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Abstract: We study the online version of the point distribution problem on a sphere, where the points
arrive sequentially and must be placed irrevocably. The underlying offline problems, such as the Fekete
problem, Tammes problem, Thomson problem, and Fejes Toth problem, are computationally intractable.
To address this, we establish a unified model and propose a novel online algorithmic framework. The
algorithm can provide a theoretical approximation ratio, bounding the performance gap between our
online solution and the offline optimum. As an application, we derive concrete approximation guarantees
for the aforementioned classical problems.
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1. Introduction

The problem of distributing the points over the surface of a sphere is an ancient and famous
optimization problem in physics, chemistry, and mechanics [1]. In particular, uniformly distributed
points on a sphere are practically important in numerical integration. A key application is the
approximation of Earth-surface integrals from satellite data, which is performed by calculating averages
at well-chosen points. The problem can be generally described as how the n points would distribute
themselves on the sphere such that the potential energy is maximized (or minimized). These problems
are highly challenging due to their nonconvex objective functions and geometric complexity in high
dimensions. Furthermore, they are characterized more by open conjectures than by established
theorems. The fifth open problem in [1] presents four specific problems corresponding to different
energy functions. Reference [2] reviews some methods for distributing multiple points on a sphere.
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1.1. Background and classical problems

Given a unit sphere in R™, we denote by xi, x, ..., x, the n distinct points in R” and || - || the usual
Euclidean norm. In this paper, we can unify the energy issues into the following nonconvex optimization
problem:

(Sn)  max  f(llx; = xall [lxr = 23]l .. o5 [1X0=1 = XalD)

s. o all = el = ... = llxl = 1.

In the following text, we use d;; to denote the Euclidean distance of two distinct points x; and x;
for 1 <i < j < n,thatis, d;j; = ||x; — xj||. The objective function f,(di2,di3,...,d,-1,) is usually
called energy function and it is usually nonconvex. Assume the function f, satisfies the following two
conditions:

(1) fu(di2,ds3,...,d,-1,) is monotonically increasing in terms of d;; for every pair (i, j), where
1<i<j<n

(2) fuledip, cdys, ... cdy-1n) = g(c) - fuldi2,dhs, ... ,dy—1,) for each constant ¢, where g(c) is a
function with respect to c.

It is not difficult to see that when f,, takes different energy expressions, the above model corresponds
to the following specific problems.

(1) When f,(d12,d13, - ., dy14) = [11<i<j<n dij» the problem (S,) is simplified to the Fekete problem:

(F max Fy(neox):= | ] -l

1<i<j<n

s.t. |xll=1,i=1,...,n.

Then, Condition (1) above is satisfied obviously and g(c) = ¢™=" in Condition (2). Sometimes, (F,) is
stated in the following equivalent form:

1

(Vo) min  —log F,(xy,...,x,) = log ————
: 1 lsiZan ® llxi = x|

s.t. |Ixll=1,i=1,...,n.

The solutions of Fekete problem (F,) are called the elliptic (or logarithmic) Fekete points.
(1) When f,(d12, dy3, ..., dy-1,,) = min{diz,d3,...,d,-1,}, the problem (S,) reduces to Tammes
problem, which can be reformulated as follows:

(T) max  T,(xi,....x,) = min [lx;— x|
1<i<j<n
s.t. lxll=1,i=1,...,n.

It is trivial to see that Condition (1) is satisfied and g(c) = ¢ in Condition (2) for this case.

Tammes problem (T,) is proposed by a Dutch botanist Tammes when studying the pores in spherical
pollen grains [3]. For (T,), exact solutions are known only for n < 12 and n = 24 even for m = 3. Later,
Wang and Xia [4] prove that the optimal value of semidefinite programming relaxation (SDP) for the
Tammes problem is equivalent to Rankin’s first bound [5] and the SDP relaxation is tight if and only if
n < m + 1. The research on the upper bound of (T,) has attracted the attention of many scholars, see [6].
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(iii) When fu(di2,d13,...,dn14) = — Dicicjen %/’ the problem (S,) is reduced to the following
Thomson problem: '

1

(H,) max H,(x1,...,x,) :=— _
||xi—xj||

1<i<j<n

s.t. |xll=1,i=1,...,n.

