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Abstract: The polynomial complementarity problem (PCP) is to find a vector x ∈ Rn
+ such that∑m−1

h=1 Ahxm−h + q ≥ 0, x⊤
(∑m−1

h=1 Ahxm−h + q
)
= 0. In this paper, we further investigate the lower bound

for the solution set of the PCP with q ∈ Rn
++. WhenA1 is an R0-tensor, we present an improved upper

bound for the solution set of the PCP, which is tighter than the bound given by Xu et al. in [Bounds of the
solution set to the polynomial complementarity problem. J. Optim. Theory Appl. 203 (2024) 146-164].
Finally, we prove that the proposed lower and upper bounds for the solution set of the PCP with partially
symmetric tensor tuples are attainable. Numerical examples are given to show the efficiency of the
proposed results.
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1. Introduction

The tensor complementarity problem, denoted by TCP(A, q), is to find a vector x ∈ Rn
+ such that

x ≥ 0,q +Axm−1 ≥ 0, x⊤(Axm−1 + q) = 0,

where A ∈ R[m,n] and q ∈ Rn [1]. So far, many researchers have paid attention to this topic [2, 3]
because of its applications in DNA micro-arrays, communication, and n-person non-cooperative
games [4].Numerical algorithms for solving tensor complementarity problems have been also
proposed recently [5].

The polynomial complementarity problem, denoted by PCP(Θ, q), is to find a vector x ∈ Rn
+ such

that

x ≥ 0, F(x) :=
m−1∑
h=1

Ahxm−h + q ≥ 0, x⊤
( m−1∑

h=1

Ahxm−h + q
)
= 0, (1.1)
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where Θ := (A1,A2, . . . ,Am−1) ∈ F[m,n] := R[m,n] × . . . × R[2,n] with A1 ∈ R
[m,n], . . . ,Am−1 ∈ R

[2,n],
q ∈ Rn, and (

Ahxm−h
)

i
=

n∑
i2,...,im−h+1=1

aii2...im−h+1 xi2 . . . xim−h+1 , i ∈ [n].

The polynomial complementarity problem (PCP), first introduced by Gowda [6], is an extension of the
tensor complementarity problem [1, 7]. Several applications, such as hypergraph clustering problems,
multi-person noncooperative games, and traffic equilibrium problems, were considered in [4], and
can be modeled as polynomial complementarity problems. As a natural extension of the polynomial
complementarity problems, generalized polynomial complementarity problems over a polyhedral cone
were introduced in [8].

Gowda proved that the solution set of the PCP is nonempty and compact when zero is the only
solution of TCP(A1, 0) and the topological degree of min{x,A1xm−1} at the origin is nonzero [6]. By
using the squared slack variables technique, Hieu et al. discussed the univariate representations of
solutions to generic polynomial complementarity problems [9]. The solutions of the polynomial
complementarity problem were investigated based the concepts of S -tensor tuples and Q-tensor
tuples [10, 11].

An important property in theory is the bounds of the solution set of the PCP, which can be used
to find the numerical solution of PCP [12]. Ling et al. have shown that the solution set of PCP with
a leading ER-tensor is nonempty and compact, and proposed lower bounds of the solution set of the
PCP when Θ is strictly semicopositive [13]. Li et al. presented lower bounds of the solution set of the
PCP for Θ being an α − q tensor tuple [14]. When Θ is a commonly strictly semipositive tensor tuple,
upper bounds for the solution set of the PCP were obtained in [15]. Xu et al. presented lower and upper
bounds with the condition q ∈ Rn\Rn

+ [16].
All of the lower bounds for the solution norm of the PCP(Θ, q) discussed above are based on the

condition q ∈ Rn\Rn
+. When q ∈ Rn

++, obviously, zero is a lower bound on the norm of the solution set
of PCP(Θ, q). However, the lower bound zero has limited practical utility. Hence, a natural question is,
how to obtain tighter lower bound for the solution set of the PCP(Θ, q) with q ∈ Rn

++?
Based on the above motivation, we further study the lower bound for the solution set of the PCP(Θ, q)

with q ∈ Rn
++. In Section 2, some basic concepts and notations are introduced. In Section 3, we obtain

the lower bound for the solution set of PCP(Θ, q) with q ∈ Rn
++. In Section 4, an improved upper bound

for the solution set with π(A1) is also presented. In Section 5, we prove that the proposed lower and
upper bounds of the solution set with partially symmetric tensor tuples are attainable. Finally, in Section
6, some conclusions are given.

