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Abstract: Despite the extensive literature on product and process innovation within firms, relatively
little attention has been paid to how consumer reference perceptions regarding product differentiation
dynamically influence the innovation strategies of multi-product firms in markets with network exter-
nality. This paper addressed this gap by developing a dynamic optimal control model to analyze the
product and process innovation of a multi-product firm in the presence of reference effects about product
differentiation and network externality. The key features of this study are as follows: (i) A multi-product
firm offers horizontally differentiated products and engages in both product and process innovation;
(i1) the network value depends on both network size and the degree of product substitutability; (iii)
market demand incorporates price and, network size, as well as reference perceptions regarding product
differentiation; and (iv) a special case was examined where network size evolves proportionally with
market demand. The analytical results yielded several propositions and conclusions. The primary
findings indicate that: (i) The saddle-point stability of the steady-state equilibrium, which is crucial
for both firm decision-making and government regulation, hinges critically on the discount rate and
the consumer memory parameters; (ii) product and process innovation efforts exhibit a complementary
relationship; (iii) both types of innovation efforts increase with the proportional coefficient governing
network expansion; and (iv) as market demand decreases, the firm intensifies its efforts in both product
and process innovation. These findings contribute to the literature by clarifying the dynamic interac-
tions among multi-product innovation strategies, consumer reference perceptions about the product
differentiation, and network externality.
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1. Introduction

Technological innovation plays a central role in firms’ long-term development and industrial evolution [1].
Particularly, product and process innovation represent two fundamental dimensions of firms’ innovative
activities. Product innovation typically improves the intrinsic characteristics of the product [2, 3], while
process innovation focuses on reducing production costs [4]. Because of their strategic importance,
these two forms of innovation have attracted considerable attention in the economics and management
literature. Pioneering research in the field of product and process innovation has been developed
by notable scholars such as in references [5-8], among other important contributions. Utterback
and Abernathy [5] and Athey and Schmutzler [6] explored the dynamic interplay between a firm’s
product and process innovation throughout the entire product life cycle. Klepper provided a model
that underscored the disparities in a firm’s innovation capabilities and the significance of firm size in
the allocation of innovation returns to elucidate certain regularities [7]. Based on Klepper’s work [7],
Yin and Zuscovitch explored how firm strategy impacts its initiatives in both product and process
innovation [8]. Bonanno and Haworth examined the decision-making between product and process
innovation within the contexts of Bertrand and Cournot competition [9]. El Ouardighi and Tapiero
investigated the optimal trajectory of a firm’s product innovation efforts and analyzed the dynamic path
for enhancing product quality [10]. Within the framework of a dynamic monopoly, Mantovani explored
how product and process innovation can complement each other in a firm’s strategic actions [11]. Saha
discovered that a firm’s process innovation is influenced by the quantity of products sold, whereas
product innovation is affected by the willingness of buyers to pay for them, indicating that product
innovation depends on the types of consumers purchasing the products [12].

More recently, a growing body of literature has examined firms’ product and process innovation
from various perspectives. For instance, Lambertini and Mantovani explored how a multi-product firm
dynamically balances its efforts in product and process innovation over time [13, 14]. Subsequently,
Lambertini and Orsini investigated the impact of market size on the strategic allocation of product and
process innovation efforts [15]. Chenavaz formulated a dynamic model to identify the relationship
between optimal pricing and product-process innovation efforts [16]. Lambertini et al. scrutinized the
instability property of simultaneous product and process innovation activities [3]. Li delved into the
dynamics of product and process innovation within a multi-product monopolistic framework [17]. On
the basis of Li’s work [17], Li et al. explored the dynamic control of product and process innovation
efforts under reference quality effects [18].

Despite extensive studies on product and process innovation, a notable gap remains in understanding
how consumers’ reference perceptions regarding product differentiation dynamically influence the
innovation strategies of multi-product firms in markets with network externality. In many technology-
intensive industries, consumers are repeatedly exposed to a firm’s product portfolio and may gradually
form reference perceptions regarding how differentiated the products within that portfolio should be
over time [19]. For example, in telecommunications markets, service providers commonly offer multiple
service plans that differ in pricing, data allowances, and bundled services. Under such circumstances,
consumers may form expectations not only about the intrinsic quality of a product, but also about
the degree of variety or differentiation within the firm’s product line [20]. In this sense, horizontal
differentiation can be viewed as a salient dimension of product richness that consumers repeatedly
observe when comparing products offered by the same firm, such as service plans, software subscription
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tiers, or smartphone models. When the firm offers a level of differentiation consistent with consumers’
prior expectations, consumers may experience a utility gain; otherwise, they may perceive insufficient
variety or limited incremental value, which may reduce utility and alter purchasing decisions [21,22].

At the same time, network externality introduces an additional demand-side force. Network external-
ity refers to the phenomenon that the utility derived by a consumer from using a product increases with
the number of other users adopting the same product or participating in the same network [23]. This
effect is especially relevant in telecommunications, information technology, transport, banking, and other
high-tech and digital industries, especially in the era where the social interactions are costless [24,25].
In such settings, product and process innovation, network externality, and reference effects regarding
horizontal differentiation are inherently interconnected. On the one hand, product innovation reduces
substitutability among products and thus alleviates internal cannibalization within the firm’s portfolio.
On the other hand, process innovation lowers marginal production costs and improves production
efficiency. Meanwhile, network externality increases the value perceived by consumers as market size
expands, which may partly offset the demand pressure generated by within-portfolio substitutability.
Consumers may also evaluate the degree of differentiation in the product line relative to a reference level
formed through repeated exposure to the firm’s portfolio structure. These interactions jointly suggest
that product innovation, process innovation, network externality, and reference-dependent demand
should be studied within a unified dynamic framework.

As such, this paper constructs a dynamic control model to investigate how a multi-product firm
balances its efforts between product and process innovation, taking into account the influence of
reference effects regarding product horizontal differentiation in a market characterized by network
externality. The welfare implications, by assuming a benevolent regulator that seeks to maximize
social welfare through optimal allocation of resources for product and process innovation, are also
explored. This research builds on and extends the work of [17]. Li focused on a multi-product firm in a
traditional market without network externality, engaging in product and process innovation driven by
learning-by-doing effects [17]. In contrast, this paper examines a multi-product monopolist operating
in a market with network externality, where reference perceptions about product differentiation are
considered. The network value function depends on both network size and product substitutability,
with reference perception serving as a state variable. Consumer demand is influenced by price, degree
of product substitutability, reference perception, and network size. Moreover, this study considers a
special case where network size is proportional to output level. Overall, our framework offers important
insights into how firms adapt their innovation strategies in response to consumers’ reference perceptions
in markets with network externality.

The structure of the paper is organized as follows. Section 2 presents the basic model. Section 3
investigates the steady-state equilibrium when decisions are made by the firm. Section 4 explores the
steady-state equilibrium under government regulation. Section 5 provides numerical experiments to
compare the steady-state equilibria under both firm decision-making and government regulation. The
managerial implications and economic intuitions are discussed in Section 6. Section 7 concludes the
paper. Detailed proofs of all conclusions are available in the Appendix.
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2. The baseline model

Consider a monopolistic market supplied by a firm producing n products, which are horizontally
differentiated. We assume a deterministic operational environment (e.g., [14, 15]). Besides, strategic
consumer behavior and interactions among firms are excluded from our analysis. The reasons for such
formulations are twofold: Most crucially, the setting facilitates analytical tractability; in addition, such a
framework helps us to isolate the impacts of network externality and consumers’ reference perceptions
regarding horizontal differentiation on firms’ innovation decisions from secondary factors.

In general, process innovation is commonly characterized by reducing a firm’s marginal production
cost. Product innovation, on the other hand, can take various forms. For example, it can be defined
as improving product quality [26] or as reducing product differentiation [13]. In this paper, we define
product innovation as the reduction of horizontal differentiation among products and process innovation
as the reduction of marginal production cost. Following the approaches of Lambertini and Mantovani [13]
and Li [17], we use linear differential equations to model the dynamics of product and process innovation.
This means that product substitutability s(¢) € [0, 1] and marginal production cost c(f) decrease over time
t € [0, o) as a result of continuous efforts in product and process innovation, respectively.

