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Abstract: Traditional global supply chain models often prioritize profit maximization while neglecting
the fair profit distribution among stakeholders and the dynamic challenges of demand uncertainty,
leading to cooperative conflicts and inefficiencies. This study bridges this gap by proposing a two-stage
stochastic programming framework, which simultaneously addresses demand uncertainty and fair
profit distribution. By integrating the Nash bargaining method into the stochastic model, collaborative
decision-making that balances fairness and global optimality under uncertain conditions is achieved.
To address the computational complexity of large-scale scenario trees, a hybrid strategy combining
scenario reduction and Lagrangian relaxation is proposed, which improves the solution efficiency
without affecting the accuracy. A real supply chain case study demonstrates the effectiveness of this
framework, indicating that fair distribution based on the Nash bargaining method enhances overall
performance, stability, and multi-agent coordination in volatile markets. The research results emphasize
that fairness based on the Nash bargaining method can enhance multi-agent collaboration in an uncertain
environment. This framework provides a practical decision-making tool for the global supply chain,
promoting the efficiency and fairness of dynamic markets.
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1. Introduction

With the rapid globalization of markets and the intensification of competition, modern supply chains
have evolved into highly intricate networks involving multiple stakeholders—suppliers, manufacturers,
distributors, and retailers—operating in a highly dynamic environment [1]. Traditional supply chains
prioritize cost minimization and profit maximization. Such approaches often lead to skewed profit
distributions, where powerful players (e.g., large retailers) capture disproportionate gains at the expense
of smaller suppliers. This imbalance not only erodes trust but also destabilizes the entire supply chain
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network. For instance, the 2019 Boeing 737 MAX crisis was partly attributed to cost-cutting pressures
on suppliers, resulting in catastrophic system failures [2]. Consequently, fairness has been increasingly
recognized as a critical factor for ensuring supply chain sustainability and collaboration.

However, the actual operation of supply chains is fraught with uncertainties, particularly in
demand [3], supply disruptions [4], and price fluctuations [5]. This poses fundamental challenges in
implementing the concept of fairness within supply chains. A specific example can be drawn from
the low-carbon supply chain practices of BYD, a leading electric vehicle manufacturer, where fairness
concerns in revenue-sharing contracts significantly influenced carbon emission reduction levels and
pricing strategies under demand uncertainty [6]. This case illustrates that fairness serves as a key
operational prerequisite for sustaining stable cooperation amid uncertainty. Although existing studies
have coordinated economic interests and maintained partnerships in a deterministic environment through
a cooperative framework [7–10], the current models are unable to adequately address the issue of fair
distribution in an uncertain environment. There is a significant modeling gap between the static concept
of fairness and the dynamic, adaptive decision-making in an uncertain environment.

To cope with uncertainties, scholars have developed various modeling frameworks, such as robust
optimization [11–14], fuzzy programming [15, 16], chance-constrained programming [17, 18], and
notably, two-stage stochastic programming [19–21]. Two-stage stochastic programming, in particular,
achieves a good balance between the robustness of network configuration and operational flexibility by
explicitly modeling scenario-based pursuit decisions. However, its application is limited by the
“dimension disaster”: to capture the evolution of uncertainties, supply chain models often need to
generate large scenario trees, and incorporating fairness considerations further complicates the problem.
To address the computational challenges, techniques such as scenario reduction [22–24] and
decomposition algorithms (e.g., Lagrangian relaxation methods [25–27]) are adopted to mitigate this
issue. However, in the multi-stage stochastic models that take fairness factors into account, the research
on the collaborative integration of scenario reduction and Lagrangian relaxation is still insufficient, and
the universality of the existing works is limited [28, 29].

Overall, the existing models have difficulty comprehensively capturing and addressing these
challenges, mainly for two reasons. First, current fairness considerations mainly focus on the inability
to accommodate fluctuations in the real world (such as demand fluctuations [30]). Second, embedding
fairness into stochastic models exacerbates computational intractability, rendering large-scale
optimization infeasible [31]. This leads to a stark disconnect between theory and practice: On one side,
fairness mechanisms rooted in deterministic assumptions struggle to cope with actual market
fluctuations—for instance, static fairness designs may become unsustainable under uncertainty, causing
suboptimal resource allocation or system instability [32, 33]; on the other side, uncertain models that
neglect fairness risk amplifying power imbalances in supply chains (e.g., demand fluctuations may
enable dominant retailers to transfer risks to smaller suppliers via operational flexibility [34]). However,
the Nash bargaining method is well-suited to this setting because it inherently incorporates bargaining
power and proportional fairness, which can be adapted to dynamic conditions through stochastic
programming. For example, in multi-echelon supply chains facing demand shocks, the Nash bargaining
method can negotiate equitable profit splits that reflect real-time risk exposure, unlike rigid
deterministic models.

Motivated by the work of Liu and Papageorgiou [35] and aiming to address these critical gaps, this
paper proposes a framework that integrates the Nash bargaining method into a two-stage stochastic
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programming model to address fair profit distribution under demand uncertainty. The primary
contributions lie in the following: (1) This study provides a unified theoretical framework that integrates
fairness theory with uncertain optimization theory. It offers a new benchmark for achieving fairness in a
dynamic environment, bridging the gap between fairness and stochastic decision-making models. (2) A
two-stage stochastic programming model is constructed, which covers a specific three-echelon structure
of suppliers, factories, and markets and considers multiple products, multiple regional markets, multiple
price levels, multiple time periods, and multiple scenarios. The embedding of the Nash bargaining
method for proportional fairness is highly applicable and scalable in practice. (3) Combining scenario
reduction with Lagrangian relaxation, this approach uses a scenario tree to simulate demand uncertainty
and employs the Lagrangian relaxation algorithm for large-scale solving. It not only retains the
accuracy of uncertainty but also significantly boosts solution efficiency, enabling large-scale stochastic
optimization problems to get high-quality solutions within an acceptable time.

The rest of this paper is organized as follows: Section 2 reviews the existing relevant literature.
Section 3 describes the considered supply chain planning problem under uncertainties. The detailed
mathematical formulation and the proposed approach are given in Section 4 and Section 5, respectively.
A numerical case and the corresponding results are presented and discussed in Section 6. Finally, some
concluding remarks are given in Section 7.

2. Literature review

This section is divided into two sub-sections: (i) the fairness in supply chain management, and (ii)
two-stage stochastic programming in supply chain optimization.

2.1. The fairness in supply chain management

The rapid development of research indicates that people are not only concerned about their profits
but also attentive to fairness [36], which plays an important role in supply coordination [37]. Therefore,
an increasing body of research is focusing on supply chain fairness. Existing literature considers supply
chain fairness in different aspects, with the main approach being to coordinate economic incentives
through a cooperative framework and maintain the stability of partnerships [7, 8, 38, 39]. As supply
chains become more complex and globalized, issues of fairness, such as power imbalances, unfair
pricing practices, and exploitation of vulnerable stakeholders, have become more pronounced. Fairness
is a critical concept that affects all aspects of social and economic interactions [30, 40, 41].

In the research of supply chain profit distribution fairness, Hu et al. [31] studied the supply chain
coordination problem considering wholesale price constraints and fairness. They derived supply chain
coordination conditions by considering the fairness of profit distribution between retailers and suppliers.
Zheng et al. [42] studied a three-level closed-loop supply chain where retailers exhibited fairness issues.
Three coordination mechanisms based on the Shapley value, nucleolar solution, and other satisfaction
levels were proposed to allocate residual profits. Further research was conducted on how the fairness
issues of retailers affect profit distribution under three mechanisms. Pan et al. [43] studied the impact
of fairness concern on a two-echelon supply chain model. The results indicate that the supply chain
can get additional profits from the issue of fair distribution. Jian et al. [44] considered competitive
supply chains with revenue-sharing contracts and fairness issues. They found that a focus on fairness in
manufacturing can cause an increase in supply chain profits. Lyu and Liu [41] developed a mixed-integer
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linear programming (MILP) model with dual fairness, using the Nash bargaining method to balance the
fairness in profit distribution and emissions reduction. Liu and Papageorgiou [35] considered fairness
in a global supply chain. The criteria of proportional fairness and max-min fairness was utilized to
establish equitable distribution of profits. Taking into account the bargaining power of participants,
game-theoretic-based solution methods were formulated to achieve fair outcomes based on the Nash
bargaining method and lexicographic maxi-min methods. However, max-min fairness is more about
ensuring that the weakest parties receive the maximum possible benefit. In contrast, the Nash bargaining
method aims to negotiate a distribution plan that satisfies all participants, emphasizing effectiveness and
relative fairness. Max-min fairness may lead to inefficient allocation of resources, and this method may
incur longer computation time [45]. The Nash bargaining method aims to maximize overall utility and
satisfaction among all participants, often resulting in higher overall efficiency.