Here, Condition (1) is also satisfied and g(c) =
p >0, and

ol

in Condition (2). A general case of (H,) depends on

1

Hn(xl,...,xn) = m
i J

1<i<j<n

For this case, when the number 7 is fixed, (H,) is asymptotically equivalent to (T,) as p — oo [1].
(iv) When f,(d12,d13, ... dn10) = Xi<icj<n(dip)?, g > 0, the problem (S,) becomes Fejes Toth
problem:

(Fag)  max  Frg(ri,..., %)= > lxi— x|

1<i<j<n

s.t. |xll=1,i=1,...,n.

Condition (1) is valid and g(c) = ¢? in this case. Actually, the problem (F, ) is interesting only for
g < 2, and (F, ) is an open problem of long standing in convex geometry even forg =1.If ¢ > 2 and n
is even, (F, ) is easy to solve: an optimal configuration can be obtained by putting half of the n points
together at the north pole and the other half concentrated at the south pole [6].

1.2. Related work

Before presenting our online algorithm, we briefly review the relevant existing work and highlight
the differences between our work and the literature.

Recently, Chen et al.[7] introduced the online dispersion problem, where the points arrive and depart
over time in a polytope, and the goal is to maximize the minimum pairwise distance. They provided
the competitive algorithms for one-dimensional segments, squares, and higher-dimensional polytopes.
Their work focuses on the max-min objective and relies on deterministic constructions using prefixed
positions and grid-based recursion. In contrast, our work uses an online algorithm as a constructive tool
to generate the approximate solutions for offline problems. We then compare our online solution to the
offline optimum by providing an approximation ratio.

The offline energy minimization problems, including the Thomson problem and its generalization
have been extensively studied. The moment methods and semidefinite programming can be used to
derive bounds for Riesz minimal energy problems [8]. Matzke et al. [9] studied polarization and greedy
energy sequences on the sphere.

Recent work on online hitting of unit balls by De and Singh [10] and online sphere packing by
Lintzmayer, Miyazawa, and Xavier [11] shares the online sequential decision-making aspect with our
work but differs in objectives and geometric constraints. Our work complements this growing body of
literature by addressing a different class of online geometric optimization problems.
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1.3. Our contribution and organization

To the best of our knowledge, this paper provides the first unified online algorithmic framework for
the Fekete, Tammes, Thomson, and Fejes Toth problems. While online dispersion has been studied
in computational geometry [7] and energy minimization has been extensively analyzed in offline
settings [8, 9], the online versions of these specific classical problems with their distinct objective
functions have not been previously addressed.

In this work, if a feasible solution can be generated in polynomial time satisfying

v(Sn) 2 fulllxr = 2l X1 = 11l - . - [X-1 = Xall) = ¢ - w(Sh), (1.1)

where v(-) denotes the optimal value of (-), then (x1, ..., X,) is called a g-approximation solution for
problem (S,) and ¢ is referred to as the approximation ratio. In particular, for the solution of (S,)
produced by Algorithm 1, we have ¢ = g(cy), where

_ @}
co:( 2“) (1.2)

with ap = \[2In %=L and p € (0, 1).

The main contributions are summarized as follows. We propose a general optimization problem
(Sp) that subsumes the four classical problems as special cases. Then, we design a randomized online
algorithm (Algorithm 1) that places points sequentially on the sphere. The algorithm is simple and
efficient. For each of the four classical problems, we can derive the explicit approximation ratios relative
to the offline optimum. At last, we demonstrate how our results apply to the training point selection
problem (SP, ), where the incremental nature of our algorithm is particularly advantageous.

The remainder of this paper is organized as follows. In Section 2, we formally introduce the problem
of online distributing the points on a sphere and present a conjecture related to the Tammes problem (T,).
Section 3 proposes an online algorithm for solving the general model (S,) and derives the approximation
ratio between online solution and the offline optimum. Section 4 demonstrates an application to (SP, ).
Last, conclusions are made in Section 5.

Throughout this paper, we denote by R™ the m-dimensional real vector space, N, denotes the positive
integer set, and Pr(-) represents the probability.

2. Online distributing the points on the sphere

In practice, the relation between the model accuracy and the distance among the training points is
often considered, that is, the new added point is remote from the existing evaluated points [12, 13]. This
leads to the following problem:

(SP,e) min n
s.t. v(S,) <e,

where € is the given error bound. To solve (SP, ), the problem (S,) must be computed repeatedly for
each distinct n. This process incurs substantial computational complexity as (S,) itself is nontrivial to
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solve. For this reason, an online version of (S,) could be considered, in which problem the points are
placed on the sphere sequentially (i.e., only one point is added at each step) until the error bound € is
satisfied.