§(t) = —k(t) + os(t) 2.1)

c(t) = —h(t) + oc(t) (2.2)

where k(¢) and A(t) are control variables representing the efforts made by the firm to decrease product
substitutability s(#) and marginal production cost c(¢) over continuous time, respectively. Accordingly,
we assume that the costs of these efforts are given by %kz(t) and ghz(t), respectively [13], where o and
[ are positive constant parameters. In this paper, the analysis focuses on interior solutions, which is
economically meaningful under specific parameter constellations [27]. Corner solutions may arise
under extreme parameter configurations, but they are outside the benchmark setting considered in the
present study.

Now, we introduce the concept of consumers’ reference perceptions regarding the horizontal
differentiation among all products offered by the firm. In this study, we consider a benchmark setting
with homogeneous consumers. This assumption allows us to focus on the roles of network externality
and consumers’ reference perceptions regarding horizontal product differentiation, without introducing
additional heterogeneity-driven channels in demand. The purpose of the model is not to capture all
sources of market complexity, but to isolate the dynamic effects of these two demand-side forces on
firms’ product and process innovation decisions. Drawing on the work of Kopalle and Winer [28], the
function of reference perception r(¢) can be characterized through an exponential smoothing process
based on historical levels of substitutability degree, which indicates a decaying memory effect as
shown below: r(t) = e [ro+p fol e”*s(z)dz]. By differentiating the above function with respect to time
t, we obtain:

i(t) = pls(?) = r(1)] (2.3)

where r( stands for the initial reference perception regarding horizontal differentiation among products,
and the parameter p indicates consumers’ adjustment speed (or memory parameter). It is noteworthy that
although the reference gap s(¢) — r(¢) converges to 0 in the steady state under such adaptive expectation
mechanisms, the reference effects are not totally independent of the steady-state outcomes. The reason
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is that the adjustment of r(f) impacts the firm’s optimal innovation incentives along the transition path,
and these incentives in turn influence the steady-state levels of the state variables. In other words, even
if the explicit gap term vanishes in the long run, the adjustment process influences the optimal dynamic
innovation path and thereby influences the steady-state outcomes. To further illustrate this point, we
also consider a benchmark model without reference effects. In this case, the dynamic adjustment
mechanism associated with the reference state is absent, and the steady-state solution does not involve
reference-related parameters. Comparing the two models highlights the role of the reference effects in
shaping steady-state outcomes. The following remark is generated from the above discussions:

Remark 2.1. Although the reference-gap term disappears in the steady state, the reference effects
continue to influence long-term outcomes through cumulative effects over the transition path.

The above formulations can be interpreted as a form of reference-dependent distortion in consumer
evaluation: the current product-line structure is assessed not in isolation, but relative to an internally
formed benchmark. Although direct empirical evidence on reference effects regarding horizontal
differentiation is still limited, the broader literature provides closely related support. A large body
of research has documented that consumers evaluate market offers relative to reference points rather
than in purely absolute terms, especially in studies of reference-dependent preferences and reference
price effects [20,21]. In addition, empirical studies on product lines and assortment structure show that
consumers are sensitive to within-firm differentiation, product variety, and the relative positioning of
alternatives within the same portfolio (e.g., [29-31]). Taken together, these studies make it plausible that
consumers may gradually form reference perceptions regarding product substitutability. Such effects
are particularly important for multi-product firms, because product innovation may take the form of
increasing horizontal differentiation and thereby reducing substitutability among products, which in
turn mitigates internal cannibalization and reshapes the firm’s dynamic innovation incentives.

In the following, we aim to construct the network value function F(¢), which we assume depends
on product substitutability s() and product variety i’s network size Q;(¢) in a separable multiplicative
form between the state variable s(¢) and exogenous variable Q;(?), i.e., F(f) = G(s(?)) f(Qi(t)). Here, the
functions G(s(¢)) and f(Q;(¢)) represent the impacts of product substitutability s(#) and product variety
i’s network size Q;(¢) on network value F(t), respectively. This network value function F(¢) indicates
that the firm affects network value directly by controlling product substitutability s(#) through efforts
for product innovation and indirectly through network size Q;(¢). Further, we assume that the effect of
product substitutability s(¢) on function G(s(?)) is linearly decreasing, expressed as G(s(7)) = v — v(s(?)),
where the parameter v > 0 denotes the fixed intensity of network externality, and the function v(s(¢))
indicates the variable intensity of network externality. Similar to Jing [32], we assume that the variable
intensity of network externality is given by v(s(7)) = ¥s(t), where the parameter ¥ > O captures the
unit variable intensity of network externality, measuring how sensitive product substitutability s(7) is to
changes in the variable intensity of network externality v(s(¢)). Additionally, we assume that the effect
of the network size Q;(¢) on function f(Q;(¢)) is linearly increasing, expressed as f(Qi(t)) = ¢Q;(t),
where the parameter ¢ > 0 denotes the effect of network size Q;(¢) on network value F(t). Therefore,
considering both network size Q;(¢) and product substitutability s(¢), the network value function F(r)
can be written as:

F(t) = ¢lv - 9s()]10i(1) (2.4)
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The above network value function (2.4) captures how the firm’s product innovation and the network
size jointly influence the network value in the market. Furthermore, we obtain from network value

function (2.4) that the network value is negatively affected by product substitutability, i.e., 228 =

* B
—p9Q;(t) < 0, and positively affected by network size, i.e., ngF-(([t)) = ¢lv — ¥s(t)] > 0. Note, when

¥ = 0 (i.e., G(s(t)) = v), users of different product variety enjoy the same level of network value.
Notably, in the present model, network externality operates through market size rather than through
direct technological compatibility across products. Product innovation influences demand structures by
changing substitutability within the firm’s portfolio so as to weaken internal cannibalization within the
firm’s product portfolio, whereas network externality impacts demand structures by changing the value
generated by market participation. These are two distinct channels, and their coexistence is particularly
relevant in high-tech and digital industries [33].

Having described network value function F(¢) and consumers’ reference perception r(t), we next
investigate firm’s inverse demand function with network externality. We first assume that the firm sells
differentiated products with output g;(¢) at price p;(¢) for the product variety i. Additionally, we assume
that consumers exhibit a preference for product variety and tend to purchase all products. At the same
time, consumers hold the belief that products are, to varying degrees, interchangeable. Then, when the
firm supplies n > 1 products in a market without network externality, the inverse demand function for
the product variety i can be written as

pilt) = a—agt) = st) ) 4;() (2.5)

J#i

where parameter a denotes the reservation price, and the parameter a; stands for the influence coefficient
of product variety i on price p;(f). Note that, in demand function (2.5), s(#) = 1 indicates that the
products are completely homogeneous; while s(¢) = 0 denotes that the products are independent, which
means that the higher the product substitutability s(¢), the lower the degree of differentiation.

Since consumers’ reference perceptions regarding horizontal differentiation among products are
formed by using information from various sources over time [34], it plays an important role in shaping
consumers’ demand structure [35]. As such, following the framework of Hardie et al. [36], we assume
that the consumers’ inverse demand is a function of the difference between the current degree of
substitutability s(z) and reference perception r(f). Accordingly, we can modify the inverse demand
function (2.5) as follows:

pilt) = a—argi(t) — uls(t) = r()] = s D q,(0) (2.6)

J#i

where p is a positive parameter, and the item u[s(¢#)—r(¢)] denotes the impact of the difference between the
current degree of substitutability s(7) and reference perception r(¢) on the price of product i. Further, it is
straightforward to see from the expression u[s(t) — r(¢)] that when the realized degree of substitutability
exceeds the consumers’ reference level, the products are perceived as insufficiently differentiated,
which depresses the willingness to pay and induces the firm to lower prices. Conversely, when the
realized degree of substitutability is below the reference level, the product portfolio is perceived as
more differentiated than expected, which raises the willingness to pay and supports higher prices. Here,
the linear specifications are adopted in the inverse demand function (2.6) and in the innovation-related
dynamics (2.1)—(2.2). This follows common practices in the theoretical literature on dynamic innovation
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and network industries (e.g., [15,17] and the references therein), which provide a transparent benchmark
that facilitates analytical characterization of the qualitative conclusions of interest.

