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Abstract: This study proposes a potential method to improve the efficiency measurement accuracy
of deterministic data envelopment analysis (DEA) by correcting for the effects of statistical noise on
individual decision-making units. Because the solution to a DEA model is obtained at the boundary
of the feasible domain, it is susceptible to small statistical noise. Several methods exist for estimating
statistical noise; however, this work utilizes the statistical error estimates of stochastic frontier analysis
(SFA). The proposed mismeasurement mitigation method is motivated by a stylized equivalence in that,
under constant returns to scale with a single output and a single input with no statistical noise, the dual
DEA formulation can be conceptualized as a projection of SFA. The results of Monte Carlo simulations
based on the Cobb—Douglas model and actual datasets indicate that the proposed method outperforms
previous approaches in terms of accuracy under increasing statistical noise.
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1. Introduction

Data envelopment analysis (DEA) was initially introduced as a linear programming model by Charnes
et al. [1] to determine frontier production and estimate efficiencies of decision-making units (DMUSs).
Because DEA is nonparametric, it does not require a priori specification of an unknown frontier line
function; therefore, it remains unaffected by the personal judgment of the modeler. Furthermore, it
facilitates multiple inputs and outputs. Owing to these advantages, DEA has been used as an effective
tool for efficiency estimation, along with its competing efficiency estimation model, stochastic frontier
analysis (SFA), which was originally proposed independently by Aigner et al. [2] and Meeusen and van
den Broeck [3].
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The classical DEA is a deterministic model, wherein all deviations from the frontier line are measured
in terms of one-sided components and assumed to represent the inefficiency of DMU. Practically, these
deviations are caused by true inefficiency and statistical noise, such as measurement errors. Because
deterministic DEA selects solutions at the boundary of the feasible domain, it is highly sensitive to
statistical noise such as outliers, often leading to biased efficiency estimates. Efforts have been made
to accommodate statistical noise by extending the classical DEA to a stochastic model, and two main
theoretical approaches have been proposed.

The first is the chance-constrained DEA (CCDEA) proposed in [4], which applies chance-constrained
programming [5] to deterministic DEA. The second approach is stochastic DEA (SDEA) proposed by
Banker [6], which introduces a symmetric two-sided error component accommodating the possibility of
random factors. Similar to SFA, these two approaches aim to extend the deterministic DEA such that
the frontier line can incorporate inefficiencies and stochastic errors. The extreme outliers are considered
stochastic error terms, thereby positioning the frontier line closer to the region wherein most DMUSs
are clustered. Consequently, the measured efficiency of any DMU tends to be higher than that of the
deterministic DEA. Notably, to implement these approaches, CCDEA and SDEA must predetermine
stochastic setting parameters (e.g., regression quantile or the probability of the best practice output
exceeding the observed outputs). If the correct parameter values are defined or known a priori, the
models will exhibit superior performance; otherwise, their performance will be subpar. Consequently,
the usefulness of CCDEA and SDEA depends on the ability to choose appropriate parameters, which is
difficult to achieve in some cases. For instance, in SDEA, the regression quantile (i.e., the coefficient of
the linear combination in the objective function) should be obtained by solving a separate optimization
problem requiring additional information.

In [7], Chen employed CCDEA and SFA to measure the technical efficiency of banks in Taiwan,
indicating that the efficiency score difference between the two models is significant. Wu and Olson
reformulated the original nonlinear programming CCDEA into an equivalent linear programming
problem, and applied it to the vendor selection problem in supply chains [8]. They reported that
CCDEA was advantageous for performing efficiency analysis by handling inefficiency and stochastic
errors. Similarly, Zha et al. applied CCDEA to measure regional energy and carbon dioxide emissions
efficiency in China, demonstrating the effectiveness of DEA under stochastic conditions [9]. More
recently, a chance-constrained directional DEA framework was developed to incorporate stochastic
elements directly into efficiency analysis in [10]. Furthermore, Jradi and Ruggiero simplified Banker’s
original nonparametric SDEA model into a semiparametric model that identifies the most likely quantile
based on the assumptions of the composed error terms [11]. Thereafter, the Monte Carlo analysis was
used to compare their SDEA model with the econometric SFA model under different distributional
assumptions. Reportedly, the translog SFA model outperforms the SDEA model in all scenarios.

In addition to CCDEA and SDEA, several studies have focused on improving DEA estimators in
noisy environments. See, for example, [12] for early attempts to integrate stochastic noise into DEA,
and [13] for a formalization of stochastic DEA estimators in a nonparametric setup. Furthermore, the
statistical properties and bias correction techniques for DEA have been extensively studied as well. For
more details, we refer the reader to [14] and [15-17]. Recent work, such as [18], has explored alternative
DEA models like the slacks-based measure (SBM), which aims to better handle inefficiencies related to
input slacks and output shortfalls. While SBM addresses a different aspect of efficiency measurement,
our study focuses on mitigating the impact of statistical noise in DEA from SFA.
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Recent studies continue to advance SDEA methodologies and applications, particularly in the
healthcare [19], environmental, and energy domains [20,21]. Recognizing the complexity of modern
organizations, research has also extended stochastic approaches to network structures. For example,
Vishghaei et al. proposed an inverse stochastic two-stage DEA model to address resource planning,
estimating necessary input changes while preserving efficiency in the presence of stochastic data and
undesirable outputs [22].

Beyond stochastic models that primarily address statistical noise, extensive research focuses on
handling data imprecision and ambiguity when exact data is unavailable. Various frameworks have been
employed to manage these uncertainties. Uncertainty theory has been utilized to develop generalized
DEA models for imprecise data [23] and has been integrated with chance-constrained programming for
uncertain two-stage network analysis [24]. Robust optimization offers another approach, demonstrating
improved reliability for opened-network DEA models under uncertain inputs and outputs [25]. Other
methodologies include rough set theory, applied to construct unified production frontiers with rough
data [26], and fuzzy set theory, often used to handle ambiguous data, capture decision-makers’ risk
preferences (e.g., [27,28]), or model partially controllable factors [29]. While these methods effectively
address various forms of data imprecision and ambiguity, our study specifically focuses on correcting
for statistical noise.