In recent years, online optimization has been a hot topic of interest in many fields, including computer
science and operations research. Some practical problems, such as online routing problem [14, 15]
and online adwords problem [16, 17], can be formulated as online linear programming problem,
whose constraint matrix is revealed column by column corresponding to the objective coefficient [18].
Specifically, at each time ¢, the previous r — 1 decision variables are given and the coefficients are
revealed. Then, the 7-th decision variable has to be chosen satisfying the constraints.

The original problem (S,) can be viewed as an offline problem. For (S,), we can introduce the
following online subproblem at the n-th step:

(Sn)  max  fu(llxr =2l .. 1P = Xl oo 1X—1 — Xall)
s.t. |lx,ll =1,
v(S»)

where xi,...,x,_; are obtained at the (n — 1)-th step. It is trivial that oy <1 when the objective
function is non-negative and % > 1 when it is negative. In Section 3, we will analyze the lower bound

of this ratio for the non-negative case and the upper bound for the negative case accordingly.

In this section, we first consider the Tammes problem (T,) with m = 2 and n = 3 as an instance.
The original problem (T,,) is maximizing the minimal distance between each two points among the
n points on a unit sphere in R™. It is straightforward that the optimal offline solution is achieved by
uniformly distributing three points on the sphere, denoted as x7, x3, x;. Using a sequential (online)
method, we obtain an alternative configuration xj, x,, x3. This method proceeds as follows: First, x; is
placed arbitrarily. Then, X, is chosen to maximize the distance d(x;, X»), forming a diameter of the unit
circle. Finally, x3 is placed at the midpoint of the arc connecting x; and Xx,. It can be observed that

_Im =Tl V2

=1 _ - &
”x] - X3|| \/§
However, determining the optimal value of ¢ in the general case, that is, finding the largest possible ¢
such that inequality (1.1) holds for all n, remains an open question. The following theorem provides an
answer for the case of m = 2.

Theorem 2.1. For the Tammes problem (T,) with m = 2, consider the following online strategy:

e The first point is placed arbitrarily.
e Each subsequent point is placed at the midpoint of the largest arc between the consecutive existing
points.

Then, the optimal value of ¢ for this strategy is %

Proof. First we note that ¢ = 1 when n = 2%, where k € N,. That is to say, the optimal objective
function values for both offline and online problems are equal in this case. The case of n = 2 is trivial,
and the general result follows by induction. Thus, we omit the proof here.

Next, we only consider 2¢ + 1 < n < 2¥1, where k is some given positive integer. For the offline
problem,

WT,) = 2sin Z, 2.1)
n

Journal of Industrial and Management Optimization Volume 22, Issue 6, 2866—2877.



2871

and the optimal value is obtained when the n points distribute on the sphere uniformly. The online
strategy first places 2¢ equally spaced points by recursive bisection and then places the remaining points
at the midpoint of the arc of two adjacent points. Then, we can find X, . .., x, such that

T,(x1,...,%x,) = 2sin

e (2.2)

It follows from (2.1) and (2.2) that the approximation ratio for this 7 is

sin5fr  sin iy
) = inZ z in =%
S n § 2k+1

where the last inequality holds since 2¢ + 1 < n < 2¢*!, Therefore, we can get the optimal value of ¢

O
nf SIN 5T
(p()pt = 1 . T
k=12,... SINn Py
and
s s
Sin ke N T 1

1
in 2 inZ  2cos X = 2"
sin 32~ sin g COS 57

Moreover, taking the limit kK — oo and using sin x ~ x as x — O:

Thus, the infimum is exactly % Consequently, the optimal approximation ratio for this specific online
strategy is 3. O

Remark 2.2. Theorem 2.1 analyzes a particular online strategy for the Tammes problem when m = 2.
The value % is the best approximation ratio that this algorithm can guarantee. This does not imply that
no other online algorithm can achieve a better ratio. Whether a better online algorithm exists remains an
open question.

From the above analysis, we conjecture that the following result holds for general m, although a
rigorous proof is still lacking.

Conjecture 2.3. The optimal value of ¢ for Tammes problem (T),) is %
3. The approximation ratio between online solution and the offline optimum

In this section, we assume that the total number of points 7 is known to the algorithm in advance.
The points arrive sequentially, and at each step the algorithm must place the current point irrevocably.

The approximation ratio is defined with respect to the offline optimum for the same n. Next, we propose
an online approximation algorithm to solve (S,).
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Algorithm 1: an approximation algorithm for (S,)
1. Generate x; uniformly on the surface of an m-dimensional unit sphere.