Now, we further consider the effect of the network value function F(¢) on inverse demand function
(2.6). According to Naskar and Pal [37] and Zhao and Ni [38], the inverse demand is a function of
network value. Accordingly, we assume the influence of network value on the inverse demand function
is linear, and using the network value function (2.4), we can modify the inverse demand function (2.6)
as follows:

pi(1) = a — a1qi(t) + axplv — Fs()]0:(1) — uls(®) — r(H)] — s(1) Z q,(1) (2.7)

J#i

where the parameter a, represents the influence coefficient of network value F(¢) on price p;(¢). Notably,
from (2.7), one can see that although the model adopts an additively separable structure at the production
level, the products are not fully independent in terms of inverse demand. Specifically, the inverse demand
of each product depends not only on its own output, but also on the outputs of the other products supplied
by the same firm. This intrinsic structural property of the model captures internal cannibalization within
the product portfolio. The strength of this cannibalization is governed by the degree of horizontal
differentiation among products: higher substitutability strengthens within-firm demand competition,
whereas product innovation reduces substitutability and thereby alleviates internal cannibalization [13].
To guarantee the validity of analytical analysis, we assume that a; > a,¢pm(v — ¥)s), reflecting the
observation that the influence of network effects on price is secondary to that of actual sales [39].

Then, at continuous time ¢ € [0, +00), the firm’s profit function 7(#) is given by:

n(r) = 121 {a —a19i(1) + axplv — Fs(D]Qi(1) — puls(®) — r(1)] - s(2) ]é] q,(1)
GOIOREI SOREVRG

(2.8)

We also assume that the firm has complete information about the key model parameters, including
the intensity of network effects, the adjustment speed of consumers’ reference perceptions, and the
proportional coefficient linking network expansion to demand. In practice, these parameters may be
informed by user-growth data, consumer surveys, historical sales records, and demand estimation
procedures [30,40]. In the subsequent section, we will conduct equilibrium analysis under both firm
decision-making and governmental regulation.

3. Equilibrium analysis under firm decision-making

3.1. The optimal conditions and characteristics

Under firm decision-making, the firm’s objective is to determine the optimal levels of effort for
product and process innovation, as well as the output level over continuous time ¢ € [0, +0), in order
to maximize the discounted profit flow I1. This optimization is subject to the differential equations
(2.1)—(2.3), which describe the dynamics of product substitutability s(¢), marginal production cost c(?),
and reference perception r(¢). Specifically, the firm seeks to solve the following optimal control problem:
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— T N [, _ _ (f) —
M= max [ e ™3 0= ag0) + axpv = Bs0)Q0 - u(s(0)

— r(1) — (1) E,- (1) — c(®)]qi(1)
—2k2 (1) - SR (1))t (3.1)
§(t) = —k(t) + os(1)
s.t.3 ¢(t) = —h(t) + oc(t)
(1) = pls(t) — r(0)]
where 7 is the discount factor and s(0) = s¢, c¢(0) = ¢g, and (0) = ry are the initial conditions of the
state variables representing product substitutability s(¢), marginal production cost c(¢), and reference
perception r(t), respectively. Accordingly, the current-value Hamiltonian function H for optimization
problem (3.1) is expressed as

H = ; {a —ai1qi(t) + axplv — 9s(0]1Qi(1) — puls() — r(D)] -
s(t) ¥ q;(1) — c(D}qit) — Lk2(1) = (1) + L (D[ k(D) + os5(1)] (3.2)
J#i

+ L(O[=h(1) + 6c(O)] + 3(Dpls(r) — r(1)]
where 4;(¢) (i = 1,2, 3) are co-state variables representing the shadow prices of the state variables s(¢),
c(t), and r(¢), respectively. Specifically, the costate variable associated with product substitutability
reflects the marginal value to the firm of relaxing or tightening within-portfolio cannibalization through
product differentiation, the costate variable associated with marginal production cost measures the
marginal value of cost reduction through process innovation, and the costate variable associated with the
reference state captures the marginal value of changes in consumers’ reference perceptions regarding
horizontal differentiation. Then, the current-value Hamiltonian can be interpreted as the sum of the
firm’s instantaneous net profit and the intertemporal values generated by changes in the three state
variables [41]. The first-order conditions and the co-state equations derived from the Hamiltonian
function (3.2) are presented as follows:

aH n

50" Z] {a - 2a1q,(0) + axplv — 9s()1Q(1) — uls(®) = r(1)] (3.3)
= s(t) ) i) = c®} =0
j#i
oH
Bk~ KO- 40 =0 (3.4)
OH
G = PO = 20 =0 (3.5)
) oH
() = 74() - 35 (3.6)
= @ = DO+ D GO 4i(0) + apd () + ] - pAs(0)
i=1 i
. OH .
Aalt) = Ta(t) = 5 = (7= () + Z] o) (3.7)
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: OH -
A1) = 70 = 57 = T+ PO ~ 41 ) ai) (3.8)
i=1

where the corresponding transversal conditions are given by lim A;(¢)s(t)e™™ = 0, lim A, (¢f)c(t)e™ = 0,
1—00 t—00
and lim A3(1)r(r)e™™ = 0, respectively. It should be noted that, to ensure the existence of a steady-state
>0

equilibrium in the economic sense for the optimization problem (3.1), following a similar approach
to that of Li [17], we assume that 7 — o > 0 and 7 — 6 > 0. Moreover, these optimal conditions and
characteristics provide crucial guidance on how the firm should allocate its resources for product and
process innovation, and how to determine the optimal output level to maximize its discounted profit
flow in a market with network externality and reference effects.

Notably, the influence of reference-related parameters on steady-state outcomes can be understood
through their impact on the co-state dynamics (3.6) and (3.8). Specifically, the parameters affect the
shadow price associated with product innovation, which reflects the marginal value of innovation effort
for differentiating products. By altering this marginal value, u and p influence the firm’s optimal
investment path in product innovation. Similarly, the reference-related parameters affect the shadow
price associated with the reference level of horizontal differentiation, which captures the marginal
value of the reference state. Through this channel, ¢ and p shape the monopolist’s intertemporal
investment decisions. Through their impacts on the dynamic adjustment paths of optimal decisions,
these parameters generate cumulative effects over time. Consequently, they influence the steady-state
levels as stated in Remark 2.1.

Now, we introduce symmetry assumptions: p;(t) = p;(t) = p(?), gi(t) = gq;(t) = g(¢), and Q;(¥) =
Q,(t) = Q(1). Then, solving first-order condition (3.3) w.r.t. g;(¢), and using symmetry assumptions, one
can obtain the following output condition:

_acplv = 9s(D]O@) — uls(@®) — r()] —c(t) + a
B 2a; + (n — 1)s(t)

q(t) (3.9)

Since 2a; + (n — 1)s(¢) > 0, and considering the fact that g(¢) > 0, then from output condition (3.9),
we have ayp[v — 3s(1)]O(t) — uls(t) — r(t)] — c(¥) + a > 0. In addition, we assume that the firm is always
rational, that is, a — ¢(¢) > 0. To facilitate the application of these results in the subsequent analysis, we
summarize the above findings as the following Condition 3.1:

Condition 3.1. For the output level to be non-negative, the following condition must be satisfied for the
admissible parameters: ayplv — ¥s(t)]10(t) — ul[s(t) — r()] — c(t) + a > 0.

Next, we explore how both types of effort influence the output level ¢(¢). By taking the partial
derivatives of the output condition (3.9) w.r.t. the efforts k(¢) and h(¢), respectively, we arrive at the
following Conclusion 3.2 (Proof: See Appendix 1):

Conclusion 3.2. Under the firm’s decision-making framework, the following results are obtained: (i)

9q(®) . /33 9900
an > O (i) oh(t) 0.

