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Abstract: This paper investigated optimal green advertising investment and referral reward strategies 

for sustainable energy product companies. We developed a dynamic optimization model that extends 

the Bass diffusion framework to simultaneously optimize referral rewards and green advertising 

investments throughout the product lifecycle. Our model integrates both marketing interventions and 

word-of-mouth effects, captured via a reduced-form Bass imitation mechanism, to analyze the 

diffusion of sustainable energy products. Applying optimal control theory, we derived analytical 

solutions and conducted sensitivity analyses across key parameters, including unit margin, referral 

efficiency, green advertising efficiency, spontaneous adoption rate, and word-of-mouth strength. Under 

our model parameterization, results revealed that the optimal referral reward strategy follows a U-

shaped curve—initially high, decreasing during the middle phase, and gradually increasing in later 

stages—while optimal advertising investment decreases monotonically over time. Sensitivity analyses 

further demonstrate that (1) higher-margin sustainable technologies require greater referral rewards; 

(2) strong social network effects warrant simultaneous increases in both reward levels and advertising 

investments; and (3) technologies with strong intrinsic appeal require less marketing support. These 

findings provide theoretical guidance for sustainable energy companies seeking to optimize marketing 

strategies and offer insights for policymakers aiming to accelerate clean energy transitions through 

effective incentive mechanism design. 

Keywords: sustainable energy adoption; referral rewards; green advertising; environmental 

sustainability; optimal control theory 

Mathematics Subject Classification: 49K15, 90B60, 49N90 

 

 

mailto:chenqireport@sou.edu.cn


2411 

Journal of Industrial and Management Optimization  Volume 22, Issue 5, 2410–2427. 

1. Introduction 

As the primary solution to the global climate crisis, sustainable energy technologies are critical 

to achieving carbon neutrality goals [1]. The residential distributed energy market, including rooftop 

photovoltaic (PV) systems and smart energy management, is one of the main sectors requiring 

widespread technological adoption [2]. Meanwhile, environmental concerns are increasingly top of 

mind for consumers. It is estimated that a vast majority of households possess high pro-environmental 

behavioral intentions [3,4]. According to recent industry observations, consumer interest in reducing 

carbon footprints is a major factor in their energy system selection process [5]. 

Consumers’ increased environmental awareness continues to drive the green technology mission 

of brand owners [3]. As originally demonstrated in the seminal economics of technological change, 

the diffusion of new technologies typically follows an S-shaped curve [6]. In addition, many large 

energy firms have committed to accelerating this transition with a common vision of achieving deep 

market penetration. However, several survey studies attest that it is hard for consumers to overcome 

initial inertia due to high upfront costs, long payback horizons, and information asymmetry [5,7]. 

Therefore, consumers mainly rely on firms’ external marketing interventions, such as broad-reach 

green advertising, to initiate the purchase decision process in the early stages [8]. 

Green advertising is not always effective indefinitely, and the decay of advertising elasticity has 

flourished as a prominent issue in marketing practice [9]. Specifically, in the context of durable green 

technologies, relying purely on advertising refers to the behavior where a firm continuously pours 

budgets into mass media even when the innovator segment has saturated. Furthermore, recent analyses 

found that the marginal returns of pure advertising inherently diminish over the product lifecycle [10]. 

All of these reports suggest that treating green advertising as a static, standalone solution is an 

unsustainable phenomenon in the green technology market. Generally, in terms of marketing budget 

allocation, firms face a strategic trade-off. On the one hand, compared with relying solely on 

advertising, engaging the existing user base could save acquisition costs because social proof and peer 

trust are highly persuasive [11,12]. On the other hand, offering excessively large financial rewards to 

stimulate this network causes additional risks to the firm because it can erode product profitability. If 

the reward strategy is not carefully calibrated, the firm may experience a quantity–quality trade-off, as 

some opportunistic consumers may generate low-quality referrals that harm the firm’s margins [13]. 

In addition to its own mass-market advertising efforts, a firm can also invite existing consumers to 

help accelerate technology diffusion. Referral reward programs (RRPs) have become popular among eco-

conscious consumers in the residential energy industry, where firms incentivize consumers to use their own 

social networks to recommend products [14,15]. According to recent empirical evidence, spatial proximity 

to existing installations substantially increases neighborhood adoption probabilities [11,12]. Recently, 

strong evidence also emerged that customers acquired through referrals exhibit significantly higher 

downstream profitability and secondary referral rates compared to those acquired via advertising [14,16]. 

This means that, nowadays, a firm needs to make two different types of dynamic decisions regarding its 

product diffusion: (i) how much to invest in external green advertising, and (ii) how much to offer in 

internal peer-to-peer referral rewards over time. The interaction between the two makes the joint 

decision complex. For example, if a firm increases referral rewards, the internal organic diffusion 

accelerates, which the firm needs to take into account when making its advertising budget decisions. 

Also, because of the diminishing returns of advertising, consumer reliance on peer networks has grown. 