2. Inputp € (0,1)and leta = /21né.

3. Repeatedly generate X, uniformly on the surface of an m-dimensional unit

sphere until X] x; < Nt

4. While j = 3,...,n repeats steps (a) and (b).

(a) Update @ = {/21In L

(b) Repeatedly uniformly generate x; € R” on the surface of an m-dimensional

sphereuntil’i??c} < \% forie{l,...,j—1}.

5. Output (x1,...,X,).

The existence of Yj, j=2,...,nin Algorithm 1 is based on the following well-known result [19]:

Lemma 3.1. Letb = {by,...,b,} € R™and ||b|| > 0. Letn = (11, ...,0m)" be uniformly distributed over
the sphere of radius \m in R™ (i.e., |7l = \Vm). Then, for any a > 0 and m > 2, we have

Pr(b"n > allbll) < ", Vn > 2, Ya > 0. 3.1

Remark 3.2. Reference [13] gives a comprehensive proof of the following result:

»[J m 1_t2 M73dt :
L: if @ < \m,

Pr (an Z G“/”b”) — zj(v)l(\/@)m—fidt 1)
0, if @ > vm.

and
Pr(b"n > allbl)) < €4, ¥n > 2, Va > 0.

Since our algorithm samples points on the unit sphere, we restate Lemma 3.1 in the following
equivalent scaled form.

Lemma 3.3. Letb = {by,...,b,} € R™and ||bl| = 1. Letn = (11, ...,nm)" be uniformly distributed over

the unit sphere in R™ (i.e., |nll = 1). Then, for any @ > 0 and m > 2, we have

a 2
Pr (an > —|<e ™ Yn>2 Va>0. (3.2)
w/%)

Following from Lemma 3.3, we can get the following tail estimation.

Corollary 3.4. For any given xi, ..., xj_; on the unit sphere in R™, let x; be uniformly distributed over
the unit sphere in R™. Set ap = /21n "le. Then, for any fixed p € (0,1) and j € {2,...,n},

@
Pr (xJT.x,- < —

0
Vm’
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Proof. According to Lemma 3.3, for any j € {2,...,n}, we have

Qo
Pr (ij-x,- > —) <

,ie{l,...,j—1}L

\/m n-—1
Then, it holds that
@y . .
Prixlx;< —, ief{l,...,j—1
[ ' L€ })

m

a
Pr (xjrxi > —0)
iellj—1) vim

Q) . .
- 1—Pr(xrx,~2 —forsomeze{l,...,]—l})
J A/

]

_ j-1
B n-— 1p
> 1-p>0
The proof is complete. m|

Before deriving the approximation guarantee, we first analyze the expected runtime of Algorithm 1.
Ateach step j (j = 2,...,n), suppose the previously accepted points x, ..., x;_; are fixed. By Corollary
3.4, a uniformly random candidate point x; on the unit sphere satisfies the required constraints with
probability at least 1 — p > 0. Hence, the expected number of trials satisfies

1
ElT] < ——.
1< 1

The expected total number of trials over all steps is

- n-1
E{Twal = ) EIT)) < 7—.
=2 —p

Each trial requires checking the inner products with at most j — 1 existing points, summing the expected
cost over all steps yields a total expected time complexity of O(n?). Consequently, Algorithm 1 yields

an approximate solution for the offline problem (S,) in expected polynomial time.

Theorem 3.5. Let ag = /21In "’%1. For the solution (x,, ..., x,) returned by Algorithm 1, we have

v(S) 2 fulllxr = 2l 11X = x5l -, X-1 = Xall) > g (co) - v(Sw),

where c is defined as (1.2).
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Proof. For any feasible solution (yy,...,y,) for (S,), we have
i =yl = @=2fy)r <2, 1<i<j<n, (3.3)
where the last inequality holds according to the Cauchy-Schwarz inequality. For the solution (xi, ..., X,)

returned by Algorithm 1,

1
2
||57i—3?j||:(2—2}?lrb?j)%2 2(1—ﬂ)] , 1<i<j<n, (3.4)
\m
where the last inequality holds following from Corollary 3.3. Combining the inequality (3.3) and (3.4)
yields
- 3
lIx; = x| 2[ > m} Ayi=yill, I<i<j<n
It follows from the definition of f, that
Jalllxy = xall, e =3l - o -1 = Xall)
> falcollyr = yall, collyr = ysll, - - -, collyn-1 = yalD)
> glco) fulllyr = yall lyr = yalls - - s llyn-1 = yulD- (3.5)

If (y1,...,y,) 1s the optimal solution of (S,), then

Jalllyr = ¥l lyr = yall, - - lyn-1 = yall) = v(Sn)
and Equality (3.5) still holds. Thus, we complete the proof. O

Remark 3.6. Theorem 3.5 indicates that Algorithm 1 can find a g(%) asymptotic approximation
solution for (S,) as ln(r’l”_l) increases to infinity. From the definition of ¢y, the ratio is well defined only
when m > 21In ”’%1. If this condition fails, the bound does not provide a useful guarantee. This remains

an open direction for future research.