Conclusion 3.2 indicates that under the firm’s decision-making process, both efforts have a direct
impact on the output level, with the output increasing in response to an increase in either effort. The
underlying logic is that efforts in either product innovation or process innovation can enhance the firm’s
profitability. Specifically, for Conclusion 3.2(i): Lower product substitutability enhances consumer
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demand for the output. By reducing substitutability, the firm attracts consumers who are less willing to
pay for highly differentiated products. This broadens the consumer base and increases overall demand
for the output level. For Conclusion 3.2(ii): A lower marginal production cost directly improves
the firm’s profit margin. With reduced costs, the firm can expand its output level while maintaining
profitability. This cost advantage supports higher output levels to meet increased demand.

Now, substituting the output level (3.9) into the inverse demand function (2.7), and using symmetry
assumptions, yields the following pricing condition:

_ adaxplv = Fs(0)]10(0) — uls(®) — r(D] + a} + [a) + (n — Ds(0)]c(r)
P = 2a; + (1= )s(0) (3.10)

By differentiating the pricing condition (3.10) w.r.t. k() and h(t), respectively, we arrive at the
following Conclusion 3.3 (Proof: See Appendix 2):

Conclusion 3.3. Under the firm’s decision-making framework, the following holds true: (i) W 0;

Ok(t)
..\ dp(t)
(ii) Fid < 0.

Conclusion 3.3 reveals that while both types of effort impact the price level, their effects are in
opposite directions. Specifically, the price level rises with increased effort in product innovation and falls
with increased effort in process innovation. To elaborate, for Conclusion 3.3(1): The increase in price due
to product innovation is intuitive. Lower product substitutability, achieved through product innovation,
enhances the firm’s market power and profit margin, leading to a higher price level. For Conclusion
3.3(i1): The decrease in price due to process innovation is equally clear. Lower marginal production
costs, achieved through process innovation, improve the firm’s profit margin while reducing production
costs. This cost reduction allows the firm to lower the price level while maintaining profitability.

The shadow price, which indicates the maximum price a manager would pay for an extra unit
of a limited resource, serves as a critical tool for decision-makers by providing key insights into
the problems being analyzed. Therefore, we next investigate the effects of both efforts on shadow
prices A,(t), A,(t), and A5(t), respectively. By solving the differential equations (3.6)—(3.8) w.r.t. 4,(?),
A>(1), and A3(1), together with transversality conditions tlgg L(H)s()e™ = 0, tlgg L(c(t)e™ = 0,
and tlgg A(Or(He™™ = 0, as well as the symmetry assumptions, output level (3.9), and Condition 3.1,

respectively, the shadow prices can be expressed in terms of the parameters and state variables of the
P y p p p
optimization problem, that is to say,
_ nfaxplv—3s()] Q1) —uls@)—r()]—c()+a}
h= _{( R A ) oY R e (>} )
n—D{arplv-9s(t —uls(t)—r(t)]—c(t)+a
X { 2a1+(n—1)s(t) (31 1)

a2 (T+p) Q)+

{axplv — Fs(N]0() — puls(®) — r()] = c(t) + a}
(T =0)2a; + (n - 1)s(1)]

{aaplv — Fs(0)]0() — pls(t) — r()] — (1) + a}
(T +p)[2a; + (n — 1)s@)]

From equations (3.11) and (3.12), we observe that the shadow prices 4;(¢) and A,(f) are negative.

Consequently, the values A;(7)$(t) = A;(1)[—k(?) + os(¢)] and A, (t)c(¢) = A (t)[—h(t) + dc(t)] are positive

(1) = — <0 (3.12)

hm:ml >0 (3.13)

Journal of Industrial and Management Optimization Volume 22, Issue 6, 2598-2623.



2608

(in a mathematical sense, the multiplication of two negative numbers yields a positive result), which
clearly indicates that the firm’s dynamic profit margin tends to expand as both product substitutability
and marginal production cost decline, respectively. Additionally, from expression (3.13), it can be
observed that the shadow price A5(?) is positive. Therefore, the value A5(2)i(¢) = A3(t)p[s(¢) — r(t)] 1s
positive (negative) if and only if (iff) s(z) — r(¢) > (<) 0, which implies that the firm’s dynamic profit
margin rises (falls) with an increase in the reference perception iff s(¢) — r(¢) > (<) O.

Furthermore, by differentiating the aforementioned expressions (3.11)—(3.13) w.r.t. k(¢) and h(z),
respectively, we arrive at the following Conclusion 3.4 (Proof: See Appendix 3):

Conclusion 3.4. Under the firm’s decision-making framework, it follows that: (i) 219 < 0, 220 - o

Ok(1t) > Ok(t)
aA3(1) L) 04 0Aa(8) 0A3(1)
and 30) > 0, (ii) 0 <0, a) <0, and ) > 0.

Conclusion 3.4 demonstrates that the shadow prices associated with product substitutability and
marginal production cost each decrease as the respective efforts increase. This inverse relationship
implies that the dynamic profit margin expands with higher levels of these efforts. Additionally, the
shadow price of reference perception rises with increased efforts, reinforcing the notion that the dynamic
profit margin also benefits from elevated effort levels.

Now, we examine the dynamic equations governing the efforts for product and process innovation.
By utilizing equations (3.4)—(3.8), incorporating the output level specified in equation (3.9), invoking
the symmetry assumptions, and rearranging the terms, we derive the following nonlinear dynamic
differential equations for the efforts k(¢) and A(?), respectively:

k(t) = (1 — k() — n{ayplv=3s(O] Q) —pls()—r()]-c(t)+a}

a2a;+(n—1)s(0)] (3.14)
x (=Dl s psW-r))—ciral | apd(T+pIOW Ty :
2a1+(n—1)s(t) T+p

maxplv = Is(010) — pls(r) — r(D] — (1) + a
Bl2a; + (n — Ds(0)]

From expressions (3.14) and (3.15), it can be observed that both dynamic differential equations
involve the state variables s(¢), c(¢), and r(¢). This confirms the interdependent relationship between the
two efforts. Moreover, the presence of the product variety range n and the network size Q(7) in both
equations indicates that these factors will have a sustained impact on the dynamics of the two efforts.

Next, we examine how changes in the state variables influence the rates of change of the two efforts.
The following Conclusion 3.5 can be easily obtained (Proof: See Appendix 4):

h(t) = (t = §)h(r) -

(3.15)

Conclusion 3.5. In the context of firm decision-making, the following holds true: (i) Mo () KO 0,

. , ) i 3s(f) > et
k(1) . (77) 9h@® 0h@®) 0]
and o < 0; (ii) a0 0, e > 0, and o < 0.

From Conclusion 3.5, it is observed that the rates of change of both efforts increase as product
substitutability s(¢) and marginal production cost c(?) increase, respectively. Conversely, the rates of

change of both efforts decrease with an increase in reference perception. Furthermore, Conclusion 3.5
Ok(H)[s(1) 0 Ok()[dc(t) 0. and Ok()[or(r)
Ah(n)[os(r) > Oh(t)[dc(t) ’ Bh(n)/or(r)
state variables s(¢), c(¢), and r(¢), there is always a complementary relationship between the rates of

change of both efforts, respectively.
Additionally, by taking the derivative of the dynamic differential equations (3.14) and (3.15) w.r.t. n,
we arrive at the following Conclusion 3.6 (Proof: See Appendix 5):

reveals that

> (, indicating that when there are variations in the
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Conclusion 3.6. Under the firm’s decision-making process, when s(t) > (<) 2a,, we derive the following:
(i) B2 > (<) 0; (i) %2 > (<) 0.

The significance of Conclusion 3.6 is that the influence of the range of product variety on the rates of
change of both efforts depends on the parameter a; and product substitutability s(¢). Specifically, the

rates of change of these two efforts increase (decrease) with the increase of the range of product variety
Ok(t)[on
(t)[on
when there is variation in the range of product variety n, there is always a complementary relationship
between the rates of changes of these two efforts.

