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Abstract: In this paper, we introduced a framework that requires only choice data to learn a decision-
maker’s utility, unlike the classic random utility framework which needs historical choices and multiple
attributes. We proposed a two-stage optimization model for the single decision-maker’s discrete choice
processes with sequential uncertainties. In the first stage, the decision-maker made a strategic choice
that stochastically determined the set of future alternatives. In the second stage, after these alternatives
were realized, the decision-maker made a final operational choice to maximize utility. The second stage
was modeled as a distributionally robust optimization problem with a Kullback—Leibler divergence
constraint, enabling worst-case utility evaluation. This model built an ambiguity set from historical
choice data to define possible distributions for the decision-maker’s preferences. We also analyzed
the problem’s convexity and used an augmented Lagrangian algorithm to find the optimal solution.
Extensive numerical experiments, including case studies and in-depth sensitivity analyses, demonstrated
the method’s effectiveness.
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1. Introduction

The random utility model (RUM) is widely used for modeling choice behavior, wherein a decision-
maker aims to maximize utility by selecting an alternative from a choice set. The foundational research
on RUM dates back to Thurstone [1], with its modern economic formulation being formally developed
by Marschak [2]. In recent years, the RUMs have been integrated into decision-making studies across
application areas, including investment, marketing, policy-making, and product design [3—6]. Despite
its widespread application, two significant challenges persist in learning the decision-maker’s utility.
The first is the assumption of the availability of the utility function structures and the attribute data
of alternatives [7]. The second challenge arises from the decision-maker’s uncertainty regarding their
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future preferences for different alternatives. These challenges become more critical in sequential settings,
where an early strategic decision such as supplier selection or research and development investment
planning probabilistically shapes the set of operational choices available later. In such settings, missing
attribute data and uncertainty in future preferences may lead to suboptimal decisions with long-term
consequences. To address these challenges, we develop a sequential decision framework that identifies
the optimal commitment strategy while explicitly accounting for missing attribute data and uncertain
future preferences.

In this study, we formalize this challenge as a two-stage sequential planning problem for a single
decision-maker. In the first stage, the decision-maker selects a strategy m from a set of candidate strate-
gies {1,..., M}. This choice determines the probabilistic availability of the alternatives K = {0, ..., K}
in the subsequent stage. Specifically, selecting strategy m defines a vector 8" = (07, ...,0%)" € [0, 115+,
where 6" represents the probability that alternative k will be available to the decision-maker in the
second stage. In the second stage, facing the randomly realized set of available alternatives and their
associated random utilities (influenced by the underlying true preferences), the decision-maker makes a
choice to maximize their realized utility. Our overall goal is to find the optimal first-stage strategy m by
solving a distributionally robust optimization (DRO) problem that considers the worst-case expected
utility over the ambiguity set of preferences. The first-stage decision in our problem relates to the
concept of consideration sets [8, 9], but with the key difference that the availability of alternatives within
the set resulting from the first-stage choice is probabilistic (6" € [0, 1]) rather than deterministic. Our
approach also differs from randomized assortment optimization [10], where randomization occurs only
at the assortment level and does not influence the decision making problem in the second stage.

Our work relates to several research areas. The sequential characteristic of our problem, where the
decision-maker faces ambiguity about their own future preferences [11, 12], gives rise to a strategic
formulation. The first-stage decision can be interpreted as a form of precommitment in the sense of
behavioral economics, where an agent restricts their future choice set to mitigate self-control problems
or uncertainty about future preferences [13]. From a modeling perspective, our framework contributes
to the growing literature on preference robust optimization (PRO). The PRO literature has significantly
advanced decision-making with incomplete utility information by constructing ambiguity sets over
utility functions [14-17]. Our work is particularly related to developments in multistage PRO [18],
which address dynamic decision-making under preference ambiguity. However, a key distinction of
our work is its focus on discrete choice outcomes in an attribute-independent setting, which remains
underexplored.

From a technical perspective, our approach tackles two fundamental challenges in choice modeling.
The first is the reliance of classical RUM on observed attributes of alternatives [19]. Obtaining complete
and accurate attribute data are often impractical, leading to biased estimations [20-22]. While methods
such as Bayesian imputation [23] and inverse modeling [24] have been proposed to mitigate this issue,
our framework formalizes an attribute-independent utility measure based solely on choice probabilities
without the need for attribute data. The second challenge stems from the inherent uncertainty in
these choice probabilities. To address this, researchers have applied DRO to choice modeling and
assortment problems [25-27]. However, DRO frameworks are typically built upon attribute-based
utility structures. To the best of our knowledge, the integration of a DRO approach with an attribute-
independent preference model remains an open gap in the literature. Thus, we aim to fill this gap by
proposing a framework that handles preference ambiguity in a setting where attribute data are not required.
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The main contribution of this study is two-fold. First, we evaluate strategies m in the first stage
without imposing any assumptions on the specific functional form of their utility. Second, we account
for uncertainty in decision-maker preferences by applying a DRO approach to identify the worst-case
scenario for the decision-maker’s utility. As a result, our model requires only decision-makers’ historical
choice data to compute the expected utility for a given strategy m under uncertainties in preferences and
future availability.

The remainder of the paper is organized as follows: In Section 2, we present a two-stage model and
define the ambiguity set of uncertainties. In Section 3, we investigate the conditions under which the
problem is convex and present the corresponding optimality conditions. In addition, an augmented
Lagrangian algorithm is employed to solve this problem. Finally, in Section 4, we present numerical
experiments to demonstrate the effectiveness of the method.

2. Model

Before presenting the model, we summarize the notation used throughout the paper in Table 1.

Table 1. Notation summary.

Symbol Description

K The set of alternatives, {0, 1, ..., K}.