Efforts have been made to compare DEA and SFA as nonparametric and parametric approaches,
respectively, and create a novel methodology using the complementarity of the two methods. Ferrier and
Lovell argued that the disagreements between the results of deterministic DEA and SFA are substantial
owing to their distinct structure and implementation [30]. Oh and Shin measured the impact of stochastic
noise in performance benchmarking using a Monte Carlo comparison of SFA and DEA with different
multi-period budgeting [31]. They reported that SFA outperformed DEA for multi-period budgeting
performance in the presence of small measurement errors; however, as the measurement errors increased,
DEA exhibited superior performance. For optimization and policy making of electricity distribution
units, Azadeh et al. proposed a novel algorithm that runs DEA and SFA parallel and integrates the
results [32].

However, to improve the efficiency measurement accuracy when the stochastic noise is unknown, the
benefit of statistical noise estimation of SFA on deterministic DEA remains to be investigated. This study
proposes a statistical noise correction method to mitigate the inaccuracy in the efficiency measurement
of DEA’s deterministic setting by adopting the error estimates of SFA. The contribution of the paper
is to develop, within the standard radial DEA formulation, a unit-level SFA-based noise correction
procedure and to examine when this procedure reduces efficiency mismeasurement. The theoretical
motivation is given by a stylized relationship between the dual model of DEA and an error-free SFA
frontier. In particular, Theorem 3.3 is established for the special case of a single input under constant
returns to scale with no statistical noise and serves as conceptual motivation. Accordingly, the proposed
method is intended for radial technical efficiency and does not address slack-based or mix inefficiencies
within the current framework. To validate the proposed method, it was compared with the classical
DEA and CCDEA models using the Cobb—Douglas model and actual datasets, which were generated by
incrementally adding statistical noise for the Monte Carlo simulation.

The remainder of this paper is organized as follows. Section 2 reviews the literature on DEA models,
including the stochastic setting. Section 3 discusses the special relationship between the dual model
of DEA and SFA, establishing the theoretical foundation for incorporating SFA error estimates to
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mitigate deterministic DEA model error. Section 4 proposes a procedure to mitigate the inaccuracy
in the efficiency measurement of DEA’s deterministic setting and validates the proposed methodology
using Monte Carlo simulations by comparing it with classical DEA and CCDEA, wherein the simulation
scenarios are generated based on the Cobb—Douglas function and actual datasets. Finally, Section 5
concludes the study and provides essential directions for future research.

2. DEA models considering statistical noise

Assume the existence of N DMUs, where the ith DMU; produces one output y; using a vector of M
inputs X; = (x;, ..., X;pr) fori = 1,--- | N. Furthermore, assume that the outputs are stochastic and the
inputs are predetermined; hence, the production outputs can be expressed using Eq. (2.1).

yvi=%i+e=fX)+e, i=12,---,N, (2.1)

where J; is the frontier production for X; such that y; = f(X;). Depending on the value of €, Eq. (2.1)
can be differentiated into three models. First, if ¢; is purely statistical noise and follows a symmetric
two-sided distribution with a zero mean, Eq. (2.1) becomes a regression model. Second, if ; < 0 and
it represents only inefficiency, Eq. (2.1) becomes a deterministic production frontier. Third, if ¢ is a
composite of statistical noise and inefficiency, Eq. (2.1) becomes a stochastic frontier.

When ¢, < 0 for all observations o = 1,2,--- , N, ¥, becomes a deterministic production frontier
obtained by solving the following linear programming problem for each observed DMU,, which is a
constant returns to scale (CRS) DEA model.

minignize 6, (2.2a)
y7 o0

subjectto yY >y, (2.2b)

vX <6,X, (2.2¢)

v=>0 (2.2d)

where y = (y1,%2,-- ,yn)and Y = (v, y2, -+, yy)! are the row and column vectors, respectively, and

X is an N X M matrix whose ith row vector is X;. Vector inequalities are utilized when each component
of the vector satisfies the corresponding inequalities. For instance, (2.2c) represents

N
Z)’ixij < O,x,) forall j=1,2,--- , M.
i=1

The objective value 6, for model (2.2) is the Farrell efficiency of the oth DMU.

To accommodate the efficiency measurement and statistical errors, stochastic variation can be
incorporated into the linear model (2.2). Based on the chance-constraint mechanism introduced in [4],
the CCDEA model is formulated as follows:

minimize 6,

Y00
subjectto Prob[yY —y, > 0] > « 2.3)
YX <6,X,
v=>0
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The first constraint indicates that the probability corresponding to the best practice output exceeds
the observed output by at least @. If =0.95, then 5% DMU s are set as the best performers and the
constraint is equivalent to the following form:

ElyY — yol — 1.6450 > 0, 2.4)

where E is the expectation and standard deviation o = o[yY — y] is computed as

N N
=4 Z 6:6; Cov(yir y)).

i=1 j=1

5,‘:’}/1', i¢0,
0i=v,—1, i=o.

The number 1.645 is the z-score in a standard normal distribution setting,
Prob [yY -y, > 0] > 0.95.

For the derivation, see [4] and the references therein.

