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1. Introduction

We consider the following nonsmooth and nonconvex optimization problem:

T

min (a) S (a) + 7,[[H?al|; + ,[[Hb||;
aGR‘ll ,bGRdz b b (1 1)
s.t. llall, =1,
IIbll, =1,

where 71,7, > 0 are regularization parameters, S is a real symmetric matrix, H* € R"*% and HP €
R’2%%  Problem (1.1) can model several well-known problems, such as sparse canonical correlation
analysis [1-3], sparse singular value decomposition [1,4], and sparse-smooth regularized singular value
decomposition [5]. Detailed explanations are provided in the following.
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1.1. Model examples
1.1.1. Sparse canonical correlation analysis

Consider two paired multi-dimensional data sets, {(X;,y1),..., (X, ¥.)}, where for any i, x; and
y; are vectors in R% and R, respectively. Canonical correlation analysis (CCA) seeks to find linear
combinations of the variables in the two sets with the highest possible correlation. Denote by X € R
the matrix whose ith row is x!, and similarly Y € R"™ is the matrix whose ith row is y; . Assume that
the columns of the matrices X and Y have zero mean. The sample covariance matrices are given by
(ignoring a multiplicative constant)

SX = XTX, SY = YTY, SXY = XTY (12)

In the one—dimensional CCA problem, we seek to find a pair of vectors (a, b) € R% xR® that maximizes
the correlation between Xa and Yb, leading to the optimization problem (see [6]):

aTSXyb
\/aTSXa \/bTSYb .

a’Sxa # 0,b’Syb # o}.

acR91 beR%

(CCA) max {pw(a,b) =

Notice that pyy(a, b) is invariant to multiplication by positive scalars, and consequently, we can arbi-
trarily choose a scaling factor and reformulate the problem as

max {a’Sxyb :a"Sxa=1,b"Syb =1},
acR91 heR%
Sparse CCA promotes sparse solutions of the CCA problem by adding an ¢;-norm regularization term.
This leads to the following nonconvex problem [2]:

max_{a’Sxyb — 7illall, — 7IIbll; : a"Sxa = 1,b"Syb = 1}, (1.3)
acR1 beR®
where 71,7, > 0 are given regularization parameters. We assume that the covariance matrices Sx
and Sy are positive definite (note that pos1t1ve semldeﬁmteness of these matrlces is readily implied by
their definition). Using the notation a = S,Z(a b= S b, Sxy = S SXYS 2, problem (1.3) can be
rewritten in a simplified form as

1o

min {—a Sxyb + /ISl + 72lISy Bl :||ﬁ||§=1,||6||§:1}. (1.4)

aeR?1 beR%

Thus, problem (1.4) fits the structure of problem (1.1) with S = —% ( 0 SXY) 3

S;{Y 0 ) H? = SXE and Hb =
Sy
Witten et al. [1] suggested the following alternative model for obtaining sparse canonical vectors
(11,72 > 0 being given constants):

=

max_{a"Sxyb : [|all} < LIbIB < 1. lall; < 71, [Ibll, < 7o} (1.5)

acR? beR%2
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in which the equality constraints ||a||§ = 1 and ||b||§ = 1 are relaxed to the inequality constraints
l|la]|?> < 1 and ||b||? < 1, respectively. The proposed algorithm in [1] for solving (1.5) alternates between
minimizing with respect to a and b.

Mai and Zhang [3] propose an iterative algorithm, named IPLS, to handle problem (1.3), by alternat-
ing between minimizing with respect to a and b. In each step, they reformulate the problem as an
unconstrained penalized least squares, followed by a projection onto the feasible set.

