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Abstract: Evaluating the performance of decision-making units (DMUs) in environments with 
multiple inputs and outputs remains a critical challenge, particularly when efficiency assessments must 
account for trade-offs and decision-maker preferences. Traditional Data Envelopment Analysis (DEA) 
models often reduce multidimensional performance into a single scalar efficiency score, limiting their 
ability to reflect complex decision contexts. To address this limitation, we proposed a novel framework 
that integrated DEA with Fuzzy Multi-Objective Linear Programming (FMOLP) and the Ordinal 
Priority Approach (OPA). The proposed model reformulated DEA within a multi-objective 
optimization framework, enabling simultaneous consideration of multiple performance criteria and 
incorporating preference information through ordinal rankings. The model’s applicability was 
demonstrated using a dataset of renewable energy units, evaluated against economic and 
environmental indicators. The results showed that, compared to classical DEA and common-weight 
models, the proposed FMOLP–OPA framework provides a more comprehensive and discriminative 
assessment by capturing trade-offs among objectives and reflecting strategic priorities. The findings 
highlight that efficiency evaluation should move beyond purely technical measures toward preference-
driven, multi-objective frameworks. The proposed approach offers enhanced decision support for 
complex real-world problems with multiple stakeholders and conflicting objectives. 
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1. Introduction 

Evaluating the relative efficiency of decision-making units (DMUs) is a central problem in 
operations research and performance management. Data envelopment analysis (DEA) has become a 
standard tool for this purpose because it does not require a priori specification of a production function. 
However, classical DEA models reduce multidimensional input-output performance to a single 
efficiency score, obscuring the trade-offs that decision-makers face in practice [1]. 

Classical DEA models, such as the CCR and BCC formulations, provide scalar efficiency 
rankings via linear programming. However, these models often combine multiple, sometimes 
conflicting objectives into a single score, thereby obscuring the trade-offs that are crucial in 
challenging decision-making situations. Especially when uniformity, fairness, and the expression of 
preferences across heterogeneous DMUs are crucial [2,3], this limitation has prompted interest in 
incorporating DEA into the broader framework of multi-objective linear programming (MOLP). One 
such development is the common set weights (CSW) model, which aims to ensure comparability across 
DMUs; however, it remains sensitive to preferences and may conceal unit-specific characteristics. 
Research has developed methods to address these issues by combining preference models, fuzzy logic, 
and mixed analytical approaches. Notable examples include [4], which studies Pareto-Koopmans 
efficiency under adverse outcomes, and [5], which presents a hybrid AHP-DEA multi-objective model 
for sustainability assessment. Advances highlight the desire to combine DEA with machine learning 
and robust optimization. Hybrid models that integrate DEA with ensemble learning algorithms can 
effectively handle nonlinear and high-dimensional contexts, as shown in [6,7]. Similarly, the 
researchers in [8] present a DEA goal-programming framework with uncertainty sets for robust 
financial decision-making. 

Furthermore, the theoretical alignment between DEA efficiency frontiers and Pareto optimality 
in MOLP has been examined. The researchers in [9] proposed a unified framework for efficiency 
decomposition in two-stage DEA systems that aligns conceptually with Pareto efficiency. These 
advances underscore the need to investigate the structural features of DEA models more 
comprehensively within multi-objective settings. In this paper, we aim to provide theoretical 
foundations by situating DEA within the MOLP framework. This goal requires a thorough analysis of 
the relationships between DEA frontiers and Pareto-efficient sets, the implications of dichotomous 
variables, the interpretation of weights, and the robustness of efficiency scores across formulations. 
From this perspective, classical and contemporary DEA techniques can be examined coherently, 
providing a more solid foundation for future research and applications. We propose a novel framework 
that integrates fuzzy multi-objective linear programming (FMOLP) with the OPA within a common-
weights DEA structure. The FMOLP component captures imprecise objectives and constraints via 
membership functions, while OPA derives strategic weights from ordinal expert rankings without 
requiring numerical inputs. Applied to 15 renewable energy DMUs, our model reveals that technical 
efficiency (CCR score) does not equate to strategic importance. For example, DMU 14 has a low CCR 
score of 0.30 but achieves high FMOLP satisfaction (0.98) and OPA weight (0.0799). In contrast, 
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DMU 4 has moderate CCR (0.57) but zero FMOLP satisfaction, indicating failure under multi-
objective conditions. 

The major contributions are: (1) A theoretical proof (Proposition 4) establishing the equivalence 
between Pareto efficiency under common weights and the existence of a separating weight vector; (2) 
an integrated FMOLP-OPA model that combines fairness, fuzziness, and ordinal preferences; (3) a 
replicable implementation protocol; and (4) an empirical demonstration on renewable energy data. The 
remainder of this paper is organized as follows: In Section 2, we review related literature. In Section 
3, we present background concepts of PPS, notation, and classical DEA. Section 4 develops the 
theoretical framework. In Section 5, we introduce the integrated FMOLP-OPA Model. Section 6 
presents an empirical application. Section 7 discusses the results, and Section 8 concludes the research. 

2. Literature review 

Advances in integrating data DEA into multi-objective decision-making (MODM) systems have 
yielded hybrid models that enhance decision-making procedures across industries. These integrations 
aim to overcome the limitations of conventional DEA models by incorporating multiple factors and 
stakeholder demands into the analysis. Many MODM techniques also exist [10,11]. The researchers 
in [12] examined how DEA can be applied to multi-criteria decision analysis (MCDA) and emphasized 
the advantages of hierarchical arrangements and slack-based techniques for distinguishing 
management options. This research showed that slack-based models are more effective at 
distinguishing options when multiple objectives and indicators are present. The researchers in [13] 
presented an integrated approach that combines DEA and MOLP to evaluate hospitals providing stroke 
care. This approach provided a more comprehensive evaluation framework by integrating historical 
performance statistics with decision-makers’ preferences. The researchers in [14] proposed a DEA-
based nonlinear multi-objective model: an optimization model for software component selection that 
examines build and purchase options under optimal redundancy. Given constraints such as 
compatibility, reliability, and delivery time, the model aims to minimize overall cost while maximizing 
purchase value. The researchers in [15] developed a hybrid fuzzy multi-objective DEA model to assess 
the performance of decision-making units (DMUs). Their approach included optimistic and pessimistic 
efficiency estimates, providing a balanced assessment of DMUs, especially in the education sector. 
For multi-attribute decision-making problems, the researchers in [16] proposed an integrated approach 
that combines grey relational analysis (GRA), the analytic hierarchy process (AHP), and DEA. This 
strategy improved the robustness of the decision-making process by addressing cases involving 
uncertain attribute weights and fuzzy data. Integrating DEA with various multi-criteria decision-
making techniques promises to broaden and enhance the effectiveness of decision-making processes 
across fields. Given the need to assess efficiency in complex decision-making scenarios, DEA, a 
nonparametric technique for assessing the efficiency of decision-making units (DMUs), is increasingly 
used in hybrid models to incorporate multiple quantitative and qualitative criteria. This review of the 
DEA-MODM interface highlights key advances in methodology, real-world applications, and 
emerging trends. The researchers in [17] demonstrated a powerful hybrid approach that combines DEA 
with multiple regression and MCDM-GIS methods for strategic infrastructure planning, particularly 
in airport site selection. This model highlighted DEA’s utility in spatial and environmental decision-
making contexts. The researchers in [18] developed a new DEA-MCDM model with interval-valued 
fuzzy-efficiency measures for road infrastructure assessment. The integration of DEA with fuzzy-
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efficiency techniques and the WASPAS approach highlighted the potential to combine robustness and 
flexibility in performance assessment, especially under uncertainty. In the energy sector, the 
researchers in [19] developed a DEA-GEMS model to evaluate new energy industrial clusters, 
demonstrating DEA’s compatibility with sustainable development goals and sector innovation analysis. 
The researchers in [20] presented an example of integrating DEA with the (Adaptive Immune 
Differential Evolution) AIDE algorithm for multi-reservoir operations planning. They showed how 
MODM frameworks can support complex environmental and operational decisions. The researchers 
in [21] extended DEA to reverse logistics in the textile industry using ANFIS hybrid models and 
demonstrated how DEA supports predictive analytics and sustainability goals in supply chain contexts. 
The researchers in [22] discussed DEA hybrid models under different economies of scale and 
addressed DEA’s adaptability to dynamic operating environments and strategic planning challenges. 
The researchers in [23] evaluated performance in the printing sector using a hybrid DEA-AHP model 
and demonstrated how DEA can be integrated with hierarchical methods to support complex 
prioritization and resource allocation. The researchers in [24] applied a hybrid DEA-machine-learning 
approach to analyze the efficiency of female poultry farmers and demonstrated how modern 
computational methods can enhance traditional DEA frameworks to capture the socioeconomic 
dimensions of efficiency. Overall, these surveys indicate that DEA-MODM integration has become a 
flexible framework capable of managing complex decision environments across industries. The 
integration of fuzzy logic, machine learning, geographic information systems, and multi-criteria 
decision analysis into DEA models marks a significant methodological shift. This subject ensures that 
DEA remains a leading tool for multi-objective efficiency assessment. Many MADM techniques 
assign weights to criteria [25,26]. In this research, we use the new OPA approach. 

Our framework builds directly on the seminal CCR and BCC models [27,28], extends the common-
weights approach of [29,30] to a fuzzy multi-objective setting, integrates the OPA approach [31,32] for 
preference derivation, and adopts the fuzzy DEA formulation of [33] to handle imprecision. 

Two major gaps persist. First, the common set of weights (CSW) model improves fairness across 
DMUs but still collapses multiple objectives into a scalar. Second, neither classical nor CSW DEA 
incorporates stakeholder preferences or handles the inherent ambiguity in real-world performance data. 
Fuzzy DEA methods address uncertainty but rarely integrate preference-based prioritization. 

Table 1 summarizes key DEA-MODM hybrid studies, highlighting that no one simultaneously 
incorporates common weights, fuzzy multi-objective satisfaction, and ordinal preference aggregation, 
the gap filled by our FMOLP-OPA framework. 

Table 1. Summary of a Few DEA-MODM Hybrid Models and Limitations. 

Reference 

No.  

Method Application Area Key Contribution Limitation Addressed by Our 

Model 

[12] DEA + MCDA (slack-

based) 

Fisheries 

management 

Distinguishes management options No common weights; no fuzzy 

preferences 

[13] DEA + MOLP Hospital stroke care Integrates historical data with DM 

preferences 

No fuzzy handling; no ordinal 

preference aggregation 

[14] DEA + nonlinear multi-

objective 

Software component 

selection 

Minimizes cost while maximizing value No common weights; no fuzzy 

membership 

Continued on next page 
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Reference 

No.  

