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Abstract: The polynomial complementarity problem (PCP) is to find a vector x € R’} such that

L AT+ q > 0,x7( X7 AXT" + q) = 0. In this paper, we further investigate the lower bound
for the solution set of the PCP with q € R’},. When A, is an Ry-tensor, we present an improved upper
bound for the solution set of the PCP, which is tighter than the bound given by Xu et al. in [Bounds of the
solution set to the polynomial complementarity problem. J. Optim. Theory Appl. 203 (2024) 146-164].
Finally, we prove that the proposed lower and upper bounds for the solution set of the PCP with partially
symmetric tensor tuples are attainable. Numerical examples are given to show the efficiency of the
proposed results.

Keywords: upper bounds; lower bounds; tensor; polynomial complementarity problem
Mathematics Subject Classification: 90C33, 90C26

1. Introduction

The tensor complementarity problem, denoted by TCP(A, q), is to find a vector x € R} such that
x>0,q+ A" > 0,x (A" ' +q) =0,

where A € R"™" and q € R" [1]. So far, many researchers have paid attention to this topic [2, 3]
because of its applications in DNA micro-arrays, communication, and n-person non-cooperative
games [4].Numerical algorithms for solving tensor complementarity problems have been also
proposed recently [5].

The polynomial complementarity problem, denoted by PCP(®, q), is to find a vector x € R’} such
that

m—1 m—1

x> 0,F(x):= ) AxX""+q20,x" () AxX""+q)=0, (1.1)
h=1 h=1
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where @ := (A, Ay, ..., Auy) € Bl = R R with A, € R, A, € R,
q € R", and

(ﬂhx’”_h)i = Z iy i pay Xiy + - Xiy_puys 1 € (1]
i2yeeimr1=1

The polynomial complementarity problem (PCP), first introduced by Gowda [6], is an extension of the
tensor complementarity problem [1, 7]. Several applications, such as hypergraph clustering problems,
multi-person noncooperative games, and traffic equilibrium problems, were considered in [4], and
can be modeled as polynomial complementarity problems. As a natural extension of the polynomial
complementarity problems, generalized polynomial complementarity problems over a polyhedral cone
were introduced in [8].

Gowda proved that the solution set of the PCP is nonempty and compact when zero is the only
solution of TCP(A,, 0) and the topological degree of min{x, A;x"~'} at the origin is nonzero [6]. By
using the squared slack variables technique, Hieu et al. discussed the univariate representations of
solutions to generic polynomial complementarity problems [9]. The solutions of the polynomial
complementarity problem were investigated based the concepts of S -tensor tuples and Q-tensor
tuples [10, 11].

An important property in theory is the bounds of the solution set of the PCP, which can be used
to find the numerical solution of PCP [12]. Ling et al. have shown that the solution set of PCP with
a leading ER-tensor is nonempty and compact, and proposed lower bounds of the solution set of the
PCP when O is strictly semicopositive [13]. Li et al. presented lower bounds of the solution set of the
PCP for © being an @ — q tensor tuple [14]. When © is a commonly strictly semipositive tensor tuple,
upper bounds for the solution set of the PCP were obtained in [15]. Xu et al. presented lower and upper
bounds with the condition q € R"\R’} [16].

All of the lower bounds for the solution norm of the PCP(®, q) discussed above are based on the
condition q € R"\R’}. When q € R}, obviously, zero is a lower bound on the norm of the solution set
of PCP(0, q). However, the lower bound zero has limited practical utility. Hence, a natural question is,
how to obtain tighter lower bound for the solution set of the PCP(0, q) with q € R’} .?

Based on the above motivation, we further study the lower bound for the solution set of the PCP(®, q)
with q € R}, . In Section 2, some basic concepts and notations are introduced. In Section 3, we obtain
the lower bound for the solution set of PCP(0, q) with q € R}, . In Section 4, an improved upper bound
for the solution set with (A;) is also presented. In Section 5, we prove that the proposed lower and
upper bounds of the solution set with partially symmetric tensor tuples are attainable. Finally, in Section
6, some conclusions are given.

2. Preliminaries

Throughout this paper, let R and R" be real field and n-dimensional real Euclidean space, and let
R, and R’} (R7},) be the sets of all nonnegative real numbers and nonnegative (positive) vectors in
R”". For the vector x € R”", X" denotes a vector defined as (x'"); = (x,)" fori € [n] := {1,...,n},
X, := (max {0, x,},...,max {0, x,))", and ||x||., := max {|x;|,i € [n]}.