1.1.2. Regularized singular value decomposition

The ¢,-regularized singular value decomposition problem of a given matrix X € R%>% is given by

. T .
min_{-u"Xv + 7|l + T2l < Jully = LIVl = 1}, (1.6)
ueR91 yeR%

where 7; > 0 and 7, > 0 are penalty parameters. Problem (1.6) fits the structure of problem (1.1) with
0 X
Sz—%xT(JJP:Immme:u,
Witten et al. [1] proposed the following alternative model for sparse SVD:
max_{u'Xv: [l <1, [vlh < 1, llull < 71, (vl < 72},
ueR91 veR®%
which shares the same structure as problem (1.5). The algorithm in [1] is an alternating minimization
method w.r.t. w and v.
Lee et al. [4] proposed a method, referred to as SSVD, which is essentially an alternating minimization
method employed on the model (1.6). Hong et al. [5] suggested the following unconstrained sparse-
smooth regularized SVD model:

min %WX—mﬂﬁ+nwm+@wnﬂ} (17)

ueR?1 veR%

where v Q,v = v% + Z?i;] (v w1 =2+ v j_1)2 + véz and 71, 4, > 0. The motivation behind the sparse-
smooth regularization term is to analyze data matrices, particularly spatio-temporal data, such as fMRI,
where only some spatial regions are activated while the signal over time is expected to be smooth. The
algorithm suggested in [4] to handle model (1.7) alternates between u and v, which we refer to as
SS-SVD.

Inspired by problem (1.7), we can consider the following two-sided sparse-smooth regularized singular
value decomposition model with sphere constraints:

min {(—u"Xv + 74|jull; + m2lvll; + 2 u’Qu + L, v Q,v)
ueR?1 ,yeR%2
s.t. [[all, =1, (1.8)
vl = 1,

where 71,75, 41,4, > 0 and Q; € S, Q, € S®, which fits the structure of problem (1.1) with

Q -IX\ ..
S:(—%XT 52 ),H :Idl ande:Idz.
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The main contribution of this paper is to introduce and study an alternating minimization method,
referred to as the AMQ method, that is invoked on a smooth approximation of (1.1), which simplifies
this challenging nonsmooth optimization. We note that the alternating minimization method is a rather
old and fundamental algorithm [7, 8]. For an extensive review of the method, see [9].

The rest of this paper is structured as follows. In Section 2, we introduce a smooth approximation
of the nonsmooth and nonconvex problem (1.1). In Section 3, we introduce the AMQ method which
is an alternating minimization algorithm for solving the smooth approximation. A rate of convergence
analysis of the norms of the Riemannian gradient of the objective function is developed based on a tai-
lored sufficient decrease property. Finally, numerical experiments presented in Section 4 demonstrate
the potential of our algorithm.

1.2. Notation

Vectors are denoted by boldface lowercase letters, e.g., y, and the ith element in y is denoted by
v;. Matrices are denoted by boldface uppercase letters, e.g., B. The smallest (largest) eigenvalue of
S i8S Amin(S) (Amax(S)). The space S¢ is the subspace of R comprising all symmetric matrices. The
space S¢ (S?,) is the subspace of R™“ comprising all positive semidefinite (positive definite) matrices.
For any two matrices A,B € S/, A > B (A > B) means that A — B is positive semidefinite (positive
definite). The subset of R" consisting of all vectors in R" with nonnegative components is denoted by
R”. The identity matrix of size d is denoted as I, € R?“, The all-zeros vector or matrix is represented
as 0. We omit specifying the dimensions in case where the dimensions are clear from the context.
diag(x) is a diagonal matrix with diagonal x. We use the standard notation [n] = {1,2,...,n} for a
positive integer n. We use indexing notations similar to those commonly found in numerical computing
languages, for example, S;., denotes the ith row of S, X.;, = (x;, Xis1,...,x;), and for X € RAXd>
Xi:jky) = Xi:jkdr) 18 the submatrix of X consisting of rows i,i + 1,..., j and columns k,k + 1,...,d>.
The optimal value of the optimization problem (P) is denoted by val(P). The differential of f(x) is
Df(x). For a given x € R?, ||x|| denotes its £>-norm of x even when the subscript 2 does not appear.