In the context of fairness problems, the Nash bargaining method provides a cooperative negotiation-
based framework for fair outcomes, which explains its wide use in fairness issues. For example, Ni et
al. [46] developed a two-echelon newsvendor model with the Nash bargaining method as a fair reference,
analyzing the impact of fairness on retailer/manufacturer-dominated supply chain performance. Li et
al. [47] used it to coordinate wholesale price, buy-back, and revenue-sharing contracts in dual-channel
supply chains, showing that fairness concerns boost channel efficiency when aligned with bargaining
power. Li et al. [48] integrated it into low-carbon supply chains, illustrating how fairness preferences
affect carbon reduction and warranty periods and using revenue-sharing contracts to alleviate adverse
fairness impacts. These works highlight the method’s flexibility in reconciling stakeholder interests.
Further, Du et al. [49] extended its use to cooperative advertising, finding that fairness concerns enhance
local advertising investment but lead to inverted U-shaped profits for retailers and manufacturers. This
nonlinearity highlights the need to calibrate fairness parameters to avoid inefficiencies—a challenge that
our stochastic programming framework addresses via scenario reduction and Lagrangian relaxation.

While most existing supply chain fairness studies focus on deterministic environments, research
increasingly incorporates uncertainty into fairness considerations. Gholamian et al. [50] proposed a
lexicographic min-max fairness approach for sustainable closed-loop supply chains with uncertain
delivery times, yet they prioritized temporal equity over profit distribution fairness. Zhao et al. [51]
introduced data-driven robust optimization for network design, but their “balanced uncertainty” concept
mainly addresses spatial resource allocation rather than inter-stakeholder profit equity. Wu et al. [52]
examined fairness preferences under demand uncertainty but focused on behavioral responses instead
of optimization-based profit distribution mechanisms. Yang and Liu [53] established a fuzzy-based
optimization model to consider multi-objective optimization problems oriented toward uncertainty and
fairness.

Notably, existing studies still lack a unified framework that integrates stochastic programming with
fairness mechanisms in dynamic environments—especially one that addresses participants’
heterogeneous uncertainty levels while balancing ex-ante equity and ex-post profit distributions.

2.2. Two-stage stochastic programming in supply chain optimization

Supply chain uncertainty emanates from the task environment. These manifestations of uncertainty
can significantly impede operational efficiency and undermine competitive positioning through
mechanisms such as stockouts, delivery delays, and resource underutilization. In an uncertain
decision-making environment, two-stage stochastic programming has been extensively applied in the
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optimization of supply chains [54]. It reflects a methodological progression from basic uncertainty
handling toward integrated resilience and computational efficiency [55]. Yaghin and Farmani [56]
considered the supply uncertainty caused by COVID-19 and developed a new scenario-based MINLP
model. The optimal tactical plan was then derived by applying two-stage stochastic programming and
convex analysis, supported by an interval Hessian matrix. Chebeir et al. [57] developed a model to
tackle the shale gas supply chain under uncertainties. They introduced a two-stage stochastic
programming model that utilizes a scenario-based approach to manage the uncertainties associated with
prices. This was achieved by constructing a scenario tree and employing a binomial option pricing
model to approximate the stochastic process. Luo et al. [58] advanced uncertainty modeling by
combining stochastic and robust techniques, developing a two-stage stochastic-robust optimization
framework that mitigates disruption cascades while integrating demand uncertainty through
decision-dependent uncertainty sets. Concurrently, Nikzad et al. [59] integrated uncertain demand into
the model through a two-stage stochastic programming approach, examining the effects of this
uncertainty on supply chain outcomes. They first proposed a scenario-based two-stage stochastic
programming model that does not include probability constraints and developed a mathematical
programming algorithm to solve it. Furthermore, the Latin hypercube sampling method was employed
to generate scenarios for the scenario-based model. For large-scale implementations, Schildbach and
Morari [55] pioneered the embedding of scenario-based model predictive control within two-stage
stochastic programming, enabling real-time adjustments to lead-time variability. Most recently, Xie et
al. [60] applied multi-period two-stage stochastic programming with rolling horizon recourse, reporting
significant cost reduction through stochastic biomass allocation in their case study. Marousi et al. [61]
proposed a two-stage stochastic model of oligopoly. The model takes the fair allocation of customers
and contract types as the first-stage decision.

Stochastic programming can effectively handle demand uncertainty. However, as the number of
scenario trees increases, its computational complexity grows exponentially. This challenge requires
advanced solution strategies, such as scenario reduction [29, 62] and the Lagrangian relaxation method
[63–65]. However, existing literature exhibits limitations in systematically integrating scenario reduction
with Lagrangian relaxation. For instance, Tang et al. [66] applied Lagrangian relaxation with incremental
proximal methods to wind power dispatch but omitted scenario reduction, limiting scalability for large
scenario sets. Papavasiliou et al. [67] employed parallel Lagrangian relaxation for stochastic unit
commitment but relied on scenario sampling rather than reduction, which constrained their ability to
handle correlated uncertainties. Qian et al. [68] developed a scenario reduction-based approach for
transportation auctions using CPLEX but excluded Lagrangian decomposition, resulting in suboptimal
handling of multi-stage stochastic constraints. Similarly, Wu et al. [69] addressed long-term security-
constrained unit commitment via Lagrangian relaxation and Monte Carlo simulation but overlooked
scenario reduction, leading to computational inefficiency.

From the literature review, it can be seen that the Lagrangian relaxation algorithm can effectively
solve large-scale problems. In contrast, there has been extensive research on fairness in deterministic
supply chain environments, but there is a lack of models that explicitly incorporate uncertainty into
fairness considerations, especially in global supply chains, which often face higher levels of uncertainty.
It is necessary to develop a fair model that takes into account the dynamic environment in which supply
chain participants face varying degrees of uncertainty.
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3. Problem description

A three-echelon supply chain network consisting of several suppliers (h), several factories ( j) at
different places, and markets (k) is considered in this work, as shown in Figure 1.

Figure 1. The three-echelon supply chain network example.

This study focuses on product production, distribution, and capacity expansion strategies of a
three-echelon supply chain network. Suppliers are accountable for various costs, including raw material
expenses, production costs, inventory costs for primary products, and the costs of capital investment.
The costs incurred by factories encompass payments to suppliers for the procurement of primary
products, the costs of raw material for primary products, the formulation cost of products, the costs of
inventory for primary and final products, the costs of transportation from suppliers to factories, capital
investment costs, and duties associated with the importation of final products. Each market bears the
costs associated with purchasing final products from factories, maintaining final product inventory,
transporting final products from factories, paying duties on final product imports, and handling unmet
demand.

The revenues generated by suppliers and factories stem from transfer payments made by factories
and markets, respectively. Consequently, the transfer prices of primary products from suppliers to
factories, as well as the transfer prices of final products from factories to markets, significantly impact
the profits of every supply chain participant. This problem focuses on optimizing transfer pricing
decisions, which are contingent upon the price levels and the bargaining power of supply chain members.
Moreover, it is assumed that the final selling prices in each market are predetermined.

Due to unpredictable events, demand is inherently uncertain. The exact demand cannot be
determined before the end of the planning period. Underestimating overall demand can lead to sales
losses and customer dissatisfaction. However, overestimation of product demand leads to an increase in
production and inventory costs. Therefore, demand is treated as a random parameter in each period. A
set of scenarios is considered as a scenario tree, which is used to simulate stochastic parameters.

This study aims to achieve fair distribution of profit among supply chain members by adopting a
widely accepted standard of fairness: proportional fairness. Overall, this optimization problem can be
articulated as follows:

Given are:
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• a three-echelon supply chain including suppliers, factories in different regions, and markets;
• final product groups and products;
• capacities and the capabilities of factories;
• the low, medium, and high weekly product demands at markets and their corresponding

probabilities;
• minimum and maximum production levels of the products and their corresponding flows;
• penalty for final product sales loss.

to determine:

• production of the final products;
• distribution of the primary and final products;
• the capacity expansion of the factories;
• the levels of inventory of the final products in different factories;
• the levels of inventory of the final products in different markets;
• the sales of final products in different markets.

aim as to maximize the total profit of the supply chain with proportional fairness concerns for a fair
profit distribution among its members.

