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Abstract: In this study, we investigated how a manufacturer strategically uses green advertising to
navigate the complexities of gray markets and enhance overall supply chain profitability when selling
through two downstream retailers to two countries (regions). Green advertising, which causes less
consumer aversion compared to traditional advertising, is increasingly used as a means to improve
corporate reputation. In this framework, the manufacturer first determines the level of green
advertising expenditure, then sets the wholesale price, followed by the retailers establishing the retail
and gray market product prices, with customers making a final decision on which product to purchase.
We found that when consumers do not prefer the green product, green advertising serves as an external
signal to address quality information asymmetry, a cost that is solely borne by high-quality
manufacturers. The level of investment in green advertising increases with the complexity of the gray
market structure. When customers have a green preference, green advertising as an internal signal is a
necessary investment for manufacturers and can act as a tool to activate or curb the gray market. Finally,
we verified that when the green-gray effect is present, the main conclusions remain valid and green
advertising not only affects perceived product quality but also changes consumers’ relative valuation
of gray products.
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1. Introduction

The gray market is created by unauthorized retailers as an alternative (parallel) channel to sell the
same genuine branded products. When the price difference of the authorized product between the two
markets is greater than the transaction cost, downstream retailers are motivated to arbitrage. Such
markets are becoming increasingly common across industries. On average, $58 billion of gray market
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products flow through the global economy, and it was thought to be 22% of the $267 billion of the
luxury personal goods market, as of 2021. Gray markets are prevalent in the cosmetics, food,
pharmaceutical, and electronic device industries. Procter & Gamble’s downstream retailers sell gray
products in different regions, even though they have authorized retailers in their own region. A total of
70% of mobile phones are sold on the gray market in Malaysia, and two-thirds of personal computers
are sold on the gray market in India, where the gray market continues to thrive [1,2]. The gray market
is even more prosperous for virtual products. Today, nearly 80% of console game revenue in China is
generated by gray market sales. The Xbox Series console does not have regional locks, enabling
players to freely switch regions to purchase cheaper games (see Appendix G for details).

Gray markets have significant consequences for firms and supply chains. In the market for
watches over $5,000, gray products account for a 20% share. Because gray products are sold by
unauthorized retailers rather than designated channel members, they are often not supported by official
warranties or after-sales services, which may damage brand reputation and weaken channel
governance [3—5].

Even so, the gray market seems to be unstoppable in its rising momentum. Experts project that
the number will grow to $1.5 trillion worldwide in the coming years. One reason for the prosperity
of the gray market is the lack of internal channel control and the high cost of monitoring and
detection [6]. Furthermore, the support for the ‘first sale doctrine’ by the EU and the US is also an
important reason for the prevalence of the gray market. The US Supreme Court once ruled in favor of
a speculator who resold textbooks on eBay in the United States. Moreover, EU law stipulates that if a
product has been put on the market, it has the right to circulate within the EU region [7,8]. Surprisingly,
on the other hand, companies do not always implement management control systems to strictly curb
the gray market [9].

Against this background, a central challenge for manufacturers is not only whether to curb the
gray market, but also how to manage downstream channels when product quality information is
imperfectly observed by retailers and consumers. In practice, manufacturers usually have superior
information about product quality, production standards, and brand-related attributes, while
downstream market participants can infer such information only indirectly. This information
asymmetry is particularly important in gray-market settings, where unauthorized resale may further
distort consumers’ perceptions of product reliability and service quality. Autrey et al. [10] believe that
when there is a gray market, investments such as advertising can benefit downstream retailers and
increase their own revenue. This positive externality helps companies establish a foothold when
entering new markets. However, advertising, while expanding product awareness and increasing
searches for related products, can also cause customer aversion [11].

To address this informational problem, manufacturers may rely on advertising-related
investments that shape downstream beliefs about product quality. Unlike traditional advertising
that focuses solely on promoting products, green advertising emphasizes conveying the green
aspects of products and can significantly reduce customer aversion [12]. Investment in green
advertising has increased tenfold in the past two decades [13,14]. In 2022, Audi released a green
advertisement titled “Pioneering the Future”’, and Alipay released “The Green Lifestyle”. In 2023,
Apple Inc. released an advertisement called “Nature Mother”, which promises to permanently
eliminate carbon footprints, aiming to disclose the company’s environmental efforts throughout
the product production process.

Why have large companies in various industries invested in green advertising in recent years?
Traditional supply chain internal information sharing mechanisms, such as EDI, POS, and VMI cannot
convey quality information indirectly to the end of the market, resulting in information asymmetry
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between the supply chain and customers. On the contrary, green advertising is a clever investment for
companies to convey quality information to downstream retailers and customers at the same time. On
the one hand, green advertising has a positive effect on corporate reputation, avoiding the aversion that
traditional advertising causes in consumers; on the other hand, information transmission is just a
byproduct of green advertising, saving the cost of disclosing quality information to downstream
retailers and customers.

Retailers’participation in the buying and selling of gray products is the main reason for the
formation of the gray market [15—18]. We have developed a supply chain with a gray market channel,
where the manufacturer sells products through retailer 1 and retailer 2 to two separate markets.
Customers in the H-market have a higher valuation for the product, while customers in the L-market
have a lower valuation for the product. Since the manufacturer has more control over product quality,
he will implement green advertising to indirectly convey quality information and thus affect customers’
judgment of product quality. In our first model, we consider the cases where no retailer sells gray
products, only one retailer sells gray products, and both retailers sell gray products simultaneously, as
shown in Figure 1.

We have studied three forms of green advertising as an indirect conveyance of quality signals. In
the first part, we consider that customers in all markets do not have green preferences, and at this time,
green advertising is a dissipative signal for a company to improve its reputation. The empirical study
by Banerjee and Wathieu [19] indicates that due to individual cognitive differences, customers’ quality
beliefs do not necessarily have an inevitable connection with external signals. We have abandoned the
assumption in the quality signal literature that there is a monotonically non-increasing relationship
between external signals and product quality [20,21] or the most pessimistic assumption (where beliefs
on the off-equilibrium path are valued at zero) [22]. Considering the recent entry of Chinese companies
such as Xiaomi and Huawei into the European market, where the valuation of products is lower than
in the domestic market but the green concept is more prevalent, we have developed a second model
where the manufacturer establishes a presence in a new market where customers who have a preference
for green products. In this case, the gray products flow only from the new market (L-market) to the
domestic market (H-market), and this green preference can directly increase customers' valuation of
the product. Since customers inevitably have some skepticism about green advertising, which reduces
the effectiveness of green advertising, we have introduced a customer skepticism coefficient. Finally,
we consider the behavior of manufacturers when green advertising affects customers' relative
evaluation of gray market product. Note that in our models, green advertising cannot directly improve
product quality.

