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Abstract: This paper investigated conditionally computable global error bounds for tensor comple-
mentarity problems (TCP) and vertical tensor complementarity problems (VTCP). Existing global error
bounds for TCP and VTCP rely on an unknown exact solution vector, which cannot be numerically
evaluated in practice and thus limits their applicability. To address this limitation, we established condi-
tionally computable global error bounds under structured tensor assumptions. The derived bounds only
require an arbitrary feasible test vector and are independent of the unknown true solution. Moreover, our
theoretical results generalized several classic error bound theorems for linear complementarity problems
(LCP), such as the Mathias—Pang and Chen—Xiang estimates. Numerical examples were presented to
verify the tightness and computational efficiency of our proposed bounds.
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1. Introduction

The tensor complementarity problem (TCP), abbreviated as TCP(#, b), is to find a vector u € R”
such that
u>0,Hu"'+b>0,u" (Hu"'+b)=0, (1)

where H € R b € R". This high-order complementarity framework was originally proposed by Song
and Qi [1]. It is also a generalization of the classical linear complementarity problem (LCP) [2]. A wide
range of practical optimization models can be equivalently transformed into the TCP, including multi-agent
non-cooperative game equilibria, hypergraph clustering tasks, and traffic network equilibrium assignments.
Readers may consult the comprehensive overview provided in [3] for more application backgrounds. A
substantial body of theoretical work has discussed the existence and uniqueness of TCP solutions in existing
publications. As one representative achievement, Bai et al. demonstrated in [4] that the solution set of
TCP(H, b) is both nonempty and compact if H is a P-tensor; further, strong P-tensors guarantee that TCP
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admits exactly one solution for any constant vector b. Later, Dai and Wu defined a special family of power
Lipschitz tensors, named SPL-tensors, and proved that the TCP with an § PL-tensor also has the property of
global uniqueness and solvability [5]. .
As an extension, the vertical tensor complementarity problem VTCP(H, B) 1s defined to find u € R”
such that
b1 + 7’(1“"11_1 >0, b2 + qumg—l >0, (b1 + 'Hlu”“_l)T(bz + ﬂzumz_l) =0, (2)

where H = {H;, H,} with H, € Rmn ¢, € Rma and b = {b;,b,}; see [6~12]. Obviously,
the VTCP(7_{, B) is a generalized form of the TCP(H,b). For generalized multilinear Nash games,
all equilibrium points can be recovered via solving the corresponding VTCP system [13]. For the
VTCP(H, b), Li ef al. in [8] has shown that its solution set is bounded if  is a VR,-tensor, and it has a
solution if # is a V P-tensor.

One of important issues for the above tensor-type complementarity problems is to study the related
error bounds. There exist some results on the error bounds in the literature. For example, for the LCP
with a P-matrix, its global error bounds and perturbation bounds were established [14—16]. For the TCP,
Zheng et al. extended the Mathias-Pang global error bound for the LCP [14] to the TCP [17], and Li et
al. extended the Chen-Xiang perturbation error bounds for the LCP [15] to the TCP [18]. Global error
bounds for the VTCP were proposed in [8]. .

All prior global error bounds for TCP(#, b) and VTCP(H, B) [8, 17] involve an unknown optimal
vector u, € S OL (where S OL denotes the solution set of TCP or VTCP). However, u, remains unknown,
and the corresponding global error bounds cannot be numerically evaluated, which restricts the practical
value of existing error bounds. Motivated above, we develop conditionally computable global error
bounds which depend only on an arbitrary trial vector, without requiring the unknown exact solution of
the problem.

Based on these considerations, in this paper, we further discuss the global error bounds for TCP(#, b)
and VTCP(H, b). The presented results regarding the global error bounds of two tensor complementarity
problems can be computed by a given vector u, and do not depend on their respective solutions. Not only
that, these proposed results also cover some classical results, e.g., Mathias-Pang global error bounds [14] and
Chen-Xiang global error bounds [15, 16]. To further confirm the efficiency and feasibility of the results of the
global error bounds, some numerical examples are provided as well.

The remainder of this paper is organized as follows. Section 2 collects fundamental tensor notations,
definitions, and auxiliary lemmas required for subsequent derivations. Section 3 establishes two families
of computable global error estimates for TCP, under the assumptions that H is a strong P-tensor or
an S PL-tensor separately. Inspired by the analysis for TCP, Section 4 introduces strong V P-tensors
and VS PL-tensors and extends the error estimation framework to VTCP. Concluding remarks are
summarized in Section 5.

2. Preliminaries

This section establishes basic notations, structured tensor definitions, and auxiliary inequalities that
support the main theorems in later sections. For a vector u € R", u; represents its i-th component. The
symbol R collects all m-th order n-dimensional real tensors, and the index set [n] = {1,2,...,n}.

For two vectors u, v € R”, we define component-wise minimum and maximum operators:

(u Av); = min{u;,v;}, (uVvv),=max{u;,v;}, Vié€][n].
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The vector u" € R” is defined by component-wise power: (u); = u/". Nonnegative and positive
orthants are denoted as R” and R}, respectively. We use 7 to represent the identity tensor of order m
and I for identity matrix. A tensor H € R is partially symmetric if symmetry holds over its last
m — 1 modes [19].