Further, we investigate the interaction between the two efforts. Since ) = 3c0) I @) = 3s0) 30"

3s(t) dc(t)
T < 0 and ) < 0. Furthermore,

iff 5(t) > (<)2a,. Furthermore, from Conclusion 3.6, we can see that > (0, which indicates that

k() _ k) dct)  Ih@) _ k(1) ds(1)

In the proof of Conclusion 3.2 (see Appendix 1), we have obtained

in Conclusion 3.5, we have obtained gkg; > 0 and ghgg > 0.

Therefore, one can derive the following insights: (1) % < 0; (11) %2 < 0. These findings highlight
an interactive relationship between the two efforts at any given continuous time 7 € [0, +0), namely,
(1) the rate of change of effort for product innovation decreases as the effort for process innovation
increases; (ii) the rate of change of effort for process innovation diminishes as the effort for product
innovation rises. These findings are consistent with prior research, including the studies by Lambertini
and Orsini [15] and Li [27].

The primary objective of this paper is to investigate whether the two efforts result in a stable steady-
state equilibrium. In the following subsection, we delve into the characteristics and stability properties

of the steady-state equilibrium.

3.2. Steady-state equilibrium

To begin analyzing the effects of changes in state variables on control variables, we first impose
the steady-state condition k(f) = A(f) = 0 to characterize the steady-state efforts in terms of the state
variables and parameters, and we apply the steady-state condition i(f) = 0, under which we obtain
s(t) = r(¢). From this, we can derive the following:

k(S C) _ n{azsﬁ[v—ﬂS(f)]Q(t)—C(t)+a}{(n—1)[aztﬁ(v—ﬂS(t))Q(t)—C(tHa]
’ — at-0)[2a;+(n-1)s@)] 2a1+(n—1)s(t) (3 ) 16)

+ achﬂ(r-‘:}i’Q(szr}
maxplv - Fs(D]1Q(1) — (1) + a}
BT = 0)[2a; + (n = 1)s(1)]

By taking the derivatives of equations (3.16) and (3.17) w.r.t. the state variables s(¢) and c(¢),
respectively, and incorporating Condition 3.1, we arrive at the following Conclusion 3.7 (Proof: See
Appendix 6).

h(s,c) =

(3.17)

Conclusion 3.7. Under the firm’s decision-making framework, the following results are obtained: (i)

{)k((;c) <0 ()k(vc) <O (”) 0h(vc) <O Oh(s,c) <0.
s ac

Conclusion 3.7 indicates that the steady-state efforts for product and process innovation decline as
product substitutability s and marginal production cost ¢ increase, respectively. Moreover, Conclusion

Ok(s,0)]ds k(s,0)/dc . :
3.7 reveals that o 0 and Isode 0, suggesting that when there are changes in product
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substitutability s and marginal production cost c, the steady-state efforts k(s, ¢) and A(s, ¢) consistently
exhibit a complementary relationship.

Naturally, one might wonder whether the firm focuses more on product innovation or process
innovation, and what conditions lead the firm to prioritize one over the other. By analyzing equations
(3.16) and (3.17), we can determine the relationship between the efforts allocated to product and
process innovation: k(s,c) = 2% (s, ¢)[ =2 (Tn_‘s)h(s’c) + LeVTPOWIT) ] ot ys consider k(s, c) as

a(t—o) T+p
a function of A(s,c), and by differentiating the derived equation w.r.t. h(s,c), we obtain OK(s.0)

Oh(s,c)
- ((:fr)) [2LBCD (s, 0) + LENTHDOONTY 5 () which indicates that k(s, ¢) increases with the increase of

h(s, c). In other words, the efforts k(s, ¢) and Ah(s, c) consistently exhibit a complementary relationship.

Further, by imposing stationarity on equations (2.1) and (2.2), then equations (3.16) and (3.17) are
transformed into:

BSN/N2M33N N2> M3
k(C):—§+J—E+ (5) +(?)+J—§— (5) +(?) (3.18)

néfa + axplv — 9s(1)]Q(1)}

h(s) = 3.19
) = 5B —o)2a + (1~ Ds0] + 7 G.19)
where M = MCE N = BMBCHND i which A = a(t — o)t + p)n — 1% B = (n -

D[daa,o(t — o)1 + p)+ narpdurQ@®)], C = 4a(t — o)(t + p)(a,0)* + 2na,ed(n — 1)(t + p)lac +
apvo Q(1)—oc(D]1Q(0) +[axpd (T +p) (1) + utl{2a10aInQ(t) — n(n — Dlaoc + arpvoQ(1) — oc(d)]},
D =2a,0(axpd(t + p)O(1) + utlilao +axpvo Q1) —oc(t)] —n{(n — 1)(7 + p)lao + axpvo Q(1) — oc(1)].

We observe that the structure of expression (3.18) is highly complex, making it challenging to analyze
the effects of product variety n and marginal production cost c() on the effort for product innovation.
To address this, we consider a hypothetical example. To validate the model through numerical methods,
we draw on the parameter values utilized in prior research, such as [13,17,42,43]. The specific values
are detailed in Table 1 below.

Table 1. Baseline numerical values used in the simulation exercises.

T u a B o 0 Je, a a a ® v ) [0
02 016 07 08 008 005 02 03 04 03 015 012 03 10

Figure 1 illustrates the path of the steady-state effort k(c, n) as a function of the marginal production
cost ¢ and the range of product variety n by using the values provided in Table 1.
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Figure 1. The candidate steady-state effort k(c, n).

As depicted in Figure 1, for permissible numerical values of the parameters, the steady-state effort
allocated to product innovation grows with an increase in the range of product variety and also increases
with a rise in marginal production cost.

Additionally, by taking the derivative of expression (3.19) w.r.t. s(¢) and n, we arrive at the following:
Oh(s) _ _né{ach[Zal196ﬁ(7'—6)+u6ﬁ(7—6)(n—1)+m9]Q(t)+a(5ﬁ(r—6)(n—1)} < 0and ('Jh(s) ﬁ(‘r —6)0% {a+arp[v—9s()] QD)) [2a1 —s(1)] fI'OI’Il
as {0B(r— 6)[2a1+(n Ds(n)]+n)? {0B(T—0)[2a; +(n—1)s(1)]+n)*

which one can obtain that =~ ah ©) > (<) 0if and only if s(7) < (>) 2a1 This suggests that the steady-state
effort for process 1nnovat10n dlmmlshes as product substitutability rises, while it rises (or falls) with an
increase in the range of product variety, contingent upon s(¢) < (>) 2a;.

The main goal of this section is to explore the steady-state equilibrium and its stability character-
istics. To accomplish this, we integrate the dynamic differential equations (2.1)—(2.3) with equations
(3.14)—(3.15) to obtain the following dynamic control system:

k(l) (T O')k(t) {axplv=0s(O)]1 Q) —uls(@)—r®)]-c(t)+a}
- a[2a1+(n—1)s())
{(" Dlap(v—3s(0) Q1) —p(s(t)— "(f)) c(n)+a] 02¢19(T+P)Q(1)+MT}
2a1+(n 1)s

() T+p
j — nfarelv—9sO1Q®) —puls@)—r()]-c(D)+a}
h(t) - (T - 6)h(t) . ,8[2a1+(n Ds(6)] (320)
§(t) = —k(t) + o s(t)
c(t) = =h(t) + oc(r)
(1) = pls(t) — r(0)]

Under the steady-state condition k(¢) = A(t) = §(t) = ¢(f) = i(t) = 0, solving the system (3.20) and
denoting the steady-state equilibrium with the superscript ”f”, we arrive at following Proposition 3.8
(Proof: See Appendix 7):

Proposition 3.8. Under firm decision-making, the dynamic control system (3.20) possesses a unique

saddle-point equilibrium {k/,h/, s" ¢/ ¥} iff p < 21 holds. Conversely, the steady-state equilibrium

(k',h!, 5!, ¢!, '} is unstable in the saddle-point sense if p > 21, where k/ = (rsf W = 6cf, ¢ =
nla+ayp(v—s’ e - 1.1 1.1

s ' = T = RGP + GP1P + (- [P + P12 = 5 inwhich Y, Z, Ky,

and K, are presented in Appendix 7.
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The economic significance of Proposition 3.8 is that the memory parameter p and discount factor
7 directly affect the stability of the steady-state equilibrium {k/, i/, s/, ¢/, r/}. Specifically, the steady-
state equilibrium {k/, i/, s7, ¢/, '} is stable (unstable) in the saddle-point sense iff p < (>) 27. Since
p represents the consumers’ memory parameter, a larger value of p indicates a shorter memory of the
degree of product substitutability among consumers, or lower loyalty to the product. To ensure the
system has a unique saddle-point equilibrium, the firm must increase the memory parameter p through
strategies such as advertising, ensuring that p < 27 is met.