Furthermore, Jradi and Ruggiero extended the SDEA model developed in [6] to estimate the
production frontier for a given quantile [11]. The extended SDEA is a variant of parametric quantile
regression as follows:

N
minimize Z(Tel,- + (1 —1)ey)
p
subjectto Iny; = a +BInx; +e;; — ey (2.5)
,320,61[ 20,625 > 0, Vi = 1,...,N

The SDEA (2.5) has a limitation in that the quantile 7 (similar to a weight value in the goal
programming setting objective function) should be calculated by solving a separate optimization
problem requiring additional information. For instance, if the error term € is normally distributed
with zero mean, then Prob [e < 0] = 0.5, where the appropriate quantile 7 becomes 0.5. However,
this approach is difficult to implement if such information is not provided in advance. Therefore, in
this study, the classical DEA and CCDEA were selected as benchmarking models to validate the
proposed method.

3. Relation between the DEA and SFA models

This section discusses the special relationship between the dual model of DEA and SFA, utilizing
SFA’s error estimates to correct DEA’s mismeasurement issues. First, the dual problem of the CRS DEA
model (2.2) is required, which is easily derived as follows:

maximize h°y, (3.1a)
woeRM poecR
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subjectto X,w’ <1 (3.1b)
h’Y < Xw’ (3.1¢)
h’,w’ >0 (3.1d)

Recall that Y = (y;,y2,- -+ ,yn) 7, Xi = (Xi1, Xjp, - -+ , xipg) fori = 1,--- | N, and X is an N X M matrix
whose ith row is X;. Note that #° € R and column vector w’ = (w{, w9, - - - ,wj,,)T depend on the target
unit DMU, as indicated by the superscript.

As y, is fixed, the objective function (3.1a) is equivalent to

maximize h°. (3.1a")
wO,h°

Furthermore, one can show that the maximum is attained when
X,w’ = 1. (3.1b")

Indeed, if the maximum were attained at w’ = W°, h° = h° and X,w° = ¢ for some 0 < ¢ < 1, then

")‘Vo
Xo— =1,
C
he W
—Y<X—.
C C

That is, W’/c and fzo/ c satisfy the constraints (3.1b)-(3.1d). Because h° is assumed to be the maximum
of the objective function (3.1a") with (3.1b)-(3.1d), we have

o |

he >

which contradicts the assumption 0 < ¢ < 1. Thus, (3.1b") can replace (3.1b). Additionally, the solution
to (3.1) is obtained when 4° > 0,w’ > 0 instead of (3.1d), assuming X, Y > 0. See also [33] for a
derivation of the dual problem.

We define
ﬂ() 1 0
= —w’,
ho
e’ =Xp’-Y.

As h° > 0 and (3.1b’), one can see that (3.1a’) is equivalent to

o1 L. Xwe
minimize .= = minimize

= minimize X,3° = minimize(e’ + Y),.

Minimizing (e’ + Y), is equivalent to minimizing (e°), since Y is fixed. By taking into account that
B° >0 and e’ > 0, the dual problem (3.1) or (3.1a"),(3.1b"),(3.1c)-(3.1d) can be rewritten as

milﬁlinéize Xp°-Y), (3.2a)
subjectto XB°—-Y >0 (3.2b)
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Now, the connection between (3.2) and the SFA model is investigated. In SFA, the parametric model
for (2.1) is
vi=fXB+e, i=1,2,---,N.

If we assume that the functional form is linear, we can estimate the parameter 8 by quadratic program-
ming such as

minimize ||XB—Y + byl (3.3a)

BERM pyeR

subjectto XB—-Y +by >0 (3.3b)
where by = by(1,1,---,1)T is the bias term. Throughout the paper, || - || denotes the Euclidean norm

(L,-norm) on the appropriate R". We note that it is natural to set
by =0, (3.4)

assuming that the model is additive and has a constant returns to scale.
The objective function (3.2a) can be written as

2
inimi XB°—Y),| . 2a
muégrélze [( fé] )o] (3.2a")
Evidently, the dual problem (3.2) minimizes the difference in frontier production and measurement
component-wise, whereas the parametric model (3.3) considers all components simultaneously. The
following indicates their relationships more precisely:

Proposition 3.1. Suppose that the system is strictly productive such that 8 > 0 and a constant returns to
scale, (3.4). Then, the DEA (3.2) and parametric frontier models (3.3) are equivalent if and only if the
solutions ,[30 to (3.2) are identical for all the target units o = 1,2,--- ,N.

Proof. Because the forward direction is obvious, only the opposite direction will be shown. For a given
X,Y,define Dy := {BeR” : XB-Y > 0}. Let 3 (0 = 1,2,--- , N) and j3 be the solutions to (3.2) and
(3.3), respectively. Then, ,[3”, [3’ € D, for each o and

2

> |xp -1, o=1,2,---,N,

(XB-Y),

or
2

N
IXB - YIP > > |(XB° - ),

o=1

If ﬁ” 1s identical for all o, then

2 No
= IXp° - YII*.

N
Dllaxp -1,
o=1

That is, ,3" solves (3.3) as well. As D, and the objective function in (3.3) are convex, it has a unique
solution. Therefore,

B=p.

O
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As pointed out in Section 2, the stochastic model assumes that the difference between ideal production
X + by and observation Y consists of inefficiency u# and measurement error v, i.e.,

e:=(XB+bo)—Y =u—v. (3.5a)

Furthermore, it is widely assumed that the random variables v and u are distributed normally and
half-normally, respectively.
v ~ N(0,02), u~N*0,0?). (3.5b)

The SFA model estimates the unknown parameters S, by, 0,, and o, using the maximum likelihood
principle instead of constraint (3.3b), i.e., the SFA model considered herein is formulated as

maximize [(X,Y;p, by, o, 0),)
B.bo,0 0y

subject to v ~ N(0,0?) (3.6)
u~ N*0,07)

where [ denotes the corresponding log-likelihood function.
Assuming the absence of measurement error in (3.6), i.e., o, = 0, the log-likelihood function can be

derived as 5 )
N XB-Y+Db
(X, Y3, bos ) = =5 log = = 15 ol

2 2072 ’
and
ol R
B _U_ﬁx (XB - Y +by), (3.7
ol N |IXB—Y + by
— =+ :
Jao, oy o

We see that 91/9 = 0 is a normal equation for X+by = Y. Furthermore, each component of X3 —Y +by
is half-normally distributed, i.e.,
XB—-Y +by>0.