The tensor A = (a,,;,..;,) represents a multidimensional array whose entries are represented as a;,;,..;,
withi; =1,...,njand j = 1,...,m, where m represents the order of A, and (n,, ..., n,,) represents the
dimension of A. Unless otherwise stated, all tensors involved are limited to the field of real numbers.
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A is called an m order n dimensional tensor if n; = ... = n,, = n, denoted by A € RI™ . Let O be
zero tensors. If A = (a;,;,..;,) € R™" is symmetric on modes i, . .., i,, then A is called partially
symmetric [17]. ® = (A, A,, ..., A,_1) € F"" s called a partially symmetric tensor tuple if A, is
partially symmetric for all i € [m — 1], denoted by ® € PF""],

Some useful definitions and results are given below.

Definition 2.1. [15] ® = (A, A, ..., A,_1) € F" is called a strictly semipositive tensor tuple if

m—1
Sfor any x € R}\{0}, there exists t € [n] such that x, > 0 and ( ), Ax"M), > 0; likewise, it is called a
h=1

m—1
strictly copositive tensor tuple if and only if Y, A,x""*1 > 0 for all x € R"\{0).
h=1

Definition 2.2. [7] A € R is called an Ry-tensor if TCP(A, 0) has a unique solution.
Definition 2.3. [18] Let A € R, For each i € [n], we define

ri (A) = Z -(_aiiz...i,,)+-

1 geeisigFlylynnl

Then, A is said to be a GRSDD-tensor (i.e., generalized row strictly diagonally dominant tensor) if
laji..il — r; (A) > 0 for all i € [n].

In particular, for A, being an Ry-tensor, the following result, Theorem 2.1, was obtained in [16].

Theorem 2.1. [16, Theorem 4.1] Let ® = (A, A,, ..., A,_1) € F"™" x* be a solution of PCP(®, q)
and q € R". Assume that A, is an Ry-tensor, (A, ..., An1) # (O,...,0). Then,

m—1 xn 1

max{,;", Ziz simeps1=1 |Giiy...ippr | + G} 25
i€[n] e
( (A )

X"l < x1(®) = max
deu(®)m)

2

where

U(O®) := min{h| A, # O,h € [m— 1], h # 1},

n(A;)) = min max {m[a)]i X (A X", II(—ﬂlxm’l)+|Iw}.

x>0,|[Xlc0=1 i€
For q € R}, a lower bound of the solution set of PCP(®, q) was presented in [14] by Li et al. That is:
Theorem 2.2. [14, Theorem 1] Let ® = (A;, Ay, ..., A, 1) € F'"™ and q € R". Then, zero is a tight
lower bound on the norm of the solutions of PCP(0, q).
3. Lower bound of the solution set with q € R’} |
In this section, we present the lower bound of the solution set of PCP(®, q) with q € R}, . For this
goal, we require the following lemma.

Lemma 3.1. Let A = (a;,;,.;) € R"™" and q € R™. If PCP(®, q) has a nonzero solution x* and ||X*||. =
X, then (Zf;ll Ax"M), + q, = 0. Moreover; if g, > 0, there existh € [m — 1] and i5 . . .i_ps € [n] such
that ay, ;... <0;ifq, <O, there existh € [m— 1] and iy .. .iy_p1 € [n] such that a, ; ., > 0.
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Proof. Suppose that PCP(®, q) has a nonzero solution x* and [|X*||c = x;. Then, x; > 0 and

m—1

KO A" ™), + g =0

h=1

which implies that

m—1

O A", + g, = 0. (3.1)
h=1
If g, > 0, by x € R, we have
m—1
g =~ A", > 0,
h=1

which means that there exist 4 € [m — 1] and i, ... 7,44+ € [n] such thata,, ; .., <O.
If g, < 0, by x € R, we have

m—1
g == Apx)" ™), <0,
h=1

which means that there exist h € [m— 1] and i, ... 7,4+ € [n] such thata,, ; .., > 0. O

If 0 is a solution of PCP(0, q), then zero is a tight lower and upper bound on the norm of the solution
set of PCP(O, q). Therefore, we only consider PCP(®, q) with nonzero solutions. For each i € [n],

M;i(©) := min{h|das,. 4, ., <0,h € [m—1]}

M{(©) := max{h|Tay,.; ,., <0,he[m-1]},

and
Iqllmin := min{g; : i € [n],q € R}_},

we can present the lower bound of the solution set of TCP(A, q) with q € R}, ; see Theorem 3.1.