Method Application Area Key Contribution Limitation Addressed by Our 

Model 

[15] Fuzzy multi-objective 

DEA 

Education sector Optimistic/pessimistic efficiency No common weights; no OPA 

integration 

[16] DEA + GRA + AHP General MADM Handles uncertain weights No fuzzy multi-objective 

framework 

[17] DEA + regression + 

MCDM-GIS 

Airport site selection Spatial decision support No fuzzy objectives; no 

preference weights 

[18] DEA + interval-valued 

fuzzy + WASPAS 

Road infrastructure Handles uncertainty No common weights; no OPA 

[19] DEA + GEMS Energy industrial 

clusters 

Sustainability assessment No fuzzy multi-objective; no 

ordinal preferences 

[24] DEA + machine learning Female poultry 

farmers 

Socioeconomic efficiency analysis No fuzzy logic; no preference 

aggregation 

This study FMOLP + OPA + 

Common-weights DEA 

Renewable energy Common weights + fuzzy satisfaction + 

ordinal preferences 

– 

3. Background (PPS, notation, classical DEA) 

In this section, we describe the main mathematical structures of DEA models, focusing on the 
production possibility set, the efficiency frontier, and the basic elements of linear programming and 
duality. These provide the analytical foundation for the multi-objective DEA framework developed 
later in the paper. 

3.1. Notation and assumptions 

We consider a set of 𝑛 decision-making units (DMUs), each using 𝑚 inputs to produce 𝑠 outputs. Let: 𝑥௜௝  ∈  ℝା: the amount of input 𝑖  used by 𝐷𝑀𝑈௝,  𝑖 = 1, … ,𝑚 𝑦௥௝  ∈  ℝା: the amount of output 𝑟 used by 𝐷𝑀𝑈௝,  𝑟 = 1, … , 𝑠 𝑥௝ = (𝑥ଵ௝ , … , 𝑥௠௝)் ∈ ℝା௠: 𝑖𝑛𝑝𝑢𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟 𝐷𝑀𝑈௝ 
𝑦௝ = (𝑦ଵ௝ , … ,𝑦௦௝)் ∈ ℝା௦ : 𝑜𝑢𝑡𝑝𝑢𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟 𝐷𝑀𝑈௝  

Let 𝑋 = ሾ𝑥ଵ, … , 𝑥௡ሿ ∈ ℝା௠×௡  and 𝑌 = ሾ𝑦ଵ, … ,𝑦௡ሿ ∈ ℝା௦×௡  denote the input and output data 
matrices, respectively. 
Assumptions typically include: 

• Inputs and outputs are non-negative and bounded. 
• All DMUs operate under comparable technological conditions. 
• Convexity and free disposability are assumed (unless otherwise stated). 
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3.2. Production possibility set (PPS) 

The production possibility set represents all feasible input-output combinations based on 
observed data. Under variable returns to scale and convexity assumptions, the PPS is defined as: 𝑇 = ሼ(𝑥,𝑦) ∈ ℝା௠ × ℝା௦ |𝒙 ≥ 𝑿𝝀,𝒚 ≤ 𝒀𝝀, 𝝀 ≥ 0,𝟏்𝝀 = 𝟏ሽ 
here, 𝝀 ∈ ℝା௡  is the intensity vector representing the convex combination of observed DMUs. This 
formulation yields the variable returns to scale (VRS) technology. For constant returns to scale (CRS), 
the constraint 𝟏்𝝀 = 𝟏 is dropped. 

Under variable returns to scale (VRS/BCC model), the production possibility set T is convex. 
However, the efficient frontier (the set of Pareto-efficient DMUs) is not necessarily convex. As 
illustrated in [34], the VRS frontier is piecewise linear and can be non-convex because multiple 
extreme efficient DMUs may exist. This classic observation motivates our careful distinction, in 
Proposition 1 and Remark 1, between the convexity of the weight space and that of the efficiency 
frontier. 

3.3. Efficiency and the DEA frontier 

A 𝐷𝑀𝑈௢ with an input-output pair (𝑥௢,𝑦௢) is considered efficient if no other feasible DMU 
dominates it. Mathematically, (𝑥௢,𝑦௢) ∈ 𝑇 is Pareto-efficient if: 

       ∄(𝑥, 𝑦) ∈ 𝑇  such that   x ≤ 𝑥௢ , y ≥ 𝑦௢,    with at least one strict inequality.  
The set of all such non-dominated points defines the efficiency frontier, also known as the Pareto 

frontier, of the DEA model. This frontier serves as the benchmark for evaluating other DMUs. 

3.4. Linear Programming and Duality in DEA 

 DEA models are formulated as linear programs that seek to assess the efficiency of a given DMU 
relative to the frontier. For instance, the input-oriented envelopment model for 𝐷𝑀𝑈𝒐 as in model (1): minఏ,ఒ     𝜃 

s. t.        𝑿𝝀 ≤ 𝜽𝒙𝒐 𝒀𝝀 ≥ 𝒚𝒐                    (1) 𝟏்𝝀 = 𝟏        (for VRS) 𝝀 ≥ 𝟎 

here, 𝜃 is a scalar efficiency score; 𝜃∗ < 1 indicates inefficiency. The dual of this linear program 
corresponds to the multiplier model, where input/output weights (𝑣௜ ,𝑢௥) are used to construct the 
efficiency score. 

Duality theory plays a central role in interpreting DEA results: 
• Primal variables 𝜆 show peer comparisons. 
• Dual variables represent shadow prices or trade-offs across inputs and outputs. 
• Strong duality ensures both models yield the same efficiency score. 
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• Corresponding to the primal envelopment model (1), the dual model, commonly referred to as 
the multiplier DEA model, can be expressed as follows for DMU𝑜 in model (2): max௨,௩  ෍𝑢௥𝑦௥௢ ௦

௥ୀଵ  

𝑠. 𝑡.    ෍𝑣௜𝑥௜௢ = 1,     ௠
௜ୀଵ                                                           (2) 

 ෍𝑢௥𝑦௥௝ −  ෍𝑣௜𝑥௜௝  ≤ 0,௠
௜ୀଵ  ௦

௥ୀଵ  𝑢௥ ≥ 0,     𝑖 = 1, … , 𝑠, 𝑣௜ ≥ 0,     𝑖 = 1, … ,𝑚. 
In this model, 𝑢௥ and 𝑣௜ represent the weights (shadow prices) assigned to outputs and inputs, 

respectively. The objective function maximizes the weighted sum of outputs for the evaluated DMU, 
normalized by the weighted sum of inputs. The inequality constraints ensure that, under the same set 
of weights, no DMU can obtain a weighted output-input ratio greater than one. 

By the strong duality property of linear programming, the optimal objective value of the dual 
model equals the optimal efficiency score obtained from the primal envelopment model. While the 
primal model emphasizes peer benchmarking and reference technologies through the intensity 
variables, the dual model provides an economic interpretation of efficiency via implicit trade-offs, 
marginal rates of substitution, and relative importance of inputs and outputs. 

4. Theoretical framework 

In this section, we present a novel DEA framework formulated from a multi-objective 
optimization perspective. Building on the classical common-set-of-weights model, we reinterpret the 
efficiency problem as an MOLP formulation, preserving the vector structure of the performance 
measures and enabling deeper theoretical insights. 

4.1. A multi-objective DEA model 

Classical DEA models, including CCR and common-weight approaches, reduce multiple inputs 
and outputs to a single scalar efficiency score for each DMU. While this simplification is useful for 
ranking, it completely masks the trade-offs among competing performance dimensions. In many real-
world applications, such as renewable energy policy, healthcare, or banking, a DMU may be 
technically efficient under one weighting scheme but strategically inefficient under another. Therefore, 
a multi-objective formulation is required to preserve the vector structure of performance. Model (3) 
below does not directly produce a final efficiency score. Instead, it is designed to generate the Pareto 
frontier and to compute the individual upper and lower bounds 𝑍௝ା  and 𝑍௝ି  for each DMU’s net 
performance. These bounds are later used in the fuzzy membership functions (Section 4.5) to obtain 
satisfaction degrees 𝜆௝ in the integrated FMOLP-OPA model (Section 5).  Before presenting Model 
(3), we define all variables used in this multi-objective formulation. The decision variables in this 
model are: 
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• 𝑢௥: The weight assigned to the output 𝑟 (for 𝑟 = 1, … , 𝑠), 
• 𝑣௜: The weight assigned to the input 𝑖 (for 𝑖 = 1, … ,𝑚). 
These weights are common across all 𝐷𝑀𝑈௦, meaning the same 𝑢௥ and 𝑣௜ are applied to every 

DMU. This subject ensures fairness and comparability. The auxiliary variable  𝑍௝(𝑢, 𝑣) =∑ 𝑢௥௦௥ୀଵ 𝑦௥௝ − ∑ 𝑣௜௠௜ୀଵ 𝑥௜௝ represents the net performance of 𝐷𝑀𝑈௝. Each 𝑍௝ is treated as a separate 
objective function. This model requires no additional decision variables. The constraints include: 

• 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0 for all 𝑗 (ensuring no DMU exceeds the frontier 
• ∑ 𝑢௥௦௥ୀଵ + ∑ 𝑣௜௠௜ୀଵ = 1 (normalization), 
• 𝑢௥ ≥ 𝜖  and 𝑣௜ ≥ 𝜖  (non-negativity with a small positive lower bound 𝜖  to avoid zero 

weights). 
In Model (3), the number of objective functions equals the number of 𝐷𝑀𝑈௦(𝑛). Specifically, 

for each 𝐷𝑀𝑈௝ , we define an objective function 𝑍௝(𝑢, 𝑣) = 𝑢்𝑦௝ − 𝑣்𝑥௝ . The meaning of each 
objective is as follows: It measures the net performance of a particular DMU under a common set of 
weights (𝑢, 𝑣). If  𝑍௝ is positive, 𝐷𝑀𝑈௝ performs above the common frontier; if zero, it lies exactly 
on the frontier; if negative, it lies below. However, Model (3) is not solved directly as a multi-objective 
optimization problem with 𝑛 objectives. Instead, it serves as a theoretical construct to obtain individual 
upper and lower bounds 𝑍௝ା and 𝑍௝ି , respectively. These bounds are obtained by solving, for each 𝐷𝑀𝑈௝, a single-objective LP that maximizes (or minimizes) 𝑍௝(𝑢, 𝑣) subject to the same constraints. 
This issue is standard practice in fuzzy multi-objective programming [35]. Therefore, we do not require 
a general MOLP solver; we solve only 2𝑛 independent single-objective LPs. 

