334 0.58406 -2.00745 0.09626 0.42029 -1.49294 0.08214 -0.17057 -0.52180 -0.01731
RLS 200 -0.52656 0.40217 -0.05698 0.00023 0.58253 -1.98895 0.07258 0.41940 -1.45440 0.06303 -0.15748 -0.51288 -0.02519

true value -0.54 0.408 -0.052 0 0.58 -2 0.1 0.4292 -1.48 0.074 -0.1508 -0.52 -0.026

Table 2. Comparison of metrics for algorithms.

Algorithm MAE MS E RMS E MAPE

AM-ILM 0.000193 5.98E-07 0.000773 0.000193
AM-RLS 0.000674 7.9E-07 0.000887 0.000365
LM 0.000235 1.27E-06 0.001129 0.000235
FCN 0.000277 7.21E-07 0.000848 0.00027688
MAML 0.000797 1.09E-05 0.003299 0.000797
Bayesian 0.003486 5.05E-04 0.022472 0.003486
RLS 0.029492 0.001497 0.038398 0.014099

Figures 1 and 2 and Tables 1 and 2 jointly demonstrate that Algorithm 1 outperforms the AM-RLS,
LM, FCN, MAML, Bayesian, and RLS algorithms in terms of convergence speed, final accuracy, and
multiple error metrics (mean absolute error (MAE), mean squared error (MSE), root mean squared error
(RMSE), and mean absolute percentage error (MAPE)), and has the smallest fluctuations.
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Next, we examine the applicability of Algorithm 1 with respect to different initial conditions and
varying system parameters.

Example 4.2. Consider a periodic system of the form (2.1) with period T = 4 and time delay d = 2.
The system matrices are given by

a(t) =


0.15, t = 4k

0.32, t = 4k + 1
−0.8, t = 4k + 2
0.45, t = 4k + 3

, b(t) =


0.08, t = 4k

0.62, t = 4k + 1
−1.5, t = 4k + 2
0.23, t = 4k + 3

. (4.12)

Subsequently, we can obtain
d(σ, t) = σ4 − a(t), (4.13)

n(σ, t) = b(t + 2)σ3 + b(t + 3)σ2 + b(t)σ + b(t + 1), (4.14)

d∗(σ, t) = (σ4 − a(t + 1))(σ4 − a(t + 2))(σ4 − a(t + 3)). (4.15)

Hence, θ is given by

θ = [0.12, 0.4765,−0.186, 0.01728, 0,−1.5, 0.23, 0.08, 0.62,−0.045, 0.069,
0.0024, 0.0186, 0.708,−0.1085,−0.03776,−0.2926,−0.1728, 0.0265, 0.009, 0.07].

During the numerical simulation process, a higher noise level (for example, δ2 = 0.5) would reduce
the stability and accuracy of Algorithm 1. This indicates the expected trade-off relationship between
noise intensity and recognition performance. Therefore, in this case, a lower noise condition (δ2 = 0.1)
was chosen for the simulation. Figure 3 and Table 3 present the identification results of Algorithm 1.
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Figure 3. Comparison of identification accuracy ε for different initial conditions.
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Table 3. Comparison of metrics for different initial conditions.

Initial value MAE MS E RMS E

0 6.60635e-03 3.82230E-03 6.18248e-02
1 1.95454e-02 9.65976e-3 9.82841e-02
Random 6.70325e-03 1.8355e-3 4.28432e-02

Figure 3 and Table 3 present the identification results of Algorithm 1 under different initial conditions.
When the initial value is 0, Algorithm 1 diverges severely in the first 20 steps and then converges to a
level similar to other cases.

Besides, the computational complexity of Algorithm 1 is dominated by the matrix inversion in the
gain computation step (Eq. (3.11)), requiring O(n3) operations per iteration, where n is the number of
unknown parameters. AM-RLS and classical RLS achieves O(n2) complexity due to its recursive
structure, while standard LM shares the same O(n3) complexity as AM-ILM but requires more
iterations to converge. Although AM-ILM has higher per-iteration cost than RLS, it converges in
significantly fewer iterations (typically 50-100 vs. 300-600 for RLS), resulting in comparable total
runtime (approximately 50 ms on a standard CPU), which is sufficient for real-time applications in
periodic manufacturing systems.

Based on the above content, the following key observations are made:

• The estimated parameters asymptotically converge to their true values with increasing time steps
t, despite significant initial fluctuations. All of the above algorithms achieve stabilization of
identification errors after a finite number of iterations.
• While Algorithm 1 and AM-RLS, LM, FCN, MAML, Bayesian, and RLS algorithms successfully

identify parameters in linear discrete periodic systems with time delays, Algorithm 1 exhibits
consistently higher accuracy.
• The MAPE values for initial condition 1 (9.69%) and random initialization (6.55%) are both below

10%, demonstrating high identification accuracy regardless of initialization. The slightly better
performance of random initialization suggests stochastic perturbations help escape poor local
optima in early iterations.

These results indicate that Algorithm 1 exhibits superior accuracy for parameter identification in
linear discrete periodic time-delay systems. Moreover, Algorithm 1, LM, AM-RLS, and RLS
demonstrate significantly better stability than other compared methods. In contrast, the remaining
algorithms operate near critical stability, requiring careful evaluation in practical applications. Thus, the
proposed auxiliary model-based improved Levenberg-Marquardt algorithm (Algorithm 1) effectively
addresses parameter identification challenges in such systems.

In the following, in order to verify the applicability of Algorithm 1 in practical engineering, it is
applied to the parameter identification of the excitation system. The main object we are considering is
the excitation system in large-scale hydropower stations. The stable operation of the excitation system
can enhance the convergence and stability of the equipment. The mathematical model of a typical AC
excitation system is shown in Figure 4.
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Figure 4. Mathematical model of the AC excitation system.