We define
n
-1
(Wum )i = Z hi,-zm,-mu,-z NN | RS [n],
2,00l =1
W(um—l _ Vm—l) — 7_[um—1 _ 7_{Vm—1’
then
n
-1 -1 _
(H™" =v"h) = > hiy (W, Wy, = Vi V)
02,000l =
Also,

then from [18], we have
||7-(um_1||o0 < [Hle ||u’”‘l||oo for any H € R"™" and u € R”,

where
u" = (uycoewy, ) € R withdy, e i €[]

2.1. Definitions and auxiliary results for TCP

Definition 2.1. [1, 4, 5] Let H € R"". We call H a P-tensor if for every nonzero vector u € R", there
exists at least one index i € [n] such that

w(Au" "), > 0.
Define the tensor mapping F(u) = Hu™'. Then, H is a strong P-tensor if for any distinct u,v € R",
Ig[a}lﬁi(u —v)i(F(u) — F(v)), > 0.
If there exists a P-matrix J satisfying
Hu™" = Jul™ ",
then H is termed an S PL-tensor.

The relationship between above structured tensors is clear: every even-order S PL-tensor is a strong
P-tensor, and all strong P-tensors belong to the set of P-tensors.

Lemma 2.1. [4, 5] If H € R is a strong P-tensor or an S PL-tensor, then TCP(H,b) has a unique
solution for arbitrary b € R".

Let D be a nonnegative diagonal matrix D = diag(d) with d € [0, 1]".

Lemma 2.2. [20] A second-order tensor H € R>™ is a P-matrix if and only if I — D+ DH is nonsingular.
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For a strong P-tensor H € RI™" let

= min (s =) (v )

and it holds that C{(H) > 0 [18]. We define the two constants for the S PL-tensor H:

i (H) i= max Il =D+ DJll, and > (H) := max, |@-D+Dn7|,.

Lemma 2.3. [18] For arbitrary u € R" and strong P-tensor H, the inequality

€y (F) il < max (") (Hu'™)

holds true.

Lemma 2.4. [18] Suppose H is an even-order tensor. Then, the TCP(H,b) is equivalent to find a
vector u such that

ul™ 1A (b + Wum_l) =0.

Lemma 2.5. [21] Given real scalars {g;}._,, {ki}_,, there exist weights 0; € [0, 1] with },._, 6; = 1 such
that

min ,-—mmk —Ze(g, k).

i€[n]

2.2. Some definitions and properties for VICP
Definition 2.2. [8] For H = {H,, H,} with H, € RImn ¢, € Rimnl it is called

1. a VRy-tensor if Hiuw™ ' A Hyu™ ' =0 = u=0;
2. a VP-tensor if for any t € [0, 1], (Wlum“l + tu) AFHou™ <0< ((H]u"“_1 + tu) vV Houm ! =
u=_0.

Definition 2.3. [22] For M = (Mg, M., ..., My) with M, ..., M, € R?" we say M has the row
W-property if

min(Myu, Miu, ..., M) < 0 < max(Myu, M, ..., Mu) = u=0.

Lemma 2.6. [23] M = (M, M,) with My, M, € R*" has the row W-property if and only if (I — D)M, +
DM, is nonsingular, where D is a nonnegative diagonal matrix D = diag(d) with d € [0, 1]".

Lemma 2.7. [8] If H = {H,, H>} is a VP-tensor with H, € Ri™" H, € Ri™ | then the VICP(H, b)
has a solution for any by, b, € R".

3. Global error bounds for TCP

We split the analysis of TCP error bounds into two separate cases based on the tensor structure:
strong P-tensors and S PL-tensors.
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Case 1: H € RI"" js a strong P-tensor. For this case, the global error bounds of the form

lu”~! —u""!||,, are presented. To achieve this goal, we define the residual function for the TCP below

v = min {u, (Hu"" + b)[#} :
from which we have

Theorem 3.1. Let H € R"™" be a strong P-tensor and m be an even number, and w, be the unique
solution of the TCP(H,b). Then, for any u € R",

Vil ! . . +[H]| )
= < ™ lloo <! — VIl 3)

max {1, || H]|e) " u* Ci(H)

Proof. We first prove the upper bound. Define

O S G )

' = min {u"", Hu""! + b}, we have

By the definition of the residual V"""
a>0, >0, a'B=0.
Let u, be the unique solution of TCP(H, b). Denote
w=Hu"" +b.
From the TCP complementarity condition, we know
u" >0, w>0, @W"Nw=0.

For each index i € [n], we compute the product

0> —ajw; — ("B
= (- uim_]])i (B - w);
— (u[m—l] _ V[m_l] _ u[m—l]) (Hum—l +b- V[m—l] — Hu" — b)
i * i
_ [m—11 _ . [m-1]\ _ glm-1] m-1 _ u™ 1 —[m 1]
= ("1 — ) = 571) (H(u )= 1).
Expand the product:
0> (u[m—l] _ uim—l])i . (7,((“"1—1 _ uT—l))‘ _ (u[m—l] [m 1]) Skl
_Vl[in—l](q_{(um—l u” l)) —2[m 1]

By u —ul"Y = T(u"" — w*") and dropping the nonnegative term v,

yields
!~ ) (HE! - w ) <V (HE - u ) s @ - w5

Take maximum over i € [n] on both sides:

max (Z"™" = u" ) (H@" —u™) < WL [H @ —u ]|+ IR @t - u )

i€[n]
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Since H is a strong P-tensor, C{(H) > 0. By Lemma 2.3,
CrH)™™" - w I < max(Z ™™ —ul D) (H ™ —ulh),
1€|n