Here is an MOLP formulation for evaluating the efficiency of 𝑛 DMUs with an input matrix  𝑋 ∈ ℝା௠×௡  and output matrix 𝑌 ∈ ℝା௦×௡. Instead of collapsing the multiple objectives into a scalar, 
we treat input minimization and output maximization explicitly in the model (3): 
Find 𝑍௝(𝑢,𝑣) such that max൛𝑢்𝑦௝ − 𝑣்𝑥௝ൟ௝ୀଵ௡    
subject to: 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0, ∀𝑗 = 1, … , 𝑛 ∑ 𝑢௥ + ∑ 𝑣௜  = 1 ௠௜ୀଵ  ௦௥ୀଵ                        (3) 𝑢௥ ≥ 𝜖 𝑣௜ ≥ 𝜖 

Note that Model (3) is not a scoring model and does not produce a single efficiency value. Instead, 
for each 𝐷𝑀𝑈௝, the optimal objective value 𝑍௝∗ obtained from solving Model (3) as a single-objective 
LP (maximizing only the 𝑗௧௛ objective subject to the same constraints) gives the upper bound 𝑍௝ା. 
The lower bound 𝑍௝ି  is obtained similarly by minimizing the same objective. These bounds are 
denoted 𝑍௝ା  and 𝑍௝ି  and are essential for constructing the fuzzy membership functions 𝜇௭௝(𝑥) in 
Section 4.5. 

In this model: 
• Decision variables: 𝑢௥ (output weights, 𝑟 = 1, … , 𝑠) and 𝑣௜ (input weights, 𝑖 = 1, … ,𝑚). 
• Objective functions: 𝑍௝(𝑢, 𝑣) =  𝑢்𝑦௝ − 𝑣்𝑥௝  for each 𝐷𝑀𝑈௝ , 𝑗 = 1, … ,𝑛 . Each 𝑍௝  is 

maximized simultaneously in the MOLP sense. 
Constraints: The first set of constraints ( 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0 ) defines the common-weight 

production possibility set. The second constraint (∑ 𝑢௥௦௥ୀଵ + ∑ 𝑣௜௠௜ୀଵ = 1) normalizes the weights. This 
normalization constraint is introduced solely to avoid an unbounded weight space. It does not affect 
the relative performance ordering of DMUs, because scaling (𝑢, 𝑣) by any positive constant scales 
all 𝑍௝ equally and leaves the inequality constraints invariant. 
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The third set (𝑢௥ , 𝑣௜ ≥ 𝜖) ensures strictly positive weights. 
Each objective function 

𝑍௝(𝑢, 𝑣) = ෍𝑢௥௦
௥ୀଵ 𝑦௥௝ −෍𝑣௜௠

௜ୀଵ 𝑥௜௝ 
represents the net performance of DMU 𝑗  evaluated under a common weighting scheme. The 
normalization constraint fixes the scale of the dual variables but preserves the linearity and 
comparability of all objectives. Consequently, maximizing any individual 𝑍௝ still corresponds to 
improving the relative performance of DMU 𝑗 within the same production possibility set. 

Importantly, the same type of normalization is standard in classical DEA multiplier models, where 
the weighted sum of inputs (or outputs) is held constant without affecting the interpretation of 
efficiency or dominance relations. In this multi-objective setting, the normalization constraint ensures 
that all objectives are evaluated on a common, invariant scale while preserving their relative trade-offs. 

Therefore, the one-to-one correspondence between objectives and DMUs remains valid: Each 
objective measures the performance margin of a particular DMU relative to the common frontier, and 
the Pareto-efficient solutions of model (3) jointly characterize the DEA efficiency frontier. The 
normalization constraint serves a technical role only and does not undermine the conceptual link 
between objectives and DMU-specific performance. 

This model seeks a common weighting scheme (𝑣௜  ,𝑢௥) that supports the Pareto dominance of 
efficient DMUs while preserving the multi-criteria nature of the decision environment. Each objective 
in the MOLP corresponds to a DMU’s net performance, maintaining a vector-valued representation. 
Propositions 1–3 are presented to establish that the proposed MOLP-based DEA model preserves 
desirable properties from classical DEA (convex frontier, monotonicity, scale invariance). These are 
not claimed as novel contributions but as consistency checks. The main theoretical advance is 
Proposition 4, which provides a formal equivalence between Pareto efficiency under common weights 
and the existence of a separating weight vector; a result not available in standard DEA. 

Solving model (3) as a true multi-objective problem with 𝑛 objectives would be computationally 
demanding and conceptually unnecessary for our purpose. Instead, we adopt the following standard 
approach from fuzzy linear programming [35]: For each 𝐷𝑀𝑈௝, we solve two single-objective linear 
programs, one maximizing 𝑍௝(𝑢, 𝑣) and one minimizing 𝑍௝(𝑢, 𝑣), subject to the same constraints as 
Model (3). The optimal values obtained are 𝑍௝ା (upper bound) and 𝑍௝ି  (lower bound), respectively. No 
additional MOLP technique (such as weighted sum, 𝜖 − 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡, or goal programming) is applied 
to Model (3). The outputs of Model (3), 𝑍௝ା and 𝑍௝ି  for each 𝐷𝑀𝑈௝, are not final efficiency scores. 
They are intermediate values that feed into the fuzzy membership functions defined in Section 4.5 
(Equations 14–15). Only after solving the integrated FMOLP-OPA model (Section 5, Model 48) do 
we obtain the final satisfaction degrees 𝜆௝ ∈ [0,1] , which represent a preference-aware, multi-
objective efficiency measure. 

A legitimate concern arises: Does the normalization constraint ∑ 𝑢௥ +  ∑ 𝑣௜  = 1 ௠௜ୀଵ  ௦௥ୀଵ  break 
the one-to-one correspondence between each objective function 𝑍௝(𝑢, 𝑣) =  𝑢்𝑦௝ − 𝑣்𝑥௝   and the 
performance of 𝐷𝑀𝑈௝? We now provide a formal justification that this is not the case. 

The normalization constraint serves only to fix the scale of the weight vector (𝑢, 𝑣). Without it, 
any positive multiple of a feasible weight vector would also be feasible and would produce 
proportionally scaled values of all 𝑍௝ . However, the relative orderings of DMUs by their 𝑧௝ values 
remain invariant under positive scaling. More formally, for any feasible weight 
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vector (𝑢, 𝑣) satisfying 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0, and any scalar 𝛼 > 0, the scaled vector (𝛼𝑢,𝛼𝑣)  satisfies 
the same inequality constraints and yields 𝑍௝(𝛼𝑢,𝛼𝑣) = 𝛼𝑍௝(𝑢,𝑣). Therefore, the ratio 𝑍௝/𝑍௞ for any 
two 𝐷𝑀𝑈 𝑗 and 𝑘 is unchanged. 

The normalization constraint ∑𝑢௥ା ∑𝑣௜ = 1 selects a unique representative from each ray of 
equivalent weight vectors. It does not alter which DMUs are Pareto-efficient, nor does it affect the sign 
or relative magnitude of any 𝑍௝. Consequently, each 𝑍௝  still measures the net performance of 𝐷𝑀𝑈௝ under a common weight set, and the one-to-one correspondence between objectives and DMUs 
remains valid. The same normalization is standard in classical DEA multiplier models (e.g., 
fixing ∑𝑣௜ 𝑥௜௢ = 1 for 𝐷𝑀𝑈௢), and there it never raises doubts about the objective’s meaning. Our 
formulation extends this normalization to the sum of all weights for technical convenience. 

4.2. Theoretical properties (Propositions 1–4) 

We now establish key theoretical properties of the proposed MOLP-based DEA model. 
Proposition 1 (Convexity of the Feasible Weight Set).  
The feasible set of weight vectors (𝑣,𝑢) defined by the constraints of Model (3), specifically: 

• 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 = 1, … ,𝑛, 

• ∑ 𝑢௥ + ∑ 𝑣௜  = 1 ௠௜ୀଵ  ௦௥ୀଵ , 

• 𝑢௥ ≥ 𝜖,  𝑣௜ ≥ 𝜖 

is a convex set. 
Proof. All constraints are linear equalities or inequalities. The set defined by linear constraints is a 
convex polyhedron (or a convex polytope when bounded). Hence, the feasible region of (𝑣,𝑢) is 
convex. □ 
Remark 1 (Non-convexity of the Pareto-efficient frontier). 

While the feasible set of weights (𝑣, 𝑢) in Model (3) is convex, this does not imply convexity of 
the Pareto-efficient frontier of the DMUs. Indeed, as is well known from classical DEA theory [34], 
the production possibility set under variable returns to scale (VRS/BCC model) is convex. Yet, its 
efficient frontier is piecewise linear and non-convex. The same phenomenon can occur in our multi-
objective formulation: The set of Pareto-efficient DMUs (in terms of input-output vectors) may be 
non-convex even though the weight space is convex. Therefore, Proposition 1 claims only convexity 
of the weight space, not convexity of the efficiency frontier.  
Proposition 2 (Monotonicity). 

If a DMU increases its output or reduces its inputs, its efficiency score (vector) under the proposed 
model will not worsen. 
Proof. 

Suppose 𝑦′௝ ≥ 𝑦௝  and 𝑥′௝ ≤ 𝑥௝   component-wise. Then, for any feasible weighting scheme (𝑣,𝑢), we have: 𝑢்𝑦′௝ − 𝑣்𝑥′௝ ≥ 𝑢்𝑦௝ − 𝑣்𝑥௝ 
Hence, improving performance through input reduction or output increase cannot reduce the vector 
efficiency. □ 
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Proposition 3 (Scale Invariance). Efficiency is invariant under proportional scaling of all inputs and 
outputs of a DMU. 
Proof.  
Let 𝑥′௝ = 𝛼𝑥௝, 𝑦′௝ = 𝛼𝑦௝  for 𝛼 > 0. 
Then: 𝑢்𝑦′௝ − 𝑣்𝑥ᇱ௝ = 𝛼(𝑢்𝑦௝ − 𝑣்𝑥௝) 

This Equation preserves the ordering of DMUs by efficiency while uniformly scaling the net score. □ 
The scale invariance property established in Proposition 3 is closely related to the role of the 

normalization constraint ∑𝑢௥ା ∑𝑣௜ = 1 in Model (3). Because scaling all inputs and outputs of a 
DMU by a common factor αα results in scaling its net performance 𝑧௝ by 𝛼, the relative efficiency 
ordering among DMUs remains unchanged. The normalization constraint does not interfere with this 
property; it merely selects one particular scaling of the weight vector. Therefore, the correspondence 
between each objective 𝑧௝  and 𝐷𝑀𝑈௝  is preserved despite the normalization. This issue justifies 
treating 𝑧௝ as a valid representation of 𝐷𝑀𝑈௃′s performance under common weights. □ 
Proposition 4 (Supported Pareto efficiency under common weights). 

A DMU (𝑥௢, 𝑦௢) is a supported Pareto-efficient solution of the common-weight MOLP model (3) 
if and only if there exists a feasible common weight vector (𝑢, 𝑣), normalized such that ∑ 𝑢௥ +௦௥ୀଵ ∑ 𝑣௜  = 1 ௠௜ୀଵ   , for which: 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0  𝑎𝑛𝑑  𝑢்𝑦௢ − 𝑣்𝑥௢ = 0, ∀𝑗.  