In response to this shift in the diffusion lifecycle, the firm should reconsider how to dynamically 
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coordinate its marketing efforts in the market. Therefore, it is both relevant and important to conduct 

a systematic analysis of the two-way dynamic marketing decisions. 

To deal with the abovementioned coordination problem associated with marketing channels, some 

existing literature relies on static econometric frameworks or conceptualizes these marketing tools in 

isolation [2,4,5]. While these studies provide a credible and reliable way to understand the efficacy of 

individual mechanisms, they fall short of providing exact mathematical guidance on how firms should 

strategically shift their investments across the product lifecycle. 

In addition to static evaluations, optimal control theory has been increasingly adopted to address 

dynamic resource allocation. Specifically, to maximize profitability, researchers have applied 

continuous-time models to advertising paths and diffusion processes [9,10]. However, when a firm 

allows customers to engage in referral programs, both the firm’s advertising and the consumers’ word 

of mouth drive the diffusion simultaneously. Whereas existing optimal control models can optimize 

single marketing tools, their impact on simultaneous multi-channel coordination is less straightforward, 

thus generating unclear strategic implications for sustainable energy firms. 

In this paper, we aim to provide insights into how a firm’s green advertising interacts with its 

referral reward decisions in the sustainable energy industry. Specifically, our research questions are as 

follows: 

Question 1. What is the firm’s joint dynamic strategy for green advertising and referral rewards 

over the product lifecycle? 

Question 2. If a firm adopts both channels, how do market characteristics (such as unit margin, 

word-of-mouth strength, and spontaneous adoption rate) impact these optimal trajectories? 

To address these questions, we build a dynamic optimal control model to study a firm’s 

advertising intensity, referral reward size, and their implications on technology diffusion. In the base 

model, there is a firm making and selling a durable green product in a market consisting of potential 

adopters. The firm can choose to invest in mass-media green advertising. In addition, the firm can also 

select the size of the referral reward to incentivize organic word of mouth. We extend the classic Bass 

diffusion framework [17] by mathematically embedding these two controllable interventions within 

the continuous-time state equation. Finally, we conduct systematic sensitivity analyses to examine how 

varying market conditions impact optimal policy paths. 

We summarize our main findings below. First, we find that the optimal green advertising 

investment should follow a monotonically decreasing pattern over time. Whereas this result aligns with 

conventional wisdom that advertising is heavily needed early on, our analysis analytically 

characterizes a novel trajectory for the second channel: the optimal referral reward strategy follows a 

distinct U-shaped curve—initially high, decreasing during the middle phase, and rising again in later 

stages. Such a result occurs because the late-stage rebound is predominantly driven by internal network 

characteristics (e.g., word-of-mouth strength and referral efficiency) rather than external market factors. 

Furthermore, when a firm adjusts its strategy based on product profitability, we find that high-margin 

technologies warrant more generous referral rewards. Whereas policymakers and managers 

traditionally rely on static marketing budgets, our results suggest that firms should exercise dynamic 

resource allocation, strategically pivoting from external acquisition to internal network activation. In 

particular, instead of solely concentrating on flat-rate subsidies, governments and policymakers could 

also consider dynamic subsidy designs that theoretically complement these optimal corporate 

strategies. 
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2. Literature review 

This section reviews three key areas of literature: consumer behavior in sustainable energy 

adoption, the role of social networks in technology diffusion, and the foundational Bass diffusion and 

optimal control models that underpin our analytical framework. 

2.1.  Consumer behavior and marketing interventions in sustainable energy adoption 

A complex interaction of both internal social forces and external marketing interventions 

determines the diffusion of sustainable energy technologies, i.e., residential photovoltaic (PV) systems. 

The technical and economic viability of systems does not ensure actual adoption, a phenomenon 

known as the sustainability adoption gap [1,2,5]. The solution to this gap is to ensure that firms 

strategically use targeted marketing tools to overcome the well-established behavioral friction [7]. 

Traditional green advertising is an important mechanism of external influence. With the high 

capital requirements, long payback periods, and information asymmetry that come with long-lasting 

green technologies, broad coverage advertising becomes key to building market awareness [8]. 

Empirical research indicates that well-defined marketing messages that describe the positive 

environmental and financial benefits will greatly facilitate consumers’ initial engagement in the 

adoption process [8,18]. But as the market and the innovator segment mature, the marginal returns of 

pure advertising inevitably decline throughout the product lifecycle [9], requiring a strategic shift 

toward internal influence mechanisms. 

Word of mouth (WOM) and peer effects are the most powerful sources of internal influence for 

highly visible, high-involvement products such as rooftop PV. Empirical research has found that 

residential proximity to current installations is a strong predictor of neighborhood adoption, as 

proximity to installations provides social proof and trust [7,11,12,19]. In an effort to actively leverage 

this organic WOM, companies are more likely to use referral reward programs [15]. Although the 

reward size must be well-tuned to balance acquisition costs and the profitability of new customers [13], 

it is difficult to doubt the strategic merit of referrals. Referred customers have much higher downstream 

engagement and a greater likelihood of making additional referrals than those from the traditional 

advertising process [14,16]. 