2. The smooth approximation model
To handle problem (1.1), we first propose to consider the well-known smooth approximation in which

each absolute value expression |x| is replaced by /x> + 1> where > 0 is a smoothing parameter,
see [10]. Note that |x| < /x? + 1* < |x| + n. We thus consider the following smooth approximation of

problem (1.1):
. a 2 2
aeRgl})I(lERdz { ] { ] T Z \ H(l S+ 7+ TZ - \V (H?i,:)b) + P

s.t. llall = 1,
bl =1,

2.1

where > 0 is a smoothing parameter. The feasible set of (2.1) is nonempty and compact, and the
objective function is continuous. Therefore, by Weierstrass’s theorem, an optimal solution to problem
(2.1) exists.
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We follow the iteratively reweighted least squares methodology from [11] (see also [12]) and introduce
two additional auxiliary vectors of variables, z € R and w € R’2, enabling the construction of a
problem equivalent to problem (2.1). Let f : RY x R x R" x R" — R be given by

T

H 2+ 2
f(a,b,z,w):(z) S(;)*“(ZZ(#W]]

1

(2.2
o (LS HE D+ :
) 3 W, will.
i=1
We will analyze the following auxiliary problem:
min_{f(a,b,z,w) : [l = [[bl| = 1,z,w > 0}. (2.3)

acR9 zeRM
beR%2 ,weR"2

The equivalence between problems (2.1) and (2.3) is established in the following lemma. The proof is
elementary and hence omitted.

Lemma 2.1. Let g : RY — R be a smooth function, n > 0, C C R? and H € R"™4. Consider the
Jfollowing two optimization problems:

min g;(a) = g(a) + Y, Hy,a)? + 172

acRd 2.4)
s.t. a€(C,
and
. (H(I )a) +177
min g (a,z) = g(a) + Z, 15 (Z— + zi)
acR4,zeRN !
st. aeC, (2.5)
z>0.
Then,

(a) For any a € C, the unique optimal solution of min,.¢ g>(a,z) is

zi= JHga)?+17, i=1... k. (2.6)

(b) If (a,z) is an optimal solution of (2.5), then a is an optimal solution of (2.4).

(c) If a is an optimal solution of (2.4), then (a, z) is an optimal solution of (2.5), where Z is given by
(2.6).

(d) gi1(a) = g.(a,z) where z is given by (2.6).
(e) Vgi(a) = Vag.(a,z), where V, is the gradient with respect to a and z is given by (2.6).
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3. The alternating minimization scheme

3.1. The AMQ method

We suggest employing an alternating minimization scheme for problem (2.3), involving sequential
minimization with respect to (z, w) and (a, b) alternately, repeatedly employing the following two steps:
(A) zP, wh argmin{ f@®,b® z,w) : z, w> 0};

(B) a%*D, p*+b ¢ argmln{ (a,b,z®, w®) : Jjall, = 1, |[bll, = 1}.
a,b

Step A is straightforward, with the optimal solution stated in Lemma 2.1(a), that is, z;.k) =

\/(Hfj’:)a”‘))Z + 1% and wgk) = \/(H:’L:)b(k))z +n?* for j € [h] and [ € [hy]. We will rewrite the prob-
lem in step B as a quadratically constrained quadratic programming (QCQP) problem. Denote by
D, € R and E,, € R™*" the diagonal matrices:

-1 1 1
D, _dlag(2 (Zl ,...,zhl)), E, —dlag(2 (w1 - th)) (3.1)
Step B can now be rewritten as finding an optimal solution of the following QCQP problem:
W*JNNW)MMJMP% (3.2)
ab
where -
H*)' DH? 0
W _ gy 3.3
Q [ 0 (Hb)TE<'<>Hb) ’ 3-3)

with D® = D,s and E® = Eyw. Note that D,w and E,« are well defined since by Lemma 2.1(a) the
components of z¥ and w®’ are positive. Problem (3.2) is a nonconvex homogeneous QCQP with two
quadratic constraints. For this class of problems, it is known that the semidefinite relaxation is tight,
in the sense that there always exists an optimal rank-one solution of the relaxed problem. Moreover,
such a solution can be recovered from an SDP optimum via a rank-reduction procedure. Consequently,
solving the semidefinite relaxation followed by rank reduction yields a globally optimal solution of the
original QCQP; see [13-15].

We will refer to the resulting method as the AMQ method as it requires the solution of a QCQP at
each iteration of an alternating minimization scheme.