Thus, the solution to the error-free SFA model solves the parametric frontier model (3.3) and vice versa.

Proposition 3.2. Suppose that the system has no measurement errors. Then, the parametric frontier
model (3.3) and the SFA model (3.6) for the system are equivalent.

We notice that the assumptions Sy = 0 and § > 0 are unnecessary in Proposition 3.2. Further, the
solution is obtained at the boundary D = {(8, by) € R¥*! : Xg — Y + b, > 0} because the solution to the
normal equation is not in the interior of the domain D. This can be deduced from the Karush-Kuhn-
Tucker (KKT) conditions for a general log-likelihood function. Indeed, we can see that there is no
maximum of the likelihood function when o, = 0, since it diverges as o, goes to 0. Thus, the solution
to the error-free SFA model is obtained at the boundary of D.

Now, it is claimed that this occurs for the DEA model (3.2), i.e., the solution to (3.2), is obtained
at the boundary. For a given f in the interior of the domain Dy, we can find § € R¥ such that
(X(B+0)), < (XB), and X(B° + ) — Y > 0. Thus, interior point S cannot be a solution to (3.2). This can
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be demonstrated more precisely using a slack variable. Let S = (s2,- -+, s5)” be a slack variable and
A=(A;, -+ ,Ay)" be the Lagrange multiplier. Subsequently, the Lagrangian for (3.2) (replacing (3.2a)
with (3.2a")) is given by

L= X~y A" XB' - Y =$).
The KKT conditions yield

a 4
L _ 2(X,8° —y) X, —ATX =0, (3.8a)
aﬁo
0L’ T
=—(Xp°-Y-8) =0, 3.8b
ol XB ) (3.8b)
a 4
£ =2A5,=0, i=1,---,N. (3.8¢)
(9S,‘
Suppose that the solution 3° of the DEA model satisfies X3° — Y > 0. Then, (3.8b) implies that
S >0. (3.9

It follows from (3.8c) that A = 0 and (3.8a) implies that

(Xoﬁo - yo)Xo =0.
Together with (3.8b), the following is obtained:
0=—-Xp-Y-5),
= _(XOBO — Yo — Si)Xo
= 52X,
As X, # 0, we have s, = 0, which contradicts the assumption (3.9). Thus, the solution is attained at the
boundary of D as claimed.
Define the index set J := {j : 5; = 0} using the slack variables. Clearly, J is nonempty because o € J

and
Xp°-Y);=0, jel

As a special case, consider M = 1. Then,

xpp’—y;=0, jel,

or
p=2L
X1
As the slack variable s? > 0, (3.8b) yields
B> 2L forall i
Xil
or ‘
B° = max RiN
iXil

We notice that this is independent of the observation index o, so 8° is the same for all 0. From
Propositions 3.1 and 3.2, the following theorem is obtained:
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Theorem 3.3. Suppose that the system is productive ( > 0) and a constant returns to scale (o = 0).
Then, the solutions to the DEA model (3.2), parametric frontier model (3.3), and error-free SFA model
(3.6) are attained at the boundary of the feasible domain. Furthermore, all the solutions are identical,
assuming M = 1.

In the parametric frontier and SFA models, the coeflicient 8 and inefficiency are calculated by
simultaneously considering all the units, whereas they depend on the peers in the DEA model. In
the CRS DEA model, the number of peers is at most M + g — 1 when the number of outputs is g
(see, e.g., [34]). In Theorem 3.3, assuming M = 1 implies that the coeflicients §° are the same for all
o=1,---,N, which is the steepest slope of the line passing through the origin and (x;, y;). Because the
number of peers is at most 1, all 8 are the same and the peer of all units is the best performing. Thus,
the inefficiency of each unit can be calculated only from the best DMU.

Furthermore, the feasible domains for (3.2) and (3.3) are the same, and the objective function for
(3.2) is the oth entry of that for (3.3). Thus, the DEA model can be understood as a projection of a
parametric frontier model or error-free SFA model.

Theorem 3.3 establishes an exact DEA—SFA correspondence only in the stylized setting of CRS with
a single input and no statistical noise. Although the theorem does not easily extend to the general case
of multiple inputs, it serves as the conceptual motivation for combining SFA-based noise estimation
with deterministic DEA. We observe that multi-input DEA operates analogously to the single-input case
in the dual view, because DEA converts multiple inputs into a scalar virtual composite input via optimal
weights [35]. Indeed, for any target DMU,, the optimal input weights w” convert each multi-input vector
X; into a scalar virtual input X;w’. Under these weights, the dual feasibility constraints take the single-
input form /#°y; < X;w? for all i, so each supporting hyperplane used by DEA induces an effectively
one-dimensional representation of the data. Theorem 3.3 clarifies that, in a truly one-dimensional CRS
setting, DEA and an error-free frontier formulation coincide, which makes it natural to use a frontier
model to estimate the two-sided noise component and move the observations toward a noise-free setting
before applying DEA. This insight suggests that correcting the data toward the true frontier using
estimates from a general SFA model can mitigate the mismeasurement issues inherent in deterministic
DEA, even when multiple inputs are present.