In this paper, we examine how green advertising functions as a quality signal in the presence of
gray markets, following the supply-chain decision sequence from the manufacturer’s advertising and
wholesale pricing to the retailer’s channel pricing and consumers’ purchase choices. In Section 2, we
review related literature. In Section 3, we develop the baseline model and characterize equilibria under
alternative gray-market structures and information regimes, establishing the main mechanism. In
Section 4, we provide numerical analyses to illustrate key comparative statics. Building on the baseline,
in Section 5, we extend the model by incorporating consumers’ green preference toward green
advertising, and in Section 6, we further introduce the green—gray effect, where green advertising also
shapes consumers’ perceptions of gray products. In Section 7, we conclude with managerial
implications and future research directions.
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2. Literature review
2.1.  The signaling theory of green advertising

The concept of green advertising originates from environmental advertising [23]. Compared with
non-green advertising, green advertising emphasizes the environmental attributes of products [24].
Subsequently, green advertising became closely linked with corporate social responsibility (CSR).
Advertisements that promote the concept of a green lifestyle and emphasize an enterprise’s
environmental protection efforts are generally classified as green advertisements [25,26]. Subsequently,
the connotation of green advertising was further extended. Manrai [27] proposed that environmental
protection practices throughout the production process effectively enable customers to perceive firms’
environmental behavior and enhance green customer satisfaction, thereby constituting qualified green
advertising. Banerjee [28] gave three definitions of green advertising in a more comprehensive way:
First, the content of the advertisement explicitly or implicitly indicates the relationship between the
product or service and the ecology and the physical environment; second, the advertisement advocates
a green lifestyle; and third, the advertisement presents the image of the advertiser actively undertaking
corporate social responsibility. In essence, this stream of literature suggests that green advertising does
more than communicate environmental attributes; it also shapes how consumers evaluate the firm and
its products more broadly.

In form, green advertising is much like government-funded public service advertisements, but in
fact it is a marketing tool for enterprises to gain consumers’ favorable impression by conveying product
heterogeneity [22,29]. From the perspective of personal benefit, green advertising can make customers
think that the products produced by enterprises are healthier and of better quality [30—32]; from the
perspective of society and values, buying the products of enterprises implementing green advertising
is a kind of signal transmission, which can show customers’ concern for the environment [33]. These
two factors affect consumers' purchase intention [34—36]. These findings imply that green advertising
can affect not only environmental evaluations, but also consumers’ beliefs about product quality and
firm credibility.

Signal theory was first used by Spence [37] to solve the problem of information asymmetry in the
labor market. In the product market, enterprises also need to use signals to convey their own advantages,
even if they have to pay high costs [38]. Researchers extended this signaling perspective to
sustainability-related operational settings. For example, Wang et al. [39] showed that green advertising
is not merely a communication tool but also interacts with firms’ operational and reputational decisions.
Zhang et al. [40] investigated how to balance portfolio selection and carbon emissions when climate
risk is characterized by ambiguity aversion. Wang and Li [41] demonstrated through empirical research
that high-quality green advertisements of enterprises strengthen customers’ acceptance of the
environmental properties of products, enhance the persuasive effect of advertisements, and
consequently influence customers’ purchase decisions. Wei et al. [33] studied the effect of signal
transmission of green products on payment intention through green perceived quality. In terms of green
advertising content, Luchs et al. [42] and Kronrod et al. [43] held that linguistic and semantic
implications of green advertising also affect customers’ cognition of products and companies in the
process of signal transmission. Taken together, these studies indicate that green advertising can
function as a costly and influential signal, especially when consumers cannot directly verify relevant
product attributes.

Although green advertising is widely studied and used in industrial and academic circles [44—46,13,14],
it is abused to a certain extent as a signal to convey a certain idea of the company, that is, green-
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washing behavior, which distorts the signaling function of green advertising. When the social
atmosphere advocates green consumption, and green products enjoy a good reputation in the country,
enterprises are motivated to falsely report their environmental achievements and exaggerate the
environmental protection of the product production process, thereby sending out misleading signals to
customers [47]. Because an enterprise’s green behavior is essentially a credence attribute, consumers
often cannot verify these environmental actions even after product usage. This difficulty can motivate
companies to send excessive or misleading signals about their environmental efforts [48,49]. Investing
in green advertising to send these signals requires additional resources, such as specialized equipment,
advertisers, new human resources, and updated management practices within the company. As a result,
companies may be motivated to divert resources from improving product quality, in order to offset the
costs of signaling [50,51]. Berger [34] argues that such unreliable signals lead to more risks for
customers seeking to obtain high quality products. Therefore, the green advertising literature not only
highlights its persuasive and reputational value, but also raises a more fundamental question: Under
what market conditions can green advertising credibly serve as a quality signal rather than merely an
environmental claim? The literature pays less attention to how green advertising operates as a quality
signal under severe channel-level information asymmetry. This limitation becomes particularly
important in gray-market environments, where product authenticity, service support, and quality
perceptions are harder for consumers to evaluate.

2.2.  Asymmetric information of quality in the gray market

Since Akerlof’s [52] groundbreaking study, the issue of asymmetric information regarding
product quality has captured scholarly attention. However, the context of the gray market presents this
issue with unique complexities. The gray market, also termed parallel importation, involves the
unauthorized distribution of products to consumers, often driven by price discrepancies across different
markets [16,15,53]. Here, we address the problems of asymmetric quality information within the gray
market and explores strategies to manage these challenges effectively. In particular, we emphasize two
issues that are most relevant to our study: Why quality uncertainty is especially severe in gray-market
channels, and what mechanisms may be used to mitigate that uncertainty.

The major concerns involve addressing the asymmetry of quality information inherent in the gray
market and leveraging this asymmetry strategically to enhance utility for market participants [54].
Unlike authorized channels, the gray market intrinsically suffers from profound information
asymmetry. Because products are sold outside the manufacturer’s official control, consumers often
lack access to verifiable quality assurances, authorized warranties, or reliable after-sales support. To
mitigate this gap, information senders may employ various strategies. One approach is to indirectly
signal product quality through mechanisms such as pricing, advertising, after-sales service, return
guarantees, and the deliberate creation of scarcity [55—60]. Another approach is to directly disclose
quality information, such as revealing inspection results as a structured signal. While these studies
collectively suggest that signaling and disclosure are the two major approaches for coping with quality
uncertainty, both become significantly more difficult in gray markets, where unauthorized resale
weakens the manufacturer’s direct control over information transmission.

The persistent prevalence of the gray market further complicates this informational landscape. Its
existence is legally supported by the ‘Exhaustion Doctrine’, and it is often tolerated because it can tap
into otherwise inaccessible consumer bases, potentially increasing sales revenues for trademark
owners. More importantly, the circulation of genuine products within the gray market offers a level of
authenticity that partially reduces customer risk [10]. However, this creates a profound informational
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paradox: Products are genuine enough to foster partial consumer trust, yet the lack of official channel
support leaves quality assessment fundamentally incomplete. Furthermore, the gray market
cannibalizes authorized sales and risks long-term erosion of brand reputation due to absent after-sales
services [61,62]. These characteristics make gray markets especially challenging from an
informational perspective: products are genuine enough to create partial consumer trust, yet the lack
of official channel support leaves quality assessment incomplete.

2.3. Research gaps and motivation

Despite the rich separate streams of literature on green advertising signaling and gray market
operations, the logical connection between them remains underexplored. The literature mostly views
green advertising either as a tool for CSR or strictly as a signal of ecological attributes. Furthermore,
while traditional signaling strategies have been studied to mitigate information asymmetry in gray
markets, the strategic use of green advertising specifically as a robust quality signal in this context
has been largely overlooked. This paper bridges this critical gap. By explicitly linking green
advertising signaling to the severe quality asymmetry inherent in the gray market, we investigate
how manufacturers can deploy green advertising not just to cater to environmental preferences, but
as a costly, credible mechanism to signal overall high product quality and differentiate themselves
from unauthorized alternatives. This integration provides the foundational motivation for our
theoretical model.

3. Basic model: Green advertising signals’ product quality

Consider a manufacturer sells a single product in two segmented markets with different customers’
value, and the market with high (low) customers’ value is called the high(low)-end market, which is
denoted as the H(L)-market. In both markets, we normalized the measure of customers to one. The
manufacturer delegates retailer 1(2) to sell a product in the H(L)-market. Due to factors such as
transportation costs, pricing policy, and income level differences, the two retailers adopt different
pricing strategies; thus, both retailers have the incentive to sell a gray product in the other’s market.
Given the manufacturer’s strong brand presence and the authorized retailers’ local monopoly power
within their respective segmented channels, we assume the pricing strategies of the manufacturer and
retailers are decided on a take-it-or-leave-it basis.