In this section, the initial reference value of the considered system is set to the calibrated terminal
voltage of the generator. Starting from the electromagnetic power deviation ∆P, the voltage deviation
∆Ut, and the angular velocity ∆ω of the excitation system, these three parameters are taken as the state
variables of the system state-space equation. Based on the discussions and analyses in the existing
literature, the state equation of the linearized state-space representation of the system can be written as

Ẋ = AX + BU (4.16)

with

A =


S E−S V
TdS V

S ′E −
RV S E
TdS V

−
ω0
H −D

H 0
S E−S V
TdRV S V

S ′E−S V

RV
−

S E
TdS V

 ,
B =
[ R′E

Td0
0 R′E

Td0RV

]T
,

X = [∆P ∆ω ∆Vt]T,

U = ∆Et.

In equation (4.16), H represents the moment of inertia of the system in seconds; Td0 is the time
constant of the excitation winding when the stator winding is open; ∆Vt denotes the generator terminal
voltage deviation; ∆Et denotes the main generator excitation winding voltage; S E, S ′E, RE, and R′E are
constants related to the electromagnetic power deviation ∆P, as shown in equations (4.17) and (4.18).

∆Pe = S E∆δ + RE∆Eq, (4.17)

∆Pe = S ′E∆δ + R′E∆E′q. (4.18)

When analyzing and controlling the system, it is often necessary to discretize the system model.
Here, the sampling period of the excitation system is set to T , the number of sampling periods in the
system is set to L, and the angular frequency of the motor is ωn. Then the following equation clearly
holds:

T =
2π

Lωn
. (4.19)

Meanwhile, let t denote the number of sampling times during discretization of the system. Then the
following equations hold: X(t + 1) = A(t)X(t) + B(t)U(t),

Y(t) = C(t)X(t).
(4.20)
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The state-space equation shown above is the linear discrete periodic model of the excitation system
after discretization. However, during the actual operation of the system, various uncertain factors often
cause interference, leading to time delays in the system. Therefore, based on the periodic linear discrete
model of the excitation system without disturbance, the time delay and noise interference of the system
are further considered. The state-space model of the excitation system is then given asX(t + 1) = A(t)X(t) + B(t)U(t − 1),

Y(t) = C(t)X(t) + v(t),
(4.21)

where X(t) is the state vector of the considered excitation system, Y(t) is the output vector of the system,
and U(t) is the input vector of the system. The system matrices A(t), B(t), and C(t) appearing in the
state equation and output equation all have period T . Suppose v(t) is a set of random white noise
sequences with zero mean, and U(t − 1) represents the existence of time delay in the system, i.e., the
state equation of the excitation system state-space model contains one unit of input time delay.

The simulation parameters of this system are

a(t) =

0, t = 2k

2.7, t = 2k + 1
, b(t) =

1.4, t = 2k

−0.7, t = 2k + 1
. (4.22)

By the same token,

θ = [2.7, 0, 0, 1.4,−0.7,−3.78, 1.89].
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Figure 5. Evolution of parameter estimates ςi and ϖ j(t) over time.

The identification results are shown in Figures 5 and 6. As illustrated in the figures, with the
recursion of iteration t, the identification error decreases continuously, and the estimated values gradually
approach their true values, which demonstrates the effectiveness of the proposed algorithm for parameter
identification of the time-delay linear discrete periodic system in practical hydropower excitation
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applications. It should be noted that this example is a simplified conceptual demonstration; practical
application would require a more accurate excitation system model (e.g., IEEE standard models) and
calibration with real operational data.

0 5 0 1 0 0 1 5 0 2 0 0
0 . 0 0
0 . 0 2
0 . 0 4
0 . 0 6
0 . 0 80

7 0
1 4 0
2 1 00

2 2 0 0 0 0
4 4 0 0 0 0
6 6 0 0 0 0

0 . 0 0
0 . 6 6
1 . 3 2
1 . 9 8
0 . 0
6 . 4

1 2 . 8
1 9 . 2

0
2 1
4 2
6 3

0 . 0 0 0
0 . 0 9 3
0 . 1 8 6
0 . 2 7 9

 

t

 ς 1

ε

 

 ς 2

 

 ϖ 0

 

 ϖ 1

 

 ϖ 2

 

 ϖ 3

 

 

 ϖ4

Figure 6. Comparison of identification accuracy ε for Algorithm 1.

5. Conclusions

This paper has proposed an auxiliary model-based improved Levenberg–Marquardt (AM-ILM)
algorithm for parameter identification of linear discrete-time periodic systems with time delays. The
AM-ILM algorithm integrates an auxiliary model that directly reconstructs unmeasurable latent variables
from input–output data. These two innovations—adaptive regularization and auxiliary-model-based
reconstruction—are not simultaneously available in any previous Levenberg–Marquardt variant. To
comprehensively evaluate the proposed algorithm, we selected several representative baselines covering
different paradigms: RLS and AM-RLS for conventional recursive least-squares, classical LM for
fixed-damping nonlinear least-squares, FCN and MAML for black-box and meta-learning approaches,
and Bayesian methods for probabilistic inference. Numerical simulations demonstrate that the proposed
algorithm achieves superior accuracy, faster convergence, and improved stability compared to these
benchmark methods. In particular, compared with the existing AM-RLS method [29], the proposed
AM-ILM achieves faster convergence and lower steady-state error under the same conditions. Future
work may integrate Bayesian optimization or neural networks [33] for multi-model fusion, and extend
the framework to Wiener nonlinear systems using metaheuristic optimization (e.g., zebra optimization
algorithm [34]). Furthermore, we have included validation on real-field data as a priority future work.
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