—m—1 -1 -1 (=1 m—1 -1
< VIS IIH @™ = al Dl + VI ™ —ul™ e

< I A ol ™™ = wl ™l + W11 0" — 0
Apply the tensor norm bound
[H"" |, < -l ot = a2
Thus,

-1 —12 < m—1 -1 -1 = m—1 -1 -1
C(H)I™ =™ 2 < (WP H ol = 0l + [V ™! = u Y,
- -1 -1 -1
= W11+ [[H o)™ — 0"l

*

Canceling |[u”! — u""!||,,, we have

1+ |[Hlle ,
! = < S e
Ci(H)
We now prove the lower bound

< lm-1]

Vlloo - _

” ” < ”um 1_uT 1”00.

max {1, |||}

[m—1]

i

= min {u" ", (Hu"" + b),}, we have

i

Case 1: v; > O for all i € [n]. From residual definition v

0<v" H<u™l  0<V" N <(Hu" " +b), Vieln].

Because u, solves TCP(H, b), for each i, either (w.); = 0 or (Hu”™' + b), = 0.
(a) If (u,); = 0:

w0 = < = @) < o -l
(b) If (Hu' +b), = 0:
vl = v < (Hu"' +b), - (Hu!™" +b),
= (H@"" ™),
< [H ol = ul |,
Combining subcases (a) and (b):

—[m—1 _ _ .
v < max (1L [H]o) - ™! =, Vi € [n].

Taking maximum over i gives the lower bound inequality for Case 1.
Case 2: v, < O forall i € [n]. Then, VE’"_” = ul[’"—” or ng_” = (Hu™' + b),. Recall u, satisfies u, > 0,
Hu" ' +b > 0.
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(a) If V" u" <o

v = 9 =l <l 4 )Y <t - !

1 3 * ”00'

(b) V" = (Hu"" +b), <0

|Vi|[m—1J — _Vl[m—ll — _(?{um—l + b)z
< —(Hu™" +b), + (Hu"' +b).
= (H@! —um),

-1 -1
< [[Hlleoll™ =0l leo.

Again we obtain
Vil < max {1, |H|l "™ = wl Y|, Vi€ [n],

*

Taking || - || yields the desired lower bound. Combining upper bound and lower bound completes the
proof.

Remark 3.1. It is not difficult to find that the global error bounds in Theorem 3.1 do not depend on the
solution of the TCP(H,b), which can be computed by a given vector u € R". In addition, when m = 2,
the strong P-tensor reduces to the P-matrix, and Theorem 3.1 reduces to Lemma 2 [14] by Mathias and
Pang, which is the well-known global error bounds of the LCP.

For H € RUmnl there exists a corresponding partially symmetric tensor H e R such that
Hu™! = Hu" !, and ||H||e < ||H]l [24, 25]. Based on this fact, together with the proof of Theorem
3.1, we have

Theorem 3.2. Let H € R be a strong P-tensor, and let u, be the unique solution of the TCP(H,b).
Then, for any u € R",

[l P 1+ [ Hllwo
e <t —ur Y, < —

max{l,llﬁllm} Ci(H)

Comparing Theorem 3.1 and Theorem 3.2, it is easy to see that the latter is generally tighter than the
former. To illustrate this, here we provide the following example; see Example 3.1.

Example 3.1. Let H = (hj,ii,i,) such that
hiin = hax = 1, hyn = 2, hog1o = by = —1

and hj,ii,i, = 0, otherwise.
Consider u = b = (1,1)". Then, H satisfies the conditions of Theorems 3.1 and 3.2. By the
calculation, we have
v 1= min {u, (Hu"™" + b)l#} = (1,1)7,

[Hl = 5, [Hllo = 1,

Ci(#H)=Ci(H)=  min {maX(f (! =), (H (u’"‘l—"'”‘l))i}

||umfl_vm71||w:] iE[I’l]
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= min max {u;; — Vigiy p = 1.
||um—l_vm—1||w=] i€[n]
Then, from Theorem 3.1, we have
0.2 < [[u’ —ul|l, <6.

From Theorem 3.2, we have
1 < -l <2

Case 2: H € RI™" is an S PL-tensor. For this case, we consider the global error bounds of the form

a1 — u~1)| .. Such a case, we have the following.

Theorem 3.3. Let H € RI"™™ be a SPL-tensor, and let u, be the unique solution of the TCP(H,b). Then,

foranyu € R",
vl
B (H)
Proof. Leta = Tu™' — Iv"', B = Hu™' +b - I¥v""", then

-1 -1 —m—1
< ™1 — a1 o< By (H) |V

a>0,8>0,a"B=0.
Let w = Hu™! + b, then ul w = 0. By Lemmas 2.4 and 2.5, we have

min {Ium’1 — V" Hu" T + b - ﬁm_l} — min {u[’"’”, Hu" ' + b}

*

= min {u[m_” A G g V[m_”} — min {u“”’”,?—(u’f‘l + b}

*

=- D)(u[’”‘” _ V[m_l] _ u>[km—1]) + D(ﬂum—l _ V[m—l] _ Wu;”_l) =0,
where D = diag(d) with d € [0, 1]". Since H is an S PL-tensor, by Hu""! = Jul"~!l| we have
(] - D+ DJ)(u[m—l] _ u&m—l]) — V[m—l].