In the next subsection, we investigate a particular case where the network scale is directly proportional
to consumers’ demand over continuous time ¢ € [0, +c0).

3.3. A special case under firm decision-making

In this subsection, adopting the methodology of Hurkens and Loépez [44], we concentrate on a
specific scenario where we assume that the network size is directly proportional to consumers’ demand
over continuous time ¢ € [0, +0), i.e., g;(t) = Q;(t)/m;, where m; denotes the proportional coefficient
between network size Q;(f) and demand ¢;(#). For simplicity, we introduce the following symmetry
assumption: m; = m; = m. Substituting ¢;(t) = Q;(t)/m into equation (2.7) and rearranging the terms,
we arrive at the following inverse demand function:

pit) = a — a1q;(t) + axpmlv — Fs()1q:(1) — puls@) — r(@)] — s(2) Z q,(1) (3.21)
J#i
Under the assumption ¢;(t) = Q;(t)/m, the optimization problem of the multi-product firm can be
formulated as follows:

M= max [ (5 la= g0 + apmtu - 9500
— p(s(t) — r(1)) — s(1) 2. (1) — c()]q:(2)
J#L
— Sk (1) - SR (1))t (3.22)
5(t) = —k(t) + os(p)
s.t.d e(t) = —h() + 6¢(7)
(1) = pls(t) — r(1)]

where 7 is the discount factor and s(0) = sg, ¢(0) = ¢o, 7(0) = ry are the initial conditions. The
current-value Hamiltonian function for the optimization problem (3.22) is expressed as

H= zl (a — argi(t) + arpmlv — 9s(D1qi(t) — uls(t) — r(D)]
— 5(t) 3 q;(t) — c(D)}qi(t) — $K3 (1) = 5R2 (1) (3.23)

J#EI

+ X1 (D[=k(@) + o5()] + Vo(D[=h(1) + 6c(D] + A'3(Dp[s(t) — r(1)]

where A/(r) (i = 1,2, 3) are the co-state variables that correspond to the shadow prices of the state
variables s(t), c(t), and r(¢), respectively. The first-order conditions and co-state equations derived from
the Hamiltonian function (3.23) are presented as follows:

n

—6f]ilt) = ; {a —2a,q,(t) + 2a,oml[v — Fs()]q;(t) — uls(t) — r(t)] (3.24)
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=) ) g, = e} =0

i
;k—lé) = —ak(t) — (1) = 0 (3.25)
;h—lzlt) = —Bh(t) - 4,(t) = 0 (3.26)
(0 = TA,(t) - ;S—Z) (3.27)
= (- + Z: Qi(t)[z q;(t) + arpdImgq;(t) + pu] — pA5(2)
P T
() = TAy(1) - ;C—Z) (3.28)
= (T -0+ Z qi(1)
(1) = TX(1) - ;r—z) (3.29)

=@ +pA0 -1 Y a0
i=1

where the transversality conditions are given by lim Aj(1)s(f)e™ = 0, lim A5(H)c(t)e™ = 0, and
t—00 —oo

lim A, (H)r()e™™ = 0, respectively. It should be noted that, to ensure the existence of a steady-state

[—0o0

equilibrium, we still assume 7 — o > 0and 7 — 6 > 0.
We now solve equation (3.24) w.r.t. g(¢), and by employing symmetry assumptions, we obtain the
following output level:

B a— uls(®) — r(0)] — c@t)
q(0) = 2(a; — arpmv) + 2arpmd + n — 1)s(t) (3.30)

Since 2(a; — aypmv) + (2apm + n — 1)s(t) > 0 (see Condition 3.10 below), and given that g(¢) > 0,
we derive that a — u[s(t) — r(t)] — c(#) > 0. We summarize this result as the following Condition 3.9:

Condition 3.9. For admissible parameters, when q(t) = Q(t)/m, the condition a—u[s(t) —r(t)] —c(t) > 0
must be satisfied to ensure that the output level remains non-negative.

Substituting the output level (3.30) into the inverse demand function (3.21) and applying symmetry
assumptions, one can derive the following pricing strategy:

[a1 — aapmv + axpmIs(t){a — pls(t) — r(0)] + c(D)} + (n — 1)s(0)c(?)
2(a; — apmv) + Qaypem® + n — 1)s(t)

p(n) = (3.31)

Differentiating expressions (3.30) and (3.31) w.r.t. m and applying Condition 3.9 yields ’93% oc

2ap[v — Os(t){a — uls(t) — r(1)] — c¢(t)} = 0 and % oc arplv — Fs(t)]s(t)[4apm? + 2(n — 1)c(t) +
n—1{a —u[s(t) — r(®)] + c(¢)} > 0. This indicates that, when g(¢) = Q(t)/m, the output level g(¢) and

price level p(¢) increase with the proportional coefficient m. Furthermore, we have gq(’)/ om - 0, which
p(1)/om
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implies that, when g(t) = Q(t)/m, a variation in proportional coefficient m results in a complementary
relationship between the output level g(¢) and price level p(z).

We now solve the differential equation (3.29) w.r.t. A(¢). By incorporating the transversality
condition tlirg A, (Or()e™™ = 0, the symmetry assumptions, and the output level (3.30), we derive the

following shadow price, formulated in terms of the state variables and parameters of the model:
npfa — puls(r) — r(®] — ()}

40 = (T + p)[2(a; — arppmv) + QLaypem + n — 1)s(1)] (3.32)

Similar to the analysis in subsection 3.1, we derive the following dynamics equations for these two

efforts, i.e.,
. _ _ _ nla—u(s(t)—r(t))—c(t)]
k(1) = (T = k(D) = s omoy Gazomd on-501 ) 333
{(uchl?m+n—1)[u—/1(‘\‘(l)—r(f))—c(f)] ﬂ} (3.33)
2(a1—axpmu)+Qarpmd+n—1)s(t) T+p

o nla — uls(t) = r(®)] = (1))
he) = (7 = Oh(®) Bl2(a; — apmv) + QLaem® + n — 1)s(t)] (3.34)

Additionally, under the steady-state condition i(¢) = 0, we have s(t) = r(¢). As a result, the steady-
state efforts k(s, ¢) and h(s, ¢) can be explicitly represented in terms of the state variables and model
parameters, as shown below:

k(s.¢) = { e )
? —o)[2(a;— 2 J+n—1
s (335)
2(a) —axpmv)+QazpmI+n—1)s(t) T+p
nla — c(?)]
h(s,c) = ?) (3.36)

Bt —9)[2(a; — axpmv) + 2aypemi + n — 1)s(1)]
Taking into account that A(s,c) > 0 and applying Condition 3.1(ii), we derive 2(a; — a,pmv) +
2aypm® + n — 1)s(¢t) > 0. We summarize this result as the following Condition 3.10:

Condition 3.10. For admissible parameters, when q(t) = Q(t)/m, the condition 2(a; — a,pmv) +
Qaypm + n — 1)s(t) > 0 must be satisfied to ensure that the effort level remains non-negative.