Manufacturer

W, W,

Retailer 1 Retailer 2

Pu Vi 139

Figure 1. Product flows in a gray market.
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The net utility obtained by the customer from consuming a unit of authorized product and gray
product in market | are, respectively, v,—p,,0v,—p.(i=H,L), where 8¢€[0,1]is the discount

factor. The value of gray market product is perceived as lower than that of authorized products,
primarily because the after-sales service for grey market products is not guaranteed. When =0, the
gray product has no value for customers; when @ =1, the gray product and authorized product are not
different for customers. In this model, @is assumed to be independent of product quality index j,
because the effect of j on consumer utility is captured by the baseline valuation v, whereas & reflects
only the additional discount associated with the gray channel relative to the authorized channel. The
utility is zero if customers do not purchase any product. The product can be high quality or low quality.
We refer to the manufacturers that produce high(low)-quality products as /(/)-type manufacturers.
Product quality is the manufacturer’s private information, and its prior distribution s, is the common
knowledge. Customers have different valuation for products of different quality even with the same
market (customers always value high-quality products more).

In this case, customers’ value is determined by market segmentation and product quality. For
brevity, in the following text, we omit the subscript j when the product quality is not specified. To
capture the heterogeneity in consumers’ willingness to pay arising from diverse income levels and
personal preferences within each market, customers’ value follows a uniform distribution
v; ~U[0,v;](j = h,]), where j denotes the product quality. This uniform distribution assumption is a

standard approach to derive linear demand functions. To concentrate on the role of green
advertisements in the context of asymmetric information, we assume that the retailers’ sales costs and
the manufacturer’s production costs are zero [63]. This widely adopted abstraction enables us to isolate
the signaling mechanism, ensuring that pricing and advertising strategies are driven by quality
perception and market segmentation rather than operational cost efficiencies.

3.1. Symmetric information

In this scenario, retailers and customers can distinguish the type of manufacturer. The
manufacturer earns its revenues based on its product quality, which is known as monopolistic
separation. The manufacturer has no incentive to signal its type through green advertising (g); hence,
the signaling mechanism does not exist. The equilibrium concept we use is the subgame perfect Nash
equilibrium (SPE).

In the unilateral gray market case, L-market’s customer’s valuation below a certain threshold
gives retailer 2 an incentive to look for demand in other markets (0 <V, <26° =60/ 60— 2is needed to
guarantee only retailer 2 sells a gray product). It is unprofitable for retailer 1 to sell gray products
because there is no residual demand in the L-market. Retailer 2 faces no competition while retailer 1
competes against the gray product imported from retailer 2. Given the product quality j, the conditions
for customers to buy authorized products and gray products are, respectively:

Vi — Pu >6ij. — D>V — Pu >0

vLJ.—pL>O
Gij.—pG>ij—pH,t9v,ﬁ—pG>O

(1) yields the demand for each market:
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Pu ~ Pg
D _
HJ v, (1-6)
DL].:I—%
L
_Pu—Ps _ Pc
7 v, (1-0) v,0

(2) Inequality (1) and equation (2) imply the profit functions of the manufacturer and retailers under
the unilateral gray-market structure. Due to market segmentation, neither retailer is aware of the other’s
decisions. Using backward induction, we have

Tr1,j = (Pu — W1)DHj
Tra,j = (L —w2)Dyj + (pg — w2)Dg;
T[M,j = WlDHj + WZ(DLj + DG])

The game is solved as a Stackelberg game: Retailers 1 and 2 first maximize their respective profits,
and the manufacturer then maximizes its own profit by choosing the wholesale prices (w1, w2).

Now, we need to guarantee that retailers 1 and 2 can sell gray products in each other’s market.
The residual demand in the L market is not satisfied, and retailer 1 also sells gray products. By a similar
derivation, the profit functions of supply-chain members under the bilateral gray-market structure are
given by

Tr1,j = (P — w1)Dyj + (g1 — w1)Dgyj
Typj = (0, — W2)Dpj + (P2 — W2)Dgz
T[M,j = WI(DHj + DGl,j) + WZ(DLj + DGZ,j)

The game is solved in the same way: Retailers 1 and 2 first maximize their respective profits, and
the manufacturer then maximizes their own profit by choosing the wholesale prices.

Here, p,,( pg,) represents the price of gray products by retailer 1(2), while Dy, ].(DG2 ;) are

the corresponding demand of gray products. Intuitively, Equation (4) shows that in a bilateral gray
market, both retailers optimize their profit margins by balancing the demand from their primary
authorized market against the arbitrage opportunities in the opposing market. The manufacturer,
anticipating this cross-market cannibalization, sets the wholesale prices to maximize total supply
chain extraction.

The selling price is not only related to the market structure, but also to the discount coefficient of
gray products . In fact, it is precisely because ##(0 that the retailer’s decision is linked to the
customers’ value of the other market. For example, it might seem counterintuitive that in the unilateral
gray market, retailer 1’s decisions are correlated with v, . This is because v, affects the quantity that

retailer 2 sells gray products. The concavity of the profit function reflects the strategic positioning of
each entity in the market. The manufacturer, being the ‘owner of the market,” follows the law of
diminishing marginal returns, while the retailer, acting as a ‘speculator,” may experience increasing
marginal profits (see Table A.1 in Appendix A for details).
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3.2. Asymmetric information

To study the signaling effect of green advertising, we initially assume that customers have no
inherent preference for green products (however, in Section 5, we abandon this assumption to study
the case of customers’ green preference). In this part, green advertising is used only as a signal to
disclose potential product quality (such as performance, reliability, and safety). If the manufacturer
does not invest in green advertising, neither retailers nor customers can accurately distinguish the
product quality. If the manufacturer invests in green advertising, the outcome may be pooling or
separating from the market point of view, which is determined by the structure of the belief. Under
what circumstances will manufacturers invest in the same level of green advertisements? The A-type
manufacturer has a strong incentive to signal its type for a higher profit though green advertising (g);
but how much green advertising is necessary to make itself stand out? What is the particularity of the
equilibrium solution in a supply chain structure with a gray market? To answer those questions, we
consider Perfect Bayesian equilibrium (PBE).

We assume that customers assign a probability [ to the belief that the product is of high quality.
Thus, the customers’ valuation of the product in market i is v, = uv, +(1—)v, . Due to the
introduction of the behavioral belief system, we can further write Table A.1 as a function of K,
a; =V —=Vvy,b,=v,.

When customers do not have a preference for green products, green advertising indirectly affects
only the values of price and profit without changing their functional form.

In the baseline model, we interpret green advertising g primarily as advertisement exposure that
can be purchased at an approximately constant unit price (e.g., cost per impression). Hence, we adopt
a linear cost specification C(g) = k;a,i € h,l as a parsimonious approximation. This baseline choice
keeps the equilibrium characterization transparent and enables us to focus on how the gray-market
structure and quality-information asymmetry shape signaling incentives and pricing decisions. In the
extensions, green advertising also represents credibility-enhancing efforts (e.g., certification and
overcoming attention saturation), whose marginal difficulty increases with intensity; therefore, a
convex quadratic cost is a standard way to capture escalating marginal costs.