Following from Theorem 3.5, we can derive concrete approximation guarantees for the
aforementioned classical problems.

n(n—
2

Corollary 3.7. For the problem (F,) with g(c) = ¢ 1), Algorithm 1 yields a feasible solution (x1, ..., x,)

satisfying

V(E) 2 Fy@. %) 2 T v(Fy).
Corollary 3.8. For the problem (T,) with g(c) = ¢, a feasible solution (x1, ..., X,) can be obtained by
Algorithm 1 and satisfies

V(To) = T,(x1, ..., %) = co - V(Tw).

Remark 3.9. Corollary 3.8 can guarantee that (T,) admits a % approximation ratio when n < pe% + 1 <
e® + 1; this ratio however, is only a conjecture, see Conjecture 2.3.
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Corollary 3.10. For the problem (H,) with g(c) = % a feasible solution (x1, ..., x,) can be obtained by
Algorithm 1 and satisfies

v(Hy) > H,(X1,...,%,) > L. v(Hy).

Co
Corollary 3.11. For the problem (F,4) with g(c) = ¢4, the feasible solution (x,,...,X,) obtained via
Algorithm 1 satisfies
V(Fn,q) 2 Fn,q(—)zl’ s ’—)En) 2 COq : V(Fn,q)-

4. Application to the training point selection problem (SP, )

With Algorithm 1 and its approximation guarantee established in Section 3, we now return to
the problem (SP, ) introduced in Section 2. Recall that (SP,.) seeks the smallest n such that the
approximation error does not exceed a given error bound e. If all the points are constrained to lie on
the surface of the unit sphere in R”, then from the approximation guarantee (1.1), for the configuration
(x1,...,x,) produced by Algorithm 1, we have:

V(S = fulllxr =2l . X1 = Xl > @ - v(S ), 4.1

where ¢ is the approximation ratio derived in Theorem 3.4 (e.g., ¢ = ¢ for the Tammes problem,
Q= cg(”_”/ ? for the Fekete problem, etc.).
Now, suppose that for the configuration (xi, ..., x,,) produced by Algorithm 1 and

Ll =%l X1 =Xl < ¢ e (4.2)

Then, combining (4.1) and (4.2), we obtain

@ V(S < fulllxr = 2all, .. I =Xl < @ €, (4.3)

which implies v(S,) < €. Hence, the offline optimum satisfies the error bound. Since Algorithm 1 is
incremental (each new point is added without modifying previous points), we can efficiently search for
the minimal feasible n as follows:

1. Set n = 1 and initialize an empty configuration.
2. While the stopping condition is not met:

(a) Use Algorithm 1 to add a new point x,, to the existing configuration.

(b) Compute the current objective value f,(|[x; — X, . - ., [[X-1 = Xal])-

(c) If fu(---) < ¢ - €, then stop and output n as a feasible solution to (SP; ().
(d) Otherwise, increment n and continue.

This incremental procedure avoids repeatedly solving the intractable offline problem (SP, ) for each
candidate n. Instead, it leverages the online nature of Algorithm 1 to build the point set progressively,
checking the feasibility condition at each step. The first n satisfying (4.2) yields a feasible solution, and
the theoretical guarantee ensures that the corresponding offline optimum v(S,) indeed meets the error
bound e. The incremental nature of Algorithm 1 makes it particularly well-suited for problems where
the required number of points is unknown a priori and must be determined adaptively.
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5. Conclusions

In this paper, we studied the online version of the point distribution problem on a sphere. By
introducing a unified model that generalizes several classical offline problems, we proposed an online
algorithmic framework with provable approximation guarantees. Specifically, we established theoretical
bounds on the performance gap between our online solution and the offline optimum, and derived
concrete approximation ratios for each of these classical problems. At last, we apply the proposed
algorithm to the training point selection problem. To the best of our knowledge, this work provides the
first unified online algorithmic framework for these problems.
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