Therefore,
Il = D + DJ|o|lu” " = u V||, > W),

which implies
Vil
D+ DJl|le

[m—1] _

[ N
-
By Eq (4) again, we have
w1 _ 1 = (7 _ p 4 pyy ¥,
from which one readily gains

lal™ — a1 < I = D+ DIY IR

The results in Theorem 3.3 hold.

4)

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.



5114

Remark 3.2. Clearly, when m = 2, the S PL-tensor reduces to the P-matrix, and the global error
bounds in Theorem 3.3 reduce to the well-known global error bounds of the LCP given by Chen and
Xiang, see page 516 in [15].

The following example is given to show the efficiency of Theorem 3.3.

Example 3.2. Let H = (hi,i,i,i,) € R4 with

hiin =3, han = 2, hoo11 = 2, ho112 = hoigy = —1,

and hj,;i,;, = 0, otherwise.
From Example 3.1 in [5], H is a SPL-tensor. Consideru =b = (1,1)7, and by simple calculation,
we have
30
J- [O 2] .
Let
_|di 0O
p=|% a)
and we have
B B 1 +2d, 0
pi(H) = max | - D+ DJ|l, = max [ 0 1+
= max {1 +2d;} =3.
de[0.1]"
-1
1+2d 0
-— — -1 e 1 =
B (H) = [nax, ||(I D+ DJ) ||OO max, 0 L+ d, 1.

From Theorem 3.3, we have

<P —u?), < 1.

W | —

4. Global error bounds of VITCP

In this section, we establish error bounds for VTCP under two tensor categories: strong V P-tensors
and VS PL-tensors.

Case1: Hisa strong V P-tensor. First, inspired by the strong P-tensor, the strong V P-tensor is
introduced (concretely see Definition 4.1), and some of its important properties are established.

Definition 4.1. Let H = {H,, Ho} with H, € Rimn ¢, € Rimal Gu) = Hya™™!, F(u) = Hyu™ L.
Then, ‘H is called a strong V P-tensor if and only if

max (G(w) - G(V)); (F(w) — F(v)); >0,
foranyu,veR"andu # v.

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.
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Theorem 4.1. If Hisa strong VP-tensor, then H is a VP-tensor:

Proof. Let G(u) = Hiu™ ', G(v) =0,0 #ucR", v=0. If H is a strong V P-tensor, from Definition
4.1, there exists at least one index i € [n] satisfying

(Hpa™ ™ (Hu™ ™y, > 0,

which implies that H is a V P-tensor.

The definition of the strong V P-tensor and the uniqueness for VTCP with H, € R #{, € RIm"l
were obtained in [26]. Based on Theorem 4.1, Lemma 4.1 in [26], and Lemma 2.7, we can obtain a

sufficient condition for the existence and uniqueness of the solution for VTCP with H; € R H, €
RIm2nl directly.

Theorem 4.2. If Hisa strong VP-tensor, then the VICP has a unique solution for all b.

Define a constant for the strong VP-tensor, i.e.,

Cy(H) = min max(H; @™~ = v ) (Hy @™ — vy,

||uml’1 _lefl ”m”umzfl _szfl ”mzl i€[n]
some properties of the strong VP-tensor are proposed as follows.
Theorem 4.3. Let H be a strong VP-tensor if and only if Co(H) > 0.

Proof. (=) If Hisa strong VP-tensor, then for any different u, v € R”, there exists an i € [n] such that
(H@" ™" = v H)(H ™ = v™h) > 0.

So, C5(H) > 0.
(&) If Co(H) > 0, then

mi—1 _ gmi—1 my—1 _ ma—1 _
max (7—(1 ( u v )) (7‘(2( u v )) > Cr(H) > 0.

i€ln] [lur =t — v =l a1 — vl

This implies that there exists an i € [n] such that
(Hi™ ™" = v ) (Hr™ ™ = v > 0.

Hence, H is a strong VP-tensor.

Theorem 4.4. Let H be a strong VP-tensor. Then, for any different u,v € R",

Co(F) ™" = v a™ ™ = v, < m[a>]<((Hl ™ — v (Hy (™ — vy,
IE|Nn

Proof. 1f His a strong V P-tensor, then for any different u, v € R”,

mi—1 _ gm—1 my—1 _ yma—1 _
max (7—[1 ( u v )) (7-(2( u v )) > Cy(H) >0,

ie[n) ||um1—1 — le—llloo ”umz—l _ sz—llloo

which implies that the result in Theorem 4.4 holds.

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.
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Next, the upper bound of global error bounds of the VTCP(%, B) of the form |ju”~! — u”™!||,, can be
given as well. For this goal, we introduce the residual function for the VTCP below

v = min {(Hu ) 7 (o))

and have the following.

Theoreﬂl 1.5. Let H be a strong VP-tensor, my and m, be even numbers, and u, be the solution of the
VICP(‘H,b). Then, for any u € R",
V112 Ha e + I o lIVII2 ™!