In the absence of green preferences, g does not enter consumers’ utility directly and therefore
has no direct effect on demand. Instead, g operates purely as a Spence-type costly signal chosen by
a privately informed manufacturer. Because product quality is not directly observable ex ante,
consumers rationally use the observed advertising level to update beliefs about the manufacturer’s
type and, hence, the expected quality. A higher g can credibly convey high quality because its payoff
is realized only through this belief-updating channel: If consumers assign a higher posterior
probability to h-type after observing g, the expected revenue term increases; conversely, a low-
quality manufacturer would find it unprofitable to mimic a high g because it would incur the
advertising cost without being able to sustain the corresponding increase in the cost. Hence, even
without green preferences, green advertising transmits quality information through Bayesian
updating [37]. When there is a preference for green products, the level of green advertising directly
influences customers’ valuation of the product, thereby changing the structure of the price and profit
functions. To ensure the existence of equilibrium, we set the cost of green advertising as a quadratic
function. In fact, we need to take only the square root of the equilibrium g here to ensure the
consistency of g across the two models.
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Corollary 3.1
The greater the likelihood that customers perceive the product to be of high quality, the higher the
retail price, wholesale price, and profits of supply chain members. o >0, oW, >0, P >0,
ou ou ou
P >0, P >0, O >0,87TR2 >O,8—R>O
ou ou ou ou ou

When the signaling cost is not taken into account, the improvement of customers’ posterior belief,
which is positively correlated with the willingness to pay, boosts the manufacturer’s pricing power and
thus makes the supply chain better off.

3.2.1. Pooling equilibria

We first derive on-equilibrium posteriori belief in pooling equilibria and explain why it is an
uneconomical outcome. By the definition of pooling equilibrium, we have g = g” *, =1

To mathematically sustain these equilibria, we must define how customers interpret unexpected
(off-equilibrium) levels of green advertising. The following conditions ensure that any deviation from
the equilibrium advertising level is interpreted in a way that makes the deviation unprofitable for the
manufacturer.

Lemma 3.1

If g7 #0, then 7, (0)=R(,uo)—klg”*,7zM (1)=R(u,)—k,g," can be supported as a pooling

equilibrium by specifying off-equilibrium brief as follows:

) If 0<g<g”,thenl satisﬁesR(,u) < R(yo)—k,(gp* -2)

(i) If g”" < g,thenH satisfies R(u) < R(yo)—kh(g”* -2)

if g”=0,7, (0) =7, (1) =R(y4,) can be supported as a pooling equilibrium by specifying off-
equilibrium brief as following:

(ifi) If g>0,then M satisfies R(4)<R(u,)+k,g

k,,k, denote the cost coefficients of green advertising for h-type and l-type manufacturers,

respectively.

To a certain extent, Lemma 3.1 relaxes the restrictions on customers’ beliefs in the signaling
games literature. Customers’ acceptance of green advertisements is unlimited when pooling. This
belief structure is due to the competitive behavior of the manufacturer, which makes it impossible for
customers to distinguish the approximate quality of products in the market and can rely only on prior
beliefs for judgment. This is uneconomical for the supply chain and customers. We will prove that this
kind of equilibrium can be ruled out by intuitive criteria in Section 3.2.3.

Proposition 3.1

. R -R(0
g efo, 2RO,
kl
(i) Vg, e (M,MOJ , g, Will not be a pooling equilibrium.
!
In fact, (i1) is a corollary of (i). Proposition 3.1 has identified the set of all pooling equilibria.

Compared to the symmetric case in Table A.1, the profit of the /-type manufacturer has increased while
the profit of the 4-type manufacturer has decreased. Customers are exposed to the same level of green
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advertisements, which leads to identical beliefs, raising the customers’ evaluation of low-quality
products and lowering the evaluation of high-quality products. In other words, green advertising fails
to separate product quality in a pooling equilibrium: Although the two manufacturers differ in their
true quality, they choose the same signal, so customers cannot infer quality from advertising and must
instead rely on their prior belief. Because customers’ belief directly affects their willingness to pay,
and hence market prices and profits, this compression of beliefs distorts the market’s assessment of
product quality. It is precisely because of customers’ belief that the /-type manufacturer is able to
engage in free-riding behavior in this equilibrium. The /-type manufacturer can mimic the h-type
manufacturer’s advertising behavior and benefit from the favorable reputation associated with the h-
type without possessing the same underlying quality. As a result, part of the informational advantage
that should belong to the h-type manufacturer is effectively transferred to the 1-type manufacturer. As
a result, the A-type manufacturer, which suffers a loss in profit, is motivated to invest more in green
advertisements. However, it is evident that markets, in reality, often cannot always achieve separation.

This is because the maximum value of the pooling equilibrium [R( yo)—R(O)]/ k, is less than the
minimum value of the separating equilibrium [R (1) -R (0)] / k, . 1t is challenging to achieve separation

when £, is very low.

3.2.2. Separating equilibrium

We first derive on-equilibrium posteriori belief in pooling equilibria. By the definition of
separating equilibrium, we have g=g ,u=0,g=g,, =1 Without loss of generality, we set
g =0.

Lemma 3.2

T\ (0) =R(0),7,, (1) =R(1)—k,g," can be supported as a separating equilibrium by specifying
off-equilibrium brief as follows:

() If 0<g<§, then !/ satisfies R(u)<R(0)+kg

(i) If §<g<g, ,then/satisfies R(4)<R()—k, (g, —g)

(i) If g, <g,thenl is arbitrary.

5= g, k, +R(1)-R(0)-k,g,

k l_kh

g,j*,g,s* denote the separating equilibrium green advertising levels for h-type and I-type. This

indicates that the irregular beliefs on the left of the off-equilibrium path are constrained, while the
belief on the right side has no restriction. Lemma 3.2 reveals two points: (i) More green advertising
does not necessarily lead customers to believe that the product quality is higher. Customers' quality
beliefs cannot be completely captured, but at least we can identify the region where beliefs must reside.

(i1) The extent to which customers accept green advertising is limited with a threshold gz*. If the

threshold is exceeded, the level of green advertisements reaches saturation, and we cannot characterize
the constraints on customers’ belief. This aligns with real-world scenarios: Even companies that
produce high-quality product will not invest indefinitely in green advertising.

Journal of Industrial and Management Optimization Volume 22, Issue 5, 2380-2409.



2391

Proposition 3.2

« | R(1)=R(0) R(1)-R(0)
gh € k > k
(l) l h
3 R(1)-R(0) R(1)-R(0) , . o
(ii) Vg, ¢ . , . 1., g, will not be a separating equilibrium of h-type
1 h
manufacturer.

Proposition 3.2 characterizes all possible separating equilibria. The profit of the /-type
manufacturer remains unchanged while the profit of the A-type manufacturer has decreased
compared to Table A.1 (see Appendix A). The s-type manufacturer cannot endure earning the same

profit as the /-type manufacturer and, thus, chooses a high level of green advertising to prevent the
[-type manufacturer from free-riding. It is easy to achieve separation when £, is very high.

3.2.3. The most reasonable equilibrium

We demonstrate the existence of a least-cost separation equilibrium that can survive intuitive
criterion refinement in three types of gray markets without restricting off-equilibrium belief of
customers, also known as the Riley outcome. When customers have green preference, we will prove
that the Riley outcome holds when there is a significant difference in the cost coefficients of green
advertising investments.

Proposition 3.3

(1) Lemma 3.3 (see Appendix C) kills all pooling equilibria.

R(1)—R(0)

(ii) In all separating equilibria, only g;i/* =0, g;" = survived Lemma 3.3.

This exalting result means that both markets can reach separating equilibrium with the least cost.
However, under the premise of separation, how does the welfare of supply chain members change
compared with symmetric information?