Proof. The proof follows directly from the standard weighted-sum scalarization theorem in multi-
objective linear programming [35,36]. In MOLP, a feasible solution is Pareto-efficient if and only if it 
optimizes a weighted sum of the objective functions for some non-negative weight vector. Applying 
this result to Model (3), where each objective 𝑍௝(𝑢, 𝑣) = 𝑢்𝑦௝ − 𝑣்𝑥௝  corresponds to the net 
performance of DMU 𝑗  under common weights, we obtain the stated equivalence. The weight 
vector (𝑢, 𝑣) in Proposition 4 plays the role of the scalarization weights in the standard MOLP theorem. 
Sufficiency: If such (𝑢, 𝑣)  exists, then (𝑥௢,𝑦௢)  maximizes the weighted sum of objectives (with 
weight 1 on objective oo and weight 0 on all others) among all DMUs; hence, it is supported Pareto-
efficient. 
Necessity: If (𝑥௢,𝑦௢) is supported Pareto-efficient, the scalarization theorem guarantees the existence 
of a weight vector that separates it from the feasible set, yielding the required conditions. □ 
A remark on the distinction between supported and unsupported efficient solutions. The 
proposition above applies specifically to supported Pareto-efficient solutions; those that can be 
obtained by solving a weighted-sum scalarization of the original multi-objective problem. In general, 
multi-objective optimization may yield inefficient solutions that no weighted-sum approach can 
recover [36]. These unsupported solutions are Pareto-efficient but do not satisfy the separating weight 
vector condition. In the context of DEA, this distinction mirrors the classical observation [34] that the 
VRS efficiency frontier may contain unsupported extreme points. Proposition 4, therefore, 
characterizes only the subset of DMUs that are supported Pareto-efficient under common weights; this 
result does not exclude the existence of unsupported efficient DMUs. 
Comparison with Classical CCR DEA. In the classical CCR model, a DMU can achieve an 
efficiency score of 1 using weights that are optimized specifically for that unit. These weights may not 
be feasible for other DMUs, meaning that CCR efficiency does not imply the existence of a common 
weight vector that separates the DMU from all others. In contrast, in the proposed common-weight 
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MOLP framework, supported Pareto efficiency is equivalent to the existence of such a separating 
vector. This subject follows directly from embedding DEA within the standard MOLP framework and 
applying the well-known scalarization theorem. The result reinforces the fairness and comparability 
advantages of the common-weight approach and clarifies that the theorem is a standard MOLP result 
rather than a novel DEA-specific proposition. 
Comparison with Existing Models 

The proposed model generalizes the common set of weights in the DEA model by interpreting 
them not as a means of scalarizing efficiency, but as a means of constructing the Pareto front. This 
subject contrasts with: 

• CCR/BCC models, which assign weights per DMU and thus are not directly comparable across 
units. 

• Classical common-weight models impose a single linear objective and lose Pareto detail. 
• Our model maintains a multi-objective viewpoint, offering: 

• A family of efficient DMUs along the frontier. 
• Insights into the trade-offs between performance measures. 
• Adaptability to incorporate decision-makers’ preferences (via weighted sums or the ε-
constraint method). 

Furthermore, this approach facilitates natural extensions: 
• Preference-based efficiency via scalarization post hoc 
• Robust efficiency under data uncertainty 
• Hybrid models combining DEA with goal programming or utility theory. 
Unlike classical DEA, where efficiency is defined per DMU with individualized weights, the 

proposed MOLP formulation ensures that efficient DMUs remain non-dominated even when all DMUs 
use the same weight set. Proposition 4 formalizes this distinction. 

This result follows from the standard equivalence in multi-objective linear programming between 
supported Pareto-efficient solutions and weighted-sum scalarization [35,36]. The separating vector (𝑢,𝑣) corresponds to a supporting hyperplane of the common-weight frontier. 

Corollary 1. In CCR DEA, the efficiency of a DMU does not imply the existence of a common 
separating vector, since weights are unit-specific. In the proposed common-weight MOLP formulation, 
efficiency is equivalent to the existence of such a vector. 

4.3. Common set of weights in the DEA model 

To illustrate the tension between scalar efficiency measurement and multi-objective structure, 
consider the commonly used common set of weights in the DEA model, which seeks a universal set of 
input and output weights applicable across all DMUs. Then, model (4) is presented based on the above-
mentioned subjects: 𝑀𝑎𝑥 ൝෍𝑢௥𝑦௥௝ − ௦

௥ୀଵ ෍𝑣௜𝑥௜௝;     𝑗 = 1, …𝑛 ௠
௜ୀଵ ൡ 
s.t. ෍𝑢௥𝑦௥௝ − ௦

௥ୀଵ ෍𝑣௜𝑥௜௝   ≤ 0       𝑖 = 1, …𝑛                           (4)௠
௜ୀଵ  
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෍𝑢௥ + ෍𝑣௜  = 1 ௠
௜ୀଵ  ௦

௥ୀଵ  𝑢௥ ≥ 𝜖 𝑣௜ ≥ 𝜖 
The mathematical model (4) identifies a single set of weights ሼ𝑢௥ ,𝑣௜ ሽ that generally maximizes 

each DMU’s net efficiency under a uniform weighting scheme. This model ensures fairness and 
comparability by applying the same evaluation criteria to all units. However, the implicit scaling of 
multiple objectives, here, weighted outputs versus weighted inputs, still obscures the necessary trade-
offs between them. Furthermore, the constraint  ෍𝑢௥ + ෍𝑣௜  = 1 ௠

௜ୀଵ  ௦
௥ୀଵ  

acts as a normalization device but creates tension between interpretability and mathematical flexibility. 
From a multi-objective perspective, this formulation approximates the Pareto frontier in a single 
dimension. As such, it considers a particular efficiency profile and excludes other profiles that may be 
equally Pareto-optimal under alternative weighting schemes. This issue reinforces the need for a robust 
vector or preference approach to efficiency assessment, which we seek to address by developing a 
theoretical framework that explicitly incorporates the principles of multi-objective optimization into 
DEA. The model attempts to maximize the net efficiency of a given DMU under a set of globally 
consistent weights. 

Although it promotes comparability, the scalar objective still simplifies a fundamentally multi-
objective decision structure: improving multiple outputs and reducing various inputs. From an MOLP 
perspective, this model projects the Pareto frontier onto a single weighted efficiency score, potentially 
overlooking alternative Pareto-efficient solutions with different preferences or decision priorities. 

4.4. General model of multi-objective linear programming 

The general multi-objective model can be expressed as follows: 𝑚𝑖𝑛 𝑍ଵ ,𝑍ଶ, . . . ,𝑍௞. 𝑚𝑎𝑥 𝑍௞ାଵ ,𝑍௞ାଶ, . . . ,𝑍௉, 𝑠. 𝑡. : 𝑥 ∈ 𝑋ௗ,𝑋ௗ = ሼ𝑥|𝑔(𝑥) ≤ 𝑏௥ , 𝑟 = 1,2, . . . ,𝑚ሽ 
where 𝑍ଵ,𝑍ଶ, . . . ,𝑍௞, are the objectives with negative aspects (such as cost, shortage of goods, 
delivering goods to the customer after the due date) and 𝑍௞ାଵ,𝑍௞ାଶ, . . . ,𝑍௉, are the positive aspects, 
such as product quality, on-time delivery to customers, and after-sales service. 𝑋ௗ, is the set of justified 
solutions that are limited by the capacity of the machine centers, the prerequisite constraints on the 
sequence of tasks, the range in which the execution time of an activity can be compressed at a cost, 
etc. This study presents the mathematical model for the CSW problem, with details below, along with 
the relevant objective functions. Here, the aim is to optimize all objectives simultaneously and reach 
the best point within the feasible region. 
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4.5. Fuzzy decisions 

Classical decision theory relies on clear outcomes within defined decision and state spaces and 
becomes complex under uncertainty. In contrast, fuzzy set theory handles imprecision by modeling 
decisions with fuzzy constraints and objective functions based on set commonality [35]. Fuzzy decision-
making is categorized as symmetric, where objectives and constraints have equal importance, and 
asymmetric, where they are assigned different, proportional weights based on their significance [37]. 
Creating a symmetric and asymmetric model depends on the choice of operators. In fuzzy decision-
making, selecting the appropriate operators is crucial for effective decision-making. The researchers 
in [38] identified eight key criteria for choosing appropriate operators in fuzzy decision-making, which 
are further examined concerning the CSW problem, followed by a discussion of suitable operators 
within a general fuzzy multi-objective programming model: 

The vector x in the modified form 𝑥் = [𝑥ଵ, 𝑥ଶ, . . . , 𝑥௡] that minimizes the objective function 𝑍௞ 
and maximizes the objective function 𝑍௟ is obtained according to the following assumptions. 𝑍௞ = ∑ 𝑐௞௜𝑥௜ , 𝑘 = 1,2, . . . 𝑝,௡௜ୀଵ                                      (5) 

 𝑍௟ = ∑ 𝑐௟௜𝑥௜ ,௡௜ୀଵ 𝑙 = 𝑝 + 1.𝑝 + 2, . . . 𝑞                                  (6) 

The constraints are as follows: 𝑥 ∈ 𝑋ௗ = ሼ𝑥|𝑔(𝑥) = ∑ 𝑎௥௜𝑥௜ ≤ 𝑏௥, 𝑟 = 1,2, . . . ,𝑚, 𝑥 ≥ 0௡௜ୀଵ ሽ                      (7) 

where the values of 𝐶௞௜, 𝐶௟௜, 𝑎௥௜, and 𝑏௥ are fuzzy or crisp, and the researcher in [35] solved the 
problem formed by equations (5) to (7) by fuzzy linear programming. He modeled fuzzy linear 
programming by separating each objective function 𝑍௝ into its maximum values 𝑍௝ା and its minimum 
values 𝑍௝ି . It is explicitly stated here that 𝑍௝ା and 𝑍௝ି  for each DMU are obtained by solving model 
(4) as a single-objective LP, maximizing and minimizing 𝑢்𝑦௝ − 𝑣்𝑥௝ , respectively, without the 
common-weight cross-constraints. 
This issue means that: 

To obtain 𝑍௞ା  and 𝑍௞ି  for each minimization objective (and similarly 𝑍௟ା and 𝑍௟ି  for 
maximization objectives using equations (8) and (9)), we solve Model (3) as a series of single-objective 
linear programs. Specifically, for each 𝐷𝑀𝑈௝: 

• 𝑍௝ା = 𝑚𝑎𝑥൛𝑢்𝑦௝ − 𝑣்𝑥௝ൟ subject to the constraints of Model (3), 

• 𝑍௝ି = 𝑚𝑖𝑛൛𝑢்𝑦௝ − 𝑣்𝑥௝ൟ subject to the same constraints. 

These 2𝑛 independent LP problems are solved using standard simplex-based solvers (e.g., Gurobi, 
CPLEX, or the linprog function in MATLAB). No multi-objective optimization algorithm is applied 
directly to Model (3). 