2. Preliminaries

Throughout this paper, let R and Rn be real field and n-dimensional real Euclidean space, and let
R+ and Rn

+ (Rn
++) be the sets of all nonnegative real numbers and nonnegative (positive) vectors in

Rn. For the vector x ∈ Rn, x[m] denotes a vector defined as (x[m])i = (xi)m for i ∈ [n] := {1, . . . , n},
x+ := (max {0, x1} , . . . ,max {0, xn})⊤, and ∥x∥∞ := max {|xi|, i ∈ [n]}.

The tensorA =
(
ai1i2...im

)
represents a multidimensional array whose entries are represented as ai1i2...im

with i j = 1, . . . , n j and j = 1, . . . ,m, where m represents the order ofA, and (n1, . . . , nm) represents the
dimension ofA. Unless otherwise stated, all tensors involved are limited to the field of real numbers.
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A is called an m order n dimensional tensor if n1 = . . . = nm = n, denoted by A ∈ R[m,n]. Let O be
zero tensors. If A =

(
ai1i2 ...im

)
∈ R[m,n] is symmetric on modes i2, . . . , im, then A is called partially

symmetric [17]. Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n] is called a partially symmetric tensor tuple ifAh is
partially symmetric for all h ∈ [m − 1], denoted by Θ ∈ PF[m,n].

Some useful definitions and results are given below.

Definition 2.1. [15] Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n] is called a strictly semipositive tensor tuple if

for any x ∈ Rn
+\{0}, there exists t ∈ [n] such that xt > 0 and (

m−1∑
h=1
Ahxm−h)t > 0; likewise, it is called a

strictly copositive tensor tuple if and only if
m−1∑
h=1
Ahxm−h+1 > 0 for all x ∈ Rn

+\{0}.

Definition 2.2. [7]A ∈ R[m,n] is called an R0-tensor if TCP(A, 0) has a unique solution.

Definition 2.3. [18] LetA ∈ R[m,n]. For each i ∈ [n], we define

r−i (A) :=
∑

i2,...,in,i,i,...,i

(−aii2...in)+.

Then, A is said to be a GRSDD-tensor (i.e., generalized row strictly diagonally dominant tensor) if
|aii...i| − r−i (A) > 0 for all i ∈ [n].

In particular, forA1 being an R0-tensor, the following result, Theorem 2.1, was obtained in [16].

Theorem 2.1. [16, Theorem 4.1] Let Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], x∗ be a solution of PCP(Θ, q)
and q ∈ Rn. Assume thatA1 is an R0-tensor, (A2, . . . ,Am−1) , (O, . . . ,O). Then,

∥x∗∥∞ ≤ κ1(Θ) = max
d∈{ι(Θ),m}

(max
i∈[n]
{
∑m−1

h=2
∑n

i2,...,im−h+1=1 |aii2...im−h+1 | + |qi|}

π(A1)

) 1
d−1

,

where
ι(Θ) := min{h|Ah , O, h ∈ [m − 1], h , 1},

π(A1) = min
x≥0,∥x∥∞=1

max
{

max
i∈[n]

xi(A1xm−1)i, ∥(−A1xm−1)+∥∞

}
.

For q ∈ Rn
+, a lower bound of the solution set of PCP(Θ, q) was presented in [14] by Li et al. That is:

Theorem 2.2. [14, Theorem 1] Let Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n] and q ∈ Rn
+. Then, zero is a tight

lower bound on the norm of the solutions of PCP(Θ, q).