4. Model formulation

The considered optimization model for addressing the fair distribution of profit issue is built upon
an existing supply chain optimization model from the literature [35]. This study focuses on a three-
echelon supply chain consisting of suppliers, factories, and markets, where each member operates as an
independent profit center. This section presents the constraints and objective functions incorporated into
the proposed model. Notation for indices, parameters, and variables is summarized in the Appendix.

4.1. Production

If the primary product r is produced at supplier h during time period t in scenario s, the production
quantity, PS

rhts, is subject to specified minimum (MinPS
rh) and maximum (MaxPS

rh) production constraints,
and WS

rhts is a binary variable that indicates whether the primary product r is produced by supplier h
during time period t at scenario s.

MinPS
rh ·W

S
rhts ≤ PS

rhts ≤ MaxPS
rh ·W

S
rhts, ∀r, h, t, s. (4.1)

The production quantity of final product i produced at factory j during time period t at different
scenarios s, denoted as PP

i jts, is constrained by minimum and maximum production constraints (MinPP
i j

and MaxPP
i j ), and the binary variable WP

i jts equals 0 if the final product i is not produced at factory j
during time period t:

MinPP
i j ·W

P
i jts ≤ PP

i jts ≤ MaxPP
i j ·Wi jts, ∀g ∈ G j, j, i ∈ Īg, t. (4.2)

Here, G j represents the set of product groups g that can be produced in factory j, and Īg denotes the set
of products that fall into product group g.
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4.2. Capacity

The overall production allowed at each supplier and factory is restricted by its current capacity
(CapS

r and CapF
j ), as well as any relevant capacity increments (∆CapS

r and ∆CapF
j , respectively), which

need to be optimized. ∑
h

PS
rhts ≤ CapS

r + ∆CapS
r , ∀r, t, s, (4.3)∑

g∈G j

∑
i∈Īg

PP
i jts ≤ CapF

j + ∆CapF
j , ∀ j, t, s. (4.4)

Since expanding production capacity usually requires a large amount of capital investment, a long
delivery time, and fixed contractual commitments, capacity expansion is always considered as strategic
and a “here-and-now” decision and treated as a first-stage variable. In the hierarchical structure of
supply chain planning, such decisions are clearly positioned at the long-term strategic level and must be
committed to before addressing the uncertainty of demand [64].

4.3. Flow

When there exists a transportation of the primary product r from supplier h to factory j in time
period t under different scenarios s, indicated by the binary variable YS

rh jts = 1, the quantity of the
shipped flow (FS

rh jts) must remain within its minimum (MinFS
rh j) and maximum (MaxFS

rh j) limits. The
upper limit is generally determined by physical constraints, while the lower thresholds for shipments
ensure operational feasibility and maintain minimum contractual obligations or service levels.

MinFS
rh j · Y

S
rh jts ≤ FS

rh jts ≤ MaxFS
rh j · Y

S
rh jts, ∀r, h, j, t, s. (4.5)

For the quantity of final product i from factory j to market k in time period t under different
scenarios s, FP

i jkts, the following constraints are established:

MinFP
i jk · Y

P
i jkts ≤ FP

i jkts ≤ MaxFP
i jk · Y

P
i jkts, ∀ j, k, g ∈ Gg, i ∈ Īg ∩ Ik, t, s. (4.6)

4.4. Inventory

The primary product r’s inventory at supplier h during time period t under different scenarios s
(IVPS

rhts) can be determined by taking the previous time period’s inventory (IVPS
r,h,t−1,s), adding primary

product’s production (PS
rhts), and subtracting the total flows of the primary product to factories (FS

rh jts):

IVPS
hts = IVPS

h,t−1,s + PS
hts −
∑

j

FS
h jts, ∀h, t, s. (4.7)

The inventory of primary product r at factory j during time period t under different scenarios s
(IVPP

r jts) can be calculated at the end of the previous time period’s inventory (IVPP
r j,t−1,s), the incoming flow

of primary products from suppliers (FS
rh j,t−τ̄h j,s

), minus the consumption of primary products for final
product production (PP

i jts):

IVPP
r jts = IVPP

r j,t−1,s +
∑

h

FS
rh j,t−τ̄h j,s −

∑
i∈Ī j

∑
g∈G j

βi j · PP
i jts, ∀n, j, t, s, (4.8)
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where τ̄h j means the time from supplier h to factory j.
The final product i’s inventory at factory j by the end of each time period in different scenarios

s (IVFP
i jts) is represented at the end of the previous time period’s inventory (IVFP

i j,t−1,s) plus final product
production (PP

i jts) and minus the total flows to the markets (FP
i jkts) during that time period:

IVFP
i jts = IVFP

i j,t−1,s + PP
i jts −

∑
k∈Ki

FP
i jkts, ∀ j, g ∈ G j, i ∈ Īg, t, s. (4.9)

The final product i’s inventory at market k during the time period t in scenario s (IVFM
ikts ) is

determined by taking the inventory at the end of the previous time period (IVFM
ik,t−1,s), adding any

incoming flows from factories (FP
i jk,t−τ jk ,s

), and subtracting the local sales that occur in the same time
period (S Aikts):

IVFM
ikts = IVFM

ik,t−1,s +
∑
j∈Jg

∑
g∈Ḡi

FP
i jk,t−τ jk ,s − S Aikts, ∀k, i ∈ Ik, t, (4.10)

where τ jk denotes the transportation time from factory j to market k.
The aforementioned inventories are constrained by their lower and upper bounds. The lower bounds

are generally regarded as safety stocks to account for demand uncertainty, while the upper bounds
typically arise from storage capacity limitations.

MinIVPS
h ≤ IVPS

hts ≤ MaxIVPS
h , ∀h, t, s, (4.11)

MinIVPP
j ≤ IVPP

jts ≤ MaxIVPP
j , ∀ j, t, s, (4.12)

MinIVFP
i j ≤ IVFP

i jts ≤ MaxIVFP
i j , ∀ j, g ∈ G j, i ∈ Īg, t, s, (4.13)

MinIVFM
ik ≤ IVFM

ikts ≤ MaxIVFM
ik , ∀k, i ∈ Ik, t, s. (4.14)

4.5. Transfer price

Transfer prices for primary products from suppliers to factories (T PS
rh), as well as for final products

from factories to markets (T PP
i j), are treated as decision variables. It is assumed that all factories pay the

same transfer price to each supplier, and likewise, each factory sets a uniform transfer price for each
final product across all markets [35, 70, 71]. Considering that in the actual supply chain, transfer prices
are usually agreed upon through long-term agreements, frequent short-term adjustments will undermine
cooperative trust and increase negotiation costs. These parameters are defined as the decision variable
in the first stage and remain fixed in the subsequent stages.

The number of transfer price levels is determined based on market conditions and negotiation
power, and reflects market practices and discrete pricing tiers. Each supplier can only choose one level
of transfer price for each primary product (T PLS

rhl), provided that production takes place at that supplier.
Similarly, each factory can only select one level of transfer price to produce final products (T PLP

i jl). OS
rhl

and OP
i jl are two binary variables that indicate whether price level l is chosen, and ES

rhl and EP
i jl represent

the allocation of production for the respective products.
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T PS
rh =
∑

l

T PLS
rhl · O

S
rhl, ∀r, h, (4.15)

T PP
i j =
∑

l

T PLP
i jl · O

P
i jl, ∀ j, g ∈ G j, i ∈ Īg, (4.16)

∑
l

OS
rhl = ES

rh, ∀r, h, (4.17)

∑
l

OP
i jl = EP

i j, ∀ j, g ∈ G j, i ∈ Īg. (4.18)

Treating the transfer price as the first-stage decision is based on economic and operational practical
considerations. In practice, transfer pricing in cooperative supply chains is usually governed by long-
term contracts or strategic partnership agreements [72]. These agreements aim to maintain stability
within a strategic planning cycle, reduce the cost of repeated negotiations, ensure the predictability of
accounting for enterprises, and maintain the trust of the partnership. From an economic perspective, the
transfer pricing mechanism is a pre-strategic decision aimed at adjusting incentives before operational
decisions are made. Therefore, determining the transfer price in the first stage reflects the pursuit of
stability while allowing all other operational variables to best adapt to the revealed demand.