H The set of all non-empty subsets of K.

k The index of alternative.

m The first-stage strategy chosen by the decision-maker.

o The probability that alternative k is available under strategy m.
K., The randomly realized set of available alternatives.

Drk The true (unknown) choice probability for alternative k.

Dr The empirical choice probability for alternative k.

P The ambiguity set for the true choice distribution.

n The radius of the Kullback-Leibler divergence-based ambiguity set.
Uk The utility for alternative k.

Vi The deterministic component of utility for alternative k.

&k The unobserved stochastic component of utility for alternative k.
tx The transformed variable for reformulation.

2.1. Problem definition

We adopt the conceptual foundation of the RUM [2, 27]. In this framework, the utility of alternative
k is represented by the random variable U; = V; + ;. The decision-maker aims to maximize their utility
by selecting an alternative from a choice set K := {0, 1,..., K}. The resulting maximum utility achieved
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by the decision-maker is:

rlggg{Uk}. (2.1)

Here, K is the set of alternatives, with k = 0 often denoting a baseline. In most research, V is assumed
to follow a parametric form (e.g., linear) based on observable attributes, leading to models like logit or
probit [28, 29]. However, assuming a fixed functional form can be restrictive, and collecting attribute
data for estimating the utility function may be impractical. To address these limitations, we propose a
framework that learns preferences from choice data without imposing strong structural assumptions on
the deterministic utility part V,, instead linking it directly to choice probabilities.

2.1.1. Modeling preference uncertainty

Let p; denote the true probability that the decision-maker chooses alternative k € K, forming the
vector p = (po, ..., Pk) ', Which satisfies p;y > 0 and Y ;. px = 1. This vector p defines the decision-
maker’s true preference distribution P over K, which is unknown. We estimate P from N historical
choice outcomes {£,},. The empirical probability of choosing k is:

RS
he= Zl 1&, =k, YkeX, 2.2)

where 1(-) denotes the indicator function. These form the empirical probability distribution Py, defined
by the vector p = (po, . . ., Px)", where Py is an estimate of P. We assume that the historical choice data
are exogenous, i.e., the generating process of the choice data are independent of the decision problem
considered. This assumption is appropriate for scenarios where the decision-maker makes strategic
decisions using historical data from a different and stable environment, or where the preference data
are collected through controlled experiments. We define the Kullback-Leibler (KL) divergence-based
ambiguity set P around Py:

P :={P e M(K): D(PlBy) < n}. (2.3)
where M(K) is the set of distributions on K, n > 0 is the radius, and D(:||-) is the KL divergence:
D(PIBY) = Y pilog £-. (2.4)
keK Pk

To ensure that the KL divergence in (2.3) is well-defined, the empirical probability distribution p must
be strictly positive. Under this condition, the ambiguity set £ contains all probability distributions P
considered plausible and sufficiently close to the empirical observations Py.

Remark 1. In many practical datasets, some alternatives may never be chosen, leading to empirical
probabilities p;, = 0 for some k. To address this practical issue, we employ a standard regularization
technique known as Laplace smoothing [30]. Instead of calculating p; = %, where N, is the number of

times alternative k is chosen in a sample of size N, we compute the smoothed probability ﬁ,imomh as:
Ny +
Asmooth k
= 2.5
Pi N+aK+1) 2.5)

where @ > 0 is a small smoothing parameter (e.g., @ = 1 for add-one smoothing), and K + 1 is the total
number of alternatives. This technique effectively regularizes the empirical distribution by assigning a
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small, non-zero probability to unobserved alternatives. Throughout the rest of this paper, we denote this
smoothed empirical probability vector as p and assume p; > 0 for all k € K.

We select the KL divergence to construct the ambiguity set because of its two advantages over
alternative modeling approaches (e.g., Wasserstein-DRO, moment-based DRO, etc.). First, it admits a
clear statistical interpretation, enabling the ambiguity set to be viewed as a confidence region around the
empirical distribution Py. Second, its logarithmic structure is crucial for the computational tractability
of our model.

2.1.2. Decision-maker’s sequential decision and outcome

Given the uncertain preferences P € P, the decision-maker engages in a sequential decision process.
In the first stage, the decision-maker selects a strategy m € {1,..., M}. This choice determines the
probability vector 6" = (67, ...,0%)", where 6" is the probability that alternative kX becomes available in
the second stage. The baseline alternative O is assumed to be always available (i.e., ) = 1) to avoid
the situation that no choice can be chosen in the second stage. The actual set of available alternatives

realized in the second stage, denoted K, is therefore random, following the distribution defined by 6™.
In the second stage, after the available set %K, is realized, the decision-maker observes the random
utilities {UyJrex, and chooses the alternative k* = arg max;ex,, Uy to maximize their utility. The utility

obtained from this second-stage choice is U,,:

U,, := max U,. (2.6)
keXKn

Note that U,, is a random variable due to the randomness in %, (governed by ™) and the randomness
in U; (from g;). Importantly, its distribution also depends on P € # because V; is linked to p (as shown
later in Proposition 2.1).

2.1.3. Distributionally robust optimization formulation

The overall decision making problem is to determine the optimal first-stage strategy m for the
decision-maker, considering the ambiguity P € # and anticipating their own second-stage behavior. The
decision-maker aims to maximize the expected second-stage utility U,, robustly against the worst-case
distribution in #. This is formulated as:

max {min EF [Um]} , 2.7)

mell,...,.M} \ PeP

where EF[-] represents the expectation over the randomness in U,,. The inner minimization finds the
worst-case expected utility for strategy m.

This formulation uses a standard DRO approach [31] to achieve robustness against preference
ambiguity. While the decision-maker’s decision process is sequential, the optimization problem (2.7) is
solved at the beginning to find the optimal first-stage strategy. To help readers better understand the
structure of the model, we also provide a diagram in Figure 1 that illustrates the two-stage decision
process.
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Figure 1. Schematic diagram of the proposed two-stage decision model for a single decision-maker.