Proposition 3.4

Only h-type manufacturers have loss of profit in separating equilibrium.

7T (O) =7, (1), 7, (0) =7,,(0), 7 (0) =7, ()

7, (1) =7 (h),x,, (1) =7, (h), 7, (1) < 7}, (h)

Proposition 3.4 indicates that in the gray market, conveying a quality signal is not enough to
induce l-type manufacturer to invest in green advertisements. In our setting, green advertisements are
not just cheap talk but a signal that genuinely requires certain green practices in the product
manufacturing process. Therefore, the quantity of green advertisements in society is insufficient at this
time. We will discuss how to encourage 1-type manufacturer to invest in green advertising in Sections
5 and 6. It can be proven that /-type manufacturers may not bear all the cost of green advertisements
in following analysis.

4. Numerical experiment
4.1. The influence of belief on the supply chain model

To study the action logic of each supply chain member in detail and verify the above discussion,
we set the parameter values as follows: a,, =0.2;b, =0.8; a, =0.4;b, =0.3;60 =0.6. We illustrate
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every type of equilibria of manufacturer and supply chain performance derived in Section 3.2 in Figure
2 and Figure 3. In Appendix D, we provide a detailed discussion of the logic of retailer’s behavior.

0.5 no gray market
unilater gary market
0.4 bilater gary market
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Figure 2. Manufacturer’s profit.
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Figure 3. Supply chain’s performance.
4.1.1. Optimal profit of the manufacturer

The black dots in Figure 2 represent the net profit of the manufacturer under the three gray market
structures. The preferences of the manufacturer are divided, bilateral gray markets are strictly better
than unilateral, and there are no gray markets in the separating equilibrium, which is consistent with
the gray market literature.

As the number of gray channels increases, the profit of the manufacturer and the supply chain
increase. In Figures 2 and 3, the ends of the dashed line represent the profits obtained by the
manufacturers (supply chains) at the separating equilibrium. The points on the dashed line represent
the manufacturer’s profits at the pooling equilibrium for any prior belief 1, . The black dots on both

sides represent the net profits of the manufacturers (supply chains) at the separating equilibrium. It can
be seen that the black dot on the left side of the dashed line coincides with the end of the line, indicating
that the /-type manufacturer (supply chain) will not invest in green advertising, while the black point
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on the right side of the dashed line is always below the points sorted by their respective types,
indicating that the high type manufacturer (supply chain) will always invest in green advertising. It is
worth noting that in the separating equilibrium, the profits (net profits) of the low type manufacturer
are almost the same in the unilateral gray market (G1) and the bilateral gray market (G2), while the
profits (net profits) of the supply chain increase significantly from G1 to G2, which can be inferred
from Section 3 due to only retailer 1 obtaining excessive profits. From Proposition 3.2, it is known
that as the number of gray channels increases, the level of green advertisement investment by the high
type manufacturer must increase, i.e., as the order quantity increases, the manufacturer will increase
the advertising investment.

4.1.2. Supply chain performance

The black dots in Figure 3 represent the net profit of the two types of supply chain under the
three gray market structures. The performances of the /-type supply chain under the three gray market
structures are 0.21, 0.23, and 0.31, respectively. The performances of the /-type supply chain under
the three gray market structures are 0.28, 0.32, and 0.45, respectively.

Table 1 The improvement of change for the gray market structure and belief on supply
chain performance.

No—unilateral unilateral—bilateral No—bilateral
[-type supply chain 11.73% 33.14% 48.76%
h-type supply chain 14.14% 39.95% 59.75%
Type change [—h (no) [—h (unilateral) [—h (bilateral)
increase in profit 36.3548% 39.3059% 46.4321%

For a given type of supply chain, more gray markets are always better off than fewer; for a given
gray market structure, an A-type supply chain is always better off than an /-type one. In a A-type supply
chain, gray market can bring more performance. The improvement of product quality can make the
supply chain performance better in a supply chain with more gray market.

4.2. The influence of willingness to pay on a supply chain model

In this section, we take £ =1 and x =0 to simulate the choice and profit of the manufacturer in

the most reasonable equilibrium. Due to space limitation, only the A-type manufacturer is shown.
According to Section 3.2, the shape of the function for the /-type manufacturer is the same.
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Figure 4. Manufacturer’s profit.
4.2.1. Gray market structure

We consider only the case where market segmentation exists, so we examine only the region to
the right of the red line in Figure 4. The direction of the increase in the profit function is the same
as the direction of the increase in willingness to pay (in fact, this is true for all variables except
the profit function of retailer 2 in all supply chain structures). In Figure 4, we can observe the following
findings: When there is no gray market, the manufacturer’s profit function is a convex cone, indicating
that the manufacturer’s wholesale price decision is separating. However, as retailers begin to sell gray
products, the manufacturer’s profit becomes increasingly curved, indicating that the manufacturer
should take increasingly consideration of the interwoven influence between the high and low markets
when setting the wholesale price. This impact has two aspects: On the one hand, it fills the demand of
the vacancy in the two markets and increases the maximum profit that the manufacturer can obtain; on
the other hand, it enhances the interdependence between the high and low markets, resulting in the
emergence of extreme conditions. For example, in a bilateral gray market, if no one is willing to buy
the product at the L-market, the supply chain may collapse. To sum up, we believe that although the
gray market improves the performance of the supply chain, it also introduces greater instability into
supply chain decision-making.
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4.2.2. Asymmetric information
Comparing Figure 4(b) with Figure 4 (d), we can find that information symmetry does not alter
the shape of profit function; it affects only its magnitude. The profit of a high-quality manufacturer at
the least-cost separating equilibrium is less than that under the conditions of information symmetry.
Therefore, the supply chain structure influences the form of the profit function, whereas market

information solely modifies the profit’s scale.

4.2.3. Customers’ valuation
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Figure 5. The optimal choice under different gray market structures.

In Appendix E, we show profit increase as customers’ valuation increase in both markets (retailer
2’s profit is decreasing with respect to buyers’ value in the high-end market). The profit functions for
retailer 1 in bilateral gray markets is convex, while all other variables are concave. This indicates that
changes in wholesale prices, retail prices, manufacturer’ profit, and the overall performance of the

Volume 22, Issue 5, 2380-2409.

Journal of Industrial and Management Optimization



2396

supply chain are highly sensitive to the customers’ valuation. However, when the customers’ valuation
in both markets are similar, the supply chain tends to stabilize

We focus only on the region where v,, >v,, in Figure 5. When the customer value of the L -
market is very low, no gray market is the most beneficial for the A-type manufacture. When the
marketer’s customer value is relatively low, the unilateral gray market is the most beneficial for the h-
type manufacture. As the customer value of the L-market gradually increases, the bilateral gray market
is the most beneficial for the h-type manufacture, and this trend is expected to continue. We can see

thatv,; determines which market structure s-type manufacturers prefer. The essential reason behind

this pattern is the shape of the manufacturer’s revenue function, so the least-cost separating equilibrium
advertisement investment and the profit of the manufacturer follow this pattern. The only difference is
that when the customer value of the L-market is low, the supply chain performance of the unilateral
gray market is always better than that of no gray market.

4.3. Robustness and sensitivity analysis
4.3.1. Robustness with respect to the valuation-gap parameter

To further verify the robustness of our results, we refine the numerical simulation by considering
a more comprehensive set of parameter settings. For market i, where i € {H, L}, the expected quality
valuation of consumers is written as

U=wuvyp + (1 — vy = uip —vy) + vy = aip + by,

where a; = v;, — v; and b; = v;;. Since vy; > vy, we have by > b;. In the original analysis,
we consider only the case ay < a;. To supplement this, we further examine the case ay > a;. The
simulation results show that the manufacturer’s profit follows the same qualitative pattern as in Figure
2, indicating that our parameter setting for a; is robust.