4.6. Lost sales

Final product i’s lost sales (LS ikts) in market k during time period t in different scenarios s cannot
exceed the difference between corresponding demands (Dikts) and sales amount (S Aikts).

LS ikts = Dikts − S Aikts, ∀k, i ∈ Ik, t, s. (4.19)

4.7. Logical constraints

If supplier h does not choose to produce the primary product r, its production amount is 0.∑
t

WS
rhts ≤| t | ·E

S
rh, ∀r, h, s. (4.20)

Similarly, if there is no shipment link from supplier h to factory j for the transportation of primary
product r, then there will be no production flow along this link during any time period.∑

t

YS
rh jts ≤| t | ·X

S
rh j, ∀r, h, j, s. (4.21)

When supplier h is not designated for the production of primary product r, the link from supplier h
to any factory j will not be utilized for the shipment of the primary product.∑

j

XS
rh j ≤| j | ·ES

rh, ∀r, h. (4.22)

If the final product i is not assigned to be produced in factory j, then the factory j will not produce
the final product.
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∑
t

WP
i jts ≤| t | ·E

P
i j, ∀ j, g ∈ G j, i ∈ Īg, s. (4.23)

When there is no link from factory j to market k for the shipment of final product i, the flow of
final product i through this link will be zero during all time periods.∑

ts

YP
i jkts ≤| t | ·X

P
i jk, ∀ j, k, g ∈ G j, i ∈ Īg ∩ Ik, s. (4.24)

If the final product i is not produced in factory j, then there will be no final product i’s flow between
factory j and market k. ∑

t

XP
i jk ≤| k | ·E

P
i j, ∀ j, g ∈ G j, i ∈ Īg. (4.25)

4.8. Profit

The supply chain’s total profit is determined by summing the profits generated by suppliers (PrS
h ),

factories(PrF
j ), and markets (PrM

k ).

TotPr =
∑

h

PrS
h +
∑

j

PrF
j +
∑

k

PrM
k . (4.26)

4.8.1. Suppliers

The revenue of supplier h (ReS
h ) is derived from the total transfer payment received from all

factories. This is calculated by multiplying the transfer prices of primary products by the corresponding
shipment quantities between the supplier and each factory, and then by the probabilities associated with
all scenarios.

ReS
h =
∑

t

∑
j

∑
s

∑
n

T PS
rh · F

S
rh jts · ψs, ∀h. (4.27)

However, Eq. (4.27) contains nonlinear terms due to the product of decision variables, which will
lead to a nonlinear optimization problem and complicate the solution process. To maintain linearity and
reduce computational expenses, Eq. (4.27) is reformulated into a linear form by introducing auxiliary
variables and constraints as follows:

OF
S
rh jlts ≤ MaxFS

rh j · O
S
rhl, ∀r, h, j, l, t, s, (4.28)

∑
l

OF
S
rh jlts = FS

rh jts, ∀r, h, j, t, s, (4.29)

ReS
h =
∑

t

∑
j

∑
l

∑
n

∑
s

T PS
hl · OF

S
h jlts · ψs, ∀h. (4.30)

The costs incurred by a supplier consist of the raw materials cost for primary products (RMCS
h ),

cost of production (PCS
h ), cost of inventory (IVCS

h ), and cost of capital investment(CICS
h ):

RMCS
h =
∑

t

∑
n

∑
s

MCS
rh · P

S
rhts · ψs, ∀h, (4.31)
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PCS
h =
∑

n

FPCS
rh · E

S
rh +
∑

t

∑
n

∑
s

VPCS
rh · P

S
rhts · ψs, ∀h, (4.32)

IVCS
h =
∑

t

∑
n

∑
s

ICPS
rh · IVPS

rhts · ψs, ∀h, (4.33)

CICS
h = cr f ·CCS

h · ∆CapS
h , ∀h. (4.34)

The profit of a supplier (PrS
h ) is calculated as its revenue subtracted by all the associated costs

mentioned above.
PrS

h = ReS
h − RMCS

h − PCS
h − IVCS

h −CICS
h , ∀h. (4.35)

4.8.2. Factories

A factory’s revenue (ReF
j ) consists of all transfer payments obtained from markets, calculated based

on the transfer prices of final products and the corresponding flows from the factory to the markets,
multiplied by the probabilities associated with each scenario.

ReF
j =
∑
g∈G j

∑
t

∑
k

∑
i∈Ig∩Ik

∑
s

T Pp
i jk · F

p
i jkts · ψs, ∀ j. (4.36)

The nonlinear Eq. (4.36) can be linearized using the same approach as applied to Eq. (4.27):

OF
P
i jklts ≤ MaxFP

i jk · O
P
i jl, ∀g ∈ G j, j, k, i ∈ Īg ∩ Ik, l, t, s, (4.37)

∑
l

OF
P
i jklts = FP

i jkts, ∀g ∈ G j, j, k, i ∈ Īg ∩ Ik, t, s, (4.38)

ReF
j =
∑

t

∑
k

∑
g∈G j

∑
i∈Ig∩Ik

∑
l

∑
s

T PLP
i jl · OF

P
i jklts · ψs, ∀ j. (4.39)

The costs associated with factories include the cost of transfer payment to suppliers (T PCF
j ),

primary product’s raw materials cost (RMCF
j ), cost of formulation (FOCF

j ), cost of inventory (IVCF
j ),

cost of product transportation (TRCF
j ), cost of capital investment (CICF

j ) and duties (DUCF
j ).

T PCF
j =
∑

t

∑
h

∑
l

∑
s

T PLS
hl · OF

S
h jlts · ψs, ∀ j, (4.40)

RMCF
j =
∑

t

∑
g∈G j

∑
i∈Īg

∑
s

MCP
i j · P

P
i jts · ψs, ∀ j, (4.41)

FOCF
j =
∑
g∈G j

∑
i∈Īg

FFCP
i j · E

P
i j +
∑

t

∑
g∈G j

∑
i∈Īg

∑
s

VFCP
i j · P

P
i jts · ψs, ∀ j, (4.42)

IVCF
j =
∑

t

∑
r

∑
s

ICPP
r j · IVPP

n jts · ψs +
∑

t

∑
g∈G j

∑
i∈Īg

∑
s

ICFP
i j · IVFP

i jts · ψs, ∀ j, (4.43)
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TRCF
j =
∑

r

∑
h

FTCS
rh j · X

S
rh j +

∑
t

∑
r

∑
h

∑
s

VTCS
rh j · F

S
rh jts · ψs, ∀ j, (4.44)

CICF
j = cr f ·CCF

j · ∆CapF
j , ∀ j, (4.45)

DUCF
j =
∑

t

∑
h

∑
l

∑
r

∑
s

DCS
rh j · T PLS

rhl · OF
S
rh jlts · ψs, ∀ j. (4.46)

Then, the profit of a factory (PrF
j ) can be presented as follows:

PrF
j = ReF

j − T PCF
j − RMCF

j − FOCF
j − IVCF

j − TRCF
j −CICF

j − DUCF
j , ∀ j. (4.47)

4.8.3. Markets

The market’s revenue (ReM
k ) is determined by the sales amounts of final product i in market k

multiplied by the corresponding selling price (Vik) and the probabilities in all scenarios:

ReM
k =
∑

t

∑
i∈Ik

∑
s

Vik · S Aikts · ψs, ∀k. (4.48)

The costs associated with each market include the cost of transfer payment to factories (T PCM
k ),

the cost of inventory (IVCM
k ), the transportation cost of final product (TRCM

k ), duties (DUCM
k ), and the

cost of lost sales (LS CM
k ).