2.1.4. Illustrative example

Now, we present an example to illustrate this framework from the decision-maker’s perspective.

Example. Consider a decision-maker choosing enhancement projects from alternatives K =
{0,1,2,3,4}, where k = 0 is the baseline. In the first stage, the decision-maker selects a strategy
m from the set {1,2}. This strategy m determines the probability vector 6" = (6}, ...,6%)", where 6" for
k > 0 1s the probability that enhancement k is available in the second stage (6 = 1). Let the strategies be
defined by 6' = (1,0.6,0,0.8,0)™ and 6* = (1,0.4,0.6,0,0.5)". For instance, under m = 1, alternatives
k = 1 and k = 3 have probabilities 0.6 and 0.8 of being available, respectively, while k = 2 and 4 are
unavailable. Consequently, when the decision-maker chooses m initially, the actual set of available
alternatives in the second stage, denoted %, is random and realized according to the probabilities
in #". The decision-maker does not know the exact composition of K, when making the first-stage
decision. Therefore, the decision-maker must choose m by anticipating their optimal utility-maximizing
choice within the randomly realized set K, while considering the ambiguity about their own preference
distribution P € P.

2.2. Our problem vs classic random utility model

In the classic RUM, the utility U, that a decision-maker assigns to alternative k € K = {0, 1,..., K}
1s expressed as
U=V, + &, (2.8)

where V represents the deterministic component of utility, often referred to as the representative utility,
and g, captures the unobserved stochastic component. In most cases, the deterministic utility V; is
modeled as

Vi = By, (2.9)

where y; is a vector of attributes associated with alternative k, and 8 denotes the decision-maker’s
preference weights for these attributes. In contrast, our approach circumvents the need for attribute
data and associated parameter () estimation by representing V; directly through choice probabilities
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(as detailed in Section 2.3). Furthermore, our model explicitly addresses uncertainty in decision-maker
preferences through the ambiguity set  and uncertainty in future availability through the probability
vectors 6.

2.3. Expected utility maximization
2.3.1. Uncertainty and distribution

The RUM addresses the problem of predicting the probability that a decision-maker chooses an
alternative from a finite set of alternatives K = {0, 1,..., K}. Based on the definition in (2.8), we
adopt the assumption from the most commonly used RUM, the multinomial logit (MNL) model, which
posits that each g; follows an independently and identically distributed (i.i.d.) extreme value (Gumbel)
distribution. This assumption ensures a closed-form expression for the choice probabilities, although
alternative distributional assumptions can be considered and may lead to different model formulations.

To establish a direct link between the deterministic utility V} and the choice probabilities p; without
relying on attributes, we leverage a foundational result from discrete choice theory. Under the 1.i.d.
Gumbel assumption, the probability of choosing alternative & is given by the well-known MNL formula,
pi = €%/ Y cx €' [32]. By inverting this relationship and setting Vj, = 0 as a benchmark, we can express
Vi directly in terms of the choice probabilities. This classic result enables us to obtain the distribution
of U; as follows.

Proposition 2.1. Given p = (po, p1,...,px)" with the deterministic part of utility for alternative 0
being the benchmark for all alternatives, i.e., Vo = 0, and &y, €1, . .., €k i Gumbel(0, 1), then we have
that for each k € K,
Ve = 1n(ﬂ), (2.10)
Po
and e
PU,<u)y=e n° . (2.11)

2.3.2. Formulation

With the distribution specified in Proposition 2.1, the analytical form of the inner minimization
problem can be obtained. This analysis relies on a foundational result for the expected maximum
of Gumbel-distributed random variables, commonly known as the log-sum formula [32, 33]. As
demonstrated in the following proposition, applying this result enables us to express the objective
function in a closed form.
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Proposition 2.2. Given 6™ in the first stage and n as the bound on the KL divergence, the inner
minimization problem of (2.7) can be formulated as follows:

) Dkex Pk
E | | e" | | 1-0" +In—/————
Pogll,l-{l,pk ki ( kz) (7 ! Po

Kex keK’ ko eK\K'
k
s.t. Z pi log IZ— <n,

LTSy (2.12)
Z =1,

keK

P20, keK,

where py is the kth element in the distribution Py, estimated from historical observations defined in
(2.2). In addition, % = {K' | K' C K, K" # 0} represents the set of all non-empty subsets of K, and y
is the Euler—Mascheroni constant (as defined in Dence and Dence [34]).

The results in Proposition 2.2 represent a reformulation of the inner problem in (2.7), where the ob-
jective function in (2.12) essentially reformulates E* [Um] from (2.7). This reformulation calculates the

worst-case expectation by explicitly summing the conditional expectations (y + In %) over all pos-

sible realizations K of the available set, weighted by their probabilities (H e O Tierae (1 =67 )).
Moreover, the terms [;,exc 0 and []i,ex\%c (1 — 07,) represent the probabilities that, in the second stage,
the alternatives in K’ are available for the decision-maker to choose, while those in K \ K’ are absent,
respectively.

A more detailed analysis of Proposition 2.2 is provided in the appendix. The most significant
advantage of (2.12) is that, for fixed parameters 6" and 7 in the first stage, the objective function in
(2.12) is expressed as a linear combination of the term (7 + In %).

Building on Proposition 2.2, we examine a nominal benchmark by setting the ambiguity radius n = 0.
This represents a decision-maker who completely trusts the empirical data Py. In this case, the only
solution to the inner minimization problem (2.12) is p, = py for all k € K. The utility for this nominal
benchmark of a given strategy m is:

m /11 Z / ﬁ

nominal — Z 1—[ 9](. n (1 - 6]2) (7 +In W . (213)
KeH ek kekK\K' Po

The nominal benckmark utility represents the utility of strategy m without considering the ambiguity of

preference.