Although there are strong empirical observations on the effectiveness of advertising and referrals, 

a methodological gap must be critically addressed. The available literature is based on inert 

econometric models or conceptualizes these marketing instruments independently of each other and 

does not consider their dynamic processes over time [2,5,9,20]. The core methodological innovation 

of this paper is the simultaneous dynamic optimal control of both green advertising and referral 

rewards in continuous time. By embedding these two controllable interventions into a time-dependent 

extension of the Bass diffusion model, our analysis yields exact policy trajectories without relying on 

numerical approximations. In particular, we analytically characterize a novel U-shaped optimal policy 

for referral rewards alongside a monotonically decreasing advertising strategy, under explicit market 

conditions. 
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2.2. The role of organic word of mouth and referral mechanisms 

Social networks are also very important for the transmission of information and for reducing 

uncertainty in the spread of durable green technologies [7]. External advertising, though critical in 

creating initial market awareness, is only secondary in the preliminary adoption of such advantages, 

as internal forces within social structures take over subsequently [11]. In the modern context of 

sustainable energy, residential photovoltaic systems, which are highly visible technologies, have 

significant spatial and social spillovers. The empirical data indicate that organic word of mouth and 

proximity to existing installations significantly affect adoption by neighboring households [12]. The 

reason is that reductions in perceived risk and the creation of robust social rules regarding household 

energy practices occur when others are viewed [7]. Moreover, one of the long-term effects of the 

strategic positioning of early adopters is the direction of subsequent diffusion, underscoring the role 

of early seeding effects in diffusion [21,22]. It is this diffusion, which is organic peer-to-peer behavior 

that is not based on the incentives of a firm but rather on the foundational model of social reinforcement, 

that is modeled as the baseline word-of-mouth effect as part of our extended Bass framework. 

To accelerate this organic diffusion, companies increasingly introduce referral reward 

programs [14,16]. Compared with conventional advertising via mass media, a referral program 

leverages the existing trust and quality information flows that strong social ties foster to ease the 

transition into the market [23,24]. Experimentation in the field indicates that incentives generated 

through financial means are an effective stimulus for eliciting consumer self-interest, and peer 

recommendations are a strong motivating force [18]. According to recent large-scale marketing 

research, customers obtained via referrals are more profitable and, more importantly, exhibit a much 

greater propensity to address and make subsequent referrals than those obtained via advertising [14,16]. 

These incentives, however, need to be carefully financially balanced depending on their design. 

Rewards that are too high may undermine product profitability, result in a quantity–quality trade-off, and 

lure opportunistic customers, thereby compromising the quality of recommendations overall [13,25]. This 

internal pressure in our model is simply characterized by a manageable variable, the referral reward, and 

the associated parameter, referral efficiency, which would theoretically isolate the effect of financial 

incentives on speeding up the adoption curve. 

From a strategic perspective, the core managerial challenge lies in coordinating these marketing 

channels over time [26,27]. Recent empirical brand research points out that marketing efforts, which 

include green advertising, not only create instant sales but also the necessary secondary impacts as a result 

of the initial awareness creation, which subsequently creates community word of mouth [26]. This synergy 

is specifically important as initial advertising creates the required brand awareness that will later lead to 

peer suggestions being more convincing and induce long-term brand performance [26]. When selling high-

involvement products with a high cost, a successful temporal sequencing usually implies the use of 

advertising to create preliminary momentum and attract influential first adopters [21,22] and then 

dominance of referrals to enhance the extent of penetration. Despite these mechanisms being strongly 

empirically validated, the optimal dynamic course for integrating them remains elusive. This paper 

uses a consistent-time optimal control model to mathematically compute the optimal dynamic 

allocation of resources between external advertising and internal referral rewards across the entire 

lifecycle of the technology by merging these validated behavioral insights. 
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2.3. Bass diffusion and optimal control in sustainable consumption 

The technology adoption model assumes that the diffusion of innovations over time is usually S-

shaped, as first observed by Mansfield [6]. Expanding on this time-tested economic concept, the Bass 

diffusion model offers a strong mathematical basis for operationalizing the S-shaped curve by breaking 

down market drivers into external drivers, such as mass-media advertising, and internal drivers, such as 

word of mouth [17]. Implementing such a binary structure for sustainable consumption is highly 

promising for understanding the sustainability adoption gap [1,5,28]. Early market entry is important for 

launching the market, given the high upfront costs and information asymmetry associated with 

residential photovoltaic systems and other long-lasting green technologies [4,5,8,28]. At the same time, 

the visibility of these technologies is higher, which increases the peripheral role of internal peer diffusion 

and spatial spillovers in subsequent phases [11,12]. 