T PCM
k =
∑

t

∑
j

∑
g∈G j

∑
i∈Īg∩Ik

∑
l

∑
s

T PLP
i jl · OF

P
i jklts · ψs, ∀k, (4.49)

IVCM
k =
∑

t

∑
i∈Ik

∑
s

ICFM
ik · IVFM

ikt · ψs, ∀k, (4.50)

TRCM
k =
∑

j

∑
g∈G j

∑
i∈Īg∩Ik

FTCP
i jk · X

P
i jk +
∑

s

∑
j

∑
g∈G j

∑
i∈Īg∩Ik

∑
t

VTCP
i jk · F

P
i jkts · ψs, ∀k, (4.51)

DUCM
k =
∑

s

∑
j

∑
g∈G j

∑
i∈Īg∩Ik

∑
l

∑
t

DCP
i jk · T PLP

i jl · OF
P
i jklts · ψs, ∀k, (4.52)

LS CM
k =
∑

t

∑
i∈Ik

∑
s

PCik · LS ikts · ψs, ∀k. (4.53)

The profit of a market (PrM
k ) can be represented by Eq. (4.54):

PrM
k = ReM

k − T PCM
k − IVCM

k − TRCM
k − DUCM

k − LS CM
k , ∀k. (4.54)

The proposed MILP model comprises Eq. (4.26) as the objective function, along with Eq. (4.1)–
(4.25), (4.28)–(4.35), and (4.37)–(4.54) serving as constraints. To develop a fair profit distribution
strategy focused on maximizing total profit, the Nash bargaining method will be discussed in the
following section.
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4.9. Fair profit distribution

Due to the different concerns reflected by different objectives, some managers may, depending
on the situation, prioritize one objective excessively over others. Over time, this practice may also
expose many vulnerabilities of the enterprise, which affects the long-term development of the supply
chain. A number of examples show that the decision-makers of enterprises are very concerned about
fairness in real life [73, 74]. Considering the supply chain optimization problem addressed in this work,
the Nash bargaining method is employed as a normative fairness criterion to determine a mutually
acceptable profit allocation. It provides an axiomatic standard for a fair division of the cooperative
surplus, balancing overall efficiency with proportional equity among members based on their bargaining
power, rather than simulating a dynamic negotiation process. The central element of this formulation is
the disagreement point prmin

m , which defines the minimum acceptable profit (or reservation profit) for
supply chain member m to participate in cooperation. Conceptually, it represents the outcome each
member will obtain if the agreement fails to be reached. A fair solution based on the Nash bargaining
method can be achieved by maximizing the product of the excess profits, i.e., the profits in excess of the
disagreement points, of all supply chain members.

Ψ = (Prm − Prmin
m )am , (4.55)

where am is the supply chain member m’s bargaining power and Prmin
m is the minimum profit of supply

chain member m.
The aforementioned nonlinear Eq. (4.55) can be reformulated as follows by applying the

logarithmic transformation:

lnΨ =
∑
am

am · ln(Prm − Prmin
m ), (4.56)

ln Ψ̄ =
∑

m

Q∑
q=1

am · µq · ln(Prm − Prmin
m ), (4.57)

Q∑
q=1

µq = 1, (4.58)

Prm =

Q∑
q=1

µq · Prmq, ∀m. (4.59)

Overall, the proposed model for fair strategies can be described by Eqs. (4.1)–(4.25), (4.28)–(4.35),
(4.37)–(4.54), (4.58), and (4.59) as constraints, and Eq. (4.57) as the objective function.

5. Solution approach

5.1. Scenario tree construction

In order to address the demand uncertainty, a scenario tree method is proposed, which discretizes
the stochastic demand process while maintaining its temporal dynamics. This method discretizes
continuous uncertainty into a finite set of representative scenarios, thereby making the optimization
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computationally manageable. The scenario tree can be regarded as a time-dependent probability tree
that arises from discrete, known demand fluctuations. Starting from the initial or baseline demand, all
possible fluctuations can be defined, resulting in various realizations of stochastic demand, which are
represented by a specific number of potential scenarios. The demand changes sequentially over time
within a defined range, and each movement is associated with an estimated probability. Every arc in the
scenario tree corresponds to a specific probability, reflecting the likelihood of that particular scenario.
This process is then repeated in the subsequent stages of the scenario tree [75]. Importantly, decisions
made after the initial stage can be considered contingent plans that depend on future realizations of
demand.

Let the demand for product i in market k in time period t and under scenario s be denoted
by Dikts. The scenario tree (Figure 2) is constructed as follows: The root node Dikt1 represents the
initial demand. At each stage t, the demand evolves according to Dik,t+1,s = ζts · Dikts, where ζts is
a three-way branching factor corresponding to low, medium, and high demand, with corresponding
probabilities ps = {0.25, 0.5, 0.25} for each scenario s, respectively. This ensures that demand fluctuates
symmetrically around its baseline value.

Figure 2. Scenario tree for demand uncertainty.

• Beginning with the initial value Dikts, that is, the initial scenario.
• As a result, all the realizations of the stochastic demand, depicted by a specific number of potential

scenarios, can be expressed as follows: for instance, Dik,t+1,2 = 0.8Dik,t,1 and Dik,t+1,4 = 1.2Dikt,1.
• p(s) denotes the probability associated with scenario s, for example, p(Dik,t+1,2) = p(Dik,t+1,4) =

0.25.
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5.2. Scenario reduction

Efficiently minimizing the number of scenarios is crucial to avoiding computationally intractable
stochastic programs. There are two reasons to use the scenario reduction method [76]: First, it can
obtain the best approximation as the target. Second, it can effectively solve the difficulties caused by too
many scenarios, which often emerges in multi-stage optimization problems where numerous time steps
and various scenarios make the optimization task computationally unmanageable. This highlights the
attractiveness of methods that create discrete approximations using sparse scenario trees.

This section discusses two approaches: forward and backward construction, derived from successive
forward and backward scenario reduction methods across multiple periods [75]. The goal of scenario
reduction is to eliminate some scenarios from the original finite scenario set S while preserving
the distribution characteristics of the remaining scenarios to minimize approximation errors. The
probability distribution P of the original scenario set S is discrete with corresponding weights pe > 0
for e = 1, . . . , S , and

∑S
e=1 pe = 1. Let B ∈ {1, . . . , S }, and calculate the weighted distance between each

candidate scenario e ∈ S \ B:

Impact(e) =
∑
f,e

p f · c|T |(ζe, ζ f ), ∀e ∈ S \ B, (5.1)

where ζe is the complete demand trajectory for scenario e and c|T |(ζe, ζ f ) is the distance measure (such
as Euclidean distance) between scenario e and f over |T | time periods.

Choose the scenario with the least importance e∗, and move it from candidate set S \ B to reserved
set B. The probability of the remaining scenarios f ∈ S \ B is adjusted as follows:

q f = p f +
∑
e∈B

pe ·
c|T |(ζe, ζ f )∑

ti∈S\B c|T |(ζe, ζc)
, ∀ f ∈ S \ B, (5.2)

where ti is the temporary index for summing over all retained scenarios and c|T |(ζe, ζ f ) is the distance
between removed scenario e and retained scenario f .

Thus, the optimal scenario reduction problem is formulated as

Dk(P,Q) = minB
∑S

i=1 pi ·min j∈S\B c|T |(ζi, ζ j). (5.3)

Therefore, scenario reduction algorithms utilizing this concept or similar ideas have been
incorporated into software modules, such as those found in GAMS (see, for example, [77]).

5.3. Lagrangian relaxation approach

To tackle the proposed model with a substantial number of scenarios within a reasonable timeframe,
an exact solution algorithm based on Lagrangian relaxation techniques is proposed for this problem.
Lagrangian relaxation techniques [78] are a significant and widely-used tool in discrete optimization,
serving as an exact algorithm for solving large-scale MILP and linear programming (LP) problems
with specific structures. This method employs an iterative procedure that relaxes a set of complicating
constraints, aiming to derive upper and lower bounds on the optimal solution of the original problem.

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1789–1823.



1805

In this model, the constraint specified by Eq. (4.10) is relaxed, as doing so results in a more easily
solvable model. By relaxing this constraint, the following equation can be obtained:

ln Ψ̄ =
∑
m

Q∑
q=1

am · µq · ln(prm − prmin
m )

+µ · (
∑
n

∑
t

∑
k

∑
i

IVFM
ikts − IVFM

ik,t−1,s −
∑
j∈Jg

∑
g∈Ḡ j

FP
i jk,t−τ jk ,s

+ S Aikts),
(5.4)

where µ represents the Lagrangian multipliers that arise from relaxing the constraints defined by Eq.
(4.10).

A successful technique for this problem is the Lagrangian relaxation approach. Therefore, the
algorithm can be summarized as Algorithm 1.