Algorithm 3.1. AMQ method for solving (2.3)
1: Initialize: a©® € R%, b € R® with |a@||, = [bO||, = 1.
2: fork=0,1,2,... do
3: Set z(k) \/(H?j,:)a(k))z + n? and w(k) \/(H(l )b(k))z +n? for j € [h] and | € [h;)].

¢ SerDY = B diag() 1, Y = 5 diag(w)
5: Form the matrix )
H»"D®H? 0
QP =S§ +( 0 (HPYEORD ) (3.4)
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6:  Solve the QCQP problem

TR 2 2
min {x"QVx : Xty I = L. Xy s1arsanl = 1. (3.5)

7: Update alk+h X(lzdl),b(kﬂ) — X(d;+1:d,+d>)-
8: end for

3.2. Convergence

We adopt standard concepts from smooth manifold optimization and refer the reader to [16, 17] for
a detailed exposition. Here, we outline only the essentials.
Let M be a Riemannian submanifold of a linear space & For all x € M, the tangent space [17,
Definition 3.7] of M at x is given by TyM = {c’(0) | ¢ : Ix = M is smooth around 0, ¢(0) = x and
Iy is an open interval containing 0}. Let f : M — R be a smooth function. For any x € M, the
Riemannian gradient [17, Proposition 3.53] of f on M is given by Vf(x) = Py m(Vf(x)), where
Prm : RY — TyM is the orthogonal projection onto the tangent space Ty M, and £ is any smooth
extension of f to a neighborhood of M in &. A point x € M is called a stationary point of the problem

n;lAr} J(x)

if Vo f(x) = 0. By [17, Proposition 4.4], if x is a local minimizer of minyey f(X) then Vf(x) = 0.
For embedded submanifolds M; € R¥ and M, € R%, the product M; x M, is also an embedded
submanifold of R¥*%2, Moreover, its tangent space at any point (X;, X,) satisfies T x)Mi X M) =
Ty, My X Tx, M, [17, Proposition 3.14].

The tangent space of the sphere manifold M = {x : x|, = 1} is TaM = {v : x’v = 0}, and the
projection onto the tangent space is given by Pr y(u) = u —(x,u)x ([17, Section 7.2]).

3.2.1. A sufficient decrease property

Let M® be the feasible set of problem (2.3), meaning the Cartesian product M® = M; x M3 where
M ={x; IIxill = 1,x; € R} and M = {x; : [[xo]l = 1,%, € R®}. In this section, the division of

X1

a vector x € RY*% into its sub-elements is denoted by x = ( ), where x; € RY and x, € R®. The

X2
tangent space of x € M® (meaning x; € M? fori=1,2)is

TM = {veR"™ 1 (x;,v1) = 0, (o, ¥2) = 0},
and the orthogonal projection onto the tangent space is thus given by

(3.6)

L (X1, up) X4
Provew) = (112 — (X2, up) Xz) .

We denote by Vs f (i = 1,2) the Riemannian gradient with respect to the ith manifold given by
Vs f(X) = Pr s (V(X)) = (Provs (Vf(X)))i. We define the curve ¢y y(7) by

X+ 1v

V1+t2’

Cxy(t) = (3.7)
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forx € M® and v € V!, with
Vil ={ve T M vl =1for i=1,2}. (3.8)

Our objective in this section is to establish a sufficient decrease property of the following problem:

1
min =x’ Ax, (3.9)
xe MS

where A € S%*%_Note that a problem of the form (3.9) is solved at each iteration of the AMQ method,
see problem (3.2).
The next lemma provides a descent property for problem (3.9).

Lemma 3.1. Let f(x) = %XTAXfOI’ A € SU*% . Given the curve cxy from (3.7) and V! as in (3.8), it
holds that for any t € R, x € M®, and v € V3!, the following inequality holds,

f (exn(®) < FX) + (Vs £(X), V)1 + Lt (3.10)

where L = Ay (A) — min{A,;, (A), 0}.