Theorem 3.1. Let © € F'"" and let q € R",, X* be a nonzero solution of PCP(®, q). Then,

i n=M;0)
HX*”oo > 0_)1(@) = mln(mm( — ”q”mm ) ’
et h=1 2,0y im—lﬁ—l:1(_aii2~..i,n_h+] )+
J
i m=M;(®)
mln( — ”q”mm ) ) (32)
i€[n] h=1 212 ..... im—h+1= 1( Qiiy...iy,- h+1)+

Proof. If q € R++, x* € R" is a solution of PCP(®, q) and x* # 0. By Lemma 3.1, there exists ¢ € [n]
such that (37 A,(x*)"™"), + g, = 0, and

IQllnin < g = - Z Z Qi iy Xy X

h=1 iz,...im—ps1=1

m—1
J— k *
- allz Ap—ht1 12 z,,, htl allz--~lm—h+1xiz L xim_h+|
<0

h=1 iy iy _yy1 2 =1 iy iy
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M(©)
% %
< - E E atiQ...i;;1—l1+1‘xi2 e xim—h+l . (33)
k:%(G) Atin iy 1 <0

Assume that |[x*||, > 1; then, we can obtain

”q”min l xiz " Vim—ht
T oaM(@) = (=Qtiy..ipy 1)+ m—M(©)
Ix*|leo — h=Mi(©) i2,eecim—s1=1 IX*|leo —
m—1 n
S Z (_atiQ...i,,1,/1+1 )+ °
h=1 i,..., Im—h+1= 1
So,
1
||X*||oo 2 mln( — - ”q”mm ) )
N Y 0T) 2 i =1 (i iy )+

Similarly, if ||x*|| < 1, then by (3.3), we have

Mi(®) n * s

E (_a . . ) xiZ e ximfhwtl
1..0m—p+1/+ A7
-M;(®
B=MHO©) i1 =1 x|

lalin

L -Mi©)
Ixe{fe @

i
m—1 n

< Z (_atiz...im_h+1 )+'

h=1 iz,...ip-p+1=1

So,

i m=M;(©)
”X*”oo > mm( ”q”mm ) .
)+

te m=1 s —.
[n] h=1 Ziz,...,im_h+1=]( a”2~-~lm—h+1

O

Remark 3.1. If q € R, then ||q||min > 0 and w(®) > 0, which means that the lower bound obtained

++2

by Theorem 3.1 can be tighter than the result in Theorem 2.2 when q € R, ,.

Remark 3.2. All the bounds for the solution norm of the PCP(0, q) discussed in [19] are based on the
condition q € R" \ R. If q € R}, all the bounds obtained in [19] are useless in this case.

+47

In order to show the efficiency of Theorem 3.1, we give the following numerical example.

Example 3.1. Consider PCP(®, q), where © = (A, Ay), Ay = (ai,i,i;) € R with entries
an =ax =1

and other entries of A, are zero, A, € R>?! with
ay =ayp=-2

and other entries of A, are zero, and = (1, 1)". It is easy to see that

{1, D0, D7, 1,07
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are nonzero solutions of PCP(Q, q). By the result in Theorem 2.2, one can get
X"l > O,
which is useless in practical applications. By Theorem 3.1, one can get
X"l > 0.5 >0,

which is sharper than the result in Theorem 2.2.
4. Improved upper bound for the solution set with 7(A;)

The solution set of the PCP is nonempty and compact when A; is an Ry-tensor [6]. In this section,
we further study the solution set of the PCP for A; being an Ry-tensor, and gain an improved upper
bound for the solution set of the PCP with 7(A;).