3. Lower bound of the solution set with q ∈ Rn
++

In this section, we present the lower bound of the solution set of PCP(Θ, q) with q ∈ Rn
++. For this

goal, we require the following lemma.

Lemma 3.1. LetA = (ai1i2...im) ∈ R[m,n] and q ∈ Rn. If PCP(Θ, q) has a nonzero solution x∗ and ∥x∗∥∞ =
x∗t , then (

∑m−1
h=1 Ahxm−h)t + qt = 0. Moreover, if qt > 0, there exist h ∈ [m − 1] and i2 . . . im−h+1 ∈ [n] such

that ati2...im−h+1 < 0; if qt < 0, there exist h ∈ [m − 1] and i2 . . . im−h+1 ∈ [n] such that ati2...im−h+1 > 0.
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Proof. Suppose that PCP(Θ,q) has a nonzero solution x∗ and ∥x∗∥∞ = x∗t . Then, x∗t > 0 and

x∗t ((
m−1∑
h=1

Ah(x∗)m−h)t + qt) = 0,

which implies that

(
m−1∑
h=1

Ah(x∗)m−h)t + qt = 0. (3.1)

If qt > 0, by x ∈ Rn
+, we have

qt = −(
m−1∑
h=1

Ah(x∗)m−h)t > 0,

which means that there exist h ∈ [m − 1] and i2 . . . im−h+1 ∈ [n] such that ati2...im−h+1 < 0.
If qt < 0, by x ∈ Rn

+, we have

qt = −(
m−1∑
h=1

Ah(x∗)m−h)t < 0,

which means that there exist h ∈ [m − 1] and i2 . . . im−h+1 ∈ [n] such that ati2...im−h+1 > 0. □

If 0 is a solution of PCP(Θ, q), then zero is a tight lower and upper bound on the norm of the solution
set of PCP(Θ, q). Therefore, we only consider PCP(Θ,q) with nonzero solutions. For each i ∈ [n],

Mi(Θ) := min{h|∃aii2...im−h+1 < 0, h ∈ [m − 1]},

Mi(Θ) := max{h|∃aii2...im−h+1 < 0, h ∈ [m − 1]},

and
∥q∥min := min{qi : i ∈ [n], q ∈ Rn

++},

we can present the lower bound of the solution set of TCP(A, q) with q ∈ Rn
++; see Theorem 3.1.

Theorem 3.1. Let Θ ∈ F[m,n], and let q ∈ Rn
++, x∗ be a nonzero solution of PCP(Θ, q). Then,

∥x∗∥∞ ≥ ω1(Θ) = min
(

min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ)

,

min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ)

)
. (3.2)

Proof. If q ∈ Rn
++, x∗ ∈ Rn is a solution of PCP(Θ, q) and x∗ , 0. By Lemma 3.1, there exists t ∈ [n]

such that (
∑m−1

h=1 Ah(x∗)m−h)t + qt = 0, and

∥q∥min ≤ qt = −

m−1∑
h=1

n∑
i2,...,im−h+1=1

ati2...im−h+1 x∗i2 . . . x
∗
im−h+1

= −

m−1∑
h=1

∑
ati2 ...im−h+1≥0

ati2...im−h+1 x∗i2 . . . x
∗
im−h+1
−

m−1∑
h=1

∑
ati2 ...im−h+1<0

ati2...im−h+1 x∗i2 . . . x
∗
im−h+1
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≤ −

Mi(Θ)∑
k=Mi(Θ)

∑
ati2 ...im−h+1<0

ati2...im−h+1 x∗i2 . . . x
∗
im−h+1
. (3.3)

Assume that ∥x∗∥∞ ≥ 1; then, we can obtain

∥q∥min

∥x∗∥m−Mi(Θ)
∞

≤

Mi(Θ)∑
h=Mi(Θ)

n∑
i2,...,im−h+1=1

(−ati2...im−h+1)+
x∗i2 . . . x

∗
im−h+1

∥x∗∥m−Mi(Θ)
∞

≤

m−1∑
h=1

n∑
i2,...,im−h+1=1

(−ati2...im−h+1)+.