4. Mismeasurement mitigation method

Section 3 provides a motivating link between DEA and an error-free frontier formulation. Further-
more, we show that the solution to the DEA model is attained at the boundary of the domain. Thus, the
measurement errors, particularly on the peer units, may produce significantly distorted results. For this
reason, we modify the deterministic DEA model to mitigate mismeasurement.

mingnize (XB° =Y + &), (4.1a)
subjectto XB°—-Y +&>0 (4.1b)
Here, & = (£1,&, -+ ,&n)T represents the errors of the units, which are known. When the errors are non-

negligible, it is necessary to estimate them. Several attempts have been made to overcome this difficulty,
such as CCDEA and SDEA, as we discuss in Section 2. Herein, the error of each unit is determined
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from the prescribed quantile of a certain probability distribution. However, the setting of quantile is
questionable. In the previous section, we demonstrate that the DEA model can be conceptualized as a
projection of an error-free SFA model. In light of this connection between DEA and SFA, we propose
employing the SFA model to estimate the error associated with each individual unit. The proposed
method consists of the following steps:

Algorithm 1 Mismeasurement mitigation (MM) method

(1) Given data {(X, Y)}, solve the SFA model (3.6).
(2) Estimate the individual error terms d = (¥1, P2, - -+ , Py)7.
(3) Set & = ¥ and solve the linear programming model (4.1) to estimate the inefficiency of each unit.

Under the SFA specification described in (3.5), the inefficiency component is estimated using the
conditional mean estimator of Jondrow et al. [36],

A L) N X ei;l
U = 0., — +tm;|, m;=-——
O>y) o

where 1 = &,/6,, 6 = \62 + 62, and 6. = 6,6,/F, and ¢ and @ denote the standard normal pdf and
cdf, respectively. The statistical noise component in Step (2) is then recovered as

A

Vi = I’/\t,'—el'.

First, Algorithm 1 is simulated using the Cobb—Douglas model. Consider the Cobb—Douglas function
with one output y; from two inputs (x;1, X;2) for ith DMU, where i = 1,2, --- , N such that

vi= 20000, i= 1,2, N,
Each element of the input X; is randomly generated from a uniform distribution U(5, 15). Taking the
logarithm and adding the inefficiency u; and error v;, the following is obtained:
logy; =log2 +0.4logx; +0.6logx, —u; +v;, i=1,2,---,N. 4.2)

We assume that inefficiency u; is half-normally distributed by |N(0,c2)| and error v; is normally
distributed by N(0, 0'3). Herein, 72 scenarios are simulated with o, = 0.05,0.10,0.15,--- ,0.4 and
o, =0.01,0.10,0.15, - - - ,0.45.

Because the proposed method assumes the constant returns to scale, we consider 1 as a fixed input
for each unit such as

logy; = (log2) -1+ 0.4logx;; +0.6log xp — u; + v;. 4.3)

That is, X; = (1,log x;;,log x;») and log y; are the input and output for ith DMU, respectively.

For the Monte Carlo simulation, we assume that there are 100 DMUs (i.e., N = 100) and generate
100 replication datasets for {(x;1, x;2), u;, v;};) for each scenario (o7, 07,). The output log y; is given by
(4.3), and the best practice log y; is computed as follows:

logy; = (log2)-1+0.4logx;; +0.6logx,, i=1,2,---,100.
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Accordingly, the best practice output, the simulation inefficiency target, and all accuracy measures (e.g.,
MAE) in the Monte Carlo study are defined and computed in the log-transformed output space. Thus,
the actual inefficiency is

GACT — log y;
l log $; .

We begin with implementing the DEA using formulation (2.2) for the dataset {(X;, log y;)}}*. Subse-
quently, the inefficiencies 6”%* obtained from the DEA model are compared to the actual inefficiencies
QfCT using the mean absolute error (MAE), which is one of the standard indicators (see [37] and the
references therein),

100

1
MAEP = WZ|Q?CT_QL_DEA|.

Using the same dataset, 6" is computed according to Algorithm 1. Note that in the third step of
Algorithm 1, the inefficiency §”¥ is estimated using the DEA model (2.2) by replacing Y with Y — &.
Then, the corresponding MAE is given by

1 100
MAEY = - 1T - g,
i=1

To compare the proposed method with a known stochastic DEA model, the CCDEA method was
simulated using the same data. As noted in Section 2, a limitation of the CCDEA model is determining
the noise level. In this study, we evaluate two versions of CCDEA. First, £ is assumed to be an
independent normally distributed random variable, i.e., & ~ N(0, 0'%) using the prescribed true 0'3 in the
evaluation (2.4). This serves as an idealized, best-case benchmark, denoted as CCDEA. Second, for an
equal-footing comparison with MM, we implemented CCDEA using the SFA-estimated noise variance
62 denoted as CCDEA _est. We define their mean absolute errors as MAES and MAE e, respectively.
The simulation is repeated using 100 replication datasets to compute
{((MAEP, MAEM, MAES, MAE;*")}!% for each scenario.
Figure 1 shows boxplots of the MAEs for each scenario. For all choices of o, the accuracy of
classical DEA decreases significantly as the variance of noise o2 increases. As expected, the idealized

CCDEA using the true o, outperforms CCDEA _est. Notably, the proposed MM method achieves lower
MAEs compared to DEA, CCDEA _est, and the idealized CCDEA in most cases.

To formally substantiate these observations, we performed paired Wilcoxon signed-rank tests on the
replication-wise MAE differences for each scenario, applying Holm’s procedure to adjust p-values and
control the family-wise error rate at 5% [38]. Figure 2 presents the resulting significance maps. The left
panel confirms that while DEA is statistically superior at the lowest noise level (o, = 0.01, indicated in
red), the MM method significantly outperforms DEA in all scenarios where o, > 0.1 (indicated in blue).
The middle and right panels compare MM to the idealized CCDEA and CCDEA _est, respectively. The
dominance of blue and gray regions indicates that MM yields significantly lower MAE or shows no
statistically significant difference compared to both chance-constrained baselines across most of the
scenario grid.

Journal of Industrial and Management Optimization Volume 22, Issue 6, 2963-2987.