Theorem 4.1. Let © = (A, Ay, ..., A1) € B x* be a solution of PCP(®, q) and q € R". Assume
that A, is an Ry-tensor and (A, ..., An_1) # (O, ...,0). Then,
( MaXicpu{Zhoy X i poret @i+ + (@,)1)
max ,
) (A

maXiep{ Shos Do (=G i )s + ((—Q)+)i}})‘“
m(Ayr) '

IX*[lo < k2(@) = max
delu(®)m

4.1

Proof. If A, € RI™" is an Ry-tensor, from Theorem 8 in [20], we have n(A;) > 0. If x* is a solution of
PCP(0, q), then we consider the following two cases:
(a) If ||x*||c = 1, then by (1.1), for each i € [n], we have

_ m—1 n % *
_(‘ﬂl(x*)m l)i < h=2 Zin"'sim—hH:l aiiz'“i’"*h“xiz e xim—h+1 + qi

Ix*[fm-t — (I [[2-1
-1
;;1:2 ;’lZy---simlelzl(aiiz"'im_h+])+x;<2 e jm—h-f—l + ql
B x|zt
-1
Do Zg,,,,,im_hH:](aiiz...i,,,_h+1)+x;'k2 ‘.- X;kmfhﬂ +(q,)
- [Ix*||m-!
—1 -1(®
- Tt @i i)+ @I
B (x|t '
So,
_ -1
N(=A; X)) leo < maXie{ Xha 2 inpr =1 iy )+ + (Q1)i} 4.2)
X[l N x5!
On the other hand, by (1.1), for each i € [n], we also have
_ m—1 n
A" )i = Xy inioin=1 Gtz X1 Xy - Xy~ X4

|2 x|
lIx*{1% X%
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m—1 xn
1=2 iyt =1 (TG 4 X Xy - X+ X (=)
B x|z
—1 -1(@®)+1
- E0% Tt i)+ (COIIXNE
B [Ix*{[2.
So,
_ -1
X (A )" D, < MaXie{ 2pen Z:’z ,,,,, i =1 ity i)+ (@)1} 4.3)
i€ln) IxlE x| 1! ‘
Combining (4.2) and (4.3), we can obtain
-1 n
maXie{ X hs2 2 inr =1 iy )+ T (Q1)i}
<max<{d — - T e m—h+1 m—h+
0<nm(A) < max{ ||x*||‘(®)_1 )
(o]
-1
maXicpu{ Xy 2 o1 iy i)+ T ((—Q)+)i}}
(@)1 :
x|
< |Ix*|lee < 1, then .1), for each i € [n], we have
b) If 0 < ||x*| 1, then by (1.1), f h [n] h
_ m—1 n
_(ﬂl(x*)m 1)[ < h=2 Ziz,...,im_h+1=1 al‘i2~~-l‘m7h+l'x;k2 ttt x?,,,,;,ﬂ + qi
x|t~ [Ix* [t
m—1 n
22:2 ZiZ,---simlel:l(aiiz"'im””l)+x;.k2 e xzn—hH + ql
B [Ix{[2!
-1
Iy ZZ,,,,,im_hH:](aiiz...im_h+1)+x;'k2 ‘.- X;me,m +(q,)
B [Ix*||m!
-1
Zl:z Z?z,...,im_hﬂ=1(aii2~-~im—h+l)+ + (q+)i
N iz |
So,
_ -1
I(=A (X" )i lleo - MaXicn{ Xpt D=1 i)+ + (@)} s
[Ix{lz! B x|l ' 4
On the other hand, by (1.1), for each i € [n], we also have
y
_ m—1 xn
XF (A (xF)" ), T 2= D, iy g =1 i Xi Xy - X X G
Iz Ix<|12:
m—1 xn
- 22 2ty oimner =l TGty iy )+ X X X+ X (=)
x|
-1
< (Xhea ZZ ,,,,, i =1 iy i)+ (DXl
B [Ix*[12,
So,
_ -1
X (A X" D, < MaXiem{ 2 pen ZZ ,,,,, i =1 ity i)+ (@)} 4.5)
iln] x|z, B [Ix* [ '
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Combining (4.4) and (4.5), we obtain

m—1
ma Xze[n]{ = 212 In—he1= 1(allz e h+l)+ + (q+) }

.....

x|l

1
MaXiepf{ Lp=y Di,...ip =1 (i) + + (= Q)+)}}

x|l

)

0<na(A) < max{

Remark 4.1. By direct computation, we have

m—1 n
max{ max { Z Z (Qiiy..ipy e )+ T (‘h)z},
i€[n]

h=2 1p,...im-p+1=1

1
IIE%{Z Z (~itipye)s + (= q)+>}}

k=2 iz,....im—ps1=1

< maX{Z Z ity o] + |q,|}
i€[n]

h=2 iz,...im—p+1=1

Then, k;(®) < k1(®), which means that the upper bound obtained by Theorem 4.1 is always better than
the result in Theorem 2.1.