So,

∥x∗∥∞ ≥ min
t∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ati2...im−h+1)+

) 1
m−Mi(Θ)

.

Similarly, if ∥x∗∥∞ < 1, then by (3.3), we have

∥q∥min

∥x∗∥m−Mi(Θ)
∞

≤

Mi(Θ)∑
h=Mi(Θ)

n∑
i2,...,im−h+1=1

(−ati2...im−h+1)+
x∗i2 . . . x

∗
im−h+1

∥x∗∥m−Mi(Θ)
∞

≤

m−1∑
h=1

n∑
i2,...,im−h+1=1

(−ati2...im−h+1)+.

So,

∥x∗∥∞ ≥ min
t∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ati2...im−h+1)+

) 1
m−Mi(Θ)

.

□

Remark 3.1. If q ∈ Rn
++, then ∥q∥min > 0 and ω1(Θ) > 0, which means that the lower bound obtained

by Theorem 3.1 can be tighter than the result in Theorem 2.2 when q ∈ Rn
++.

Remark 3.2. All the bounds for the solution norm of the PCP(Θ, q) discussed in [19] are based on the
condition q ∈ Rn \ Rn

+. If q ∈ Rn
++, all the bounds obtained in [19] are useless in this case.

In order to show the efficiency of Theorem 3.1, we give the following numerical example.

Example 3.1. Consider PCP(Θ,q), where Θ = (A1,A2),A1 = (ai1i2i3) ∈ R
[3,2] with entries

a111 = a222 = 1

and other entries ofA1 are zero,A2 ∈ R
[2,2] with

a11 = a22 = −2

and other entries ofA2 are zero, and q = (1, 1)⊤. It is easy to see that

{(1, 1)⊤, (0, 1)⊤, (1, 0)⊤}
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are nonzero solutions of PCP(Θ, q). By the result in Theorem 2.2, one can get

∥x∗∥∞ ≥ 0,

which is useless in practical applications. By Theorem 3.1, one can get

∥x∗∥∞ ≥ 0.5 > 0,

which is sharper than the result in Theorem 2.2.

4. Improved upper bound for the solution set with π(A1)

The solution set of the PCP is nonempty and compact whenA1 is an R0-tensor [6]. In this section,
we further study the solution set of the PCP for A1 being an R0-tensor, and gain an improved upper
bound for the solution set of the PCP with π(A1).

Theorem 4.1. Let Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], x∗ be a solution of PCP(Θ, q) and q ∈ Rn. Assume
thatA1 is an R0-tensor and (A2, . . . ,Am−1) , (O, . . . ,O). Then,

∥x∗∥∞ ≤ κ2(Θ) = max
d∈{ι(Θ),m}

(
max

{
maxi∈[n]{

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
d−1

. (4.1)

Proof. IfA1 ∈ R
[m,n] is an R0-tensor, from Theorem 8 in [20], we have π(A1) > 0. If x∗ is a solution of

PCP(Θ, q), then we consider the following two cases:
(a) If ∥x∗∥∞ ≥ 1, then by (1.1), for each i ∈ [n], we have

−(A1(x∗)m−1)i

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1 aii2...im−h+1 x∗i2 . . . x

∗
im−h+1
+ qi

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+x∗i2 . . . x

∗
im−h+1
+ qi

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+x∗i2 . . . x

∗
im−h+1
+ (q+)i

∥x∗∥m−1
∞

≤
(
∑m−1

k=2
∑n

i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i)∥x∗∥m−l(Θ)
∞

∥x∗∥m−1
∞

.