3. Solution method

3.1. Problem reformulation

In this section, we reformulate the inner minimization problem (2.12) to facilitate further analysis. We
introduce a variable transformation using unconstrained variables #; to implicitly satisfy the probability
constraints (3, px = 1, px > 0). This transformation results in an equivalent optimization problem
expressed in terms of these new variables.
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To introduce the notation, we define K + 1 new variables f, t; . . ., tx wWhere t;, € (—o0, +0) for k € K.
These variables are collectively denoted as ¢ = (o, 14, ..., k) and pi(t) = Zle':i - Now, for these new
decision variables, the following conditions are satisfied:

e'x
el ’
R Ele?{ 3.1)
— >0, keXK.
ZZG‘K e

From the definition in (3.1), we have that p(¢) is positive, which can approach a very small positive
value close to zero. By incorporating ¢, we can reformulate (2.12) as

: yn m ZkEV(’ e
min S [Tar [] a-anfyemZes

Kex keK ke K\K’

'k

i Trexc el (3.2)
sty o——log X< <,
Y ek € D
teR, ke K.

Based on the above reformulation, we analyze the convexity of this problem.

3.2. Convexity

We analyze the convexity of the objective function f(#) and the constraint function c(¢) defined
below. We show that f(¢) is convex and c() is convex under certain conditions on the probabilities p(z).
Incorporating these conditions leads to a convex optimization problem.

i /1 Z et
faon,..om= > [er [] (1—9k2)(y+1n% , (3.3)
K'ex keK ko eK\K! ¢

U3
174 €

e > 1ed el
clto, 11, o tk) = ) —log =< —p, (3.4)
e Dk € Dk
Proposition 3.1. The function f(ty, t1,...,tx) is convex in t = (ty, t,...,tx) € REL,
Next, we investigate the convexity of c(t, 1y, ...,x). To this end, we first present two auxiliary

lemmas:
-1
Lemma 3.1. If " (Zzlio e”) < 1, the function
ti
Sige

is convex with respect to t = (to, t1, . ..,tx) € R foralli € {0, ..., K).

gi(1) = (3.5)

Lemma 3.2. The function y(x) = xIn 3 is convex with respect to x for a € (0, 1). Furthermore, y(x) is
decreasing on (0, ¢) and increasing on (£, +00).
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Using these lemmas, we establish the convexity of c(#, #, . . ., fx) under specific conditions:

Proposition 3.2. For all k € K, if the following condition holds:

A I 1
k e
Phe & <2 vkex, (3.6)
e Zle?( e’ 2
then function c(ty, t, . .., tx) is convex in t = (to, 1, . ..,tx) € RE*L

The proofs of these results are provided in the appendix. Based on the above results, we conclude
that the following problem is convex:

i i ke e’
lo,Itrll,.l.?tK Z l—[ ky rl (1- 9}2) (}/ +In T

K'ex keK' ko e\ K’

e'k

e Dliex e'l
s.t. log=—— <1,
,;; ek €" Pr (3.7)
A t 1
Pk < ¢ <—, keK,
e Zle?( e 2
weR keK

Compared to (3.2) or equivalently (2.12) in Proposition 2.2, a set of additional constraints is added to
the above optimization problem. Here, we provide clarifications for these additional constraints.

Remark 2. We provide justifications for the additional constraints on p;. The lower bound on p; can
be interpreted as an assumption of preference stability. In decision theory, a decision-maker’s preference
is typically assumed to be relatively stable over a short time period. This condition prevents the true
preference p; from deviating too much from the empirical observation p;. Its practical implication is to
focus the model on stable preference patterns. The upper bound on p; can be interpreted as a constraint
on the preference for a particular alternative does not significantly outweigh that of all others when
considering multiple alternatives. If one alternative has a choice probability significantly greater than 1,
the decision problem is simplified to a heuristic that always maximizes the availability of that alternative.
Our framework is designed for the more complex and common scenario where a meaningful trade-off
exists among several viable alternatives.

3.3. Augmented lagrangian method
3.3.1. Augmented lagrangian function

In this section, we investigate an augmented Lagrangian method (ALM) [35-37] to solve problem
(3.7). We introduce a set of slack variables s, 7, oy, k € K as follows:
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Tk
. 1 Zkeq(/ 4
mn ) || |] (1‘82"2)(7”117)
”’ K'eX kieK ke K\K’

e'k

178 -
s.t. Z ¢ ~log Zlef(el —n+s=0,
keK ZIE(]( e ! pk
5 e (3.8)
— - —+r, =0, keK,
e Dexe"
e’ 1
——4+0,=0, keK,
Zle’K el 2 o
te€R, s, 0 >0, k€ K.
We further denote r = (rg,r1,...,rx)" and o = (0g, 01, ...,0k)", and let
" _ek
c(1) C log 2Ly,
= Yiex ¢ ! Px
S ol
ki) = Pk_ ’ (3.9)
cr( ) e Zle‘K el
I 1
' e
t = - <.
Co( ) Zle?( efl 2
Based on the notations above, we define the Lagrangian function as follows:
L(t, 5,1,0,1) = f(0) + e (0) + ) + D phck) + ) + ) b(eho) + op), (3.10)

ke keK

for s, 1,0, > 0, k € K, and f(¢) defined in (3.3). The quadratic penalty function of the problem above
is

pt,s.10) = () + s+ Y () +n) + Y () + o) 3.11)

keK keK
and the augmented Lagrangian function with penalty factor o is

Lo(t,.1,0,4) =)+ ples() + )+ Y i) + 1)+ Y pb(eh 0+ 00 + Sp(ts.ro) (312)
ke ke

for s,ri, 0, >0, k € K.