S xittv)T (xittv) _ c : di+d>
Proof. Note that ¢y y(f) € M°, as N 1 fori = 1,2. We will show that for any u € R

and s € T,M5, it holds that (Pr_yis (w),s) = (u, s). Indeed,
(Pros(u),s) =37 1P, v (), 87)
= 21'2:1011' — (X, U;) X;, 8;)

=(u,s),

where the second equality is by (3.6) and the third by the fact that (x;,s;,) = 0 as s € T,M5. We can
thus conclude that

(Ve f(X), V) = (Props (Vf(X), V) = (Vf(X),V) = X" Av. (3.11)

Set p = min{A,,;, (A), 0} and define A=A- pl. Then, A is positive semidefinite. For the function
f(x) = 1x"Ax, the following holds,

o 1 "
f (Cx,v(l)) = 2(1—+l2)(x + IV)TA(X + tV)
1 AN 1 T A T4 tz T A
< E(X + V) AX +tv) = 7% Ax + tv Ax + 5Y Av (3.12)

2
= f(x) + KV pp5 (X), V) + %vTAv,

where the first inequality follows from the fact that A is positive semidefinite and > > 0, and the
equality in the third row follows by (3.11) (with A replaced by A). The gradient of f is given by

Vf(x) = Vf(x) - px.
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Since Pr s is a linear operator, Pr s (V f(x)) = Pras(Vf(X) + Prms(—px). It holds that
Pr s (—px) = 0 as the following is satisfied fori = 1, 2:

(3.6) 2 Ixill=1
Proms (=pXi) = —pX; + plixi|Ix; = 0.

Therefore,
Vs fX) = Pr s (VX)) = Proaes (VX)) = Vs f(X). (3.13)

For all x e M5,
f® = fx -p. (3.14)

Plugging the equalities (3.13) and (3.14) into (3.12), we finally obtain that

flexy®) = p = flexn(®)
< fX) + 1 (Vpi f(x),v) + EVTAY
= f(%) = p + 1 {Vpis f(X), V) + 5 (VI AV = p V]
< fX) =+ 1V pi fX), V) + 5 (Aman (A VI = p [IVIF)
= f(X) = p + 1 (Ve f(X), V) + £ (Amax(A) = p),

where in the last equality we used the fact that ||v||> = ||v,]|> + |[vo]|> = 1 + 1 = 2. This completes the
proof. O

We now introduce a Riemannian gradient step for problem (3.9). To do so, we utilize the following
functions:
e The function g : M® — R is defined as

2
g = D IV f (. (3.15)
i=1

e For each i = 1,2, the function u; : M® — TxiMf is defined as

m for some arbitrary 0 # t € Ty M, if Vs f(x) = 0,

I/t,'(X) = VMI.S f(x) ) (3 . 16)
— m , otherwise.

Consider problem (3.9). Let x € M® and ¢y be the curve defined in (3.7), g as in (3.15), u; as in (3.16)
fori = 1,2, and L as in Lemma 3.1. We denote v = (u;(X), u»(x)) € TyM®. Then, we consider the
Riemannian gradient step X* = ¢,y (ﬁ g(x)) :

A sufficient decrease lemma for the above Riemannian gradient step is given below.

Lemma 3.2 (sufficient decrease). Let f(x) = %XTAX for A € S and L = Apax(A) —min{Amin (A), 0},
Given x € M5, let
1
+
X" =Cxy (—2 Lg(X)),

Journal of Industrial and Management Optimization Volume 22, Issue 5, 2301-2318.
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where cxy is defined in (3.7), g in (3.15), v is defined by v; = u,(X) for i = 1,2 and u; is defined in
(3.16). Then,

100 = £ 2 - IV FIF

Proof. For any [ > 0, by Lemma 3.1 and the definition of v, it holds that

2
J&) = f(exa(D) = =(Vpis f(X), V) = LI = I(Z IV pes f (X) II] - LP. (3.17)
i=1
Plugging [ = ﬁg(x) into (3.17), we obtain that
2
g\ 1, 1< 1 )
Fx) - f(c(i)) > 78’ = o [Zl IV £ (0 ||) > IVaef (I,
which is the desired result. O

3.2.2. Convergence of the AMQ algorithm

Utilizing the sufficient decrease result of Lemma 3.2, we now establish a rate of convergence result of
the norm of the Riemannian gradient of the sequence generated by the AMQ method.