The normative approach to management does not simply ask whether to observe such an S-shaped 

diffusion but rather to utilize resources to increase the speed at which it occurs. The best methodological 

toolkit for this challenge is the optimal control theory. Recent literature has effectively incorporated 

optimal control into advertising tracks and diffusion processes, and it has been confirmed that time-

varying dynamic interventions are strictly better than constant-rate budgets [9,10]. Moreover, dynamic 

programming and optimal control have demonstrated significant potential for optimizing engineering 

and economic decisions in the sustainable energy sector [29,30]. Nonetheless, the current diffusion 

models used in the sustainable energy marketing context are mostly concerned with assessing the 

efficiency of individual marketing devices or consider marketing aspects as fixed parameters [4,5,28]. 

This creates a significant missing link in the dynamical coordination of multi-channel dynamics, 

particularly with respect to the decays of advertising returns over time [10] and the dynamic capture 

of downstream customer value at the referral program [14,16]. 

In this respect, the main contribution of this paper is the joint dynamic optimal control of both 

green advertising and referral rewards in continuous time. Our optimal-control problem, based on 

combining these two manageable interventions into a longer Bass state equation, will endogenously 

construct the exact, time-varying policy paths without making any chargeable approximations. In 

particular, in this strident, continuous-time framework, we analytically define a new U-shaped optimal 

policy that involves referral rewards and a monotonically declining advertising policy. This method is 

a straightforward way to bridge the existing gap between unchanging empirical results and dynamic 

firm strategy, where the specific strategic direction the firm must change regarding its marketing 

investments is to real-time network activation rather than the acquisition of external customers across 

the entire product lifecycle. 

3. Model 

To examine the optimal dynamic marketing strategy for a sustainable energy company, we use a 

model based on Bass’s classic diffusion framework and then extend it using optimal control theory. In 

this section, the development of the model is discussed in a systematic way. We start with the standard 

Bass model. Then, we specify our extensions to add advertising and referral rewards and the resulting 

final-state equation. Finally, we formulate the firm’s profit-maximization problem and identify the 

main propositions that define the ideal strategies. 
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3.1. The foundational Bass diffusion model 

The Bass diffusion model [17] provides the underlying principles for adopting new products. It 

assumes that there are two types of driving forces in adoption: innovators adopt independently of social 

influence, and imitators adopt in response to word of mouth from former adopters. The rate of change 

of the cumulative adoption fraction, ( )q t , is depicted by the classic model as follows: 

                  ( ) [ ( )][1 ( )]q t p s q t q t = +  − .         (3.1) 

Here, p  is the coefficient of innovation (representing external influence), and s  is the coefficient of 

imitation (representing internal, word-of-mouth influence). The term [1 ( )]q t−   represents the 

remaining market potential at time t . 

3.2. Model extension: incorporating advertising and referral rewards 

Although the Bass model captures the essence of diffusion dynamics, it fails to explicitly account 

for a firm’s marketing activities. Our framework is based on previous studies that have combined 

marketing variables into diffusion models [17] and more recent studies that indicate the importance of 

the peer effect in adopting sustainable energy services [11,31]. We use these models to simultaneously 

explain both green advertising and referral rewards. 

We model these instruments as direct influences on the diffusion parameters. Specifically: 

Green advertising: We assume that advertising intensity, denoted by ( )g t , enhances the external 

influence on potential adopters. We define a baseline spontaneous adoption rate, parameter   , 

representing the proportion of environmentally conscious consumers who adopt without influence 

from advertising or referrals. The coefficient   measures green advertising efficiency, with ( )g t  

capturing the proportion of new adopters attributable to advertising. 

Referral rewards: We assume that referral rewards, denoted by ( )r t , amplify the internal, word-

of-mouth effect. The parameter   represents the baseline word-of-mouth effect—the organic spread 

of environmental awareness within communities independent of marketing interventions. The 

coefficient    measures referral reward efficiency, with ( )r t   representing the per-adopter 

successful referral probability under reward level ( )r t ; higher rewards correspond to higher referral 

success rates. 

By substituting these extended parameters back into the Bass framework, we arrive at our 

modified state equation for the evolution of the cumulative adoption rate ( )q t   over a finite time 

horizon T : 

            '( ) [ ( ) ( ( )) ( )][1 ( )], (0) 0.q t g t r t q t q t q   = + + + − =     (3.2) 

Here, '( )q t  is the instantaneous adoption rate (the derivative of the cumulative adoption rate). The 

initial condition (0) 0q =   indicates zero adoption at the beginning of the promotion period. This 

instantaneous adoption rate derives from four distinct sources: (i) spontaneous adoption driven by 

environmental awareness, (1 ( ))q t − ; (ii) advertising-induced adoption, ( )(1 ( ))g t q t − ; (iii) adoption 

from organic word-of-mouth effects, ( )(1 ( ))q t q t −  ; and (iv) adoption from incentivized referrals, 
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( ) ( )(1 ( ))r t q t q t − , with ( )r t  representing the per-adopter successful referral probability under reward 

level ( )r t  . In our calibrated market parameters, the endogenous optimal reward ensures that the 

mathematical probability constraint ( ) 1r t   is strictly satisfied at all times. 