3.3.2. Algorithm

Now we proceed to an iterative algorithm to solve the problem. Given that at iteration j, the multiplier
and the penalty factor in (3.12) are u/ and o, respectively. We need to solve the following optimization
problem:

min L, (t, s,r,0,4'), S.t. 5,1, 01 > 0, k € K. (3.13)

t,s,1,0
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This updates the decision and slack variables ¢, s, ry, o at iteration j+ 1, denoted by #/*!, s/*1, r,{” , 0',{“

for each k € K. In fact, the optimization problem (3.13) can be simplified by focusing on the variable 7.
First, given a fixed value of ¢, the subproblem with respect to s, r, and o can be formulated as:

: 0
,min Ous(cs(t) +5) + E M (Cr (D) + 1) + § Moy (Co (1) + 0p) + jp(t, S, 1,0). (3.14)
Th0kZ ke keK

Due to the convexity of (3.14), s, r and o are the global optima of the problem if and only if

s = max {—& - cs(t),O} ,
O-.

J

re = max {—% — e, (D), 0}, (3.15)

J

0x = max {—’ﬂ - cok(t),O}.
0-.

J

By substituting s, r, o into L(,j(t, s, 1,0, 1), we have

. 2 2 . 2 2
Lo (1) = £ + = {[max{“—f " cS(t),O}] - “—2} vy { max (2% + c,k(t),O}] - “—g}
7 T kex 7 7] 16
> {[max{ﬂ + cok(t),O}] - —;}
2 ag; :
keK J
Therefore, (3.13) is equivalent to

min L, (1, /). (3.17)

teRK+1

Due to the continuous differentiability of the solution to (3.16), the above optimization problem can be
solved using the gradient descent method.

We propose the following framework to achieve #/*!, s/*!, 7/*! and o/*' for k € % in iteration j + 1.
On one hand, we examine the optimal condition for (3.8), where optimal solutions ¢*, s*, r*, 0* and
multiplier u* satisfy the following Karush-Kuhn-Tucker (KKT) conditions:

0 = V() + Vet + D Ven (¢ + > il Ve (1),
keK keK

ps 20,
s >0,
My, 20, ke K,
1,20, keK,
My, 20, keXK,
0,20, ke K.

(3.18)
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On the other hand, for the optimization problem (3.13), the solutions #/*!, s/*!, r/*! o/*! satisfy the
following KKT conditions:

0= VA" + (1 + o (e, + /) Ve, (/")

+ > (), + oo @) + 1) Ve, ()
keXK
+ (1, + o j(co @) + 0f™) Ve, (),
ke
J
NET— {_& _ C‘Y(t,-ﬂ)’o} ’ (3.19)
(oA

J

J
j+1 M, i+1
rli+ = max {—;k — crk(ﬂ+ ),O} , ke K,

J

J
oi” = max {—'Iﬂ — ¢, (), 0} ,keXK.

gj

By comparing such two KKT conditions above, the update formula for multiplier i can be derived as:

! = max {,uﬁ + o'jcs(tj”), 0} ,
it = max {ul + e, (#71),0}, (3.20)
pirt = max {ul, + i, (1), 0},

where #/*! is the optimal solution to problem (3.17). Regarding the equality constraints in (3.8), we
introduce the following function to measure the violation of these constraints,

pi(E*) = \/(cs(tf“) F 54 (e ) + Y 4 Y (o + oML GB2D)

keK keK
By substituting the results of (3.15) into (3.21), we can further rewrite v;(#/*') as:
V() =

Y Y iV (3.22)
BRRNE Ps R Bp|

J kek J keX J

The pseudo-code of presented Algorithm | is provided in Appendix B, and the key steps of the
algorithm are summarized as follows:

1. Initialization: Initialize the iteration counter j = 0, the multipliers x°, and the penalty parameter

0_0

2. Subproblem solution: Solve the unconstrained subproblem for the transformed variables #/*!:

t/*! = argmin L, (1, /), (3.23)

teRK+1
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where I:(T/,(t, /) is the augmented Lagrangian function defined in (3.17). This minimization is performed
using a gfadient—based optimization method.

3. Multiplier update: Update the Lagrange multipliers using the results from the subproblem solution.
Following the standard ALM update rule, the new multipliers u/*! are computed via the following
formula:

W = max{y’ + o je(t’), 0}, (3.24)

where c(#/*!) represents the vector of constraint violations at #/*!.

4. Penalty parameter update: The penalty parameter o; is adaptively increased to encourage
feasibility. If the constraint violation does not decrease sufficiently compared to the previous iteration,
we update o j,; = p - o; for some p > 1; otherwise, oj.1 = 0.

5. Convergence check: The algorithm terminates if either a feasibility condition or an optimality
condition is met. The iteration stops if the constraint violation v j(tj“) (defined in (3.22)) falls below
a feasibility tolerance, or if the relative change in the objective function value between consecutive
iterations falls below an optimality tolerance. The algorithm also terminates if a maximum number of
iterations is reached.

Parameter selection Our implementation of the ALM involves several key hyperparameters. For the
main ALM procedure, we set the initial Lagrange multipliers x° = 100 and the initial penalty parameter
oo = 40. The penalty parameter is adaptively increased by a growth factor of p = 2 if feasibility is not
sufficiently improved in an iteration. The algorithm terminates when the constraint violation falls below
a feasibility tolerance of & = 107,

The unconstrained subproblem in each ALM iteration is solved using the RMSprop optimizer [38].
The RMSprop hyperparameters are set as follows: The learning rate is 107>, the momentum factor is
¥ = 0.9, and a numerical stability constant of &,,, = 107 is used. The inner optimization is terminated
after a maximum of 2000 iterations.