Algorithm 1. Algorithm of Lagrangian relaxation approach.
Input: Initial upper bound L∗, Initial Lagrangian multipliers for relaxed constraints µ0 ≥ 0, Initial step

size parameter θ0, maximum iterations jmax.
1: Set iteration counter j=1 best upper bound L∗

2: for j ∈ [1, jmax] do
3: curUB = ln Ψ̄
4: if curUB ≤ L∗ then
5: L∗ = curUB
6: end if
7: γ j =

∑
s

∑
t

∑
k

∑
i

IVFM
ikts − IVFM

ik,t−1,s −
∑
j∈Jg

∑
g∈Ḡ j

FP
i jk,t−τ jk ,s

+ S Aikts {subgradient}

8: t j = θ j(L∗ − curUB)/
∣∣∣|γ j
∣∣∣ |{step size}

9: Update multipliers µ j+1 = max{0, µ j + t jγ
j}

10: if
∣∣∣|µ j+1 − µ j

∣∣∣ | ≤ ε then
11: Stop
12: end if
13: if no progress in more than K iterations then
14: θ j+1 = θ j/2
15: else
16: θ j+1 = θ j

17: end if
18: j = j + 1
19: end for
20: return Outputs

where L∗ represents the best upper bound obtained, curUB refers to the current upper bound achieved at
current iteration count, and θ is a parameter that is halved if there is no improvement in curUB after
several iterations. Numerous variants are possible regarding the calculation of the step size and the
updating of the parameter θ [79]. As the algorithm iterates, both the Lagrangian multipliers and the step
sizes are updated; subsequently, the upper and lower bounds are determined to compute the optimality
gap.
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6. Case study

In this section, a real-world supply chain network is considered, following the framework
established by Liu and and Papageorgiou [80]. The network consists of one supplier (H1), eight
factories (F1–F8), and 32 products (P1–P32) organized into 10 groups (G1–G10) with weekly demands
distributed across 10 distinct regional markets (R1–R10). Additionally, 10 transfer price levels
(L1–L10) are empirically chosen to balance solution flexibility and computational tractability. It’s
important to note that each final product is sold in select markets at varying prices. In this analysis, the
currency unit is cu, and the mass unit is mu. It is assumed that all members of the supply chain possess
equal bargaining power. For simplicity, it is assumed that am = 1.

The random parameters related to demand are generated into three possible values: 0.8Dikt, Dikt,
and 1.2Dikt. The probability of Dikt is assigned as 0.5, and the probability of each of 0.8Dikt and 1.2Dikt

is assigned as 0.25. Table 1 illustrates the transportation times (in weeks) from factories to markets, with
the associated transportation costs in currency units equal to the transportation time in weeks. Table 2
provides the consumption details for each final product at each factory. The fixed formulation cost for
transportation is set at 10 times both the unit variable production cost and the unit transportation cost.
Additional data can be found in Liu and Papageorgiou [80].

Table 1. The transportation times from each factory to each market (week).

R1 R2 R3 R4 R5 R6 R7 R8 R9 R10

F1 1 2 3 4 4 5 5 6 6 7
F2 1 2 3 4 4 5 5 6 6 7
F3 3 2 1 2 2 4 4 5 6 6
F4 4 4 2 1 1 3 3 4 5 5
F5 4 4 2 1 1 3 3 4 5 5
F6 4 4 2 1 1 3 3 3 5 5
F7 6 5 4 3 3 3 2 1 2 3
F8 6 6 5 5 5 4 3 2 1 2
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Table 2. The consumption of each final product at each factory (cu/mu).

F1 F2 F3 F4 F5 F6 F7 F8

P1 0.23 0.23 0.23 0.23 0.23 0.23 0.23 0.23
P2 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25
P3 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
P4 0.20 0.20 0.20 0.20 0.20 0.20 0.2 0.20
P5 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.18
P6 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27
P7 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28
P8 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13
P9 0.24 0.24 0.24 0.24 0.24 0.24 0.24 0.24
P10 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30
P11 0.24 0.24 0.24 0.24 0.24 0.24 0.24 0.24
P12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
P13 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17
P14 0.23 0.23 0.23 0.23 0.23 0.23 0.23 0.23
P15 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16
P16 0.24 0.24 0.24 0.24 0.24 0.24 0.24 0.24
P17 0.20 0.20 0.20 0.20 0.20 0.20 0.2 0.20
P18 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
P19 0.21 0.21 0.21 0.21 0.21 0.21 0.21 0.21
P20 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
P21 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17
P22 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16
P23 0.18 0.18 0.18 0.18 0.18 0.18 0.18 0.18
P24 0.23 0.23 0.23 0.23 0.23 0.23 0.23 0.23
P25 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16
P26 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27
P27 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
P28 0.19 0.19 0.19 0.19 0.19 0.19 0.19 0.19
P29 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
P30 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
P31 0.24 0.24 0.24 0.24 0.24 0.24 0.24 0.24
P32 0.19 0.19 0.19 0.19 0.19 0.19 0.19 0.19
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The study takes into account a total of eight weeks and employs scenario fans comprising of 3,280
scenarios. To mitigate potential errors in custom implementations, publicly available software packages
for moment matching and scenario reduction were used. The reduction scenario trees were generated
by scenred.gms, which is provided with GAMS, allowing users to select the desired size of the tree.
All implementations described in this work were carried out using GAMS 27.3 on a 64-bit Windows
11-based machine featuring a 3.2 GHz Intel Core i9 processor and 32 GB of RAM. The optimal gap
was configured to 1%, and a CPU time limit of 7,200 seconds was imposed for each model execution.

6.1. Assessing the performance of the solution approach

In this section, the performance of the stochastic model for the Nash bargaining method (SNash)
and the stochastic Lagrangian relaxation model for the Nash bargaining method (SLagNash) is first
investigated by using several scenario trees. We set ϵ = 0.01, K = 3, µ0 = 0.5, and θ0 = 2. Considering
that a small number of reduced scenarios can result in poor solution results while a large number can
lead to an exponential increase in solution time and complexity, we ultimately chose a range of 100
to 160 for comparison. In order to rigorously evaluate the proposed method, we evaluated the actual
effectiveness of the solution through total profit. However, since the logarithmic results obtained under
the Nash bargaining method in different scenarios did not differ significantly, they are not presented.
Table 3 reports the optimization results of total profit under different numbers of generated scenario
trees.

Table 3. Results for Nash bargaining method under different scenario reduction sizes.

SLagNash SNash
Scenarios Total profit (cu) CPU time(s) Total profit (cu) CPU time(s)

100 253959 2160 203143 1320
110 279883 3462 229071 3310
120 292019 4520 283085 4657
130 320346 5756 307213 6689
140 346468 6284 No solution return -
150 331619 7200 No solution return -
160 279086 7200 No solution return -

The results in Table 3 show a clear trade-off regarding the impact of scenario reduction. The use of
a simplified tree containing 100 scenarios leads to suboptimal profits. When the number of retained
scenarios increases to 130–140, profits increase significantly, indicating that a richer scenario set can
better capture the tail risks and opportunities of demand uncertainty. However, after more than 140
scenarios, SLagNash’s profits begin to fluctuate or even decline, which can be attributed to the increased
complexity of the Lagrangian algorithm within the time limit. This highlights the crucial role of scenario
simplification: It must find an “optimal point” that retains sufficient random information without making
the problem computationally difficult to handle. The 130 scenarios selected for subsequent analysis
represent this balance, generating high-quality solutions within an acceptable time frame.

The effectiveness of Lagrangian relaxation is demonstrated by the comparison of CPU time between
SNash and SLagNash. For problems involving up to 130 scenarios, SNash can find solutions, although
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it requires longer computing time. However, for larger problems (greater than 140 scenarios), due to
memory limitations, SNash cannot return solutions, while SLagNash is still feasible. This verifies
the scalability of the Lagrangian relaxation method. Furthermore, by relaxing the inventory balance
constraint, the Lagrangian dual problem yields an easily solvable decomposition, enabling the algorithm
to effectively explore the solution space of large-scale instances and handle up to 160 scenarios.

As a result, the solutions derived from the reduced scenario trees tend to be overly optimistic.
From the preceding results, we can infer that the outcomes based on larger trees are more representative
of reality compared to those based on smaller trees, as larger trees encompass a more diverse range
of scenarios. Consequently, the profits vary significantly when different scenario trees are utilized,
suggesting that the accuracy of solutions deteriorates due to excessive reduction of the scenario tree.
However, increasing the initial size results in a notable increase in computation time, making it
challenging to achieve optimal results within the specified time. Therefore, it is essential to consider an
appropriately sized scenario for reduction.