The values 𝑍௞ା and 𝑍௞ି  (for minimization objectives) and 𝑍௟ା and 𝑍௟ି  (for maximization 
objectives) are obtained by solving Model (3) as a series of single-objective linear programs. 
Specifically, for each 𝐷𝑀𝑈௝, 𝑍௝ା is the optimal value when maximizing 𝑢்𝑦௝ − 𝑣்𝑥௝ subject to the 
constraints of Model (3), without any cross-DMU objective aggregation. Similarly, 𝑍௝ି  is obtained by 
minimizing the same expression. 𝑍௞ା = 𝑚𝑎𝑥 𝑍௞ , 𝑥 ∈ 𝑋௔,𝑍௞ି = 𝑚𝑖𝑛 𝑍௞ , 𝑥 ∈ 𝑋ௗ                         (8) 
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𝑍௟ା = 𝑚𝑎𝑥 𝑍௟ , 𝑥 ∈ 𝑋ௗ ,𝑍௟ି = 𝑚𝑖𝑛 𝑍௟ , 𝑥 ∈ 𝑋ௗ                            (9) 

where 𝑍௞ି  and  𝑍௟ାare obtained by solving the multi-objective mathematical model as a single objective 
function; only one objective is calculated at a time, 𝑥 ∈ 𝑋ௗ means that the solutions must satisfy the 
constraints, and 𝑋ௗ is the set of optimal solutions obtained by solving the single objective function. 
Since it is assumed that each function 𝑍௝ ’s value varies linearly between 𝑍௞ି  and  𝑍௟ା , it can be 
considered a fuzzy number with a fuzzy membership function 𝜇௭௝(𝑥), as seen in Figures 1 and 2. A 
linear programming problem, such as (5) to (7), with the objective function and fuzzy constraints, can 
be presented as follows. 𝑍෨௞ = ∑ 𝑐௞௜𝑥௜ ≤௡௜ୀଵ ~𝑍௞଴, 𝑘 = 1,2, . . . ,𝑝                              (10) 𝑍෨௟ = ∑ 𝑐௟௜𝑥௜ ≥ ~𝑍௟଴, 𝑙 = 𝑝 + 1,𝑝 + 2, . . . , 𝑞     (For Fuzzy Constraints)௡௜ୀଵ     (11) 𝑔෤௜(𝑥) = ∑ 𝑎௥௜𝑥௜ ≤ ~𝑏௥ , 𝑟 = 1,2, . . . , ℎ௡௜ୀଵ        (12) 

(𝑔௣(𝑥) = ∑ 𝑎௣௜𝑥௜ ≤ 𝑏௣,𝑝 = ℎ + 1, . . . ,𝑚             For Crisp Constraints௡௜ୀଵ  𝑥௜ ≥ 0,            𝑖 = 1, 2, … ,𝑛             (13) 
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Figure 1. Objective function with a negative aspect (𝑍෨௞). 
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Figure 2. Objective function with a positive aspect (𝑍෨௟). 
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In the model consisting of equations (10)–(13), the symbol ~ expresses the fuzzy environment. 
The symbol ≤ ~  in the set of constraints represents the fuzzy state ≤  and has a linguistic 
interpretation as "necessarily less than or equal to," and the symbol ≥ ~ has a linguistic interpretation 
as “necessarily greater than or equal to”. Additionally, in the above relationships, parameters 𝑍௞଴ and 𝑍௟଴ are the desired levels that the decision-maker wishes to reach. Assuming the membership functions 
are based on priority or linear compensation, the linear membership functions for the minimization 
(𝑍௞) and maximization (𝑍௟) objectives are given as Equations (14) and (15): 

𝜇௭௞(𝑥) = ቐ1              𝑓𝑜𝑟                  𝑍௞ ≤ 𝑍௞ି ,(𝑍௞(𝑥) − 𝑍௞ି )/(𝑍௞ା − 𝑍௞ି )𝑓𝑜𝑟𝑍௞ି ≤ 𝑍௞(𝑥) ≤ 𝑍௞ା, 𝑘 = 1,2, . . .𝑝0              𝑓𝑜𝑟                  𝑧௞ ≥ 𝑍௞ା.             (14) 

𝜇௭௟(𝑥) = ቐ1              𝑓𝑜𝑟                  𝑍௟ ≥ 𝑍௟ି ,(𝑍௟(𝑥) − 𝑍௟ି )/(𝑍௟ା − 𝑍௟ି )𝑓𝑜𝑟𝑍௟ି ≤ 𝑍௟(𝑥) ≤ 𝑍௟ା, 𝑘 = 1,2, . . . 𝑞0             𝑓𝑜𝑟                   𝑧௟ ≤ 𝑍௟ା.              (15) 

The linear membership function for fuzzy constraints is as follows: 

 𝜇௚௥(𝑥) = ቐ1         𝑓𝑜𝑟                𝑔௥(𝑥) ≤ 𝑏௥,1 − (𝑔௥(𝑥) − 𝑏௥)/𝑑௥𝑓𝑜𝑟𝑏௥ ≤ 𝑔௥(𝑥) ≤ 𝑏௥ + 𝑑௥ , 𝑟 = 1,2, . . . ℎ0       𝑓𝑜𝑟                 𝑔௥(𝑥) ≥ 𝑏௥ + 𝑑௥.             (16) 

“𝑑௥ ” is a subjective constant value chosen to express the acceptable limit of violating the 𝑟௧௛ 
inequality constraint (or the tolerance range of that constraint). 

In the next section, we describe some essential operators in fuzzy decision-making. 
Decision-making operators 

First, we discuss the 𝑚𝑖𝑛 −𝑚𝑎𝑥 operator, which [37,38] have used for fuzzy multi-objective 
problems. The convex operator used in its expression enables the decision maker to assign different 
weights to different criteria. In fuzzy programming modeling, using the approach in [38], a fuzzy 
solution is obtained by combining all the presented fuzzy objectives or fuzzy constraints. The fuzzy 
solution for all fuzzy objectives and fuzzy constraints can be given as Equations (17) and (18): 

𝜇஽(𝑥) = ൞ቐ ∩௝ୀଵ೜ 𝜇௭௝(𝑥)ቑ ∩ ቊ ∩௥ୀଵ೓ 𝜇௚௥(𝑥)ቋൢ                              (17) 

The following Equation gives the optimal solution (𝑥∗). 
 𝜇஽(𝑥∗) = 𝑚𝑎𝑥௫∈௑೏𝜇஽(𝑥) = 𝑚𝑎𝑥௫∈௑೏ 𝑚𝑖𝑛 ൤ 𝑚𝑖𝑛௝ୀଵ,...,௤𝜇௭௝(𝑥), 𝑚𝑖𝑛௥ୀଵ,...,௛𝜇௚௥(𝑥)൨                  (18) 

To find the optimal solution (𝑥∗) in the above fuzzy model, the following crisp model can be solved 
equivalently [37]. 

  𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒  𝜆                                     (19) 𝑠. 𝑡. 



4751 

Journal of Industrial and Management Optimization  Volume 22, Issue 10, 4735–4769. 

(For All the Objective Functions)  𝜆 ≤ 𝜇௭௝(𝑥), 𝑗 = 1,2, . . . , 𝑞                   (20) 

(For Fuzzy Constraints) 𝜆 ≤ 𝜇௚௥(𝑥), 𝑟 = 1,2, . . . , ℎ                    (21) 

(For Crisp Constraints)  𝑔௣(𝑥) ≤ 𝑏௣௦,𝑝 = 1,2, . . . ,𝑚                        (22) 

 𝑥௜ ≥ 0, 𝑖 = 1,2, . . . ,𝑛,      𝑎𝑛𝑑       𝜆 ∈ [0,1]                        (23) 

where 𝜇஽(𝑥), 𝜇௭௝(𝑥), and 𝜇௚௥(𝑥) are the solution membership functions, objective functions, and 

constraints, respectively. 
This solution describes the relationship between constraints and objective functions in a 

completely symmetric fuzzy environment [35]. In fuzzy decision-making, although objectives and 
constraints may vary in importance across problems, their interaction must be considered. The 
weighted ensemble model addresses this using a single utility function to reflect the decision-maker’s 
preferences and to prioritize criteria accordingly [39]. In this case, a linear weighted utility function is 
created by multiplying each fuzzy objective’s membership function by its respective weight and 
summing the results. The convex fuzzy model proposed by [40,41] and the weighted incremental 
model by [42] are: 𝜇஽(𝑥) = ∑ 𝑤௝𝜇௭௝(𝑥) + ∑ 𝛽௥𝜇௚ೝ(𝑥)௛௥ୀଵ௤௝ୀଵ                       (24) 

෍𝑤௝ + ෍𝛽௥ = 1௛
௥ୀଵ

௤
௝ୀଵ ,    𝑤௝ 𝑎𝑛𝑑 𝛽௥ ≥ 0                                  (25) 

where 𝑤௝  and 𝛽௥  are weighting coefficients that represent the relative importance between fuzzy 
objectives and fuzzy constraints, respectively. The following crisp single-objective programming is 
equivalent to the presented multi-objective fuzzy model: 

𝑚𝑎𝑥෍𝑤௝𝜆௝ + ෍𝛽௥𝛾௥௛
௥ୀଵ

௤
௝ୀଵ                                                      (26) 

𝑠. 𝑡.: 𝜆௝ ≤ 𝜇௭௝(𝑥), 𝑗 = 1,2, . . . , 𝑞                          (27) 𝛾௥ ≤ 𝜇௚௥(𝑥), 𝑟 = 1,2, . . . , ℎ.                              (28) 𝑔௣(𝑥) ≤ 𝑏௣,𝑝 = ℎ + 1, . . . ,𝑚.                             (29) 𝜆௝ ,   𝛾௥ ∈ [0,1],     𝑗 = 1,2, . . . , 𝑞,    𝑎𝑛𝑑        𝑟 = 1,2, . . . , ℎ,                  (30) 

෍𝑤௝௤
௝ୀଵ + ෍𝛽௥௛

௥ୀଵ = 1,     𝑤௝ , 𝛽௥ ≥ 0                                          (31) 

𝑥௜ ≥ 0. 𝑖 = 1,2, . . . , 𝑛.                                   (32) 
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Symmetric fuzzy multi-objective model 
According to the previous explanations and equations (19)–(23), the proposed model for the symmetric 
fuzzy multi-objective case is given by the following expression. First, we will explain the new symbols 
in this relation. 
Added symbols in symmetric fuzzy multi-objective programming 𝑍௟ା: Upper limit of the objective function changes 𝑙 𝑏௥ା: Upper limit of the constraint changes 𝑟 𝑏௥ି : Lower limit of the constraint changes 𝑟 𝜆: Satisfaction degree according to the relevant objective or constraint 
In the proposed symmetric fuzzy multi-objective model, all objectives and constraints are treated as 
fuzzy and given equal importance, utilizing a single satisfaction degree 𝜆 that applies uniformly across 
the objective functions and related constraints, such as the machine center constraint. 𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒   𝜆                                     (33) 𝜆 ∈ [0,1]                                          (34) 

To demonstrate the applicability of the proposed asymmetric fuzzy multi-objective model, it is 
applied to the CSW problem, and the results are analyzed after solving the model. 
Asymmetric Fuzzy Multi-Objective Model 