Computational complexity The main computational cost of the proposed ALM lies in the iterative
solution of the unconstrained subproblem (3.17). The objective function in this subproblem contains a
summation over all 2X*! — 1 non-empty subsets of the K + 1 alternatives. Consequently, each evaluation
of the objective function and its gradient, which is required at each step of the inner gradient-based
solver, has a computational complexity of O(2K).

In contrast, all other operations within each ALM iteration, such as the updates for the Lagrange
multipliers and the penalty parameter, are computationally inexpensive, which is O(K). Therefore, the
overall complexity of the algorithm is dominated by the subproblem solution, which scales exponentially
with the number of alternatives.

4. Numerical examples

The numerical examples consist of four subsections. First, we present a case study of a supply chain
management problem. Second, we conduct a sensitivity analysis of the hyperparameters. Third, we
examine how the uncertainty radius and strategy structure influence the results. Finally, we evaluate the

computational performance of the algorithm.
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To align with the two-stage framework, the experimental data are generated in two steps. First, we
simulate historical choice records for the decision-maker across various alternatives to represent the
choice probabilities. Second, we generate historical availability records for each alternative to capture
the availability probabilities.

To further demonstrate the practical credibility of the proposed framework, we provide a real-world
project investment case study in Appendix C. This case supplements the synthetic experiments by
incorporating a real industrial decision scenario.

4.1. Supplier selection problem

A company seeks to optimize its procurement strategy by selecting one of five suppliers to replenish
inventory of a critical component and mitigate potential shortages. There are nine alternatives (K =
{0, ..., 8}), comprising eight distinct components plus a baseline (Alternative 0). Historical data yield
empirical selection probabilities for these alternatives, denoted as p = (po, ..., pg)" (Table 2). The
empirical probabilities p used in our experiments are computed from the simulated historical data after
applying Laplace smoothing with @ = 1. In addition, five suppliers can produce these alternatives, and
their corresponding probabilities for on-time delivery are detailed in Table 3. The baseline alternative is
assumed to be reliably delivered by all suppliers.

Table 2. The set of alternatives and their synthetic selection probabilities (p) for the Supplier
Selection Problem.

Alternative No. 0 1 2 3 4 5 6 7 8

Empirical Selection Prob. (p) 2% 12% 15% 20% 10% 8% 11% 17% 5%

Table 3. The synthetic on-time provision probabilities (6;") for each alternative under each of
the five suppliers.

Alternative Supplier
No. 1 2 3 4 5
0 100% 100% 100% 100% 100%
1 85% 0% 84%  T18%  88%
2 5% 68% 66% 61% 90%
3 0% T74% 0%  T70% 0%
4 65% 0%  12% 0%  95%
5 0% 62% 0% 0%  92%
6 0% 80% 0% 52% 0%
7 0% 50% 78% 67% 0%
8 0% 0%  70% 0% 81%
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The optimal solutions are derived by solving (3.7) using the corresponding parameters for the
suppliers outlined in Table 3. The utilities in Table 4 represent the expected worst-case utilities that the
company can achieve in the second stage. It is noted that Supplier 4 offers the maximum worst-case
utility and is consequently selected in the first stage. The optimal values for these five suppliers range
from 1.460 to 1.570.

The first column in Table 3 lists the alternatives, ranging from O to 8. The subsequent columns
present the capabilities of the suppliers. For example, the second column provides the capability of
Supplier 1 to provide each alternative, where the 100% in the first row indicates that Alternative O is the
baseline alternative, meaning that the delivery within the deadline of this alternative can be guaranteed
by all suppliers. In each column, the values indicate the probabilities that the corresponding supplier
will deliver the respective alternatives on time.

Table 4. The optimal worst-case expected utility for each of the five suppliers, computed with
an ambiguity radius of 7 = 0.1 using synthetic data.

Supplier 1 2 3 4 5

Utility 1.489 1.524 1.460 1.570 1.469

In Figure 2, we illustrate the convergence behavior of the algorithm for each of the five suppliers.
The values of the objective function for each supplier stabilize within a small number of iterations,
indicating that the algorithm converges efficiently in practice. This rapid stabilization is theoretically
supported by the convex structure of the problem and is consistent with the convergence behavior of
ALMs for convex optimization [39].

—e— Supplier1  ==e= Supplier 4 (best final)
Supplier 2 —e— Supplier 5
Supplier 3

261 &=

2.44

2.24

Utility

2.01

1.8
1.6
\\\;

14

1 2 3 4 5 6 7 8 9
Iteration

Figure 2. Convergence of the worst-case expected utility for the five suppliers under an
ambiguity radius of n = 0.1.

These results indicate the practical efficiency of the algorithm and motivate a further examination of
how its convergence behavior may vary with different hyperparameter choices.
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4.2. Sensitivity analysis of hyperparameters

We perform a set of numerical tests for comparative analysis on how the initial multiplier x° and
the initial penalty factor oy influence the solution. To facilitate a clearer analysis of hyperparameter
effects, we employ a smaller illustrative example. For this analysis, we consider a scenario with
four alternatives (indexed O to 3) available in the second stage, alongside the baseline Alternative 0,
which is always available. The empirical selection probabilities for these alternatives are given as
p = (1%, 48%, 30%, 21%)". In this context, there are M = 3 first-stage strategies for the decision-
maker to choose in the first stage. The corresponding probabilities (¢]") that these alternatives will be
available in the second stage under strategy m € {1, 2, 3} are presented in Table 5. Columns 2 through
4 present the probabilities for 6!, 6%, and 6°, respectively, while the first column lists the alternatives.
Alternative 0 has 67 = 100% for all m.

Table 5. The three first-stage strategy structures (', 8%, 6*) used in the small-scale example
for hyperparameter sensitivity analysis.