From equations (3.35) and (3.36), we can derive k(s, ¢) = £=2 (s, o)[ £ + Heetmt D0 (s, o)),
Now, by treating k(s, c) as a function of A(s, ¢), and differentiating the above equation w.r.t. h(s,c),
we obtain % = B0 pur | Paghmin DT g )] > 0. This suggests that when the network
) ) s,g) a(t—o) L t+p n . o
size is proportional to consumers’ demand, the two efforts k(s, ¢) and h(s, ¢) consistently exhibit a
complementary relationship.

Now, differentiating the above expressions (3.35) and (3.36) w.r.t. m, we arrive at the following

Conclusion 3.11 (Proof: See Appendix 8).

Conclusion 3.11. Under the firm’s decision-making approach, when q(t) = Q(t)/m, the following
conclusions can be drawn. (i) % > 0; (ii) % > 0.

Conclusion 3.11 indicates that the proportional coefficient m affects the changes in the steady-state
efforts k(s, ¢) and h(s, c). Specifically, k(s, c) and h(s, ¢) increase with the proportional coefficient m.
Furthermore, from Conclusion 3.11, we observe that g’;ﬁ;ggﬁ > 0. This suggests that when there is a
variation in the proportional coefficient m, a complementary relationship exists between the steady-state
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efforts k(s, c) and h(s, c). Additionally, since g(t) = Q(t)/m, as m increases, ¢(t) decreases. In other
words, the economic significance of Conclusion 3.11 is that as the proportional coefficient increases,
leading to a decrease in market demand, the firm will increase its efforts in product and process
innovation.

Subsequently, by integrating the dynamic state equations (2.1)—(2.3) with the dynamic control
equations (3.33)—(3.34), we derive the following dynamic control system:

k(t) = (t — o)k(t) — { nla—p(s()=r()—c(®)] |

a[2(a) —apmv)+(2aremI+n—1)s(t)]
5 { Lgtmin=Dlauls(O-r)-c(n] " ur y
2(a) —arpmv)+Q2azemId+n—1)s(t) T+

j — n{a—p[s()—r()]-c®)}

h(t) = (= O = ey Gangmien T (3.37)
$(t) = —k(t) + os(t)

c(t) = =h(t) + 6c(r)

i(t) = pls(®) — r(0)]
Upon solving the dynamic control system (3.37) under the steady-state condition k(f) = A(f) =

$(t) = ¢(t) = i(t) = 0 and denoting the steady-state equilibrium with the superscript ”f”, we derive the
following Proposition 3.12 (Proof: See Appendix 9):

Proposition 3.12. Under firm decision-making, when q(t) = Q(t)/m, the steady-state equilibrium

(k" 0", 5P, ¢! ¥/} is stable (unstable) in the saddle-point sense iff p < (>) 21, where kI’ = o s’
¢ ¢ ' ’ an— 7-6)(a) —arpmv)+n]c!” ' 1L 1L

W' = el = rl" = SRR, o = (RGP + (P +H-F -G+ (T -5

in which U, V, W\, and W, are presented in Appendix 9.

The economic significance of Proposition 3.12 mirrors that of Proposition 3.8. To further complement
our analysis, we proceed to conduct an equilibrium analysis under government regulation in continuous
time ¢ € [0, +00) in the subsequent section.

4. The government regulation

4.1. Steady-state equilibrium

In this section, we consider a scenario where a benevolent government is tasked with optimizing
both types of efforts to maximize the discounted flow of social welfare over continuous time ¢ € [0, +00).
Concurrently, the output level remains under the control of the firm, as defined in equation (3.9). It is
worth noting that the approach to analyzing the (in)efficiency of a firm’s efforts in product and process
innovation is consistent with the analysis in previous studies (e.g., [15,17,27,45]). We now define
the social welfare function as additively separable into two components: the firm’s profit 7(¢) and the
consumer surplus cs(7). Specifically, the social welfare function is expressed as sw(t) = n(¢) + cs(¢),
where 7(¢) is derived from the profit function (2.8). Under symmetry assumptions, the profit (¢) can be
formulated as follows:

(t) = nla + axplv — (D) — uls(?) — r(O] = [ar + (n — Ds(D]q(t) -
c(O}q() — K2(t) — BRA (1)

Moreover, under the assumptions of symmetry, the consumer surplus cs(#) can be formulated as

4.1)

q(1)
es(t) = f {a — arz(1) + azplv — 9s()] Q) — uls(r) — r(1)] —
0
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(n — 1)s(t)z(1)}dz(t) 4.2)
1
= {a + axplv — 9s()]10(1) — uls(@) — r(1l}q(?) - §[a1 + (n = Ds()]g* (1)
Thus, the social welfare function sw(r) is specified as

sw(t) = (n+ Dia + ayplv — 9s(0)]0(1) — uls() — r(H)]}q(t) — nc(t)q(t)

— 2 ar + (n = Ds]g* (1) = 5K (1) = 5H (1) (4.3)

. . . . . —s(t H—uls@®)—-r)]—c(®)+
Given the output level specified in equation (3.9), i.e., g(f) = 2= );g(:(n‘i[f)(szl)r( J=e+a the govern-

ment’s objective is to ascertain the optimal levels of effort k(¢) and A(7) to maximize the discounted flow
of social welfare § W. Specifically, this can be formulated as

SW = [nax f0+°° e {(n+ Dla + axp(v — 3s() Q1) — u(s(t) — r(1))]
X q(t) — nc()g(®) — - [ay + (n — 1)s(?)]
X @ (1) = k(1) = S (D)dr (4.4)
$(t) = =k(t) + os(t)
s.t.4 ¢(t) = —h(t) + o6c(t)
1) = pls(@) — r(0)]

where s(0) = 59, c¢(0) = ¢y, and r(0) = r( are the initial conditions, respectively. Using the superscript

g’ to represent the steady-state equilibrium, we arrive at the following Proposition 4.1 (Proof: See
Appendix 10):

Proposition 4.1. Under government regulation, the steady-state equilibrium {k3, hé, s8, ¢, r8} is stable

(unstable) in the saddle-point sense iff p < (>) 27, in which k% = 058, h® = 6c8, r® = 58 = {—% + [(%)2 +
1l I F — 5%

A1 +H{=Y -1+ (512} - 3 ¢ = {ﬁ(r’i[g);?ésl(:i(njl))s%]]+n}’ where M, N, F\, and F, are presented

in Appendix 10.

4.2. A special case under government regulation

When ¢(t) = Q(t)/m, the inverse demand function is given by equation (3.21). Under symmetry
assumptions, the profit function n(¢) can be expressed as

(1) = nfa — puls(1) = r(O] = cO}g(0) — n{a, — axpmlv = Fs(O] + (n - 1)

X s(0)}g* (1) — $k* (1) — 5h*(1) (4.5)

Additionally, under symmetry assumptions, the consumer surplus cs(t) is specified by

q(1)
cs(t) = fo {a —aiz(t) + axpmlv — Fs()]z(t) — uls(t) — r(®)] — (n — D)s(0)z(1)}dz(1) (4.6)

1
={a — uls@®) — r(®Oq(®) - E{al — ayom[v — Fs(D)] + (n — Ds()}qg* (1)
Thus, the social welfare function sw(#) can be expressed as

sw(t) = (n+ Dla — uls@®) = r()q(0) — 2 Ha, — axpmlv - 9s(1)] +

o 4.7)
(n = D)s()}g*(t) = ne(0)q(t) = $k2(1) = 52 (1)
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Given the output level specified in equation (3.30), i.e., g(r) = z(al_a;ﬂ’fﬁ)é;ig]”:gg_ ov» the govern-

ment seeks to identify the optimal efforts k() and A(f) to maximize the discounted flow of social welfare
S W. Specifically, this objective can be formulated as follows:

SW = max [ ™((n + Dla = u(s(t) = re)la(t) — % a,

k(t),h(t)
— axpm(v = 9s(0) + (n = Ds()]lg*()
~ ne()q(t) ~ §k°(1) = SR (1)1 4.8)
§(t) = =k(t) + os(t)
s.2.8 ¢(t) = —=h(t) + oc(t)
Ho) = pls(@®) = ()]

2 9%

where 5(0) = 59, ¢(0) = ¢y, and r(0) = r( are the initial conditions. We will use the superscript g
to indicate the steady-state equilibrium. This leads us to the following Proposition 4.2 (Proof: See
Appendix 11):

Proposition 4.2. Under government regulation, when q(t) = Q(t)/m, the steady-state equilibrium
(k8,18 , 58,8, 18} is stable (unstable) in the saddle-point sense iff p < (>) 21, where kS = os¢,

¢ = 5c8 ¢ = @rDE-OTd g g QutDlaxemd+(n=DIT=0 ( g'\2 g L Ey2 4 (B\313V ) 4 (—E _
hé = 6ct, 8 = (ra(‘r 0')(7+p)c tr 20a(t—0) (c®), 8 =1 +[( ) +(3) 1215 + 1 2

[(5 Eyr 4 ( )3 ] }3 3V , inwhich E, R, Vy, and V, are presented in Appendlx 11.