Cr(H)

lu™ !t —a |, <

or
-1 -1
- vl ™ 1Hollw + 1 HilllIVIIE

lloo < —
Cr(H)

Proof. Letv, = Hiu™ ™' +b; — 7,v"~! vy, = Hou™ ! + b, — T,v™!, then

my—1 _ umz—l
*

|l

vi>0,v,>0, viv, =0.
Taking w; = Hiu" ' + by, w, = Hou™ ' + by, by (2), we have
w; >0, w >0, ww, =0.
Further, for any i € [n], we obtain

02> (v —w))i(v2 — wy);

= (Hu" ' = 1 v — Hu T (Hou™ T = Ty - Hou T,

= (Hi@™ ™" —u " )(Ho ™ =) — v (H T — ),
= (™! -l e

> (Hi@™ ™" —u " )(Ho ™ =) — v (H T — ),

- (@
Since H is a strong VP-tensor, we have Cz(ﬁ) > 0 and

Co(FH)I™ ™ — |0 — 2,

< max(H, @™ — ") (Hy ™ - umh),
1€|n

< 1'_1:51[2[71((27!1_1(7'{2(11”12—1 _ uTz—l))i + (Wl(um‘_l _ u:zl_l))iz;nz_l)
i€n

-1 -1 -1 -1 -1 -1
< Vil I Hlloll™ ™ = wi ™l + 1H oo™ ™ — "™l [WIES

Thereupon, we have the following two cases:
Case 1: when [u™ " —u™ ||, < [lu™" — u™ ||, we have

Co(FOl™ " —w oo™ — w2

* *

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.
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< VI Ao ™™t = 2l 4+ NI oo™ ™ = o ][22
< IVl ol = w2l + [1H o™ = w2l v,
which implies that
1 1
IVl 1Holle + [1HlllI¥IIE™
Co(H)

[ls, We have

m - e <

|l

mll mzl

Case 2: when |ju"™ ! — lloo > [lumt —

Co(F)l™ ™ —u" oo™ — >

-1 1 -1 -1 -1 -1
< VIl ™ I lloll0™ ™ = =l + ([H i llooll0™ ™ — 0l oo VI

-1 -1 -1 -1 -1 -1
< Vil I Halloll™ ™ = wi ™l + 1M oo 0™ ™" — 0"l |1V

-

which implies that
1 1
VIl ™ N1 Halleo + [[H oo ll¥IIE™

Co(H)

|l

" -l <

Combining Case 1 and Case 2 completes the proof.

Finally, we present some results on the lower bounds of the global error bound of the VTCP(H, b).

Theorem 4.6. Let H bea strong VP-tensor, my and m, be even numbers, and u, be the solution of the
VTCP(‘H,b). Then, for any u € R",

1
lIvllee ™
lu™ ! —a Y >
T Hills
or |
lIvlles™
o™ — w2 |, > .
S VAT

Proof. Considering two cases: v, > O and v, < 0.
If v, > 0 for any i € [n], then we have

0<v" ™ < (Hu" " +by), and 0 < v/ < (Hou™ ™" +by)..
Since u. is a solution of VTCP(%, B), clearly,
(Hiu™ ' + b)) = 0or (Hou™ ' +b,); = 0.
(a) If (Hyu"™" +by); = 0, then

"= v < (Hpu™ T+ by = (w4 by,
< (Hy (! — a7,
< 1M [l ™™ = 0™,
So,

mp—1
mi—-1 _ m| 1 “ ”

llo >
N

[Ju
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(b) Similarly, if (Hou>™" + b,); = 0, then

et — etz L
T Holle
If v. < 0 for any i € [n], then we have
0<v" = (Hu" " +by), or 0 < V"> = (Hu™ " +by).

Since u, is a solution of VTCP(?T(, B), clearly,
(Ha™ ' +by); =0and (Hru™ "' +b,), =0.
() If V""" = (Hyju™~! + b)), then

v/ = =< —(H™ T by + (Hhu T by,
1 1
su%nwnuml — s,

thus,

1

vl

[lu™" Moo > H
oo

(b) Similarly, if v/>™' = (Hou™"" + b,),, then
my—1
”umz—l m2 1” || ”

" Holle

The proof of Theorem 4.6 is completed.

Further, when m; = m, = m are even numbers, for H being a strong V P-tensor, from Theorems 4.5
and 4.6, one obtains

Theorem 4_7 ._Let H be a strong V P-tensor, m; = m, = m be even numbers, and u, be the solution of
the VICP(‘H,b). Then, for any u € R",

vl G < I I + I
max{IH; [, [FG11) i )

” m—-1 _

Remark 4.1. The global error bounds in Theorems 4.5, 4.6, and 4.7 can be computed by a given vector
u € R" and do not depend on the solution of the VITCP(H,b).

The following example is presented to verify the properties stated in Theorem 4.7.
Example 4.1. Let H; = (ai,i,ii,)s Ho = (biinini,) € R, in which
ann = anxn = 1,bi111 = by =38,

and a;,ii5i, = bijiisi, = 0, otherwise.
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Consider by = b, = (-1,-1)T, u = (0,0)". It is easy to know that H, and H, satisfy the conditions
of Theorem 4.7. By Theorem 4.7, we have

Y = min {(Wluml_l + bl)['”‘%l] , (7—(2u’"2_1 + bz)[mz]l]} =(-1,-17,

||7—{1||00 = 19 ||7—{2||oo = 8-
Then,

Case 2: H € RI™" s a VS PL-tensor. Similarly, for this case, we investigate the global error bounds
of the VTCP of the form |[u ! — u"""||... For this aim, a V'S PL-tensor is introduced; see Definition
4.2.