In this model, all fifteen fuzzy objective functions are included. Furthermore, there are varying 
degrees of satisfaction for the objective functions and constraints within the asymmetric model (i.e., 𝜆ଵ, 𝜆ଶ, … , 𝜆ଵହ). Consequently, by assigning values to the coefficients of the objective functions (which 
must sum to one according to Equation (31), the proposed Asymmetric Fuzzy Multi-Objective 
Programming Model is formulated as follows. First, we clarify the new symbols in the discussion of 
Asymmetric Fuzzy Multi-Objective Programming. 
Symbols in Asymmetric Fuzzy Multi-Objective Programming 
The Symbols in the asymmetric fuzzy multi-objective are as follows: 𝛿௝: weight coefficient representing the importance of the 𝑗௧௛ objective; 𝛾௥: weight coefficient representing the importance of the 𝑟௧௛ constraint;  𝜆௝: satisfaction degree of the jth objective function;  𝛽௥: satisfaction degree of the 𝑟௧௛  constraint;  

෍𝛿௝௤
௝ୀଵ + ෍𝛾௥௛

௥ୀଵ = 1, 
The above Equation indicates that the sum of the weights of the objective functions and fuzzy 
constraints must equal one. 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒෍𝛿௝𝜆௝ + ෍𝛾௥𝛽௥௛
௥ୀଵ

௤
௝ୀଵ                                                       (35) 

𝜆௜ ,𝛽௥ ∈ [0,1]                                         (36) 
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4.6. Ordinal Priority Approach (OPA) 

In this section, we describe the proposed model for determining the numerical weight of 
preference ranks for decision-making criteria based on experts’ comments.  
Symbols and signs 

Tables 2 and 3 review the symbols and signs used in the presented mathematical model and show 
their definitions for indices, parameters, and variables. 
Definition of sets 

Table 2 reviews the sets used in the presented mathematical model for ranking criteria and shows 
their definitions. 

Table 2. Sets Definitions. 

Set Definition 
I Experts Set, ∀ i∈I  
J Criteria Set, ∀ j∈J  
K Alternatives Set, ∀ k∈K 
M Ranks Set, ∀ m∈M 

Parameters Definition 
Table 3 presents the parameters used in the mathematical model and their definitions. 

Table 3. Parameters Definitions. 

Set Definition 
i Experts Preference Rank 
j Criteria Preference Rank 
r Alternatives Preference Rank 

Variables Definition 
Table 4 presents the variables used in the mathematical model and their definitions. 

Table 4. Variables Definition. 

Set Definition 
Z Objective Function (Unrestricted in sign) 𝑊௜௝௞௥ The weight of the 𝑘௧௛ alternative according to the 𝑗௧௛ Criterion as assessed by the 𝑖௧௛ 

expert at the 𝑟௧௛rank. 

Model Design 
Most group decision-making methods rank alternatives based on expert-weighted indicators but 

often overlook the interrelated importance of alternatives, indicators, and experts. The proposed model 
addresses this by incorporating all three elements simultaneously, enabling experts to evaluate 
alternatives using indicators to determine the importance of each component. 

Suppose there is a ranking of 𝑘 alternatives based on the following steps:  
• Ranking of experts (considering the organizational chart, academic degree, experience, etc.).  
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• Ranking of indicators by each expert.  
• Ranking of alternatives according to each indicator by each expert. 

Table 5. Experts’ opinions. 

Ranking of alternatives according to each 
criterion by each expert 

Ranking of criteria by each expert Experts Ranking 

𝐴௜௝௞ଵ, 𝐴௜௝௞ଶ, … ,𝐴௜௝௞୰, … ,𝐴௜௝௞௠ The 𝑗௧௛  criterion is based on the 𝑖௧௛  expert opinion. 
𝑖௧௛   Expert      

As in Table 5, the 𝑘௧௛ alternative based on the 𝑗௧௛ criterion by the 𝑖௧௛ expert at the 𝑟௧௛ rank 
is referred to as 𝐴௜௝௞(௥) , indicating that only independent alternatives have been provided by the 
experts according to the priority of the index and the alternatives, such that 

(37) 𝐴௜௝௞ଵ > 𝐴௜௝௞ଶ > ⋯ > 𝐴௜௝௞௥ > 𝐴௜௝௞௥ାଵ > ⋯ > 𝐴௜௝௞௠ 

The only valid inference from the inequality 𝐴௜௝௧௥ > 𝐴௜௝௟௥ାଵ (the superiority of the 𝑡௧௛  alternative 
over the 𝑙௧௛  alternative) is that 𝑊௜௝௧௡ > 𝑊௜௝௟௡ାଵ. 

(38) 𝑊௜௝௞ଵ > 𝑊௜௝௞ଶ > ⋯   > 𝑊௜௝௞௥ > 𝑊௜௝௞௥ାଵ …  > 𝑊௜௝௞௠ିଵ > 𝑊௜௝௞௠ 

In other words, the difference in weights associated with consecutive ranks in Equation (38) is 
positive: 

(39) 

𝑊௜௝௞ଵ −𝑊௜௝௞ଶ > 0, 𝑊௜௝௞ଶ −𝑊௜௝௞ଷ > 0, 𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ > 0, … 𝑊௜௝௞௠ିଵ −𝑊௜௝௞௠ > 0 

In Equation (38), based on expert opinion, we conclude that the 𝑘௧௛ alternative is preferable to 
the (𝑘 + 1)௧௛   alternative. The degree of preference of the 𝑘௧௛  alternative over the (𝑘 + 1)௧௛ 
alternative is explained as follows: To observe the intensity of the preference, the ranks 𝑖, 𝑗, and 𝑟 
are set equal to the highest rank of each parameter (expert, index, and alternative). In other words, 
Equation (39) is modified as shown in Equation (40). Multiplying a non-zero positive number on both 
sides of an inequality does not affect its direction. 

(40)  𝑖 ൬𝑗 ቀ𝑟൫𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ൯ቁ൰ > 0        ⩝ 𝑖, 𝑗, 𝑟  
Therefore, to obtain appropriate values for the available (𝑤), the mathematical model must be 

solved. In this model, we aim to maximize the preference for each alternative across all indices and 
experts. The mathematical model (41) is designed to maximize the advantage of the 𝑘௧௛ alternative 
over the (𝑘 + 1)௧௛ alternative based on its ranking as the 𝑟௧௛ over the (𝑟 + 1)௧௛rank,  
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Given the number of alternatives and the ranks involved in decision-making, we develop a multi-
objective mathematical model and optimize model (41) (MODM) to maximize the minimum objective, 
which yields model (6). 

Using Equation (43), which represents a mathematical variable transformation, the nonlinear 
mathematical model (42) can be transformed into a linear mathematical model (44). 

By solving model (44), the weights and ranks for each alternative, criterion, and expert are 
determined, taking into account the preferences associated with these two rankings. By solving the 
linear mathematical model (44), the weights of the other alternatives, criteria, and experts are as 
follows: 

(41) Maxቄ 𝑖 ൬𝑗 ቀ𝑟൫𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ൯ቁ൰ , 𝑖𝑗𝑚𝑊௜௝௞௠ቅ  ∀ 𝑖, 𝑗, 𝑟 

 

s.t: ෍෍෍𝑊௜௝௞௥ = 1௞௝௜        ∀ 𝑟 

𝑊௜௝௞௥ ≥ 0 

(42) 

Max 𝑀𝑖𝑛 ቄ 𝑖 ൬𝑗 ቀ𝑟൫𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ൯ቁ൰ , 𝑖𝑗𝑚𝑊௜௝௞௠ቅ  ∀ 𝑖, 𝑗, 𝑟 

s.t: ෍෍෍𝑊௜௝௞௥ = 1௞௝௜         ∀ 𝑟 

𝑊௜௝௞௥ ≥ 0 

(43) 𝑍 = 𝑀𝑖𝑛 ቄ 𝑖 ൬𝑗 ቀ𝑟൫𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ൯ቁ൰ , 𝑖𝑗𝑚𝑊௜௝௞௠ቅ 

(44) 

Max: Z 
s.t: 𝑍 ≤ 𝑖 ൬𝑗 ቀ𝑟൫𝑊௜௝௞௥ −𝑊௜௝௞௥ାଵ൯ቁ൰                  ∀ 𝑖, 𝑗, 𝑟 𝑍 ≤   𝑖𝑗𝑚𝑊௜௝௞௠               ⩝ 𝑖, 𝑗      ,   𝑟 = 𝑚 ෍෍෍𝑊௜௝௞௥ = 1௞௝௜         ∀ 𝑟 

𝑊௜௝௞௥ ≥ 0 
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(45) 𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒𝑠 𝑊𝑒𝑖𝑔ℎ𝑡 = ෍𝑊௜௝௞௥௞         ∀ 𝑖, 𝑗, 𝑟     
(46) 𝐶𝑟𝑖𝑡𝑒𝑟𝑖𝑎 𝑊𝑒𝑖𝑔ℎ𝑡 = ෍𝑊௜௝௞௥௝         ∀ 𝑖, 𝑘, 𝑟 

In this section, we outline the steps of the proposed group decision-making model. 
Step 1. Determining experts and ranking them. 
Step 2. Determining the indicators. 
Step 3. Ranking the indicators by each expert. 
Step 4. Ranking the alternatives based on each of the indicators by each expert (W୧୨୩(ଵ), W୧୨୩(ଶ), … , W୧୨୩(୫)). 
Step 5. Determining the alternatives, criteria, and experts’ weights (W୧୨୩(ଵ), W୧୨୩(ଶ), … , W୧୨୩(୫)). 
5. Integrated FMOLP-OPA model 

The proposed multi-objective DEA model provides a theoretically grounded and practically 
flexible alternative to traditional scalar-focused efficiency analysis. It redefines DEA within the 
established field of multi-objective optimization by treating inputs and outputs as explicit, competing 
objectives. This perspective enables a deeper understanding of performance trade-offs and provides a 
framework for integrating modern decision-making techniques, such as OPA.  

5.1. Implications for modeling 

In this study, we present several essential implications for advanced DEA models: Full Pareto 
Description: Unlike classical DEA models that reduce efficiency to a single score, the proposed model 
generates the entire Pareto frontier and provides a range of optimal equilibrium points rather than a 
single optimal point. This issue empowers decision-makers to choose the solution that best matches 
their strategic priorities. Common Weighting for Benchmarking: By introducing a common set of 
weights in a multi-objective framework, this model ensures comparability across DMUs and avoids 
bias from self-optimizing weight sets in traditional models. Analytical Bridge to Vector Optimization: 
This model provides a precise link between DEA and MOLP, enabling the use of established MOLP 
tools to analyze efficiency structures and provide dual interpretations. A foundation for preference-
based evaluation: Most importantly, the MOLP formulation provides an ideal basis for integrating 
preference-based MCDA techniques (including OPA) to guide the selection of a preferred solution 
among Pareto-optimal alternatives. 