3.3. The firm’s optimization problem 

The sustainable energy company aims to maximize expected profit over the entire promotion 

period, with the objective function: 

2
2

0

( )
max '( ) ( ) ( )

 

[1 ( )]
2

'( ) [ ( ) ( ( )) ( )][1 )]. . (

T cg t
J q t r t q t q t dt

q t g t r t q t qs t t

 

   

 
= − − − 

 

= + + + −

 ,     (3.3) 

where   represents unit margin, ( )'q t  is the revenue at time t , 
2( )

2

cg t
 captures advertising costs 

with cost coefficient c  , and 2( ) ( )[1 ( )]r t q t q t −   represents total referral reward expenditures (since 

each successful referral costs ( )r t  , and there are ( ) ( )[1 ( )]r t q t q t −   such referrals). The decision 

variables are advertising intensity ( )g t  and referral reward level ( )r t . 

Following optimal control theory, we construct the Hamiltonian function: 

2
2( , , , ) ( )[ ( ) ](1 ) (1 )

2

cg
H q r g g r q q r q q       = + + + + − − − − ,   (3.4) 

where ( )t =  denotes the costate variable associated with the adoption rate, and the optimal solution 
* *( , )g r  must satisfy * *

0, 0( , ) max ( , , , )g rg r H q r g = . According to the maximum principle, the costate 

variable must satisfy '
H

q



= −


 , with boundary condition ( ) 0T =  . By analyzing the necessary 

conditions, we derive the following propositions. (The detailed proofs for all propositions are provided 

in the Appendix.) 

Proposition 1. The optimal control strategy * *( , )g r  for the sustainable energy company is given 

by ( )* *( ) ( ( ))(1 ( )) / , ( ) ( ) / 2g t t q t c r t t    = + − = + . The corresponding optimal cumulative adoption 

rate is 
( )

( )

2

*

2

4 ( ( ( )) 4
( )

8 ( ( )) 2 4

c t c
q t

c t c

     

    

− + + −
=

+ + −

）
. 

Based on the conclusion of Proposition 1, we further derive the following propositions. 

Proposition 2. The sustainable energy company’s optimal advertising strategy *( )g t  satisfies 

'( ) 0g t  , indicating that advertising investment decreases monotonically over time. 

The result of Proposition 2 has important managerial implications. During the early stages of 

sustainable energy technology diffusion, companies should allocate substantial resources to 

advertising to build market awareness and establish an initial adoption base. This early advertising not 

only directly drives adoption but also lays the foundation for subsequent word-of-mouth dissemination. 

As the adoption base expands over time, advertising’s marginal effectiveness diminishes, warranting 

a gradual reduction in advertising investment. At later stages, companies should increasingly leverage 

the more cost-effective social network dissemination and word-of-mouth effects to drive further 

adoption. 
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Proposition 3. There exists a point * [0, )t T  such that the sustainable energy company’s optimal 

referral reward ( )r t   decreases over time when *[0, )t t   (i.e., '( ) 0r t   ,, and increases over time 

when *[ , )t t T  (i.e., '( ) 0r t  ,. 

Proposition 3 reveals that the optimal referral reward strategy follows a U-shaped pattern over 

time. This trend has grave strategic consequences for the diffusion of sustainable energy technology. 

In the initial promotion stage, firms ought to utilize high advertising using a free referral offer, where 

advertising takes most of the center stage. With a wider and wider adoption base, and as the technology 

becomes more visible, the ratio of advertising to what it reaps is high; hence, it should be reduced 

further in terms of advertising investments. Once all requirements have been met after the critical time 

point *t , the promotion strategy should switch to word of mouth via social networks. In this stage, the 

companies are encouraged to gradually offer referral rewards as they aim to build an adopter base into 

a network of transmission, in essence, pushing the remaining potential adopters into adoption. The 

specified strategy of reducing and later increasing referral rewards is economically reasonable and 

consistent with the specifics of sustainable energy technology diffusion. Once a critical mass of 

followers is reached, the weight of social learning and word of mouth becomes more influential, and 

the appropriate strategy to gain benefits is to offer referral rewards. 

4. Numerical analysis 

To explain the theoretical propositions generated in Section 3 and discuss their managerial 

implications, we perform a numerical analysis. In this paper, we develop a theoretical optimal control 

model; this means we calibrate our analysis without econometric calculations using a given dataset. 

There are three principles that determine our approach. First, we provide specifications of all the 

variables and parameters required by the model. Second, we define a baseless situation that is adjusted 

to simulate an average diffusion path of long-duration green technologies (i.e., low take-off, 

acceleration, and saturation). Third, we perform comparative statics and robustness checks by varying 

key parameters within ranges similar to those in the literature. Table 1 explains the baseline values and 

their reasons based on recent empirical findings and the traditional theory of diffusion [8,16,12,32]. 