0.5p 1O gray market =~ — T —
unilater gary market
0.4 bilater gary market ]
0.3} b
g
0.1} 1
0.0 —— : N T -
0.0 0.2 0.4 0.6 0.8

Figure 6. The manufacturer’s profit when ay > a;.

As shown in Figure 6, the manufacturer’s profit exhibits the same qualitative pattern as discussed
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above when ay > a;.
4.3.2. The effect of cost coefficient on equilibrium green advertising

We also examine the impact of the cost coefficient on the equilibrium level of green advertising.
Based on the analysis in Section 3, the Riley equilibrium is given by

. . _ R —R(0)
g =0 g =

Since a low-quality manufacturer has no incentive to invest in green advertising in the absence of
green preferences and the gray-green effect, we focus on this equilibrium. Numerical results under
different gray-channel structures exhibit the same qualitative trend; for brevity, we report only the
unilateral gray-channel case.

Equilibrium Green Advertising Level

05

Figure 7. The comparative static of cost coefficient on equilibrium green advertising level.

As shown in Figure 7, the equilibrium level of green advertising decreases as the cost coefficient
k; increases, which is consistent with the analytical results.

4.3.3. Comparative statics of gray-product discount factor and sensitivity analysis

Furthermore, we conduct a comparative-static analysis with respect to the gray-product discount
factor 6. The results show that the equilibrium level of green advertising increases with 8. This
suggests that not only the expansion of gray channels, but also a higher valuation of gray products can
increase firms’ green advertising investment.

Finally, we perform a sensitivity analysis with respect to the cost coefficient k;. The results
confirm that the equilibrium level of green advertising is negatively related to k; and positively related
to 8. Moreover, k; exhibits submodularity with respect to 8: A higher cost coefficient weakens the
marginal positive effect of 8 on the equilibrium green advertising level. This reflects the standard
trade-off between the marginal benefit and marginal cost of signaling.
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equilibrium green advertising

Figure 8. The comparative static of discount factor on the equilibrium green advertising level.

As shown in Figure 4, the equilibrium level of green advertising increases with the gray-product
discount factor 6.

5. Green preference

Having established the fundamental signaling mechanism of green advertising under different
gray market structures, we now turn our attention to a critical demand-side factor: Environmental
awareness. The preceding analyses assumed a generalized consumer valuation without explicitly
isolating the impact of consumers’ preference for sustainable products. To better reflect the reality
of green marketing, we extend the baseline model by incorporating consumer green preference.

Our model includes two markets: A H-market and L-market. Consider this scenario: The H-
market is the domestic mature market, the L-market is the emerging market, and a customer has green
preference, so we consider only the unilateral gray market case for simplicity.

As a manufacturer who wants to blaze emerging markets, they consider only the impact of L-
market’s green preference. When modeling the customer valuation structures, we account for the
distinct consumption characteristics of emerging markets. The customers in the L-market perceive
green products as having higher value than non-green product, choosing low-quality products mainly
to meet their fundamental uses, since these products act as basic commodities fulfilling standard needs,
and consumers’ willingness to pay for their functional attributes is relatively uniform. Thus, the pricing
of low-quality products in the market is more concentrated, while the pricing of high-quality products
is more dispersed [64]. Therefore, we assume that customers’ valuation of low-quality goods is
homogeneous, i.e., v, =v,,+bg . The customers’ valuation of high-quality products is always
heterogeneous v,, ~Ul[v,,+bg,1+v,,+bg] , driven by varying levels of disposable income,

environmental awareness, and status-seeking behaviors among emerging market consumers. In the H-
market, customers value low-quality products asv,, =v,,, and the customers’ evaluation of high-

quality products isv,,, ~ U[v,;,,1+V,,].Vv,, ((=H,L) is the utility brought by the functional attributes

of the product. To reflect the macroeconomic reality that mature domestic markets (H-market) possess
stronger overall purchasing power and a higher baseline willingness to pay compared to emerging
markets, we assume that the purchase intention of customers in the H-market is much greater than that
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in the L-market, ie., v,

o >V, +bg ,v, 1s independently distributed, v, =v, —v,, and b is the
customers’ preference behavior for green advertising, b €[0,1]. b>0 indicates that customers prefer
green products, b=1 indicates customers have 100% trust in green advertisements, and 5 < (0,
indicates that customers prefer green products but have certain skepticism toward green advertisements.
The closer b is to 1, the less skeptical customers are toward green advertisements.

To capture the economic reality of diminishing marginal returns in marketing and the escalating
difficulty of achieving higher signal intensity, we adopt a convex quadratic cost function for green

advertising, C,(g) =k, gz,k_ ;> 1,j=h,l. This structure implies that while initial advertising efforts are

relatively inexpensive, reaching broader audiences, securing rigorous third-party green certifications,
and overcoming consumer attention saturation become disproportionately more costly as the
advertising level increases. Moreover, according to Ni et al. [65], enterprises producing high-quality
products annotate altruistic attribute information on the content of green advertisements and highlight
the egoistic functional attributes of green products, so that customer can feel the benefits brought by
green products. Wang & Li [41] found that enterprises producing high-quality products have more
authoritative, accurate, and reliable advertising information with strong perceived attractiveness,
which has a more significant impact on customers’ purchase intention. Base on the empirical study
above, we assumek, > k,. The small 4, represents the high effectiveness of sending it.

The expected utility in the H-market is uv,, + (1— 1)v,,,, and the customer chooses the authorized

10>
product when v, —p,>6v,—p. , 1e. vw2y—v,,/u , v,=v,—v,V=Py—Ps /(1—0)
¥ €[Vyo>Vio + 4] 1s the conversion ratio of authorized products to gray products. Similarly, when
¥ —V,,/ #=>v, =0, the customer buys a gray product. When 2 =0, the prices are take-it-or-leave-it
for customers. Thus, the demand for authorized products is D,, =1—y —v,,, /  , and the demand for
gray products is D_ =y —v,,/ . Considering the after-sales service of an authorized product,
customers will choose authorized products if y =v,, [66].

In the L-market, a customer chooses to purchase the product if v, >p, —(v,,+bg)/ u ,
D, =1-p,—(v,,+bg)/ 1 , p, €lv,, +bg,v,, +bg+u] . As with the H-market, the customers’
purchase decision depends on the magnitude of p, and v, +bg : i€, p, <v,,+bg , D, =1;
p, >vLO+bg ,D, =0.!

5.1. Symmetric information

In the symmetric case, the A-type manufacturer faces heterogeneous demand, while the /-type
manufacturer faces homogeneous demand.