2975

0.2

0.1+

0.0

0.2 4

0.1+

Mean Absolute Error

0.2

0.1

0.0 4

0.2

0.14

.

0.0

oy =0.05

”HH

ﬂn-#*ﬁ+*+@+é+#*

0.0

ni

g b
. Bt R R Rl R

++H

%#ﬂ -****#+ﬁ*#+

0.25

0.3

n

wﬂﬁ*ﬁ#ﬂ#***#*#*#*

M

ay Hhe ¥ ﬂ#i#i#“H

0.4

H)

%ﬁﬁﬂﬁ*#ﬁﬁ*#*#*#*

gﬂﬂﬂ# #ﬂ * *#*

0.01 01 015 02 025 03 035 04 045

o_'m 01 015 02 025 03 035 04 045

Method

ES CCDEA
ES CCDEA_est
BS DEA

B mm

Figure 1. The boxplots show the MAEs with true inefficiency in various scenarios. CCDEA
utilizes the true noise variance, while CCDEA _est utilizes the SFA-estimated noise variance.
The figures show that the proposed method yields lower MAE as o, increases.
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Figure 2. Scenario-wise significance maps comparing MM with DEA, CCDEA, and
CCDEA _est over the (o,,0,) grid. Statistical significance was determined using paired
Wilcoxon signed-rank tests (two-sided) on the replication-wise MAE differences. P-values
were adjusted using Holm’s procedure across all scenarios to control the family-wise error
rate at 5%. Cells are classified into three categories: MM has significantly lower MAE (blue),
no significant difference (gray), or MM has significantly higher MAE (red).
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Figure 3. The figure shows the relationship between MAEP — MAE™ and the ratio o, /.
In our simulation design, the crossover occurs at a small ratio (approximately 0.15), below
which DEA can be slightly more accurate and above which MM tends to be more accurate.
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a Cobb-Douglas SFA with a half-normal assumption and delivers improvement over classical

DEA when noise is moderate to high.
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These results are notable given that the idealized CCDEA utilizes prior knowledge of the true
noise level o2 in the simulations — a condition that is rarely achievable in practice. As pointed out in
Introduction, estimating the noise level in practice is challenging, which is one of the limitations of
CCDEA and reflected in the larger errors of CCDEA _est in Figure 1.

Although CCDEA is implemented using the true noise variance in the simulations, it corrects for
stochasticity through a global chance constraint. In contrast, the proposed MM approach estimates and
removes unit-level noise prior to DEA, which directly mitigates noise-induced changes in peer selection.
This structural difference explains why MM can outperform CCDEA even under idealized CCDEA
implementations. Moreover, from a computational perspective, MM consists of a single SFA estimation
step followed by standard DEA computations on adjusted data, and can therefore be implemented
efficiently using widely available SFA and DEA software.

Interestingly, for scenarios with small o, the classical DEA method demonstrates better per-
formance than MM. This behavior is closely related to the ratio o,/0,. Indeed, when o, is small
relative to o, the deterministic nature of DEA allows it to produce more accurate results. This is
because in low-noise settings, even minor estimation errors from the initial SFA stage can make
the noise-adjusted data less accurate than the original data, which explains why classical DEA can
perform slightly better. However, as o-,/0, increases, the effect of noise becomes more pronounced,
causing DEA’s accuracy to degrade. Under these conditions, the MM method proves more robust
and reliable, as the magnitude of the true noise begins to dominate any SFA estimation error, making
the noise-correction process highly beneficial. Figure 3 illustrates the relationship between o, /o,
computed using SFA, and MAEP — MAEM for each dataset, which are plotted as dots, along with
fitted curves. Three hundred data points were randomly sampled from each scenario and plotted
near the y-axis. The results indicate that for small o, /0, the classical DEA method remains reliable.
However, as the ratio increases, the proposed MM method surpasses DEA in accuracy, demonstrating
its robustness under higher noise levels.

To address finite-sample effects, we repeated the Monte Carlo design using a varying number
of DMUs (N = 30, 50,70, 100), with 100 replications per (o, 0,) scenario. For each scenario, we
determined statistical significance using the same methodology, paired Wilcoxon signed-rank tests
with Holm’s adjustment, as in Figure 2. Figure 5 summarizes the share of scenarios in which the
proposed MM method outperforms the benchmarks. In the comparison with DEA (left panel), MM
maintains a superior performance rate (blue bars) exceeding 60% even at N = 30. The scenarios
where MM performs worse (red bars) are strictly confined to low-noise settings, a pattern consistent
with our findings for N = 100. In the comparison with CCDEA (right panel), we observe that with a
small number of DMUs (N = 30), the method is more sensitive to estimation errors; MM performs
worse than the idealized CCDEA in approximately 20% of scenarios (red bar). However, this gap
closes rapidly as N increases. As N grows from 30 to 100, the accuracy of the SFA noise estimation
improves, and the MM method’s performance advantage becomes statistically distinct, with the share
of ‘MM Better’ scenarios increasing to approximately 50% at N = 100, while the share of ‘MM
Worse’ scenarios vanishes.

The proposed method inherits the assumptions of the SFA model, since the estimated noise is
derived from the SFA specification. This implies that the noise estimates may be compromised if the
chosen functional form or distributional assumptions are incorrect. To examine robustness to such
misspecification, we conduct two stress tests. First, for functional-form misspecification, the true data
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are generated from a CRS translog frontier,
logy; =log2 + 0.4log x;; +0.61log x> + £(log x;; — log xn) = u; + i,

with y = 0.3, and u; follows a half-normal distribution. Second, for distributional misspecification, the
true inefficiency u; is generated from an exponential distribution with means 1/4 = 0.1,0.2,0.3,0.4
under a Cobb-Douglas frontier. We note that the exponential distribution with mean 1/4 has a variance
of 1/4%, whereas the half-normal distribution has a variance of o(1 — 2/x). In both tests, Step 1 of
Algorithm 1 fits a Cobb—Douglas SFA assuming a half-normal inefficiency distribution. We use the
same grids for o, as in the design for Figure 1.