All linear programs are solved using a standard educational package with default simplex settings 
and a feasibility tolerance of 10⁻⁶. The lower bound ε is set to 10⁻⁶ to avoid zero weights, and the 
fuzziness parameter 𝑑௥ is fixed at 0.05 to balance sensitivity and robustness. 
Integration of DEA with OPA 

The OPA, introduced in [31], is an MCDA method that enables decision-making based on ordinal 
judgments, thereby avoiding the need for precise numerical inputs or subjective weight estimation. 
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OPA is especially well-suited for strategic and policy-oriented assessments where stakeholders can 
rank the relative importance of objectives or DMUs but cannot provide primary input. Integrating OPA 
into the DEA context enables the following: 

Prioritized selection from a Pareto set: Among the Pareto-optimal DMUs identified by the MOLP-
based DEA model, OPA can prioritize options according to decision-makers’ sequential preferences. 
Sequential weighting of inputs/outputs: OPA can derive implicit priority weights for inputs and outputs, 
preserving the decision-maker’s objectives while remaining consistent with the DEA frontier. Decision 
support without quantification bias: Combining DEA and OPA reduces the reliance on subjective 
primary weights, addressing a well-known limitation of traditional DEA and MCDA methods. This 
synergy enables preference-enriched DEA models that can handle ambiguity, partial information, and 
multi-stakeholder input in a robust yet interpretable manner. Figure 3 shows the flow diagram and 
describes each stage of this research. 

 

Figure 3. Flowchart of the Proposed FMOLP-OPA-DEA Framework. 

Potential Extensions and Future Integration 
Following the OPA integration, several research directions show promise: 
Robust OPA-DEA hybrids: Extend the model to account for uncertainty in ordinal rankings (e.g., 

fuzzy OPA) and for data imprecision using robust DEA. 
Dynamic Preference Modeling: Use OPA to incorporate evolving or scenario-dependent 

preferences in dynamic or intertemporal DEA frameworks. 
Hierarchical MCDA–DEA Systems: Leverage OPA for priority setting at higher decision levels 

(e.g., regional policymakers), feeding into DEA-based evaluation at the operational level. 

Stage 1
Data Collection

• Inputs: Investment, Land Area
• Outputs: Energy Produced, CO2 Reduction
• DMUs: 15 renewable energy units

Stage 2: 
Classical DEA 

(CCR)

• Solve input-oriented CCR model (1)
• output baseline scores

Stage 3: Bound 
Estimation

• For each DMU maximize and minimize in model (3)
• Solve model (3) to get 𝑍௝ା and 𝑍௝ି

Stage 4: OPA 
(Ordinal Priority 

Approach)

• Collect expert rankings
• Solve OPA model (44)
• Output: Strategic weights  for each DMU 

Stage 5: Fuzzy 
Membership

• Construct  𝜇௭௝ 𝑥 using equations (14)-(15)
• Using 𝑍௝ା and 𝑍௝ି from Stage 3
• Output: Fuzzy satisfaction degrees  (intermediate)  

Stage 6: 
Integrated 

FMOLP-OPA

• Solve model (47)
• Subject to common-weight and fuzzy constraints
• Output: Final satisfaction levels
• Output: Common weights 
• Output: Final DMU ranking (strategic + multi-objective)
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MCDA–DEA for Multi-Stakeholder Contexts: In settings such as renewable energy or public 
service delivery, multiple decision-makers often express differing objectives. OPA enables the 
aggregation of these ordinal opinions into a coherent evaluation process alongside DEA. 

In this part, we use the benefits of input-oriented CCR and multi-objective DEA models with a 
common set of weights (Model 3), as well as the OPA approach. The OPA approach helps to calculate 
the weights of 𝜆௝ for 15 DMUs. 

𝑀𝑎𝑥 𝑍 =  ෍𝑊௝௤
௝ୀଵ 𝜆௝ 𝑠. 𝑡.: (෍𝑢௥𝑦௥௝ − ௦

௥ୀଵ ෍𝑣௜𝑥௜௝ − 𝐿𝑜𝑤𝑒𝑟 𝐵𝑜𝑢𝑛𝑑)/(𝑈𝑝𝑝𝑒𝑟 𝐵𝑜𝑢𝑛𝑑 − 𝐿𝑜𝑤𝑒𝑟 𝐵𝑜𝑢𝑛𝑑) ≥ 𝜆௝;     𝑗 = 1, … ,𝑛 ௠
௜ୀଵ  

෍𝑢௥𝑦௥௝ − ௦
௥ୀଵ ෍𝑣௜𝑥௜௝   ≤ 0,       𝑗 = 1, … ,𝑛                                                      (47) ௠

௜ୀଵ  

෍𝑢௥ + ෍𝑣௜  = 1 ௠
௜ୀଵ  ௦

௥ୀଵ  

෍𝑊௝௤
௝ୀଵ = 1,  𝑢௥ ≥ 𝜖,             𝑟 = 1, … , 𝑠 𝑣௜ ≥ 𝜖,             𝑖 = 1, … ,𝑚 𝑊௝ ≥ 0,           𝑗 = 1, … , 𝑛 𝜆௝ ∈ [0,1],      𝑗 = 1, … ,𝑛 

In model (47), the weights of 𝑊௝  are obtained using the OPA approach. Model (47) is the 
integrated formulation. The OPA weights 𝑊௝  appear only in the objective function. The fuzzy 
satisfaction 𝜆௝  appears in the objective and constraints. The common weights (𝑢,𝑣) appear in all 
constraints. This decomposition clarifies each component’s distinct role. 

5.2. Integrated mathematical formulation 

The complete model combines three components into one system: 
Component 1 (Common weights): A single set of weights (𝑢௥ − 𝑣௜) applied to all DMUs via the 

constraints 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0 for all j. 
Component 2 (Fuzzy objectives): For each DMU j, the net efficiency 𝑢்𝑦௝ − 𝑣்𝑥௝ is transformed 

into a satisfaction degree 𝜆௝ using the membership function: 𝜆௝ = (𝑢்𝑦௝ − 𝑣்𝑥௝ − 𝐿௝)/(𝑈௝ − 𝐿௝), where 𝐿௝ and 𝑈௝ are the lower and upper bounds obtained from 
single-objective solutions of model (3). 

Component 3 (OPA preferences): The weights 𝑊௝ from OPA serve as coefficients in the overall 
objective function. 

The fully integrated model (48) is: 
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𝑀𝑎𝑥 𝑍 = ෍𝑊௝௡
௝ୀଵ 𝜆௝ 𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 𝜆௝ ≤ (𝑢்𝑦௝ − 𝑣்𝑥௝ − 𝐿௝)/(𝑈௝ − 𝐿௝), ∀ 𝑗                                                (48) 𝑢்𝑦௝ − 𝑣்𝑥௝ ≤ 0,  ∀ 𝑗 

෍𝑢௥ + ෍𝑣௜  = 1 ௠
௜ୀଵ  ௦

௥ୀଵ  𝑢௥ ≥ 𝜖 𝑣௜ ≥ 𝜖 𝜆௝ ∈ [0, 1] 
Here, 𝑊௝ (from OPA) prioritize DMUs, 𝜆௝ (fuzzy satisfaction) measures multi-objective achievement, 
and common weights (𝑢,𝑣) ensure fairness. 

The survey comprises the following parts: CCR baseline, bound estimation per DMU, OPA weight 
derivation, fuzzy membership construction, FMOLP solution using OPA weights, and solver settings. 

The OPA procedure is based on ordinal rankings provided by four experts: two energy economists 
and two environmental engineers. Each expert ranks the objectives (economic efficiency, 
environmental sustainability, and reliability) from most to least important.  

6. Empirical application 

Table 6. DEA inputs and outputs (Input-Oriented CCR Model). 

DMU Inputs Outputs 

Investment (M USD) Land Area (Ha) Energy Produced (GWh) CO2 Reduction (Tons) 

1 49.96 28.77 201.89 25.35 

2 78.56 19.97 66.26 95.4 

3 32.48 8.9 291.41 82.76 

4 24.65 14.26 126.15 18.79 

5 68.09 22.7 221.06 49.61 

6 36.65 6.25 80.51 54.57 

7 86.6 10.31 58.6 91.84 

8 34.55 9.59 114.69 69.63 

9 44.34 18.12 127.93 56.81 

10 35.56 11.78 186.68 26.64 

11 51.16 8.49 292.4 79.76 

12 43.37 14.16 284.87 90.53 

13 56.49 24.63 199.47 92.97 

14 35.97 17.86 72.12 27.64 

15 67.39 6.16 61.31 39.28 
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Table 6 shows a numerical example clarifying the theoretical model of new renewable energy 
with two inputs and two outputs, along with 15 DMUs. 

Below is a simulated dataset of 15 DMUs in the renewable energy sector. Each DMU has been 
evaluated using the inputs of investment (in million USD) and Land area (in hectares), as well as the 
outputs of Energy Produced (in Gigawatt-Hours or GWh) and CO₂ Reduction (in tons). 

We present the results of the efficiency input-oriented CCR and multi-objective DEA models, 
utilizing the common set of weights in Model (3), as shown in Table 7. Table 7 also presents the results 
of applying a simplified version of the multi-objective DEA model to the 15 DMUs in the renewable 
energy dataset. 

Table 7. DEA Efficiency Scores (Input-Oriented CCR Model). 

DMU Input-Oriented CCR Model Efficiency Score of Common Set of Weights Model (3) 
1 0.45 25.3 
2 0.51 95.3 
3 1.00 82.7 
4 0.57 18.7 
5 0.36 49.6 
6 0.93 54.5 
7 0.95 91.8 
8 0.79 69.6 
9 0.50 56.0 
10 0.59 26.6 
11 1.00 79.7 
12 0.82 90.5 
13 0.65 92.9 
14 0.30 27.6 
15 0.68 39.27 

Figure 4 also depicts the efficiency scores of the input-oriented CCR model. 

 

Figure 4. Efficiency Scores of the Input-Oriented CCR Model. 
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7. Discussion 

Table 8 presents the weights of each DMU obtained from the OPA approach. These weights are 
extracted using equations (44)–(46). Because the OPA mathematical model approaches this group 
decision-making problem, there is no need to consider experts’ agreement or disagreement, nor to 
perform any aggregation [31]. Then, by inputting the ranks suggested by experts into the OPA model, 
i.e., 𝑖, 𝑗,𝑎𝑛𝑑 𝑟, and solving the mathematical programming problem, the output of this model, i.e., 𝑊௝ (weights of each DMU), is obtained. 

Table 8. The weights of each DMU obtained from the OPA approach. 

W1 W2 W3 W4 W5 W6 W7 W8 
0.02542 0.097052 0.115487 0.094332 0.107882 0.072969 0.050956 0.029146 
W9 W10 W11 W12 W13 W14 W15  
0.033592 0.077724 0.010139 0.045871 0.016432 0.079902 0.143096  

Table 9 shows the results of the numerical example of CSW using FMOLP. 