Table 1. Baseline parameter values. 

Parameter Baseline Justification/recent source 

Unit margin 0.2 =  Normalized baseline for profits; not empirically pinned—used for calibration 

with robustness checks around this value (modeling convention). 

Referral effectiveness 0.1 =  Referral-acquired customers exhibit stronger downstream referral activity, 

validating a meaningful referral channel [14,16]. 

Advertising 

effectiveness 

0.1 =  Advertising/messages raise initiation for solar adoption [8,18]. 

Spontaneous adoption 0.01 =  Small innovator share aligns with classic diffusion patterns [32]. 

Organic word of mouth 0.15 =  Material peer/neighborhood spillovers documented for rooftop solar power 

[11,12]. 

Advertising cost 

coefficient 

1c =  Quadratic cost normalization typical in control problems; varied in sensitivity 

(modeling convention). 

Planning horizon 15T =  Finite horizon covering a full diffusion wave (weeks or quarters). 
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We analyze how key parameters affect optimal referral reward and advertising strategies, yielding 

important managerial insights. 

4.1. Unit margin sensitivity ( , 

Figure 1 illustrates the temporal paths of optimal referral rewards and the green advertising 

strategy. The optimal advertising strategy will always show a monotonically declining trend: the 

investment will be high at the beginning and decline over time, in line with Proposition 2. The unit 

margin, however, largely affects the optimal reward to use regarding the referral. The U-shaped curve 

of referral rewards at high-margin levels is unique: high at the beginning, declining in the middle, and 

gradually increasing once a specific critical point of time *t . On the contrary, this curve is much flatter 

at lower levels of the margin. It means there is a profitability threshold: to achieve large returns from 

increasing returns to scale due to network effects, it is only cost-efficient to substantially increase 

referral rewards in the later stages, when the product generates a sufficiently high marginal profit. 

These findings provide evidence of a subtle managerial perspective. In the case of high-margin 

sustainable energy technologies, the initial consideration for companies is heavy investment in green 

advertising and large referral rewards for early adopters to build market presence. Both investments 

ought to be minimized at mid-course to maximize the cost. Once at the turning point *t , when the 

product’s profit margin is also very large, companies should progressively increase referral rewards to 

concentrate the adopter pool as transmission nodes and convert the increasing returns of network 

transformation into profitable adoptions. 

 

    (a) green advertising effort                 (b) optimal referral rewards  

Figure 1. Impact of unit margin on optimal strategies. 

4.2. Referral reward efficiency ( , 

Figure 2 confirms that referral rewards are U-shaped, as provided in proposition 3, whereas 

advertising decreases as time passes. This follows the study by Arbatskaya and Konishi [33], which 

found that firms that have adopted referral rewards tend to lower their advertising rates. As clearly 

demonstrated in Figure 2(b), the entire referral reward curve rises without altering its unique U-shaped 

pattern as referral efficiency increases. Mathematically, the costate variable ( )t   is endogenously 
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driven by  , which explains why higher efficiency dynamically shifts the optimal reward trajectory 

upward, raising the overall budget ceiling to reflect a higher shadow value for new adopters. 

In a realistic business situation, increasing the efficiency of referrals improves the quality of the 

target market’s social network and its users’ trust in it. In particular, an increased referral efficiency 

would mean that (1) the firm has been able to reduce the stress of users to make a recommendation 

(e.g., through the use of easily shareable one-click sharing solutions); and (2) the product is viralizing 

in high-degree-of-trust, close-knit communities where word of mouth will be much more effective. In 

the case of sustainable energy companies, however, low referral efficiency can signal negative word 

of mouth about the technology, rendering referrals useless. El Ouardighi et al. [34] observed that when 

technology quality is low and negative word of mouth prevails, companies should not increase 

advertising but focus on quality improvement, then resume advertising after quality is enhanced. 

This offers the following management implications: Sustainable energy technology firms need to 

focus on improving referral efficiency, as this helps minimize friction in sharing, and market social 

network properties in the target markets ought to be evaluated before promotion campaigns are 

initiated. The overall referral reward budget in socially connected and high-trust communities with 

high environmental awareness can be used to effectively harness social network effects. When the 

market does not yet have a reputation for technology or the consumer has a low level of confidence, 

the company must initially ensure that its products deliver satisfactory performance and environmental 

benefits before shifting to referral rewards and continued increases in advertising investment. 

 

  (a) green advertising effort                 (b) optimal referral rewards 

Figure 2. The impact of referral reward efficiency on optimal strategies. 