MM vs DEA MM vs CCDEA

. MM better
|:| No significant difference
. MM worse

Share of (o, 0,) scenarios

100 30 50 70 100
Number of DMUs

100%
75% A
50% 1
25% A
0% 1 1 : x
30 50 70

Figure 5. The figure shows the performance of MM method across varying sample sizes.
The bar charts display the proportion of simulation scenarios over the defined (o, 0,) grid
where the proposed MM method performs significantly better (blue), shows no significant
difference (gray), or performs significantly worse (red) compared to classical DEA (left panel)
and CCDEA (right panel). Significance was determined using paired Wilcoxon signed-rank
tests with Holm’s adjustment.

These results, as shown in Figure 4, closely mirror Figure 1. In very low noise, classical DEA
can be slightly more accurate, whereas for moderate to high noise the MM method consistently
reduces mismeasurement relative to DEA. To formally assess the performance differences under SFA
misspecification, we applied paired Wilcoxon signed-rank tests with Holm’s adjustment to these results.
Figure 6 presents the corresponding significance maps. The statistical results show that the MM method
reduces mismeasurement relative to classical DEA when noise is moderate to high. Against CCDEA,
the MM method maintains its advantage or shows no significant difference across the most of the grids.
This finding confirms that, while the proposed method necessarily depends on the assumptions of the
SFA model used in the first step, its practical performance does not require perfectly specified SFA
assumptions. Let ¥ denote the estimated statistical noise from Step 1. Since DEA is applied to the
adjusted output Y — 9, the noise correction procedure is beneficial whenever the mean squared error
of the noise estimate is less than the variance of the true noise, that is, when E[(v — $)?] < Var(v). The
stress test demonstrates that the MM approach retains its advantage under mild SFA misspecification,
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continuing to reduce mismeasurement when noise is moderate to high. We remark that a comprehensive
sensitivity study of how perturbations in the estimated noise affect the corrected DEA scores is beyond
the scope of this paper and is left for future research.

In the first simulation, artificial data is used because the true inefficiency is required to measure the
accuracy of the proposed MM method in Algorithm 1. Next, the DEA and MM methods are simulated
and compared with actual data by treating the original dataset as an unperturbed baseline and using the
corresponding DEA scores as a reference for assessing robustness under injected noise. We note that
the DEA scores computed from the original (unperturbed) data are used as a pragmatic reference for
noise-sensitivity comparisons, as true efficiencies are unobservable in empirical datasets. To quantify
the inherent uncertainty of this pragmatic reference, we applied the bootstrap procedure by Simar and

Functional Form Misspecification Distributional Misspecification

Vv3aa sA NN

........- B better
No significant difference

. MM worse

001 041 015 02 025 03 035 04 045 001 015 02 025 0.3 035 04 045
oy

Vv3aadd sA NN

Figure 6. Scenario-wise significance maps for the misspecification experiments. Each cell
reports a paired Wilcoxon signed-rank test based on replication-wise MAE differences, with
Holm-adjusted p-values. The upper row compares MM with DEA, and the lower row compares
MM with CCDEA. The left column reports functional-form misspecification, and the right
column reports distributional misspecification. Blue cells indicate significantly lower MAE
for MM, gray cells indicate no significant difference, and red cells indicate significantly higher
MAE for MM.
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Figure 7 shows the results with ‘milkProd’ and ‘pigdata’ datasets in Benchmarking package for R. In
‘milkProd’, the output is the milk production and the input consists of the energy expenses, veterinary
expenses, and number of cows with 108 observations. We take the logarithms to the dataset and add
random noise generated from the normal distribution N(0, oﬁ)(av = 0.25,0.5,---,2) to the output.
For ‘pigdata’, the costs for ‘fertilizer’, ‘feedstuft’, ‘land’, ‘labor’, ‘machinery’, and ‘other capital” are
considered as inputs and the total revenue as output. The dataset consists of 248 observations. In
simulations, the inefficiencies for unperturbed data obtained from the DEA method are regarded as the
reference inefficiencies for each observation. The noise from the normal distribution N (O, 0'%) was added
and the problem was solved using the DEA and MM methods. The MAEs with reference inefficiencies
are presented as boxplots for 100 repetitions. The red dashed horizontal lines in Figure 7 represent the
average half-widths of the 95% bootstrap confidence intervals, which are 0.0111 for ‘milkProd’ and
0.0107 for ‘pigdata’. We remark that the bootstrap intervals quantify uncertainty in the unperturbed
DEA reference scores. They are not bootstrap intervals for the MAE difference between DEA and
MM under injected noise. The results show that the MM method produces inefficiencies closer to the
reference than classical DEA as o, increases. However, because the true efficiencies are unknown, it
remains to be determined which method is better for smaller noise, such as o, = 0.25, 0.5 for ‘pigdata’.
Generally, the DEA offers no diagnostic statistics to determine whether a model is misspecified [39].
However, the averages of o, /0, for each scenario are
(11.97,39.69,44.47,50.01,45.10, 50.56, 60.40, 40.02), which are relatively large. Therefore, we may
interpret that the MM method is more reliable than the classical DEA method, even for cases with a
smaller o,.
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Figure 7. The figures show the MAEs of inefficiencies for DEA and MM methods on noisy
empirical data. The noise from the normal distribution N(0, o2) is included in the output
for each scenario. The DEA result of the original unperturbed data serves as the pragmatic
reference. The red dashed horizontal lines indicate the average half-widths of the 95%
bootstrap confidence intervals for the reference scores [14]. The data in the left and right
panels correspond to the ‘Milk Producers’ and ‘Pig Producers’, respectively. They show that
the MM method produces inefficiencies closer to the reference inefliciencies than the classical
DEA as o, increases.
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5. Conclusion and further discussion