Next, we provide numerical examples to compare the steady-state equilibrium under firm decision-
making with that under government regulation.

5. Numerical examples

Due to the complexity of the steady-state equilibria {k/,h/,s/,c/ 1/}, (k8 h8,s8,c8, 78},
(k" 07, 5P e /'), and {k&', k8, s, ¢, r¢'}, under both firm decision-making and government reg-
ulation, it is challenging to analytically determine whether the efforts under government regulation
are higher or lower than those under firm decision-making. However, a comparative analysis can be
conducted using numerical examples. The baseline parameterization can be interpreted as represent-
ing technology-intensive markets, such as telecommunication or smart device markets, where firms
offer multiple differentiated products in a network environment. In such markets, consumer utility
depends on network size, while product innovation affects the degree of differentiation within the firm’s
portfolio [46—48].

By setting the proportional coefficient and utilizing the parameter values provided in Table 1, we
obtain the following results (under steady-state equilibrium, we have s = r/, s¢ = r¢, s/ = +/', and
s8¢ =r8):

Q) k', s7,cT) = {3.42,4.04,0.42,2.35), {k8, he, s%,c®} = {3.78,4.89,0.37,2.12}, and then we
obtain {Ak/~8, AW/=8, As/=8, Ac/=8} = (k7 W/, s/, ¢/} — {k8, b8, 8, c8} = {-0.36,-0.85,0.05,0.23};

(i) (K, n'", s/, e/} = {4.17,5.32,0.39,2.89}, (k¢ , h¢', 5%, %'} = {5.22,5.89,0.27,2.12}, and then we
have {AK/=8, Ah/=8, As/=8, Acf=8} = (k" hT", s/, ¢/} — (k& h¥', 58, 8’} = {~1.06,-0.57,0.12,0.77)}.

Based on the results from (i) and (ii), it can be observed that for admissible parameter values, the
equilibrium efforts are greater under government regulation compared to those under firm decision-
making. To assess the robustness of the numerical findings, we further vary the key parameters related
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to network externality intensity and consumers’ adjustment speed. The qualitative conclusions remain
unchanged across these alternative configurations (see Figures. A.1-A.2 in Appendix 12).

6. Discussions

Social-welfare implications

The comparison between profit-seeking and socially optimal outcomes indicates that both product
and process innovation efforts are subject to under-investment problems. This result is broadly con-
sistent with the classical literature showing that firms tend to under-provide innovation efforts, which
generates more consumer-side benefits over private profits [15,49]. In our model, decreasing horizontal
differentiation among products or reducing marginal production cost mitigates internal cannibalization
and improves product-line structure, whereas the firm does not fully internalize the social-welfare gains
associated with more efficient market structure and stronger demand performance. This finding differs
from earlier studies showing that under-investment arises in only one innovation dimension, while the
other remains socially efficient [4]. In contrast, our results indicate that, under the present framework
where product innovation reduces product substitutability and process innovation lowers production
costs, both types of innovation suffer from under-investment. Therefore, the under-investment problem is
not confined to demand-side innovation alone. This result extends the existing literature by showing that
multidimensional under-investment may emerge even in a setting centered on reducing substitutability
and production costs. Practically, this result suggests that targeted policy support for both product and
process innovation, such as innovation subsidies, tax credits, or support for portfolio redesign, may be
justified in network-related industries [18].

Stability property of the innovation system

The stability analysis identifies the conditions under which the firm’s dynamic decisions ultimately
converge to a steady state. This is relevant for practitioners because firms operating in technology-
intensive markets often need to evaluate whether their innovation policies will reach a predictable
long-term outcome. Our results show that, under the stated conditions, the system admits a stable
steady-state equilibrium. This means that the joint evolution of product differentiation, production cost,
and consumers’ reference perceptions may not generate unstable dynamics, even in the presence of
network-related demand effects.

Product and process innovation relationship

The relationship between product and process innovation has received mixed conclusions in the
literature, partly because product innovation is often defined as improving vertical quality [49]. In
contrast, the present paper defines product innovation as reducing substitutability among products within a
multi-product firm’s portfolio, thereby weakening internal cannibalization. Under this setting, we find
that product and process innovation tend to be complementary. This result has practical relevance for
multi-product firms. For example, a telecommunications provider redesigning service plans to make
them more differentiated may also have stronger incentives to invest in process improvements that reduce
service delivery costs. Additionally, we show that when demand weakens, firms may increase both product
and process innovation efforts rather than relying on only one dimension of innovative activities.
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Network expansion as a complement for innovation activities

We also conclude that both types of innovation efforts increase with the proportional coeflicient
governing network expansion. This reflects a complementary relationship between innovative activities
and network expansion: when the market environment more strongly turns demand into network
growth, firms have greater incentives to invest in both product differentiation and cost reduction in order
to support the expansion process. Intuitively, network expansion and innovation may be viewed as
substitutes, because network expansion tends to generate path dependence. Once a firm has accumulated
a sufficiently large user base, it can rely more heavily on the self-reinforcing effect of the network, which
reduces the need for further innovation [50]. However, our finding is contrary to this intuition, which
provides managerial insights for technology-intensive and network-related markets. For example, in
telecommunications markets, stronger user-base growth increases the payoff from differentiating service
and from reducing marginal delivery costs, because both forms of innovation support a larger and more
valuable network.

7. Conclusions and the managerial implications

In this paper, we develop a dynamic control model to examine the product and process innovation
strategies of a multi-product firm operating in a market with network externality, while incorporating ref-
erence effects regarding horizontal differentiation among products. The main features of our framework
are as follows: (i) a multi-product firm offers differentiated products in a dynamic environment with
network externality and invests in both product and process innovation, taking into account consumers’
reference perceptions of horizontal differentiation; (i1) the network value depends on both network
size and the degree of product substitutability; (iii) market demand is influenced by price, product
substitutability, reference perception, and network size; and (iv) we explore a special case in which
network size is proportional to market demand.

Our research findings are presented in the form of conclusions and propositions. The main results
can be outlined as follows: (i) the stability properties of the system depend on key parameters such
as the discount rate and the consumers’ memory parameter under both monopolist decision-making
and government regulation. In particular, the steady-state equilibrium exhibits saddle-point stability
under certain parameter conditions, including cases where p < 27; (ii) our analysis suggests that product
and process innovation efforts tend to exhibit a complementary relationship within the considered
framework; (iii) the price level is positively associated with product innovation effort and negatively
associated with process innovation effort; (iv) the impact of product variety on innovation efforts depends
on model parameters such as a; and the degree of product substitutability s(¢), and may vary across
different parameter regions; (v) in the special case where the demand is proportional to the network size,
the steady-state levels of product and process innovation are generally increasing in the proportional
coefficient m. Moreover, as the proportional coefficient increases and market demand declines, firms
may have incentives to intensify both product and process innovation efforts.

Overall, our analysis provides a theoretical framework for understanding how product innovation,
process innovation, network externality, and reference effects jointly shape firms’ dynamic decisions
in a multi-product setting. Future research may extend this framework by incorporating additional
behavioral factors, such as reference price effects, or by considering more general market structures.
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