Next, the capacities of supplier and factories are examined as shown in Figure 3. Compared with
stochastic programming, H1 exhibits greater capacity expansion under the Lagrangian relaxation model.
F2, F5, and F6 also exhibit varying degrees of capacity increase. F2 has the largest capacity (over
380 mu/week), followed by F5 (over 350 mu/week). In the SLagNash model, due to the relaxation of
inventory balance constraints, there is a greater tendency toward further expansion to maximize total
profit.

Figure 3. Capacities of each supply chain members under SNash and SLagNash model.

After obtaining the optimal number of reduced scenarios, Monte Carlo (MC) simulation is used
to compare the results of the SNash and SLagNash models. MC simulation is used to evaluate the
performance of the two models in relation to fair strategies. The MC simulation analysis is applied to the
solutions derived from the Nash bargaining method. By fixing the design variable and using the capacity
increments determined via the Nash bargaining method, the optimal values of the operational parameters
are calculated in each iteration, taking into account random realizations of uncertain demands that
follow specified distributions. The mean values of the total profit of the supply chain members are
utilized to assess the performance of the supply chain in the MC simulation analysis. The procedure for
the MC simulation is illustrated in Figure 4.
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Figure 4. The procedure of MC simulation.

From Figure 5, it can be seen that, the mean total profit obtained through the Lagrangian relaxation
algorithm is higher than that obtained through MILP.

Figure 5. MC simulation of SNash model and SlagNash model.

Next, the influence of different parameters on the results is examined, as shown in Figures 6 and
7. As shown in Figure 6, the parameter ϵ controls the convergence accuracy, thereby affecting the
CPU time and the quality of the final solution. A smaller ϵ enhances proximity to the true optimal
solution but incurs excessive computational overhead: Near the optimal region, marginal improvements
demand numerous additional iterations. Under the 7,200-second computational budget, an overly
small ϵ is counterproductive; algorithms may waste resources on final refinement, risking timeout
before convergence or insufficient time for high-quality feasible solutions. Conversely, a large ϵ
causes premature termination and suboptimal solutions despite shorter runtime. Among tested values,
ϵ=0.001 yields the highest solution quality but demands longer computation. ϵ=0.01 is more practical,
representing the optimal compromise: It is sufficiently small to ensure convergence to a high-quality
solution plateau while remaining large enough to reliably reach this plateau within the 7,200-second
limit. This balance guarantees robust, convergent numerical results.
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Figure 6. Results for SLagNash model under different ϵ values.

Figure 7. Results for SLagNash model under different θ0 values.

Figure 7 demonstrates the impact of different initial step size θ0 values on both CPU time and
the final profit. Although the subgradient method is theoretically convergent within a certain step size
range under asymptotic conditions, the 7200-second time limit renders the initial step size crucial. A
large initial step size may cause severe oscillations in the early iterations. The algorithm has too many
iterations to recover from the initial overshoot, resulting in delayed stable convergence. On the contrary,
an excessively small initial step size may result in slow convergence speed. Although stable, small
updates to Lagrangian multipliers will require a large number of iterations to fully penalize constraint
violations and approach the optimal dual value, potentially leaving the algorithm far from convergence
at termination and resulting in a suboptimal outcome. Therefore, setting θ0 = 2 achieves a robust
balance, enabling positive initial progress toward the optimal region while maintaining stability.

As for the initial Lagrangian multipliers µ0, since the initial multipliers are iteratively updated, the
algorithm is not very sensitive to them and will not significantly change the quality of the final solution,
although they may affect the convergence speed. Therefore, their results are no longer shown.
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6.2. Assessing the performance of the stochastic programming solution

To facilitate further discussion, a reduction scenario tree for the stochastic demand is created
comprising of 130 scenarios. This is accomplished by solving both the deterministic maximization
model (DMax) and the stochastic maximization model (SMax). The DMax maximizes total profit under
the assumption of fixed, known demand (e.g., historical averages). It ignores both demand uncertainty
and fairness constraints, serving as a theoretical upper bound on profit. By comparing DMax with
SNash and SLagNash, the trade-offs between profit, robustness, and equity in supply chain planning are
quantified.

6.2.1. Optimal results without considering fairness

First, the optimal profit of each supply chain member under different models without considering
fairness is obtained, as shown in Figure 8. From Figure 8, we can see that some supply chain members
who do not consider fairness have negative profits, indicating a highly skewed profit distribution.

Figure 8. Results of DMax model and SMax model.

6.2.2. Optimal results considering fairness

To assess the fairness of allocation as a crucial performance metric, Jain et al. [81] introduced a
formula that offers a quantitative measure of the fairness in resource-sharing allocations: Jain’s fairness
index. This index is now widely recognized in the literature as a significant indicator of fairness [82,83].

The formula of Jain’s fairness index is as follows:

J(Pr1, Pr2, ..., Prn) =
(

n∑
i=1

Pri)2

n ×
n∑

i=1
Pr2

i

. (6.1)

where Pr1, Pr2, ..Prn represent the profit distribution of the i-th member. A larger value of J reflects a
higher level of fairness.

After determining the fairness indicators and adopting the Nash bargaining method, the results
from deterministic model (DNash) and the stochastic model (SNash) for the Nash bargaining method
are obtained as shown in Figure 9 and Table 4.
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Figure 9. Comparison of (a) DMax model and DNash model and (b) SMax model and SNash
model.

Table 4. Results of before and after using the Nash bargaining method.

SMax SNash DMax DNash
H1 30116 13145 30505 16858
F1 3377 16881 3415 17682
F2 21021 10742 21204 12779
F3 -9589 15581 -10100 13349
F4 23277 22375 23348 21250
F5 22336 21924 23045 21924
F6 43746 23262 44021 26135
F7 3173 15425 4100 18425
F8 6343 11506 8037 15771
R1 37402 10095 38463 12432
R2 39964 19815 44776 28250
R3 25338 21493 26052 20698
R4 28777 20146 29083 22346
R5 36914 19221 37181 11567
R6 27088 20079 28034 27588
R7 29763 12030 29867 20865
R8 -2579 12411 -3276 15191
R9 14276 11480 15001 12675

R10 -3276 9602 -4570 25609
Jain’s index 0.61 0.93 0.60 0.92

Figure 9 shows that after applying the Nash bargaining method, the profit changes of supply chain
members become smoother, and none of them have negative profits. In addition, Table 4 shows the
profit of each supply chain member before and after considering fairness. The Jain’s fairness index
results in Table 4 provide quantitative evidence for addressing the core research questions of this study,
which focuses on integrating the Nash bargaining method into a stochastic framework. The introduction
of the Nash bargaining method enhances the fairness of profit distribution: Under the deterministic
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setting, the index rises from 0.60 (DMax) to 0.92 (DNash), and under the stochastic setting, from
0.61 (SMax) to 0.93 (SNash). First, comparison between SMax (0.61) and SNash (0.93) demonstrates
that integrating the Nash bargaining method into the stochastic model drastically improves distributive
justice, representing a substantial increase. More critically for our main contribution, SNash (0.93)
achieves a marginally higher level of fairness than DNash (0.92). This indicates that the proposed
stochastic framework does not merely preserve but can slightly enhance the fairness outcomes of the
Nash bargaining method under uncertainty.

Next, the capacities of supplier and factories are examined, as shown in Figure 10. Both H1 and
F7 increase their capacities under two models. F4 has the largest capacity of all under the stochastic
programming model, which is more than 320mu/week, followed by F8, more than 150mu/week. Since
only the first eight weeks of the plan (not the full 52 weeks) are considered in this study, and the
demands for the first eight weeks are relatively small compared to those for the remaining weeks, some
factories do not need to expand capacity to meet the demands.

Figure 10. Capacities of each supply chain members under the Nash bargaining method.

The optimal transfer payments among all 19 supply chain members under the SNash and DNash
models are illustrated using Circos in Figure 11. In this figure, the supply chain members are arranged
in a circular layout, with colored links representing the transfer payments between each pair of members.
In Figure 11(a), it is evident that the largest payment from factories to the supplier originates from
F4, accounting for approximately a quarter of the total revenue generated by H1. The most significant
payment links between factories and markets are observed from R2 to F3, R4 to F6, and R6 to F4,
respectively.