Alternative Strategy
No. 6! 6? 63
0 100% 100% 100%
1 30% 55% 0%
2 70% 0%  90%
3 0% 80% 60%

We begin by solving for the different strategies ({6"},,=12.3) using the original hyperparameter settings
to identify the optimal option.

—e— Strategy 1
—e— Strategy 2
—e— Strategy 3

1 2 3 4 5 6 7 8 9
Iteration

Figure 3. Convergence of the worst-case expected utility for the three strategies defined in the
hyperparameter sensitivity analysis, computed with ambiguity radius n = 0.1 using synthetic
data.
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Table 6. Original hyperparameter settings and the ranges used for the sensitivity analysis of
the initial multiplier (u°) and the initial penalty factor (o).

No. Hyperparameter Original Setting Value to Test
1 1° (initial multiplier) 100 {2, 5, 10, 20, 50, 200}
2 0y (initial penalty factor) 40 {4, 8, 20, 80, 200, 400}

Figure 3 illustrates the convergence of the simple example provided, and Strategy 3 is the best choice
in the first stage. The figure also demonstrates that the differences between iterates are significantly
reduced after a small number of iterations. To further analyze the solution, we conduct tests to examine
how the initial multiplier 4° and the initial penalty factor o7, influence the solution. We vary their values
as outlined in Table 6 while using the value of #' in Table 5 as the strategy structure. To simplify the
analysis, we use the convergence process for Strategy 1 as a benchmark, which is illustrated in Figure 3.
First, we perform a set of numerical tests for the initial multiplier u°, varying its values among 2%, 5%,
10%, 20%, 50%, and 200% of the original setting of 100, as shown in Table 6. Figure 4 presents the
convergences for varying values of u°.

—e— mu=2 —e— mu=50
—e— mu=5 mu=100
—e— mu=10 —e— mu=200

2.6

2.4 —e— mu=20

2.2

2.04

Utility

1.89

169

1.4+

1249

2 4 6 8 10
Iteration

Figure 4. Convergence behavior of the algorithm for Strategy 1 under different values of the
initial multiplier 4°, computed with ambiguity radius 1 = 0.1 using synthetic data.

Second, we proceed to analyze how the value of the initial penalty factor oy influences the numerical
results. For this analysis, we consider values of o at 10%, 20%, 50%, 200%, 500%, and 1,000% of
the original value of 40, resulting in the corresponding test set: {4, 8,20, 80, 200, and 400}, respectively.
Figure 5 illustrates the significantly different convergence behaviors for these varying values of o.

The investigation into varying the values of u° reveals that different hyperparameters lead to distinct
convergence behaviors. In particular, Figure 4 shows that the differences in each case are caused by
the impact of u° on the solution of the subproblem in each iteration. It is worth mentioning that when
1° = 2, the objective function value initially increases along the growth of the iterations. Analysis of
the algorithm’s execution reveals that the solutions obtained in the first and second iterations violate
feasibility constraints, indicating that u° = 2 is not an appropriate setting. Furthermore, the results in
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Figure 4 demonstrate that a smaller value of the initial multiplier u° leads to a higher probability of
encountering infeasible values in the initial iterations of Algorithm 1. Similarly, Figure 5 illustrates
that different initial values of o also yield distinct convergence behaviors. Figure 4 and Figure 5 also
demonstrate that varying the hyperparameters u° and oy may result in a different number of iterations
required for convergence.

—e— sigma0=4 —e— sigma0=80
—e— sigma0=8 sigma0=200
—e— sigma0=20 —e— sigma0=400
—e— sigma0=40

2.44

2.24

2.01

Utility

1.8

1.6

1.4+

2 4 6 8 10 12
Iteration

Figure 5. Convergence behavior of the algorithm for Strategy 1 under different values of the
initial penalty factor oy, computed with ambiguity radius 7 = 0.1 using synthetic data.

4.3. Sensitivity analysis of ambiguity radius and strategy structures

To further investigate the properties of our proposed framework and address the selection of key
parameters, we conduct a sensitivity analysis on two critical components, which are the ambiguity
radius 77 and the structure of the first-stage strategies.

4.3.1. Sensitivity analysis of ambiguity radius 1 and robustness analysis

The ambiguity radius n quantifies the decision-maker’s aversion to preference ambiguity. To
understand its impact, we analyze the performance of the three strategies defined in Section 4.2 under a
wide range of n € {0.0,0.01,0.05,0.1,0.2,0.5, 1.0, 5.0, 10.0, 20.0}. This analysis provides quantitative
indicators of robustness, with the results presented in Figure 6. The yellow dashed line represents the
optimal strategy under different n7 values, which is the upper envelope of the worst-case expected utilities
for all strategies.

First, the worst-case expected utility serves as a primary robustness metric. As expected, Figure
6 shows that the worst-case expected utility for all strategies is monotonically decreasing in 7. This
illustrates the fundamental trade-off between robustness and performance that, as 7 increases, the
robustness improves, while the guaranteed worst-case utility declines. Notably, a sharp initial drop in
utility for n = 0.01 indicates the significant impact of introducing even a minor degree of preference
uncertainty.

Second, the analysis reveals a clear shift in the optimal strategy. As shown by the upper envelope,
the best strategy changes as the decision-maker’s ambiguity aversion increases. In our experiment,
Strategy 3 is optimal when < 0.1, but Strategy 2 becomes the best choice when n > 0.5. This
demonstrates thatdifferent strategies are optimal for different risk preferences, and our framework
provides a valuable tool for selecting the appropriate strategic choice based on the decision-maker’s
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attitude toward ambiguity. We also compute the nominal benchmark utility for each of these strategies
by (2.13). The results are illustrated in Table 7.