So,
∥(−A1(x∗)m−1)+∥∞

∥x∗∥m−1
∞

≤
maxi∈[n]{

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

∥x∗∥ι(Θ)−1
∞

. (4.2)

On the other hand, by (1.1), for each i ∈ [n], we also have

x∗i (A1(x∗)m−1)i

∥x∗∥m∞
=
−

∑m−1
h=2

∑n
i2,...,im−h+1=1 aii2...im−h+1 x∗i x∗i2 . . . x

∗
im−h+1
− x∗i qi

∥x∗∥m∞
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≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(−aii2...im−h+1)+x∗i x∗i2 . . . x

∗
im−h+1
+ x∗i ((−q)+)i

∥x∗∥m∞

≤
(
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i)∥x∗∥m−l(Θ)+1
∞

∥x∗∥m∞
.

So,

max
i∈[n]

x∗i (A1(x∗)m−1)i

∥x∗∥m∞
≤

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

∥x∗∥ι(Θ)−1
∞

. (4.3)

Combining (4.2) and (4.3), we can obtain

0 < π(A1) ≤ max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

∥x∗∥ι(Θ)−1
∞

,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

∥x∗∥ι(Θ)−1
∞

}
.

(b) If 0 < ∥x∗∥∞ < 1, then by (1.1), for each i ∈ [n], we have

−(A1(x∗)m−1)i

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1 aii2...im−h+1 x∗i2 . . . x

∗
im−h+1
+ qi

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+x∗i2 . . . x

∗
im−h+1
+ qi

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+x∗i2 . . . x

∗
im−h+1
+ (q+)i

∥x∗∥m−1
∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i

∥x∗∥m−1
∞

.

So,
∥(−A1(x∗)m−1)+∥∞

∥x∗∥m−1
∞

≤
maxi∈[n]{

∑m−1
h=1

∑n
i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

∥x∗∥m−1
∞

. (4.4)

On the other hand, by (1.1), for each i ∈ [n], we also have

x∗i (A1(x∗)m−1)i

∥x∗∥m∞
=
−

∑m−1
h=2

∑n
i2,...,im−h+1=1 aii2...im−h+1 x∗i x∗i2 . . . x

∗
im−h+1
− x∗i qi

∥x∗∥m∞

≤

∑m−1
h=2

∑n
i2,...,im−h+1=1(−aii2...im−h+1)+x∗i x∗i2 . . . x

∗
im−h+1
+ x∗i ((−q)+)i

∥x∗∥m∞

≤
(
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i)∥x∗∥∞
∥x∗∥m∞

.

So,

max
i∈[n]

x∗i (A1(x∗)m−1)i

∥x∗∥m∞
≤

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

∥x∗∥m−1
∞

. (4.5)
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Combining (4.4) and (4.5), we obtain

0 < π(A1) ≤ max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

∥x∗∥m−1
∞

,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

∥x∗∥m−1
∞

}
.

□

Remark 4.1. By direct computation, we have

max
{

max
i∈[n]

{ m−1∑
h=2

n∑
i2,...,im−h+1=1

(aii2...im−h+1)+ + (q+)i

}
,

max
i∈[n]

{ m−1∑
k=2

n∑
i2,...,im−h+1=1

(−aii2...im−h+1)+ + ((−q)+)i

}}

≤ max
i∈[n]

{ m−1∑
h=2

n∑
i2,...,im−h+1=1

|aii2...im−h+1 | + |qi|

}
.

Then, κ2(Θ) ≤ κ1(Θ), which means that the upper bound obtained by Theorem 4.1 is always better than
the result in Theorem 2.1.

Remark 4.2. (i) All the bounds for the solution norm of the PCP(Θ, q) discussed in [19] are based on
the condition q ∈ Rn \ Rn

+. If q ∈ Rn, the bounds obtained in [19] may be useless.
(ii) If q ∈ Rn \ Rn

+, assume that A1 is a GRSDD-tensor with all diagonal entries being positive.
(A2, . . . ,Am−1) = (O, . . . ,O), ∥(−q)+∥∞ = ∥q∥∞, π(A1) >

∑n
i2,...,im=1 aii2...im for some i ∈ Ω(q), Ω(q) =

{i ∈ [n] : −qi = ∥(−q)+∥∞} when q ∈ Rn \ Rn
+. By the analysis in Remark 6 in [20], the upper bound

obtained by Theorem 4.1 is better than the one by Theorem 3.2 in [19].