Table 9. The results of the numerical example of CSW using FMOLP. 
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L1 L2 

L
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5 
U1 U2 V1 V2 
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0.5

9 

0.9

0 
1 

0.0

0 

0.9

3 

0.0

5 

0.6

8 

0.8

3 

0.9

7 

0.2

0 
1 

0.9

6 

0.9

6 

0.9

8 

0.8

8 

0.0

1 

0.0

7 

0.0

1 

0.9

1 

Table 10. Numerical Comparison. 

DMU CCR DEA Efficiency 
(Table 7) 

Common Weights Score 
(Table 7) 

OPA Weights 
(Table 8) 

FMOLP Satisfaction 
(Table 9) 

1 0.45 25.35 0.02542 0.59 
2 0.51 95.37 0.097052 0.90 
3 1 82.76 0.115487 1 
4 0.57 18.79 0.094332 0.00 
5 0.36 49.61 0.107882 0.93 
6 0.93 54.56 0.072969 0.05 
7 0.95 91.81 0.050956 0.68 
8 0.79 69.62 0.029146 0.83 
9 0.5 56.8 0.033592 0.97 
10 0.59 26.65 0.077724 0.20 
11 1 79.76 0.010139 1 
12 0.82 90.53 0.045871 0.96 
13 0.65 92.95 0.016432 0.96 
14 0.30 27.63 0.079902 0.98 
15 0.68 39.27 0.143096 0.88 
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Table 10 reveals significant insights and numerical comparisons as follows: 
CCR DEA vs. Common Weights 

• Classical CCR DEA results in several DMUs (DMUs 3 and 11) achieving full efficiency (score 
= 1). 

• However, when applying the Common Set of Weights, even efficient DMUs (such as DMU 3) 
show different performance levels (82.76 for DMU 3). 

• This issue suggests that unified weight systems penalize certain DMUs that benefit from self-
optimized weights in the CCR method. 

OPA Weights Interpretation 
• The weights obtained from OPA prioritize DMUs differently, as shown in Table 8. For instance, 

DMU 15 has the most OPA weight (0.143096), indicating strong strategic importance despite 
its CCR efficiency (0.68). 

• DMU 11 has a CCR efficiency of 1, but it has the lowest OPA weight (0.010139), showing that 
technical efficiency alone is not sufficient in this case. 

FMOLP Satisfaction Degrees 
• FMOLP Satisfaction Values (Table 9) add nuance: 

o DMUs 3 and 11 still maintain complete satisfaction (e.g., 1). 
o DMU 4 reduces to 0.00, although it has moderate CCR and common weights scores, 

indicating that when considering multiple fuzzy objectives, DMU 4 reaches the 
minimum satisfaction level. 

o DMU 14, which initially has a low CCR (0.30), achieves a very high satisfaction (0.98), 
indicating that some decision units excel when multiple criteria and fuzzy preferences 
are considered. 

Results in Tables 7–10 are based on FMOLP–OPA weights derived from the expert elicitation 
procedure described in Section 5.2. 
Strategic Implication 

• CCR DEA is purely technical and ignores trade-offs. 
• Common Weights DEA improves comparability, but still compresses multiple objectives into 

a single view. 
• FMOLP-OPA provides the richest, most preference-aware, and most strategic evaluation, 

especially when stakeholders have different objectives and trade-offs. 
• CCR DEA is suitable for quick benchmarking, but it oversimplifies decision complexity. 
• A common set of Weights improves fairness but still loses multi-objective nuance. 
• FMOLP and OPA are superior for complex, real-world decision support because they align 

technical efficiency with stakeholder-driven preferences and multiple objectives. 
• Some DMUs that are inefficient under CCR models become efficient under FMOLP, and vice 

versa, reflecting the multidimensional nature of performance. 
Additionally, we can consider that: 

• CCR DEA highlights technical best performers.  
• Common Weights DEA highlights fairly benchmarked DMUs.  
• FMOLP Satisfaction highlights strategically important and realistic DMUs when multiple 

objectives matter. 
Thus, FMOLP-OPA models offer a significantly richer, more real-world-aligned understanding 

of DMU performance than traditional DEA models. 
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The comparison of DMUs 3, 4, and 14 is presented in Figure 5 as follows: 
The following notes are about Figure 5: 
X-axis (horizontal): The three Decision-Making Units (DMUs): DMU 3, DMU 4, and DMU 14. 

Y-axis (vertical): The scores of each DMU in three different evaluation models, ranging from 0.0 to 
1.2 for visibility. 

Each DMU has three colored bars: blue Bar: Score from Input-Oriented CCR DEA, red Bar: 
Score from Common Set of Weights DEA (normalized), green Bar: Score from FMOLP Satisfaction 
Degree. Additionally, Table 11 presents the information for Figure 5. 

 

Figure 5. Comparison of DMUs 3, 4, and 14. 

Table 11. Information regarding Figure 5. 

Color Meaning Purpose 
Blue CCR DEA Efficiency Measures pure technical efficiency (input minimization while keeping 

outputs constant). 
Red Common Weights DEA Score Applies a global set of weights for all DMUs for fair comparison. 
Green FMOLP Satisfaction Degree Measures how well DMUs satisfy multiple conflicting objectives with 

fuzzy preferences. 

The efficiencies of some DMUs are as follows: 
DMU 3: 

• CCR DEA (Blue): Perfect 1.00; DMU 3 is fully efficient when evaluated using the traditional 
CCR DEA method.  

• Common Weights DEA (Red): Slight drop, because when global fairness is enforced (everyone 
uses the same weights), DMU 3 performs less perfectly. 
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• FMOLP Satisfaction (Green): Still at 1.00; DMU 3 perfectly satisfies multiple fuzzy goals. 
DMU 3 remains a top performer across all perspectives. 

DMU 4: 
• CCR DEA (Blue): Moderate at 0.57, decent technical efficiency. 
• Common Weights DEA (Red): Drops very low, meaning DMU 4’s specific input/output mix 

is not favorable under a global standard. 
• FMOLP Satisfaction (Green): Almost 0.00, critically bad in multi-objective fuzzy optimization. 

DMU 4 is sensitive to model choice; although it appears technically acceptable, it performs 
significantly worse when broader real-world goals are considered. 

DMU 14: 
• CCR DEA (Blue): Low at 0.30, traditionally very inefficient. 
• Common Weights DEA (Red): Slightly better but still low. 
• FMOLP satisfaction (green): Very high at 0.98. 
• When multiple objectives are considered, DMU 14 performs well; despite technical 

inefficiency, it may be strategically excellent. 
Thus, the key observations in the graph are as follows: 

• The CCR DEA model’s judgments are based solely on technical input/output ratios, ignoring strategic 
trade-offs. 
• The common set of weights model enforces global fairness but still flattens the true strategic strengths 
of some DMUs. 
• FMOLP better captures multi-objective and real-world satisfaction: 
• Some DMUs, such as 14, that appear weak under technical DEA can be real stars under realistic 
objectives. 
• Moreover, some other DMUs, such as DMU 4, that are mediocre under technical DEA, fail 
strategically. 

Furthermore, the bar chart shows that CCR DEA is suitable for pure technical benchmarking. 

8. Conclusion 

This study presents a significant methodological advancement by integrating FMOLP and DEA 
preference-based modeling. As a next step, researchers can integrate concepts of varying returns to 
scale, fuzzy theory, multi-stakeholder input, and robust validation frameworks. Our research findings 
are as follows: 

• CCR DEA is input-driven, fast, and suitable for initial evaluations; it also simplifies the real-
world multi-objective framework. 

• The CSW DEA improves comparability but still imposes a vision on complex data. 
• FMOLP-OPA-enhanced DEA is a complex approach that enables realistic, flexible, and 

decision-maker-aligned assessments that establish actual multidimensional performance. 
This transition from CCR to CSW and then to FMOLP-OPA is seen as an evolution from pure 

technical efficiency to uniform fairness, finally leading to multi-objective, preference-based strategic 
decision-making. 
Additionally, the technical suggestions for further research are as follows: 

Expand the Use of Alternative Returns-to-Scale Models. While we focus on Constant Returns to 
Scale (CRS) models (CCR), we strongly recommend that future research explore Variable Returns to 
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Scale (VRS) models, such as the BCC model. This is because many real-world systems (e.g., energy 
sectors and public services) exhibit increasing or decreasing returns to scale, and assuming CRS might 
oversimplify reality. In addition, the Super-Efficiency Models for Fine-Grained Ranking are as follows: 

Extend the DEA analysis by applying Super-Efficiency Models to differentiate fully efficient 
DMUs (those with CCR scores of 1). This is because, in traditional DEA, multiple DMUs can be 
assigned a score of 1.0. Super-efficiency enables ranking beyond the frontier and identifying true 
outperformers. The next suggestion is to advance fuzzy modeling using interval-valued or type-2 fuzzy 
sets. Instead of crisp fuzzy membership functions, apply Interval-Valued Fuzzy Sets (IVFS) or Type-
2 Fuzzy Sets. These methods handle greater uncertainty, enabling the model to better capture 
ambiguity in expert preferences or data collection. The next suggestion is to perform Robustness and 
Stability Testing Under Different Scenarios. 

Additionally, the researcher can conduct Monte Carlo simulations or bootstrap analysis to 
evaluate the robustness of DEA–FMOLP–OPA rankings under different OPA weighting schemes and 
random noise in input-output data. This issue is crucial because it ensures that the models’ conclusions 
are robust and valid, which is vital for making informed investment decisions. The next suggestion is 
to relate the DEA Results to Policy Implications. The researchers can move beyond purely efficiency 
rankings by linking DEA outcomes to strategic recommendations, such as investment priorities and 
environmental policy design (for CO₂ emissions). This suggestion is offered because practical insights 
increase the study’s significance. In addition, researchers could integrate multi-stakeholder decision-
making approaches, such as future work that incorporates multi-stakeholder OPA, in which different 
groups offer distinct preference structures. This proposal is motivated by the fact that real-world 
decisions often involve conflicting stakeholder preferences, and modeling these conflicts increases the 
model’s realism. We also propose comparing the DEA models with improved machine learning 
methods. This issue can include modern approaches such as DEA with neural networks, random forests, 
or support vector machines (SVMs). This proposal is based on the premise that these hybrid 
approaches improve forecasting performance and enable the discovery of nonlinear patterns. The last 
proposal discusses transparency and interpretability and outlines how fuzzy theory, OPA, and 
efficiency bounds are derived in a logical, step-by-step process. This proposal guarantees that the 
model is clear and reproducible, a key requirement for high-impact scientific research. 
A thorough sensitivity and robustness analysis of the FMOLP-OPA framework remains an important 
avenue for future investigation. This would entail systematically perturbing key parameters, such as 
the fuzzy tolerance levels and OPA preference weights, and reporting the resulting ranking stability 
through transparent summary statistics and experimental settings, thereby enabling rigorous scrutiny 
in future work. 
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