This study proposes a potential method to mitigate the efficiency mismeasurement of deterministic
DEA by correcting the statistical noise for individual decision-making units. As the solution to
the DEA is obtained at the boundary of the feasible domain, the DEA is susceptible to small
statistical noise such as outliers, allowing for the occurrence of mismeasurement that may yield
significantly erroneous results. To overcome this, the SFA model is used to measure individual
measurement errors and mitigate mismeasurement. In contrast, the existing stochastic DEA models
require predetermining their stochastic parameters, such as the regression quantile or the probability
that the best practice exceeds the observed outputs. The proposed method, however, corrects
the statistical errors in the observations prior to analysis, thereby maintaining the nonparametric
modeling advantages of DEA. The Monte Carlo simulation study shows that the proposed method
is more accurate than the classical DEA and CCDEA in general. Because the proposed method
relies on the SFA model to estimate statistical noise, its performance inherently depends on how
well the estimated noise ¥ approximates the true noise v. While our stress tests confirm robustness
against omitted nonlinear terms and an exponentially distributed inefficiency, performance may
deteriorate under deeper structural departures such as heavy-tailed noise or heteroscedasticity, which
can bias the separation of noise and inefficiency. As pointed out in Section 4, the correction remains
beneficial provided the mean squared error of the noise estimate is less than the true noise variance,
i.e., E[(v — $)?] < Var(v). This condition typically holds under mild misspecification, explaining the
method’s effectiveness in moderate-to-high noise regimes. This indicates that the method’s practical
usefulness extends beyond perfectly specified SFA settings.

The motivation for the approach is the relationship between CRS DEA and a noise-free SFA frontier
stated in Theorem 3.3. Although the theorem is established for a single input, it frames the proposed MM
procedure as a hybrid heuristic. The SFA stage is used solely to estimate the noise component, not to
impose a parametric frontier shape on the DEA stage. Consequently, improvements are expected when
output noise is non-negligible and the noise estimate ¥ is sufficiently accurate. However, this single-input
analogy may break down in certain multiple-input configurations due to structural differences between
DEA and SFA. In DEA, optimal weights are determined locally for each target unit, and some inputs
may be assigned zero weights. In contrast, standard SFA applies a single global parametric function to
all inputs simultaneously. If the true production technology has local structures that the SFA functional
form cannot capture, the SFA projection may not align with the localized DEA hyperplanes. In such cases,
the SFA-estimated noise term might absorb structural misspecification errors instead of statistical noise.
Extending the theoretical mapping to multiple inputs remains a valuable direction for future research.

A primary avenue for future work is to extend the MM method to variable returns to scale (VRS).
Under VRS, the efficient frontier is a convex hull rather than a ray from the origin, and the dual
formulation requires the convexity constraint. Adapting the SFA-based correction to this setting will
require revisiting the projection interpretation and examining how the correction interacts with the
decomposition of technical and scale efficiencies. This extension is particularly relevant in sectors such
as banking, healthcare, and education where VRS is the prevailing assumption. To provide empirical
insight, an exploratory simulation under a VRS setting is presented in the Appendix. The results indicate
that the proposed method continues to reduce mismeasurement relative to classical DEA, suggesting its
practical relevance beyond the CRS setting.
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Another important direction is to move beyond the single-output framework. While the DEA step
accommodates multiple outputs, the first-stage SFA would need a multi-output specification. Developing
and validating a multi-output version of the procedure is a natural next step.

For noise-free data or data with very small errors, the noise-correction step is unnecessary and
classical DEA can be preferable. Therefore, method selection depends on the relative magnitudes of the
statistical noise and inefficiency components. Although a formal decision rule is beyond the current
scope, the simulation results provide a reference point. In applications, the ratio o, /o, is estimated
rather than known, and the precision of this estimate should be considered. A practical diagnostic is
to examine &,/d, together with evidence on the noise component from the SFA estimation, such as
a likelihood-ratio test when available and the standard error or relative standard error of &-,. If the
estimated noise component is not statistically distinguishable from zero or is imprecisely estimated,
classical DEA is preferable. If the estimated noise component is non-negligible and precisely estimated,
and &,/6, is above the simulation crossover range, the MM approach is more appropriate. This
interpretation is consistent with the crossover pattern reported in Figure 3.

It is also worth noting that, while this study employs a parametric SFA approach for noise estimation
in the first stage, recent developments in continuous optimization and machine learning provide robust
alternatives for frontier estimation. Techniques such as multiple kernel learning (MKL) and infinite
kernel learning (IKL) (see, e.g., [40]) offer flexible kernel-based representations of complex, nonlinear
production technologies. In addition, conic multivariate adaptive regression splines (CMARS) and their
robust extensions, such as robust conic multivariate adaptive regression splines (RCMARS), robust conic
generalized partial linear models (RCGPLM), and robust conic generalized additive models (RCGAM)
(see e.g., [41] and [42]), have demonstrated significant potential in regression and classification under
uncertainty. While the proposed method in this study primarily targets statistical noise in the response
variable (output), integrating these advanced methodologies into the first stage noise estimation to
explicitly address non-determinism in input variables, as well as outputs, represents a promising avenue
for future research. Developing a formal statistical test for model choice and extending the model to a
multi-output framework remain important topics for further investigation.

Finally, while this study adopts the standard radial DEA formulation to maintain consistency with
the proposed SFA-based correction approach, extending the noise-correction procedure to non-radial or
additive DEA formulations remains an important topic for future research. In particular, integration with
slack-based models, such as the pure technical virtual gap analysis (PT VGA) framework (e.g., [43]),
may be considered to account for mix inefficiencies in the presence of statistical noise.
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