Definition 4.2. For H = {H,, H,} with H; € Rimn ¢, € Rimn H s called a VSPL-tensor if
Hu™ ! = Julm!

and
Hou™ ' = Julml

where J = (J1, J>) has the row W-property.
Lemma 4.1. If H is a VSPL-tensor, then H is a VP-tensor.

Proof. 1f His a VSPL-tensor, from Definition 4.2, there at least exists an i € [n] such that
(a7 (a7 = (Hi™ D (Hou™ ™, > 0,

which implies that H is a VP-tensor.

Gowda and Sznajder [22] showed that the VLCP(M, g) has a unique solution for any ¢ if and only if
M has the row W-property. Based on Definition 4.2, we can obtain the result directly.

The(lrem 4.8. Let H = {H,, H>} be a VS PL-tensor. Then, the VTCP(%, B) has a unique solution for
any b.

Now, we give the global error bounds of the VTCP of the form [[u~'"" — ul"" ..

Theorem 4.9._Le£ H = {H,, H,} be a VS PL-tensor, m; and m, be even numbers, and ., be the solution
of the VITCP(H,b). Then, for any u € R",

[ - D)yl =11 4 pylm-1jpn-1
a1 = e > i 1 il
&0 ™I = D)lls + Dl

or
||(] _ D)X[lm—ll + DX[mz—lJ”g—l

in 5
ael0,11  ||(I = D)Jilleo + [1DJ2]l

Ju= ! — ul= >

where D = diag(d) with d € [0, 1]".
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Pl”OOf. Letv, = 7‘{1um1_1 +b; — ]12”11_1, Vy = 7‘(211"12_1 + b, — Izzmz_l, then
vi>0,v,>0, viv, =0.
Taking w; = Hiu™ ' + by, w, = Hou™ ' + by, it is easy to see that

w20, w, >0, w w, =0.

Then,
min {vy, Vo} — min {w, w>}
= min {ﬂlum‘_l +b; — Ilzml_l, 7“(211"12_1 + b, — Izzmz_l}
— min {7’{111211_1 + bl, '7‘(2“1"2_1 + bz}
= (I - D)(?‘[]llml_1 + b] - I]Xm]_l - 7’[1111"]_1 - b])
+ D(Hu™ ™ + by — Ly — Hou™ ' —b,) = 0.
Further,

(1 _ D)Jl(u[ml_l] _ u£’711_1]) + Djz(u[mz—ll _ uimz—ll) — (1 _ D)![ml—ll + Dz[mz—ll’ (5)
where J = (Ji, J) has the row W-property. It follows that
Iz = D)ol = = ul™ g + 1Dl > = wi= Nl > (7 = D)™~ + Dy

Next, we only consider two cases:
When [ju =1 — ™) < [jub2=1 — w7 Y| we have

-1 -1 -1 -1 -1 -1 -1
(7 = D) illolla™> = = ul™ "l + DSl [>T — ™ > |1(7 = Dyy"™ =1 + Dyl™=H)jt,

which implies

_ [m1-1] [ma—1]jm—1
21— bty > (I — D)y + Dy [
(I = D)Jill + IDJ2]lco

When [jul=~1 — g7)|_ < a1 — u™~Y)|., we have
(I = D) ||l =1 — @™ =)+ D[ =1 — ™= > 1|7 = Dyy™ 1 + Dylm-Hjm=t

which implies
7 — D)yt + Dy
(I = D)Jilleo + D2l

a1 — = >

Particularly, when m; = m, = m are even numbers, for H = {H,, H,} being a VS PL-tensor, we have

Theorem 4.10. Let 77_: _{7—(1, H,} be a VSPL-tensor, m; = m, = m be even numbers, and u, be the
solution of the VTCP(H,b). Then, for any u € R",

vl
max ||(I = D)J; + DJs)|e
defo,1]

< " —ul" Ve < max (1 = D)y + Do) lsllvll™
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Proof. If m; = m, = m, by Eq (5) again, we have
(( = D)Jy + DIy — ") = ytm=1l, (6)

From Eq (6), we have
I(I = D)J1 + Dl —ul i > v,

from which one obtains ]
Iv]l%"

ul" M, > .
(1 = D)Jy + DJ2l
By using Eq (6) again, from Lemma 2.6, we have

[m—1] _

[u

u” N —ul" Y = (1 - D)Jy + D)y,
from which easily leads to
" —al" o, < I = D)y + DI) llelvIE ™

Remark 4.2. Apparently, when m; = my = 2, a strong VP-tensor reduces exactly to a strong VP-matrix,
a VSPL-tensor reduces to matrix pairs with row W-property for VLCP, and the global error bounds in
Theorem 4.10 reduce to the global error bounds of the VLCP given by Zhang et al; see Theorem 3.1 and
Remark 4.1 in [23].

Below we provide a concrete example to interpret Theorem 4.10, as shown in Example 4.2.

Example 4.2. Let H, = (ai|i2i3i4)’ H, = (bi|i2i3i4) € RM’ZJ, in which
ann =2,axn»n =1,an11 =2,a2112 = azz = -1,

b1t = 2,b2 = 2,bp11 = 2,b3112 = azin = —1,
Cll’ld ai1i2i3i4 = bi|i2i3i4 = O, Otherwise.
Considerby =b, = (1,1)", u = (0,0)". It turns out that H, and H, fulfill the hypotheses required
by Theorem 4.10. Straightforward computation yields that
2 0 2 0
N

b

01 0 2

Y = min {(Wlum‘_l + bl)["”%l] ,(7—(2u’"2_1 + bz)['"zll]} =(1,D".