354 @ —e— Strategy 1

—e— Strategy 2

—e— Strategy 3
Upper Envelope

w
o

N N
=) «

=
«n

Worst-Case Expected Utility

g
o

o
o

0 0.01 0.05 0.1 0.2 0.5 1 5 10 20
n (ambiguity radius)

Figure 6. Sensitivity analysis of the worst-case expected utility with respect to the ambiguity
radius 1, computed using synthetic data.

From Table 7, we can see that the nominal benchmark utility for each strategy is greater than the
worst-case expected utility when n = 0. This is because the worst-case expected utility is constrained
by the additional constraints in (3.7), i.e., % <pr < % and k € K. These constraints are instrumental
for ensuring the convexity and tractability of our problem, but they are inherently restrictive. The
gap between the nominal benchmark utility and the worst-case expected utility quantifies the price of
tractability for ensuring a solvable convex problem.

Table 7. Comparison of the unconstrained Nominal Benchmark Utility versus the constrained
Worst-Case Expected Utility at an ambiguity radius 7 = 0, computed using the synthetic data
for the three strategies defined in Section 4.2.

Strategy Nominal benchmark utility = Worst-case expected utility

1 3.5277 2.6427
2 3.9847 3.3680
3 4.1326 3.5282

4.3.2. Sensitivity analysis of strategy structures

In practice, a decision-maker may face different types of strategic choices. Some strategies might be
‘specialized’, focusing on making one or two alternatives that arehighly available, while others might be
‘diversified’, providing moderate availability across a broader range of options. We investigate how our
model evaluates these strategy structures. We define four strategies as follows:
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e Specialized strategies (Strategies 1-3): Each concentrates availability on a single alternative; e.g.,
6' = (100%,99%, 0%, 0%), 68* = (100%, 0%, 99%,0%), and 6°> = (100%, 0%, 0%, 99%). This
corresponds to committing to one dominant option.

e Diversified strategy (Strategy 4): Distributes availability across alternatives, representing a hedging
choice, e.g., #* = (100%, 40%, 40%, 40%).

We compute the worst-case expected utility for each of these four strategies across the same range of 7
values. The results are illustrated in Figure 7.

3.0
[ —e— Strategy 1
—e— Strategy 2
—e— Strategy 3

N Strategy 4
\ Upper Envelope

1072 107t 10°
n (KL bound)

N
n
/

N
=)

=
o

Worst-Case Expected Utility
=
)

0.5 1

Figure 7. Performance comparison of specialized versus diversified strategy structures under
varying ambiguity radius 7, computed using synthetic data.

Figure 7 illustrates how the optimal strategy shifts as 77 increases. When 7 < 0.1, Strategy 1 is optimal.
This strategy offers the alternative with the highest historical choice probability at a 99% availability.
Conversely, when nn > 0.5, the diversified Strategy 4, which provides three non-baseline alternatives
each at a 40% availability, becomes the superior choice. This transition highlights a managerial insight
that when confidence in historical data is high, a concentrated strategy focused on the historically
dominant option is best. As uncertainty increases, a diversified strategy that spreads availability across
alternatives provides a more robust performance and yields a higher worst-case expected utility. Our
framework quantifies this strategic trade-off, providing a data-driven tool for managing the choice
between concentration and diversification under preference ambiguity.

4.4. Computational performance

In this section, we discuss the computational performance of the algorithm. All experiments are
conducted on a MacBook Pro with an Intel Core i9 CPU and 16 GB of RAM. As we discussed in Section
3.3.2, the computational complexity of the algorithm is dominated by the subproblem solution, which
scales exponentially with the number of alternatives, i.e., O(2X). Therefore, we record the running time
of the algorithm to solve (3.7) for different numbers of alternatives, ranging from 4 to 10. The data used
in the experiments are synthetically generated, as detailed in Appendix D. The results are illustrated in
Figure 8. The figure shows that the running time of the algorithm scales exponentially with the number
of alternatives. This is consistent with our theoretical analysis of computational complexity. For our
main supplier selection problem with 9 alternatives, the running time is approximately 7.05 minutes.
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101

Runtime (minutes)
o

Number of Alternatives

Figure 8. Computational time for solving (3.7) in a single run for different numbers of
alternatives at an ambiguity radius 7 = 0.1, computed using synthetic data.

5. Conclusion

In this paper, we address the challenge of a single decision-maker selecting an optimal first-stage
commitment strategy in a sequential planning problem. Each strategy probabilistically determines the
availability of future alternatives. We develop an attribute-independent utility measure using historical
choice data and use the MNL model to link utility with choice probability. To handle ambiguity in the
decision-maker’s own preferences, we construct an ambiguity set following the DRO approach. This
enables the decision-maker to select the strategy that maximizes the worst-case expected utility, thereby
making a robust choice against preference uncertainty. We show that, under reasonable conditions, the
inner worst-case evaluation problem can be reformulated as a tractable convex optimization problem,
which we solve using the ALM. Case studies in supply chain management and project investment
demonstrate the effectiveness of our approach, highlighting its theoretical importance and practical use.

For future research, we suggest four directions: First, relaxing the exogeneity assumption on
the historical choice data to incorporate potential endogeneity arising from availability constraints
or strategic decisions. Second, developing more efficient computational methods to overcome the
exponential complexity from summing over all possible availability subsets, especially as the number of
alternatives increases. Third, enhancing the utility modeling by exploring more flexible assumptions
for the random utility components. This could involve relaxing the i.i.d. assumption to account for
correlations between alternatives, or investigating alternative distributional families beyond the Gumbel
distribution for the error terms. Finally, extending our framework to more general ambiguity sets, such
as those based on Wasserstein distance or moments. These extensions aim to improve the model’s
scalability, flexibility, and applicability across applications.
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