The following example is given to illustrate Theorem 4.1.

Example 4.1. Consider PCP(Θ,q), where Θ = (A1,A2) andA1 = (ai1i2i3) ∈ R
[3,2] with entries

a111 = a222 = −1

and other entries ofA1 are zero,A2 ∈ R
[2,2] with

a11 = a22 = −2, a12 = a21 = 2,

and q = 0. By direct computation, we have

π(A1) = min
x≥0,∥x∥∞=1

max
{

max
i∈[n]

xi(A1xm−1)i, ∥(−A1xm−1)+∥∞

}
= min

x≥0,∥x∥∞=1
∥(−A1xm−1)+∥∞

= min
x≥0,∥x∥∞=1

∥(x2
1, x

2
2)⊤∥∞.
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For any x ∈ {R2 : x1 = 1, x2 ∈ [0, 1]},

∥(x2
1, x

2
2)⊤∥∞ = x2

1 = 1.

For any x ∈ {R2 : x2 = 1, x1 ∈ [0, 1]},

∥(x2
1, x

2
2)⊤∥∞ = x2

2 = 1.

Thus, π(A1) = 1.
By Theorem 2.1, one can get

∥x∗∥∞ ≤ κ1(Θ) = 4.

By Theorem 4.1, we have
∥x∗∥∞ ≤ κ2(Θ) = 2,

which is tighter than the result in Theorem 2.1.

5. Bounds of the solution set with partially symmetric tensor tuples

For Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], there exists a corresponding partially symmetric tensor tuple
Θ̃ = (Ã1, Ã2, . . . , Ãm−1) ∈ PF[m,n] such that

F(x) =
m−1∑
h=1

Ahxm−h + q =
m−1∑
h=1

Ãhxm−h + q.

Denote

S F :=
{
Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n]|x ≥ 0, F(x) =

m−1∑
h=1

Ahxm−h + q ≥ 0
}
.

Next, we will give the evidence that bounds for PCP(Θ, q) with partially symmetric tensor tuples can
reach the extreme values.

Theorem 5.1. If Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], Θ̃ = (Ã1, Ã2, . . . , Ãm−1) ∈ PF[m,n] is the
corresponding partially symmetric tensor tuple with Ãh = (̃ai1i2...im−h+1), and q ∈ Rn

++; then
ω1(Θ̃) = maxΘ∈S F ω1(Θ), where the definition of ω1(·) is introduced in (3.2).

Proof. First, we show that ω1(Θ̃) ≥ ω1(Θ) for ∀Θ ∈ S F , where

ω1(Θ̃) = min
(

min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+

) 1
m−Mi(Θ̃)

,

min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+

) 1
m−Mi(Θ̃)

)
,

and

ω1(Θ) = min
(

min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ)

,
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min
i∈[n]

(
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ)

)
.

From the definitions of Mi(·), Mi(·), and partial symmetry of tensors, we have

Mi(Θ̃) ≥ Mi(Θ), Mi(Θ̃) ≤ Mi(Θ),

and
m−1∑
h=1

n∑
i2,...,im−h+1=1

(−ãii2...im−h+1)+ ≤
m−1∑
h=1

n∑
i2,...,im−h+1=1

(−aii2...im−h+1)+.

If
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+
≥ 1,

then we have

ω1(Θ̃) = min
i∈[n]

( ∥q∥min∑m−1
kh=1

∑n
i2,...,im−h+1=1(−ãii2...im−h+1)+

) 1
m−Mi(Θ̃)

≥ min
i∈[n]

( ∥q∥min∑m−1
h=1

∑n
i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ)

= ω1(Θ).