Proposition 5.1. In the h-type supply chain with complete information, both retailers have
positive profit, while in the [-type supply chain, all profit of both retailers are deprived by the
manufacturer, which it is concluded as follows :

(i) The green advertising level, wholesale pric,e and profit of the two types of suppliers in
equilibrium are

1 indicate customers’ distrust of low-quality products. When they determine that the product is of low quality, they choose the gray
product on the premise that the gray product is cheaper than the licensed product, and the licensed product can win the market as long

as it is not more expensive than the gray product.
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_b(3+vm) *_ﬁ
gh Skh—bz 9g1 kl

1 . 4k, g,
W, =E(5+VH0 +v,, +bg, —(2+vh,0)6?),wH1 :#gh )

Wit = Vo +bg1* Vo (1—(9),W2_l =V +bg1*

Kot :%(15+(b2 —8k,) g, +2bg; (3+v,,)+VLO(6+v,,)-60),

7, =(1=0)v,,+2(v,, +bg))

(ii ) The retail price under the two supply chains in equilibrium are
1 R
Py = Z(S +3bg; +3v,,)
Do = é(n +3bg; +4v,, +3v,,—4(24v,,)0)s pg, = é(l3+3bg; + 3V, + vy (~1+ 0) - 40)

P =WoisPm = Wiy

(iii ) The retailer's profit under the two supply chains in equilibrium are
1 2
TRi—p = %(2 + VHO) (1 - 9)9”}314 =gy = 0

27b°g;” —6g] (3+3v,,) (3b” —8k,) —+b(99 144k, g* +54v,, +27v,,’ —360)

144b
There is no gray market in the /-type supply chain. Unlike in Section 3.2, green advertisements
become necessary for the manufacturer in the asymmetric case.

Tpon =

5.2.  Asymmetric information case

Before discussing the asymmetric information case, we can obtain that the signal cost coefficient
of green advertisements is determined by the true type of manufacturer, and the structure of profit
function is determined by the customers’ cognition. According to the above conclusions, the
manufacturer’s profit functions under different circumstances can be obtained:

T (@ =1, (k) m, (2)=m,,(g:k)
ﬁijtu(g):”M—h(g;kh)’ ﬂ-[M(g):ﬂM—l(g;kl) 6)

Sending excessive green advertisements induces customers to have heterogeneity in product
valuation, thus improving customer valuation while creating the demand for circulation of gray
products and obtaining more profit. Conversely, if the green advertisements are insufficient, the
customer’s valuation will degenerate into being homogeneous. This not only blocks the generation of
gray market but also deprives downstream retailers of all revenue, compromising the supply chain.

b(3+
ﬁ (i ) 7[,1:,4 (&) is maximized at g, = b
-

h
To characterize separating equilibrium, we assume that there is a non-empty signaling set about
green advertising ® € R, such that the following belief structure exists:

() LLge®
u =
& 0, otherwise

Lemma5.1 (i) 7, (g)ismaximizedatg], =

The [-type manufacturer faces the same decision problems as in the full information case, so
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Sk

g = gl* [58]. According to the definition of separation equilibrium, the posterior belief of the customer
is 11(g) =0 for the green advertising level g, chosen by the /-type manufacturer. From the property

of posterior belief and the definition of separating equilibrium, we know that g,s* < gz*.

We have dictated the structure of separating equilibrium if it exists. Next, we show that there is a
pure-strategy separation equilibrium. A necessary condition for its existence is that the customer
believes there are two kinds of products with different quality in the H(L)-market.

Proposition 5.2

® can be characterized as [g',g]

&> .8 =8

(i) [T < 8.8 =8

Proposition 5.2 demonstrates that the s-type manufacturer can achieve separation under green
preferences, and this separating equilibrium outcome survives intuition criteria and the lexicographically
maximum sequential equilibrium (LMSE) refinement introduced by Mailath et al. [67]. Next, we seek
the conditions under which they can achieve costless separation.

Proposition 5.3

Under certain conditions, the costlessly separation equilibrium is achieved when there is a
significant difference between k, and k,. Conversely, the costly separation equilibrium is achieved

when the difference is less pronounced.

Compared with Section 3.2, green advertising plays an additional role in Section 5, which not
only induces customers’ belief in product quality, but also directly affects customers’ evaluation of
products in the L-market. Furthermore, due to the particularity of the gray market structure,
manufacturers can use the level of investment in green advertising as a tool to control whether
downstream retailers sell gray products. If the manufacturer wants to curb the flow of gray products
between the high and low markets, then he can choose a lower level of green advertising, where the
customers’ belief in the equilibrium generated by Bayes’ rule makes the valuation of the product
homogeneous, and this homogeneity in the equilibrium inhibits the flow of gray products, as shown
by Proposition 5.1. A manufacturer choosing a higher level of green advertisements can activate the
circulation of gray products between the high and low markets. Here, the intuition is that a customer
in the H-market can judge the type of manufacturer by observing whether there are gray products, but
the event sequence we set rules out this possibility (customers’ beliefs are generated after observing
green advertisements).

6. Model extension: green-gray effect

In the preceding sections, we systematically analyzed the baseline model to demonstrate how green
advertising functions as a quality signal in gray markets, and subsequently examined how consumer
green preferences influence these signaling strategies. In those analyses, the valuation discount of gray
products was treated as an exogenous constant. Building upon these foundations, we introduce a further
extension by relaxing this assumption to capture potential spillover effects across channels.

The gray products, originating from the same manufacturer as the authorized products, possess
identical quality [68]. Cao and Zhang [69] and Altug [66] regard gray products and authorized products
as perfect substitutes. However, due to the lack of official channel support, the after-sales service of
many gray products lag behind that of authorized products. In this paper, the discount factor of gray
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products reflects the customers’ estimation of gray product quality before purchase, which is
independent of the quality. Therefore, as the level of green advertising increases, customers have
greater trust in the manufacturer. However, this increase in trust diminishes as the level of advertising
continues to rise. Following Zhao [70] and Nian and Sundararajan [71], we use&(g)=g/1+gto
characterize this relationship. This satisfies #(0")=0,8(x) =1, and 8'(g)>0,0"(g) <0, where the

boundary condition indicates that the manufacturer cannot invest in green advertising to the extent that
customers perceive no difference between gray and authorized products, and the derivative condition
indicates that the role of green advertising in increasing consumer trust is decreasing.

With the green--gray effect, green advertising affects not only perceived product quality but also
consumers’ relative evaluation of gray products through 6(g). Because g now changes the demand

allocation and the cross-channel substitution margin, we maintain a convex cost C(g)=k;, 2’ /2 to

reflect diminishing marginal returns and increasing marginal difficulty of strengthening the signal, and
to keep the manufacturer’s objective well behaved when g interacts with &(g).> Following the step
in Section 3.1 and Section 5, we can arrive at a conclusion similar to that in Section 5.

Proposition 6.1

In the presence of a green-gray effect, even if customers do not have a green preference, I-type
manufacturers will invest in green advertising regardless of whether customers accurately know the
product quality.

As g increases, customers tend to perceive the manufacturer as having a stronger sense of
social responsibility or being more altruistic, which makes the quality of the gray product more
reliable [10,41,12]. We refer to this as the green-gray effect. Unlike in Section 3, when the green-
gray effect is taken into account, green advertising is no longer wasteful but can influence the
relative value of authorized products and gray products.

Here, a manufacturer faces a trade-off: As known from Section 3, increasing 0 will alleviate the
double marginalization effect while increasing costs. It is worth pointing out that although the
manufacturer’s green advertising behavior is similar to that in Section 5, the mechanism is different.
Specifically, with the green—gray effect, green advertising no longer acts only as a wasteful signal of
quality, as it also changes the relative attractiveness of authorized versus gray products through 6(g).
This introduces a richer trade-off. Increasing g raises 6(g), which: (1) Mitigates double marginalization
by intensifying downstream competition and reducing retail markups (Appendix F(1)); (2) strengthens
cannibalization by making gray products closer substitutes for authorized products in the high-end
market, eroding the authorized channel’s pricing power and market share (Appendix F(ii)); and (3)
expands residual demand by serving lower-valuation consumers via gray-channel substitution without
fully displacing high-valuation demand (Appendix F(iii)), but this residual-demand expansion effect
becomes weaker as green advertising increases (i.e., it weakens with a higher g through 6(g)). Because
O(g) is increasing but saturating (diminishing marginal trust gains) while advertising costs are convex,
the marginal benefit of raising g declines, whereas the marginal cost increases, implying that the
optimal green advertising level is typically interior and depends on the relative strength of coordination
gains versus cannibalization losses.