Conversely, the optimal results from the DNash model are presented in Figure 11(b). The largest
payment links between factories and markets are from R3 to F1, R2 to F8, and R4 to F3, respectively.
Employing the Nash bargaining method enables fair profit distribution, as evidenced by increased
payments between specific factories and markets compared to the original unfair profit allocations (e.g.,
enhanced payments involving F7, R8, and R10). This is demonstrated by F3 increasing payments to R8
and R9, F7 increasing payments to R8 and R9, and F4 increasing payments to R10.
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Figure 11. Optimal transfer payments under (a) SNash and (b) DNash, in thousand cu.

Next, the MC simulation is utilized to compare the results of the SNash and DNash models. As
depicted in Figure 12, the total profit generated by the SNash model exceeds that of the DNash model
during the MC simulation, indicating that the stochastic model is more adept at reflecting real-world
conditions.

Figure 12. MC simulations of the SNash model and DNash model.

Meanwhile, the MC simulations of the two models under Jain’s fairness index are also compared,
as shown in Figure 13. Figure 13 shows that the two models exhibit similar fairness performance,
around 0.93, confirming the effectiveness of the Nash bargaining method in addressing fairness issues.

Figure 13. MC simulations of the SNash model and DNash model.
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7. Conclusions

In this work, a production, distribution and capacity planning problem of a global supply chain
with uncertain demands is addressed. A scenario-based two-stage stochastic programming optimization
model is proposed. Furthermore, to effectively solve large-scale problems, a Lagrangian relaxation
approach is introduced. The model’s primary objective is to maximize total supply chain profit.
Additionally, to address practical concerns about fairness in supply chain performance from multiple
perspectives, the study incorporates the Nash bargaining method to evaluate fairness among supply
chain members, utilizing the proportional fairness criterion as a metric.

The optimal solution of the model is analyzed through case studies, and the MC simulation is
conducted to observe the model’s performance in practical scenarios. The results demonstrate that
explicitly embedding fairness mechanisms into uncertain decision-making environments significantly
enhances supply chain resilience. Unlike deterministic models, which risk marginalizing vulnerable
partners under demand shocks, the proposed framework dynamically adjusts profit allocation based on
realized scenarios. Besides, the Lagrangian relaxation method can solve larger test problems. The results
show that integrating the Nash bargaining method under a stochastic framework solves the problem of
fair profit distribution under uncertain conditions. In addition, the stochastic model integrated with the
Nash bargaining method slightly outperforms the deterministic counterpart in terms of profit and also
shows a slight advantage in terms of fairness, according to the Jain’s index.

This work also provides some management insights for supply chain managers. First, fairness is a
key criterion for achieving sustainable supply chain development and fostering long-term cooperative
trust. Based on the fairness of the Nash bargaining method, profit balance among all members of
the supply chain can be achieved, as demonstrated in the case study. Managers must recognize that
fairness is strategic, as it can mitigate destructive chain reactions and maintain partnerships in volatile
markets. In addition, construction of large scenario trees can improve the accuracy of supply chain
description and enable the supply chain to better cope with uncertainty. However, an excessively large
number of scenarios can lead to an exponential increase in model-solving time and consume more
manpower and resources, which is unnecessary. Therefore, determining an appropriate reduced size for
the scenario tree is crucial. Finally, integrating uncertainty with fairness reduces the vulnerability to
supply disruptions exacerbated by unfair practices (e.g., supplier bankruptcy during shortages), thereby
establishing the robustness of the entire system. Managers should prioritize the proposed integrated
model that combines fairness and uncertainty considerations.

This work does have several limitations. First, the study focuses solely on a single stochastic
parameter. Future research could enhance the stochastic model by integrating additional planning
decisions and uncertain parameters, such as cost and time, resulting in a more comprehensive framework
for supply chain. Moreover, exploring alternative algorithms for solving complex problems (e.g.,
machine learning approaches) may yield valuable insights and solutions. Finally, applying alternative
fairness criteria, such as α fairness and the Leximax criterion, could further enrich the research on fair
supply chain planning.
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75. J. Dupačová, N. Groewe-Kuska, W. Roemisch, Scenario reduction in stochastic
programming: an approach using probability metrics, Math. Program., 95 (2003), 493–511.
https://doi.org/10.1007/s10107-002-0331-0

76. H. Heitsch, W. Römisch, Scenario reduction algorithms in stochastic programming, Comput. Optim.
Appl., 24 (2003), 187–206. https://doi.org/10.1023/A:1021805924152

77. H. Heitsch, W. Römisch, Scenario tree modelling for multistage stochastic programs, Math.
Program., 118 (2009), 371–406. https://doi.org/10.1007/s10107-007-0197-2

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1789–1823.

https://doi.org/10.1057/palgrave.jors.2601834
https://doi.org/10.1016/j.ijpe.2013.01.019
https://doi.org/10.1016/j.cor.2024.106564
https://doi.org/10.1109/TPWRS.2019.2891227
https://doi.org/10.1109/TPWRS.2014.2341354
https://doi.org/10.1016/j.cie.2020.106703
https://doi.org/10.1109/TPWRS.2007.894843
https://doi.org/10.1016/S0377-2217(01)00349-6
https://doi.org/10.1016/S0377-2217(01)00349-6
https://doi.org/10.1287/mnsc.1040.0215
https://doi.org/10.1016/S1751-3243(06)02009-8
https://doi.org/10.1016/S1751-3243(06)02009-8
https://doi.org/10.1109/TFUZZ.2018.2851508
https://doi.org/10.1016/j.cie.2021.107129
https://doi.org/10.1007/s10107-002-0331-0
https://doi.org/10.1023/A:1021805924152
https://doi.org/10.1007/s10107-007-0197-2


1823

78. M. L. Fisher, An applications oriented guide to lagrangian relaxation, Interfaces, 15 (1985), 10–21.
https://doi.org/10.1287/inte.15.2.10

79. M. Held, P. Wolfe, H. P. Crowder, Validation of subgradient optimization, Math. Program., 6 (1974),
62–88. https://doi.org/10.1007/BF01580223

80. S. Liu, L. G. Papageorgiou, Multiobjective optimisation of production, distribution and capacity
planning of global supply chains in the process industry, Omega, 41 (2013), 369–382.
https://doi.org/10.1016/j.omega.2012.03.007

81. R. K. Jain, D. M. W. Chiu, W. R. Hawe, A quantitative measure of fairness and discrimination for
resource allocation in shared computer systems, Tech. Rep. TR-301, Digital Equipment Corporation,
Maynard, MA, 1984. Available: https://www.cs.wustl.edu/˜jain/papers/ftp/fairness.
pdf

82. Z. Chen, C. Zhang, A new measurement fornetwork sharing fairness, Comput. Math. Appl., 50
(2005), 803–808. https://doi.org/10.1016/j.camwa.2005.03.015

83. C. Guo, M. Sheng, Y. Zhang, X. Wang, A jain’s index perspective on α-fairness
resource allocation over slow fading channels, IEEE Commun. Lett., 17 (2013), 705–708.
https://doi.org/10.1109/LCOMM.2013.021913.130025

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Journal of Industrial and Management Optimization Volume 22, Issue 4, 1789–1823.

https://doi.org/10.1287/inte.15.2.10
 https://doi.org/10.1007/BF01580223
https://doi.org/10.1016/j.omega.2012.03.007
https://www.cs.wustl.edu/~jain/papers/ftp/fairness.pdf
https://www.cs.wustl.edu/~jain/papers/ftp/fairness.pdf
https://doi.org/10.1016/j.camwa.2005.03.015
https://doi.org/10.1109/LCOMM.2013.021913.130025
https://creativecommons.org/licenses/by/4.0

	Introduction
	Literature review
	The fairness in supply chain management
	Two-stage stochastic programming in supply chain optimization

	Problem description
	Model formulation
	Production
	Capacity
	Flow
	Inventory
	Transfer price
	 Lost sales
	 Logical constraints
	Profit
	Suppliers
	Factories
	Markets

	Fair profit distribution

	Solution approach
	Scenario tree construction
	Scenario reduction
	Lagrangian relaxation approach

	Case study
	Assessing the performance of the solution approach
	Assessing the performance of the stochastic programming solution
	Optimal results without considering fairness
	Optimal results considering fairness


	Conclusions