Theorem 3.1. Let {(a®, b®, 20 w®)},. o be the sequence generated by the
AMQ method and let x¥ = (a®,b®). Let F be the objective function of problem (2.1). Then, the
following inequality holds:

VALFG®) = F)
01 VN +1 ’

where F oy is the optimal value of problem (2.1) and

(3.18)

L = 22ux(S) — 2 min{Ain(S), 0} + % Max{T) e (H*) HP), 7o A (HP) HP)).

Proof. First, by Weierstrass’s theorem [18, Theorem 2.12], an optimal solution of problem (2.1) exists,
and by Lemma 2.1 F,, = val(2.3) = val(2.1). Denote the objective function of problem (3.5) by /.
Applying Lemma 3.2 with A = 2Q® (defined in (3.4)) and x = x® € M5, it holds that there exists

with x* € M® for which |

AL0
where L% = 22,,.:(Q®) — 2 min{A;in(Q®), 0}. Since x**V is the minimizer of A over M°, we can

conclude that

B (x®) = h(xt) = IV pes e (XX,

1
AL®
By the definition of Q® given in (3.4) and the fact that D® < =t E® < 21, it follows that

(x ) = I (x*D) > IV s (X (3.19)

Anax(Q®) < Amax(S) + %7max{ﬁ/lmax((Ha)THa),Tz/imax((Hb)THb)}-
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In addition, since (H*)"D®H?, (H*)"E®XHP > 0, it follows that A, (Q®) > Ain(S). Consequently,
LY < L = 2n5x(S) = 2 min{Apin(S), 0} + % Max {71 dmax (H*) H2), 73 Ay (HP) HP)),
which, combined with (3.19), implies that
h(x®) = B(x**V) > ﬁ”VMS (x|, (3.20)

Denote ¥ = (x®,z® w®) and let f : M; x M, — R be the objective function of problem (2.3)
where M; = M5 and M, = R" xR"2. Then, the result (3.20) can be rewritten as (V 5, and V 4, denote
the Riemannian gradient w.r.t. to the first and second manifolds in the cross product, respectively)

1
Fx®,20, wh) — fx*D 20 wh)y > EHVMIf(X(k),Z(k),W(k))Hz- (3.21)
By the definition of the AMQ method, (z¥, w®) € argmin f(x*, z, w). Consequently,
zeM,
IV o f(x®, 20, w)| = 0 (3.22)
and
f(X(k+l), Z(k), w(k)) _ f(X(k+]), Z(k+1), w(k+1)) > O (323)

Thus, for all k£ > 0,
Fx®, 70, <k>) _ f(x®D gD, <k+1>)

— f(X(k) (k)) f(x(k+1) (k))
+ f(X(k+1) ® k) _ f(X(k+1) 20Dy
3. 21) 323 1 2
k k
77 [Vau f&. 20w+ 0
322 1
4L
Summing the above inequality over k = 0, 1, ..., N, we obtain that

— |V mscrn fx®, 2 (k))||2-

N
1 2
1 1 N+l z:
f(X(O)»Z(0)5 W(O)) - f(X(N+ )3Z(N+ )3 W( + )) 2 41-: ||VM]XM2f(X(k)»Z(k)’ w(k))” .
k=0

Using the facts that f(x™*D, zV*D w* Dy > F o F(x©) = fx©,29, w®) (by Lemma 2.1(d)) and
that Z 0 @k > (N + 1) mm ak for any ag,ay,...,ay € R, it follows that the following inequality holds:

,,,,,

® K w® \/41:(F(X(O)) = Fop)
<
. gnlm IV At semt, f (X, l NS (3.24)

holds. Since ||V, f(x®, z®, w®)|| = 0, it follows that

IV a0, 20, WO = 1V 0, f(x©, 29, wO)| (3.25)
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By the definition of the Riemannian gradient, we have that

Va fxP,20,wh) = Py (VP 20, why)
= P (VF"))
= Vm FGx)
= Vys Fx®), (3.26)

where the second equality holds by Lemma 2.1(e). Plugging (3.25) and (3.26) into (3.24), the result
(3.18) follows. O

The bound in (3.18) implies that

Jim min [V Fx®)|I = 0.
Since Mg is compact, there exists a subsequence {x*/} converging to a point x* € M. Moreover,
along this subsequence, ||V i, F(x*?)|| — 0, and by continuity of the Riemannian gradient, it follows
that V o, F(x*) = 0. Thus, x* is a stationary point of problem (2.1) [17, Definition 4.5]. The vanishing
of the Riemannian gradient is equivalent to the satisfaction of the first order Karush—-Kuhn-Tucker
conditions of the constrained problem; see [17, Exercise 7.8]. In particular, all local minimizers satisfy
these conditions.