4.3. Green advertising efficiency ( , 

Figure 3 reveals an inverse relationship between green advertising efficiency and optimal referral 

rewards for sustainable energy enterprises. In particular, the best referral reward decreases with 

increasing green advertising efficiency, and vice versa. The trend indicates that these two strategic 

aspects are substitutes but not complements. Interestingly, advertising efficacy and optimal advertising 

commitment do not follow a linear relationship. Moderate advertising efficiencies ( 0.3 = , 0.1 = ,

0.5 = ) correspond to higher advertising investments, while both very high ( 0.7 = ) and very low 

( 0.01 =  ) advertising efficiencies result in lower optimal advertising investments by sustainable 

energy enterprises. These results have the following management implications: Sustainable energy 

technology companies should tailor their marketing mix to specific market environments. Green 
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advertising effectiveness may be lower in markets where consumers are less convinced that advertising 

claims are environmental (e.g., in areas where consumers are skeptical of the truth of the claims). In 

such markets, higher referral reward budgets will make up for it. Firms in markets highly responsive 

to advertising are advised to use advertising placement strategies to reduce frequency and regain 

visibility. Notably, extremely high advertising efficiency does not always justify increased investment, 

as it is often associated with higher unit costs. Sustainable energy firms are encouraged to regularly 

assess the real effects of green advertising in their target markets to ensure an appropriate cost-benefit 

relationship. 

 

  (a) green advertising effort                 (b) optimal referral rewards 

Figure 3. The impact of green advertising efficiency on optimal strategies. 

4.4. Spontaneous adoption rate ( , 

 

  (a) green advertising effort                 (b) optimal referral rewards 

Figure 4. The impact of spontaneous adoption rate on optimal strategies. 

Figure 4 shows that optimal referral rewards and advertising investments decline with rising 

spontaneous adoption rates. Based on a classical theory by Mansfield [6], technological change, the 

implementation of innovation, is usually characterized by an S-shaped process of change with time. 

An increased spontaneous adoption rate would mean the technology would face much less resistance 

and friction during the early takeoff phase of this S-curve. The latter finding is particularly important 

in the context of sustainable energy markets, where spontaneous adoption directly indicates consumers’ 

environmental awareness and their intrinsic positive attitude toward the technology. Systems with high 
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spontaneous adoption rates (e.g., proven value and high brand recognition of established solar brands) 

can exist without extensive marketing support to sustain the initial adoption cascade. Otherwise, 

technologies with low spontaneous adoption rates (e.g., new but untested energy storage solutions) 

need to be strongly rewarded in a referral program and advertised to offset their low intrinsic 

attractiveness. This provides the following insights for management: Sustainable energy technology 

companies ought to align their strategies with the target market’s awareness of environmental issues 

and orientation toward the technology. In environmental markets (e.g., eco-friendly communities or 

cities), resources need to focus on product functionality and customer experience, not on widespread 

marketing. In markets where environmental awareness is still low, companies must enhance 

educational advertisement and referral rewards in order to make consumers appreciate the value of 

technology in the long-term. 

4.5. Word-of-mouth effect ( , 

Figure 5 shows that optimal referral and advertising investments increase with the strength of 

word of mouth. This is in line with the observation by Brown and Reingen [35] that information flows 

and influence can be more easily conducted through strong social relationships than through weak ties. 

The empirical study by Graziano and Gillingham [31] also revealed that proximity to existing solar 

installations was an important factor influencing households’ likelihood of adopting them. The 

information about referral processes will spread more effectively and with greater impact in closely 

knit communities and will be more successful at increasing referral rates. Moreover, marketing 

memory can be used to amplify the effect of word of mouth by raising brand awareness, which in turn 

increases potential adopters’ receptiveness to their peers’ recommendations. Simultaneously increasing 

referral rewards and advertising has a synergistic effect in communities with highly dense social 

networks, accelerating the healthy adoption of technologies. 

 

  (a) green advertising effort                 (b) optimal referral rewards 

Figure 5. The impact of word of mouth on optimal strategies. 

The management insights from this are as follows: Sustainable energy technology companies 

should focus on communities with strong social networks, e.g., a highly populated residential 

neighborhood, a professional community, or a group of environmental organizations. The synergistic 

benefits of optimized referral rewards and targeted advertising are much more effective in these high-

influence settings than in dispersed promotion strategies. Firms should further come up with 
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community-based models of adoption, including the neighborhood group buying or installation-

sharing programs, to enhance word-of-mouth impacts. 

4.6. Summary of sensitivity dynamics 

The sensitivity analyses in Sections 4.1–4.5 reveal how different parameters shape the optimal 

referral reward trajectory established in Proposition 3. Internal network characteristics and product 

profitability amplify the U-shaped curvature, making the late-stage rebound increasingly pronounced. 

A higher unit margin ( ) makes the U-shape visibly more distinct by enabling the firm to profitably 

reinvest in referral rewards at later stages (Section 4.1). A higher referral efficiency ( ) shifts the entire 

trajectory upward while preserving and accentuating the U-shaped pattern (Section 4.2). A stronger 

word-of-mouth effect ( ) simultaneously elevates both referral rewards and advertising investments, 

reinforcing the late-stage rebound through synergistic network effects (Section 4.5). 