If customers accurately know product quality, the structure of the SPE is similar to the results in

C(g)=kg

2 If the advertising cost is a linear function , the conclusion remains the qualitatively same. The reason we assume the
advertising cost function to be quadratic is to make the subsequent graphs more pronounced.
3 The former originates from the customer’s preference for gray products, and the latter comes from the customer's preference for

green products.
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Section 5. We mainly focus on the situation where customers cannot accurately know product quality.

When k, <k, , following the process of Proposition 5.2, it can be handily proven that g;* =gl*

N

g =max{g,,g’} still holds and is the unique equilibrium that survives intuitive criterion®. When
k, = k,, the manufacturer’s profit is related only to the perceived type and not related to the true type.

Proposition 6.2

When the marginal cost of green advertising is the same, the pooling equilibrium is the most
reasonable equilibrium.

When £k, =k, , the signaling technology becomes cost-symmetric, so green advertising is no

longer a differentially costly signal across types. As a result, the single-crossing property fails, and the
economic foundation for a separating equilibrium disappears. In particular, the low-type manufacturer
no longer faces any intrinsic cost disadvantage in mimicking the high type’s advertising choice. To
sustain separation, the high type would therefore have to choose an excessively high advertising level,
which is distortionary.

This distortion is especially costly under the green—gray effect. A higher advertising level not only
increases the direct signaling cost, but also raises 6(g), making gray products closer substitutes for
authorized products and intensifying gray-market cannibalization. Hence, relative to pooling,
separation imposes a higher signaling cost and a stronger channel-conflict cost on the high type. For
this reason, the pooling outcome weakly Pareto dominates the separating candidate in our setting, and
stronger refinements such as lexicographically maximum sequential equilibrium (LMSE) select
pooling while eliminating separation [67].

To achieve separation, the A-type manufacturer needs to invest in excessive green advertising,
while the h-type gains more profit in the pooling. Furthermore, the pooling makes the /-type
manufacturer share part of the h-type’s prior beliefs, which also increases its profit. Therefore, the
pooling equilibrium strictly Pareto dominates to the separating equilibrium?.

¢ 4 9
Figure 9. The profit of the manufacturer.

In the separating equilibrium, the incentive compatibility principle requires z, < 7z, ( g ) , while

the profit of the /-type manufacturer is 77 ,* . In the pooling equilibrium, the profit of the manufacturer

isz, (g”"). The separating equilibrium still satisfies the intuitive criterion, but it is not a rational
(g

5 o e .
4 g,,8,8), isqualitative same as SectionS5.

* 7T, ( gp* ) also survives the LMSE and UE refinement.
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equilibrium. We can rule out this equilibrium using the LMSE. 7, ( g ) -7, ( g’ ) > 0 is the additional
profit for the A-type manufacturer in the pooling equilibrium, while 7, ( g” ) — 7, > Orepresents the

additional profit for the /-type manufacturer.

From a managerial perspective, this result implies that when green advertising is easy to imitate,
firms should not rely on it alone to signal superior quality. Instead, high-quality manufacturers may
need harder-to-mimic and verifiable instruments, such as third-party certification, traceability,
warranties, or authorized-channel-only service bundles, to achieve credible differentiation and mitigate
gray-market encroachment.

Taking into account that customers’ evaluation of gray products depends on the level of green
advertising, namely the green-gray effect, and the equilibrium we obtain is similar to that in Section 5.
However, there is a difference: When customers have a preference for green, an increase in green
advertising investment by manufacturers will increase the customers’ valuation, thereby increasing the
expected demand; when the green-gray effect exists, an increase in green advertising investment by
manufacturers will increase the customers’ valuation. This increase intensifies the cannibalization
effect (see Appendix D&F), causing gray products to encroach on a portion of the market share of
licensed products in the H market.

7. Conclusion and discussion

In this paper, we investigate how manufacturers use green advertising to convey private product
quality information to downstream retailers and consumers in a supply chain with gray channels. Our
analysis shows that green advertising can play different roles depending on market conditions. When
consumers do not have a green preference, green advertising mainly functions as an external quality
signal that helps high-quality manufacturers distinguish themselves from low-quality manufacturers.
In this case, as the number of gray channels in the supply chain increases, high-quality manufacturers
need to strengthen their green advertising investment r to maintain separation. When consumers do
have a green preference, however, green advertising not only affects quality perception but also
generates a green premium, which changes firms’ incentives and may induce low-quality
manufacturers to invest in green advertising. Furthermore, when the green-gray effect is taken into
account, green advertising influences perceived quality and consumers’ relative valuation of gray
products. Under some conditions, especially when signaling costs are similar across manufacturer
types, pooling may become the more favorable equilibrium.

This study makes three major theoretical contributions. First, we establish green advertising as
a novel quality-signaling mechanism in gray markets. Unlike traditional signals, green advertising
combines the functions of reputation enhancement and lower consumer aversion, enabling it to serve
as a costly external signal to mitigate severe quality information asymmetry in unauthorized
distribution channels. Second, we enrich the operations and signaling literature by incorporating
heterogeneous consumer green preferences into the signaling game. Our results show that green
advertising can shift from a purely dissipative external signal to an internal operational necessity,
depending on whether consumers value green attributes. This insight extends signaling models by
relaxing the conventional monotonic belief assumptions. Third, we contribute to the gray market
literature by conceptualizing and formalizing the green-gray effect. By showing that green
advertising may affect quality beliefs and the relative attractiveness of gray products, we provide a
new explanation for why pooling equilibria may arise and become optimal under certain signaling-
cost conditions.
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These findings also generate several important managerial insights. First, firms should not treat
green advertising merely as a promotional or reputational tool. In gray markets, it can also serve as a
strategic instrument for quality disclosure and channel governance. In particular, high-quality
manufacturers facing more complex gray-market structures should strengthen green advertising
investment to preserve quality differentiation. Second, firms should carefully assess consumer green
preferences before making advertising decisions or entering new markets, because green preference
changes whether green advertising primarily serves as a separating signal, a demand-enhancing
investment, or both. Third, managers should recognize that green advertising is not always an effective
signaling mechanism. When different manufacturer types face similar marginal costs of green
advertising, imitation becomes easier, and the signaling role of green advertising weakens. In such
cases, firms may need to rely more on alternative mechanisms, such as price, warranty and after-sales
service, direct quality disclosure, third-party certification, or other credible signals, to reduce quality
information asymmetry and better manage gray-market competition.

This study has several limitations that suggest directions for future research. First, in our model,
only manufacturers invest in green advertising; future work may entail settings in which retailers also
participate in advertising investment. Second, researchers may compare the signaling effectiveness of
green advertising with that of general advertising or other alternative signals. Third, because our study
relies on an analytical modeling framework centered on transaction volumes and profitability,
researchers could use empirical data or behavioral experiments to test the theoretical predictions
developed here, especially those related to the green-gray effect. Such research may also explore whether
green advertising in gray markets influences not only purchase intentions but also broader value co-
creation behaviors, such as post-purchase feedback, online reviews, and brand advocacy on social media.
Finally, extending the model to different industries, such as luxury goods, consumer electronics, and
pharmaceuticals, may yield more contextualized insights, since the signaling effectiveness of green
advertising and the severity of gray-market cannibalization may vary substantially across sectors.
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