If
∥q∥min∑m−1

h=1
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+
< 1,

then we have

ω1(Θ̃) = min
i∈[n]

( ∥q∥min∑m−1
kh=1

∑n
i2,...,im−h+1=1(−ãii2...im−h+1)+

) 1
m−Mi(Θ̃)

≥ min
i∈[n]

( ∥q∥min∑m−1
h=1

∑n
i2,...,im−h+1=1(−aii2...im−h+1)+

) 1
m−Mi(Θ) = ω1(Θ).

Therefore, ω1(Θ̃) ≥ ω1(Θ) for ∀Θ ∈ S F . □

Theorem 5.2. If Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], Θ̃ = (Ã1, Ã2, . . . , Ãm−1) ∈ PF[m,n] is the
corresponding partially symmetric tensor tuple with Ãh = (̃ai1i2...im−h+1), and q ∈ Rn; then
κ2(Θ̃) = minΘ∈S F κ2(Θ), where the definition of κ2(·) is introduced in (4.1).

Proof. First, we show that κ2(Θ̃) ≤ κ2(Θ) for ∀Θ ∈ S F , where

κ2(Θ̃) = max
d∈{ι(Θ̃),m}

(
max

{
maxi∈[n]{

∑m−1
h=2

∑n
i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
d−1

,
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and

κ2(Θ) = max
d∈{ι(Θ),m}

(
max

{
maxi∈[n]{

∑m−1
h=2

∑n
i2,...,im−h+1=1(aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
d−1

.

From the definitions of ι(·) and partial symmetry of tensors, we have ι(Θ̃) ≥ ι(Θ),

m−1∑
h=2

n∑
i2,...,im−h+1=1

(̃aii2...im−h+1)+ + (q+)i

≤

m−1∑
h=2

n∑
i2,...,im−h+1=1

(aii2...im−h+1)+ + (q+)i,

and
m−1∑
h=2

n∑
i2,...,im−h+1=1

(−ãii2...im−h+1)+ + ((−q)+)i

≤

m−1∑
h=2

n∑
i2,...,im−h+1=1

(−aii2...im−h+1)+ + ((−q)+)i.

If

max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+ + ((−q)+)i}

π(A1)

}
≥ 1,

then we have

κ2(Θ̃) = max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
ι(Θ̃)−1

≤ max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
ι(Θ)−1

= κ2(Θ).

If

max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,
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maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+ + ((−q)+)i}

π(A1)

}
< 1,

then we have

κ2(Θ̃) = max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−ãii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
m−1

≤ max
{

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(̃aii2...im−h+1)+ + (q+)i}

π(A1)
,

maxi∈[n]{
∑m−1

h=2
∑n

i2,...,im−h+1=1(−aii2...im−h+1)+ + ((−q)+)i}

π(A1)

}) 1
m−1

= κ2(Θ).

Therefore, κ2(Θ̃) ≤ κ2(Θ) for ∀Θ ∈ S F . □

Remark 5.1. If Θ̃ = (Ã1, Ã2, . . . , Ãm−1) ∈ PF[m,n] is the corresponding partially symmetric tensor
tuple of Θ = (A1,A2, . . . ,Am−1) ∈ F[m,n], then, ω1(Θ̃) and κ2(Θ̃) are the best lower or upper bounds
for PCP(Θ, q). Therefore, when the tensor tuple in Theorems 3.1 and 4.1 is partially symmetric, the
corresponding optimal bounds can be obtained.

6. Conclusion

In this paper, we further study the lower and upper bounds for the solution norm of PCP(Θ, q). When
A1 is an R0-tensor, an improved upper bound for the solution set with π(A1) is gained, which is always
tighter than the upper bound obtained in [16]. Finally, we prove that the proposed lower and upper
bounds for the solution set of the PCP with partially symmetric tensor tuples are attainable (i.e., they
reach the extreme values).
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