External market variables exhibit differentiated effects on the U-shaped pattern. A higher green 

advertising efficiency ( ) acts as a substitute for referral rewards, reducing the overall reward level, 

but preserves the U-shaped curvature across all values of    (Section 4.3). In contrast, a higher 

spontaneous adoption rate (  ) not only lowers the overall investment level but also substantially 

flattens the U-shaped curvature, as technologies with strong intrinsic appeal face less friction 

throughout the diffusion process, reducing the need for late-stage network reactivation (Section 4.4). 

In summary, the practical significance of the U-shaped referral reward strategy is most pronounced 

when product profitability is high and internal network effects are strong, and is attenuated primarily 

when the technology possesses strong intrinsic adoption appeal (high  ) rather than when advertising 

channels are more efficient. 

5. Conclusions 

This paper develops and analyzes a dynamic optimal control model to determine the optimal 

advertising and referral reward strategies for a sustainable energy company over a finite time horizon. 

By extending the Bass diffusion framework, we derive the optimal temporal paths for these two key 

marketing instruments and examine how they are influenced by market characteristics. Our findings 

offer significant theoretical contributions and practical implications for firms and policymakers 

seeking to accelerate the adoption of green technologies. 

5.1. Summary of key findings 

Our analysis yields two primary findings regarding optimal strategy. First, the investment in 

advertising follows an optimal, monotonically decreasing path, implying a front-loaded model that 

should be used to build market awareness initially. Second, when unit margins are high and internal 

network effects are strong, the optimum referral reward policy must incur a U-shaped curve: high at a 

low level to jump start the market, falling during the growth phase, and then increasing to reactivate 

the existing adopter base and unexploited market potential. We have also learned some valuable lessons 

in our sensitivity analyses: (1) High-margin technologies should have bigger referral rewards; (2) the 

impact of word of mouth is stronger, and the investment in advertising and referral rewards should be 

increased; (3) technologies that come with high intrinsic characteristics (i.e., high environmental 

benefits) have less need for marketing support. 
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5.2. Managerial and policy implications 

Our findings provide actionable guidance for both managers and policymakers seeking to address 

the sustainability adoption gap outlined in the introduction. To managers, the findings demand a change 

in the traditional marketing budgets to the dynamic allocation of resources. The curve reward structure 

and declining advertising curves indicate a premise of committing resources to both channels upon 

launch, and moving resources to referral rewards as the market matures and new network effects are 

established. The product should also be optimally fitted in this marketing mix; in this regard, it is our 

analysis that superior unit profitability with high-margin technologies best suits deploying generous 

referral rewards aimed at maximizing the high profitability levels of the product, whilst innovative 

technologies with low initial appeal best suit increased levels of advertising and referral rewards to 

overcome consumer inertia. Moreover, promotional activities should be prioritized for high-influence 

communities with strong social networks, as our model shows the greatest synergy between advertising 

and referral actions in these communities. 

From a policy perspective, while our model explicitly optimizes firm-level profitability rather 

than social welfare or government budget constraints, we can offer a speculative extension regarding 

public interventions. These findings qualitatively suggest that governments might enhance their impact 

by moving beyond flat-rate subsidies toward dynamic subsidy design. For example, public subsidies 

may be designed to be at their maximum at the initial introduction of a technology and at the final 

stages, when it is theoretically complementary to optimal corporate strategies and may even enhance 

the efficiency of public funds. Also, policymakers can contribute significantly to increasing the 

presence of information spillovers by subsidizing community workshops, peer-to-peer sharing services, 

or neighborhood group-purchasing arrangements to enhance the effectiveness of referral strategies and 

to hasten the clean energy transition. 

5.3. Limitations and future research 

This study has several limitations that open avenues for future research. First, while our results 

demonstrate strong internal validity under the specified mathematical framework, they are derived 

under the assumptions of a monopoly environment and a homogeneous market. In reality, strategic 

reactions from competitors and consumer heterogeneity could compress the profit margins associated 

with referral rewards. Therefore, extending the model to a competitive setting to analyze strategic 

interactions between firms would be a highly valuable contribution. Furthermore, future research could 

explicitly incorporate consumer heterogeneity to explore differentiated marketing strategies for 

various customer segments. Second, we model the effects of advertising and referrals as instantaneous. 

Incorporating time-lag effects or memory effects in advertising could yield further insights into long-

term budget allocation. Third, our framework captures word of mouth via a reduced-form Bass 

imitation mechanism. Extending the model to incorporate explicit network structures—such as 

complex contagion dynamics or heterogeneous network topologies—represents a promising direction 

for future research. Finally, our model could be enriched by incorporating additional behavioral factors, 

such as prospect theory’s loss aversion or reference points, to further examine how psychological 

biases influence the effectiveness of referral rewards. 
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