4. Numerical experiments

We study the empirical performance of the AMQ method by comparing it to a general-purpose Rie-
mannian gradient descent (RGD) method [17, Algorithm 4.1]. Both methods are applied to synthetic
instances of the smoothed problem (2.1), which is a differentiable approximation of the original non-
smooth, nonconvex formulation (1.1). Since (2.1) is smooth and constrained to a product of spheres,
RGD provides a natural baseline. The RGD method used in our experiments has the following update
step:

@",b") = R (~1V 56 f*(a, b)),

where f*(a,b) is the objective function of problem (2.1) and R is the following retraction onto the

spheres manifold M;:
a+v b+ v,

lla+vill” b+ vall)’

Rap (V) =

with v = (vy,v,) being in the tangent space T M. The step size ¢ is selected via standard back-
tracking [17, Section 4.5], initialized with ¢ = s for some s > 0 and parameters a, € (0, 1):

while £*(a,b) — f* (Rap) (—1V pi f5(@, b)) < ot |[Vps @, b)|*,  set s« B.

We compared the performance of AMQ with that of RGD with backtracking parameters s = 1, @ =
107%, and B8 = 0.8. Each QCQP subproblem arising in the AMQ method was solved via a semidefinite
relaxation, which was handled using an interior-point SDP method [19] implemented as part of our
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numerical pipeline. A feasible rank-one solution was then extracted from the SDP solution using a
rank-reduction procedure, following standard approaches described in [13—-15].

The AMQ method was allowed at most 500 outer iterations, while RGD was allowed up to 100
iterations. Both methods terminate earlier if the norm of the difference between two consecutive iterates
drops below 1072, All runs were initialized at the same deterministic point: a vector of ones projected
onto the feasible set.

Synthetic instance generation For each pair of structural dimensions
d € {10, 20, 30,40, 80} and & € {10,30,50}, we setd; = d> = d and h; = h, = hin (2.1). We construct
a symmetric random matrix S € R>*>2? by first generating a matrix S with entries drawn uniformly
from [-1, 1] and then symmetrizing it via S = 1(S + ST). The matrices H* € R™“ and H* € R are
also generated with entries sampled uniformly from [-1, 1]. For each configuration (d, &), we generate
50 independent random instances.

The regularization parameters in (2.1) are fixed to 7, = 7, = 1, and the smoothing parameter is set
ton* = 107°.

All experiments were performed on a workstation equipped with an Intel Xeon Silver 4314 CPU
@ 2.40 GHz, with 16 cores and 16 logical processors, using Python. All methods were implemented
with standard scientific computing packages, including NumPy and SciPy.

Evaluation methodology For each of the 50 random seeds per (d, ) setting, we record the objective
value of problem (2.1) and the cumulative runtime at regular intervals: every 0.1s during the first half-
second and every 0.5s thereafter. These traces are used to compute success rates, time-to-accuracy
statistics, and budgeted performance profiles.

We define the best value f* of a given problem instance as the lowest objective value attained by either
AMQ or RGD.

4.1. Success rates with and without time constraints

80

N AMQ  mEE RGD

Figure 1. Success rate (no time limit).
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Figure 2. Success rate (30s budget).

Figures 1 and 2 summarize the success rates over 50 random seeds for each (d, h) configuration,
under two settings: without any time constraint, and with a 30-second budget. In both cases, a run is
counted as successful if its lowest achieved objective value is within 1076 of the best value f* achieved
by either method in the corresponding time limit.