Let i
|4 O
o5 4
then
B 2(1 —dy)) + 24, 0 B
ax |1 = D)y + Dol = max, [ 0 1—di +2d, | =2,
-1
_ 2(1 —dy) + 2d, 0
— 1 = =
nax (= D)y + D)l = max [ 0 L dy +2d, 1.

By Theorem 4.10, we have

< B —u?), < 1.

N —
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5. Conclusions

This paper constructs novel residual mappings, which investigates computable global error estimates
for TCP and VTCP under structured tensor assumptions. For standard TCP, we establish two families
of error bounds. For VTCP, we introduce two new structured tensor classes (strong V P-tensors and
VS PL-tensors) and extend the error estimation framework from TCP to VTCP correspondingly. All
derived bounds only require arbitrary test vector for numerical evaluation and eliminate the dependence
on unknown solution elements inside the solution set. Multiple numerical examples are provided to
validate the tightness and computational feasibility of our theoretical results.

Table 1. Comparison of error bounds.

Bound type Required input  Evaluable? Depends on u.,.?
Classical bounds [8, 17] true solution u, No Yes
Proposed bounds trial vector u Yes No

It is worth emphasizing that our derived global error bounds are conditionally computable: given that
the tensor satisfies the corresponding structural assumptions, our bounds can be numerically evaluated
using an arbitrary trial vector and do not involve the unknown exact solution; see Table 1.

One practical limitation of the current work lies in the two structural constants C(H) and C2(7_-()
which are defined via continuous constrained minimization problems. For high-dimensional tensors,
solving these optimization problems brings nontrivial computational overhead, which restricts direct
application of the proposed bounds. From a computational perspective, sampling-based approximation
strategies and surrogate bounding techniques for minimax-type constrained optimization problems may
serve as promising candidates to reduce the heavy cost of evaluating C(H) and Co(H). Developing
such practical numerical approximations deserves further dedicated investigation in future work.

Author contributions
These authors contributed equally to this work.
Declaration of Use of Generative-Al Tools

The authors declare that they did not utilize any artificial intelligence (Al) tools in the creation of
this article.

Acknowledgments

This work is supported by Zunyi Science and Technology Cooperation Plan (Zun Shi Ke He HZ
7i(2024)142), Foundation of Zunyi Normal University for Doctor BS [2021]06, ZunshiBS[2023]4,
Guizhou Provincial Basic Research Program (MS[2026]851).
Conflict of interest

The authors declare that they have no competing interests.

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.



5123

References

1.

10.

11.

12.

13.

14.

15.

16.

Y. Song, L. Qi, Properties of some classes of structured tensors, J. Optim. Theory Appl., 165 (2015),
854-873. https://doi.org/10.1007/s10957-014-0616-5

. R. W. Cottle, J. Pang, R.E. Stone, The Linear Complementarity Problem, New York: Academic

Press, 1992. https://doi.org/10.1137/1.9780898719000

. Z. Huang, L. Qi, Tensor complementarity problems-part III: applications, J. Optim. Theory Appl.,

183 (2019), 771-791. https://doi.org/10.1007/s10957-019-01573-0

. X. Bai, Z. Huang, Y. Wang, Global uniqueness and solvability for tensor complementarity problems,

J. Optim. Theory Appl., 170 (2016), 72-84. https://doi.org/10.1007/s10957-016-0903-4

. P.Dai, S. Wu, The GUS-property and modulus-based methods for tensor complementarity problems,

J. Optim. Theory Appl., 195 (2022), 976-1006. https://doi.org/10.1007/s10957-022-02089-w

. M. Che, L. Qi, Y. Wei, The generalized order tensor complementarity problems, Numer. Math.

Theor. Meth. Appl., 13 (2020), 131-149. https://doi.org/10.4208/nmtma.OA-2018-0117

. S.Du, D. Song, G. Lin, Y. Wei, Extended vertical stochastic Ry-tensor complementarity problem, J.

Optim. Theory Appl., 207 (2025), 52. https://doi.org/10.1007/s10957-025-02811-4

. L. Li, S. Wu, P. Dai, Global error bound for the vertical tensor complementarity problem, J. Optim.

Theory Appl., 200 (2024), 1056—-1077. https://doi.org/10.1007/s10957-023-02358-2

. L. Li, S. Wu, C. Li, Some properties of the solution of the extended vertical tensor complementarity

problem, J. Oper: Res. Soc. China, 13 (2025), 946-965. https://doi.org/10.1007/s40305-023-00531-y

H. Wang, Z. Fu, S. Wu, On the bound of the solution set for the vertical tensor complementarity
problem, J. Optim. Theory Appl., 204 (2025), 2. https://doi.org/10.1007/s10957-024-02559-3

S. Wu, M. Long, C. Li, A projected fixed point method for a class of vertical tensor complementarity
problems, Optim. Lett., 19 (2025), 969-984. https://doi.org/10.1007/s11590-024-02146-5

T. Zhang, Y. Wang, Z. Huang, Projected fixed-point method for vertical tensor complementarity
problems, Comput. Optim. Appl., 89 (2024), 219-245. https://doi.org/10.1007/s10589-024-00581-9