Remark 4.2. (i) All the bounds for the solution norm of the PCP(0®, q) discussed in [19] are based on
the condition q € R" \ R%. If q € R", the bounds obtained in [19] may be useless.
(ii) If @ € R" \ R, assume that A, is a GRSDD-tensor with all diagonal entries being positive.

Ay oo, A1) = (0,...,0), I(-Q:lleo = llqlleo, 7(A) > Xy Gisy.i,, for some i € (q), (q) =
{i € [n] : —=qi = I(—=qQ)+|l} when q € R" \ R}. By the analysis in Remark 6 in [20], the upper bound
obtained by Theorem 4.1 is better than the one by Theorem 3.2 in [19].

The following example is given to illustrate Theorem 4.1.

Example 4.1. Consider PCP(0©, q), where ® = (A, Ay) and A, = (a;,1,i,) € R with entries
an =am =-—1
and other entries of A, are zero, A, € R>! with
ap =axn=-2,a;p =day =2,

and q = 0. By direct computation, we have

n(A;) = min maX{mﬁcx,(ﬂlxm is I(=A; X"~ 1)+|Io<,}

x20,/[x]|o=1

= min_[|(=Ax"")lle
X201

. o
min G2, x .
xzo,||x||m:1”( X)) oo
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Foranyx € {R*: x; = 1,x, € [0,1]},

e, 22) oo = 7 = 1.
Foranyx € {R*: x, = 1,x, € [0,1]},

(3, 3) Moo = 23 = 1.

Thus, n(A;) = 1.
By Theorem 2.1, one can get
X Nleo < &1(©) = 4.

By Theorem 4.1, we have
IX[lo < 42(®) =2,

which is tighter than the result in Theorem 2.1.
5. Bounds of the solution set with partially symmetric tensor tuples

_For®= (A, A,....Ap1) € Flmnl there exists a corresponding partially symmetric tensor tuple
© = (A, A, ..., Apu1) € PE™ such that

m—1 m—1
F(x) = Z Ax"" 4+ q = Z Ax"" 1 q.
h=1 h=1

Denote
m—1

Sr={0= (AL Ao, .., Ay ) € B 2 0, FX) = ) A" + ¢ > 0},
h=1
Next, we will give the evidence that bounds for PCP(®, q) with partially symmetric tensor tuples can
reach the extreme values.

Theorem 5.1. If ® = (A, Ay ..., A,) € B, 0 = (A, FA,..., Apsr) € PE™ is the
corresponding partially symmetric tensor tuple with A, = (@iiy.ip ), and q € R, then
w1(0) = maxees, w1(O), where the definition of w;(-) is introduced in (3.2).

Proof. First, we show that wl(@) > w(®) for YO € S r, where

1

— . me-(é)
w1(®) = min| min 19llmin -,
ien] \ Y-l (=i, i )
h=1 Liiy,...ip-p+1=1 Do dm—i+1/+

1

. | |q| |min m=M;(®)
min m—1 xn ~ ’
A X hot Ziinpy =1 (T iy )+

and

1
llqllmin )’"‘M"@)
m—1 n ’
H=1 i =1 (T it )+

w1(®) = min ( min (

i€[n]
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o
min( _ (19 min )’”‘M"(@)).
I\ YR 2y i =1 (Tt )+

From the definitions of %(-), M;(+), and partial symmetry of tensors, we have

Mi(©) > M(©), M(©) < My(®),

and
m—1 n
Z ( a112 A h+1)+ < Z Z ( allz - h+l)+
h=1 ir,...in_ps1=1 =1 ip,esim—ps1=1
If
Il .
m—1 ’
h=1 125eeeslm—h1= 1( {2l h+1)+
then we have
. 1 —
(,()1(@) — min ( ”q”mln ),,,,%(@)
LR YD WA Cr AN
. ”q”mm ﬁi@)
Zr_mn( — ) = = w(0).
ieln] Xy th cimner=1 @iy iy )+
If
s ‘1
h=1 le ..... In—h+1= 1( allz s h+1)+
then we have
. L
wl(@) — ml ( ||q||1’1’11n )m—Ml-(®)
i€ln] Zkh 1 2t =1 i i)+
. [1q!lmin m—%(@)
me( — ) = w(0).
i€[n] h=1 th i1 = 1( . h+1)+
Therefore, wl(@) > w(®) for VO € Sf. O

Theorem 5.2. If ® = (A, Ay,...,Ayy) € F", 0 = (A, Ay,..., A1) € PE™ is the
corzesponding partially symmetric tensor tuple with A, = (ai. i, ) and q € R"; then
k2(®) = minges, k2(0), where the definition of k,(+) is introduced in (4.1).