In the unlimited-time scenario, in most settings, AMQ (blue) achieves a higher proportion of suc-
cessful runs than RGD (red), often by a considerable margin. Under the 30-second time constraint,
AMQ attains higher or comparable success rates in the majority of configurations.

4.2. Average time to best value

60
10 FEES +10.0s +17.2s +29.4s
40
2
(]
L20 £
o
< 301 -1.0s +5.3s +15.65 +12.5s F 0 E
1
)
L 20 £
[m)]
2
—40
50 -2.3s +0.2s +3.4s +3.9s +24.7s
-60
10 20 30 40 80
d

Figure 3. Time difference (RGD minus AMQ). Mean runtime difference (in seconds) to
reach within 107 of the unlimited-time best value f*.
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Figure 3 shows the average time difference (RGD minus AMQ) required to reach the unlimited-
budget best value f* within a tolerance of 107, based on seeds where both methods succeeded. Posi-
tive (red) values indicate AMQ was faster; negative (blue) values indicate RGD was faster.

AMAQ is generally faster across most configurations. Only in the smallest-scale instances (e.g.,
[d = 10,h = 50] and [d = 10,h = 30]) is RGD marginally faster. Overall, AMQ often achieves a
substantial increase in speed over RGD when both succeed.

4.3. Error—time trajectories

N
=
5}

— AMQ
—— RGD

— AMQ
120 —— RGD

=
S
@

100

=
@
=)

1.251 80

60

Time to Reach Threshold (s)
-
o
3

40

20
025 1
0.00 0
1070 1071 10 103 1074 10 10¢ 1070 1071 107 107 10 105
Absolute Error Threshold Absolute Error Threshold

Time to Reach Threshold (s)

107°

(@ d=10, h=30 (b)d =280, h =30

Figure 4. Runtime vs. accuracy. Mean time (in seconds) to reach target error thresholds
|f () — f*|. Shaded areas denote one standard deviation.

Figure 4 illustrates the average runtime required to reach varying levels of target accuracy, measured
relative to the unlimited-budget best value f*. The horizontal axis shows the absolute error threshold
|f(¢) — f*], and the vertical axis indicates the average runtime (in seconds) needed to reach that level of
accuracy.

Each curve represents the mean over all seeds for which both methods reached within 107 of f*;
the shaded region indicates one standard deviation.

In the lower-dimensional case [d = 10,/ = 30], both methods perform comparably across the full

range of thresholds. In contrast, for the case where [d = 80,4 = 30], AMQ converges significantly
faster.

4.4. Summary

The experiments in this section compare AMQ and RGD on synthetic instances of the smoothed
problem (2.1), constructed to reflect the general model (1.1). The goal is to assess the behavior of the
two methods under controlled synthetic conditions that match the structure of our formulation.

Across most medium and large configurations, AMQ attains the best objective value f* more fre-
quently and within a shorter wall-clock time, while RGD is competitive on the smallest instances.

We also observe that AMQ tends to reach a given target accuracy in less time when both methods
succeed, especially as the problem dimensions grow. These results indicate that on problems matching
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the structure of (1.1), solving the alternating subproblems via quadratic relaxations can yield a practical
speed advantage over a generic Riemannian gradient scheme.

5. Discussion

This work introduced a unified nonsmooth, nonconvex optimization framework over a product of
spheres that encompasses several variants of regularized CCA and SVD. Building on a smooth ap-
proximation of this framework, we developed the AMQ algorithm, which alternates between quadratic
subproblems, and established a convergence-rate bound for the norms of the Riemannian gradients of
the smoothed objective.

The numerical experiments on synthetic instances of the smoothed model support the view that
exploiting structured quadratic subproblems can accelerate practical convergence compared with a
baseline Riemannian gradient method. At the same time, the experiments were deliberately aligned
with the abstract formulation rather than with specific sparse CCA or SVD benchmarks, so the findings
should be interpreted as a proof of concept rather than as a comprehensive performance study.

We believe that our general formulation captures structural elements that recur in practical problems
over products of spheres, including, but not limited to, the sparse CCA and SVD variants discussed
here, and can therefore serve as a useful framework for formulating and studying other models in future
applications.
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