Q. Jia, Z. Huang, Y. Wang, Generalized multilinear games and vertical tensor complementarity problems,
J. Optim. Theory Appl., 200 (2024), 602—-633. https://doi.org/10.1007/s10957-023-02360-8

R. Mathias, J. Pang, Error bounds for the linear complementarity problem with a P-matrix, Linear
Algebra Appl., 132 (1990), 123—136. https://doi.org/10.1016/0024-3795(90)90058-K

X. Chen, S. Xiang, Computation of error bounds for P-matrix linear complementarity problems,
Math. Program., 106 (2006), 513-525. https://doi.org/10.1007/s10107-005-0645-9

X. Chen, S. Xiang, Perturbation bounds of P-matrix linear complementarity problems, SIAM J.
Optim., 18 (2008), 1250-1265. https://doi.org/10.1137/060653019

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.


https://dx.doi.org/https://doi.org/10.1007/s10957-014-0616-5
https://dx.doi.org/https://doi.org/10.1137/1.9780898719000
https://dx.doi.org/https://doi.org/10.1007/s10957-019-01573-0
https://dx.doi.org/https://doi.org/10.1007/s10957-016-0903-4
https://dx.doi.org/https://doi.org/10.1007/s10957-022-02089-w
https://dx.doi.org/https://doi.org/10.4208/nmtma.OA-2018-0117
https://dx.doi.org/https://doi.org/10.1007/s10957-025-02811-4
https://dx.doi.org/https://doi.org/10.1007/s10957-023-02358-2
https://dx.doi.org/https://doi.org/10.1007/s40305-023-00531-y
https://dx.doi.org/https://doi.org/10.1007/s10957-024-02559-3
https://dx.doi.org/https://doi.org/10.1007/s11590-024-02146-5
https://dx.doi.org/https://doi.org/10.1007/s10589-024-00581-9
https://dx.doi.org/https://doi.org/10.1007/s10957-023-02360-8
https://dx.doi.org/https://doi.org/10.1016/0024-3795(90)90058-K
https://dx.doi.org/https://doi.org/10.1007/s10107-005-0645-9
https://dx.doi.org/https://doi.org/10.1137/060653019

5124

17

18.

19.

20.

21.

22.

23.

24,

25.

26.

. M. Zheng, Y. Zhang, Z. Huang, Global error bounds for the tensor complementarity problem with a
P-tensor, J. Ind. Manag. Optim., 15 (2019), 933-946. https://doi.org/10.3934/jimo0.2018078

L. Li, S. Wu, P. Dai, Some perturbation bounds of the tensor complementarity problem, J. Optim.
Theory Appl., 201 (2024), 825-842. https://doi.org/10.1007/s10957-024-02420-7

T. G. Kolda, B. W. Bader, Tensor decompositions and applications, SIAM Rev., 51 (2009), 455-500.
https://doi.org/10.1137/07070111X

S. A. Gabriel, J. J. More, Smoothing of mixed complementarity problems, Complement. Var. Probl.
State Art., (1997), 105-116.

S. Wu, W. Li, H. Wang, The perturbation bound of the extended vertical linear complementarity problem,
J. Oper: Res. Soc. China, 12 (2024), 601-625. https://doi.org/10.1007/s40305-023-00456-6

M. S. Gowda, R. Sznajder, The generalized order linear complementarity problem, SIAM J. Matrix
Anal. Appl., 15 (1994), 779-795. https://doi.org/10.1137/S0895479892237859

C. Zhang, X. Chen, N. Xiu, Global error bounds for the extended vertical LCP, Comput. Optim.
Appl., 42 (2009), 335-352. https://doi.org/10.1007/s10589-007-9134-9

Z. Huang, Y. Li, X. Miao, Finding the least element of a nonnegative solution set of
a class of polynomial inequalities, SIAM J. Matrix Anal. Appl., 44 (2023), 530-558.
https://doi.org/10.1137/22M 1476733

Z. Huang, Y. L1, Y. Wang, A fixed point iterative method for tensor complementarity problems with
the implicit Z-tensors, J. Global Optim., 86 (2023), 495-520. https://doi.org/10.1007/s10898-022-
01263-8

L. Li, S. Wu, Some properties of the solution of the vertical tensor complementarity problem,
(2022). https://doi.org/10.48550/arXiv.2212.01115

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

% AIMS PI'GSS terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

Journal of Industrial and Management Optimization Volume 22, Issue 10, 5106-5124.


https://dx.doi.org/https://doi.org/10.3934/jimo.2018078
https://dx.doi.org/https://doi.org/10.1007/s10957-024-02420-7
https://dx.doi.org/https://doi.org/10.1137/07070111X
https://dx.doi.org/https://doi.org/10.1007/s40305-023-00456-6
https://dx.doi.org/https://doi.org/10.1137/S0895479892237859
https://dx.doi.org/https://doi.org/10.1007/s10589-007-9134-9
https://dx.doi.org/https://doi.org/10.1137/22M1476733
https://dx.doi.org/https://doi.org/10.1007/s10898-022-01263-8
https://dx.doi.org/https://doi.org/10.1007/s10898-022-01263-8
https://dx.doi.org/https://doi.org/10.48550/arXiv.2212.01115
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Definitions and auxiliary results for TCP
	Some definitions and properties for VTCP

	Global error bounds for TCP
	Global error bounds of VTCP
	Conclusions