Proof. First, we show that Kz(@) < k(0) for VO € S, where

Kz(é) = max (max

b

]
{maxze[n]{ e 12 ,,,,, ,‘,,1_,”1:1(51'1'2...1',,1_;,“)++(q+)i}
n(A)

—_~ 1
maxer,{ 2, MI 12 ,,,,, ,'m_,M:1(_aiiz...im_;m)+'|'((_q)+)i}})dl
n(A)

deu(®),m)
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and

1
maxze[n]{ e 212 ,,,,, In—he1= 1( 0. ipy— h+1)+ + (q+)}
n(Ayr) ’

de{u(®),m

k(®) = max }( max{

m—1

1
maxle[n]{ h=2 le ,,,,, Im—h+1= 1( a”Z - h+l)+ + (( q)+) }})d_l

m(Ay)

From the definitions of «(-) and partial symmetry of tensors, we have L(@) > 1(0),

m—1

Z zn: (5’72-~~im—h+1 )+ + (q+)i

h=2 is,..., im-h+1=1

m—1 n

S Z (aiiz...im_h+1)+ + (q+)i’

h=2 iz,...lm—p+1=1

and
m—1 n
D Sy )+ (@)
h=2 i,...ip—p+1=1
m—1
<> Z (=ity iy )5+ (@)
h=2 ir,...imp+1=1
If

1
{maXie[n]{Zfzz Doin it @iy i )+ + ()i}
max

n(Ap) ’
maXie[n]{thz_zl ZZ ,,,,, im,h+1:1(—5ii2...im,h+l)+ + ((—Q)+)i}} 51
n(A) -

then we have

-1
{maxie[n]{zz;z Ditoresimonn=1 ity i)+ + (A1)

n(A) ’
n'laxie[n]{z;?:}1 Z’:z ..... im7h+1:1(_?iii2---im—h+l)+ + ((_q)*')i}})l@)_]

(A
< max maxze[n] m=1 Zzz mht 1= IClz i h+l)+ + (q+) )
= n(A) ’

_1

MaXictn{ X5 Xy, =t it i i )e + (@i} | = k(©)

(A ’

If

m—1

{maXle[n]{ h=2 212 ,,,,, In—he1= 1(112 e h+l)+ + (q+) }
n(A) ’

max
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maxep{ X S i ot (i i)+ + (@)1} )
m(A)) ’

then we have

.....

n
KZ(@) = max {maxje[n] le Im—h+1= ICllz - /z+1)+ + (q+) }

n(Ay) ’
L
maxle[n]{ e ] 12 ,,,,, Inehe1= 1( allz e ;,+|)+ + (( (I)+) }})m
ﬂ(ﬂl)
maXicp{ 2o D i =1 iy )+ + (@)}
< max ,
n(Ay)
maXie[n]{Z, 21 212 ,,,,, Imehel= 1( allz e ;,+|)+ + (( Q)+)} " 1
n(Ar) = #(©)
Therefore, Kz(@) < k(®) for VO € Sf. O
Remark 5.1. If O = (ﬁl,ﬁz, ey Apo) € PR s the corresponding partially symmetric tensor
tuple of ® = (A, Az, ..., A1) € F[’" " then, w1(®) and K2(®) are the best lower or upper bounds

for PCP(0, q). Therefore, when the tensor tuple in Theorems 3.1 and 4.1 is partially symmetric, the
corresponding optimal bounds can be obtained.

6. Conclusion

In this paper, we further study the lower and upper bounds for the solution norm of PCP(®, ). When
A 1s an Ry-tensor, an improved upper bound for the solution set with 7(A;) is gained, which is always
tighter than the upper bound obtained in [16]. Finally, we prove that the proposed lower and upper
bounds for the solution set of the PCP with partially symmetric tensor tuples are attainable (i.e., they
reach the extreme values).
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