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Abstract: Performing the efficient global optimization algorithm for generalized linear fractional
programs (GLFPs) is a very desirable goal in the field of optimization. As the problem’s size increases,
this goal is becoming increasingly difficult to achieve, although there have been some advances in recent
years. In this paper, we present an efficient outcome space branch-and-bound algorithm for globally
solving large-scale GLFPs. First, we convert the GLFP into its equivalent problem (EP) by introducing
new variables. Second, a hybrid relaxation strategy (a convex envelope and a second-order cone) is used
to derive a series of new linear relaxation problems (LRPs) that approximate the EP’s optimal value.
Meanwhile, a new region reduction method is presented, where the branching operation is performed in
an outcome space. A novel branch-and-bound algorithm is then provided to solve GLFPs by computing
a lower bound from the LRPs. Subsequently, the algorithm’s convergence and worst-case iteration
count are also reported. We conclude with numerical experiments illustrating the proposed algorithm’s
efficacy, especially when solving large-scale GLFPs.

Keywords: generalized linear fractional programs; hybrid relaxation; branch-and-bound; computational
complexity
Mathematics Subject Classification: 90C26, 90C32

1. Introduction

Consider the following generalized linear fractional programming (GLFP) problem:

GLFP :

 min f (x) =
p∑

i=1
δi

Ti∏
j=1

(
c⊤i j x+ei j

d⊤i j x+ fi j

)αi j

s.t. x ∈ χ := {x ∈ Rn|Ax ≤ b},
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where p and Ti are positive integers, δi, αi j, ei j, fi j ∈ R, ci j, di j ∈ R
n, i ∈ I := {1, . . . , p}, j ∈ Ji :=

{1, . . . ,Ti}. A ∈ Rm×n, b ∈ Rm, χ is a nonempty and bounded set, and both c⊤i jx + ei j and d⊤i j x + fi j (i ∈ I,
j ∈ Ji) are positive linear functions defined on χ.

The GLFP problem, a significant category in mathematical programming, has captured the attention
of numerous researchers due to its applications in scientific computing, economics, and engineering
fields, including scheduling problems in transportation [1], project management [2], portfolio
optimization [3–6], network flows [7,8], energy management [9], environmental science [10], and so on.
It is well-known that the GLFP is a nonconvex optimization problem, characterized by many local
optimal solutions that are not globally optimal, resulting in significant computational and theoretical
challenges in addressing such a problem. As a result, the exploration of algorithms for tackling the
GLFP challenge has become a hot topic for researchers.

Until now, many researchers have developed some deterministic algorithms for solving special cases
of the GLFP problem. For example, when p = 1, αi j = 1, d⊤i j x + fi j = 1, i ∈ I, and j ∈ Ji, the GLFP
problem becomes a linear multiplicative programming problem, for which several feasible algorithms
exist, such as the monotonic optimization algorithm [11], the parametric simplex method [12], and the
range division and linearization algorithm [13]. When p ≥ 2, Ti ≥ 2, αi j = 1, d⊤i j x + fi j = 1, i ∈ I, and
j ∈ Ji, the GLFP problem is reduced to a generalized linear multiplicative programming problem, with
the solution methods encompassing outer approximation [14], the cutting plane method [15, 16], and
the branch-and-bound algorithm [17, 18]. When p = 1, d⊤i j x + fi j = 1, i ∈ I, j ∈ Ji, the GLFP problem
is reduced to a multiplicative programming problem, which can be solved by algorithms such as the
level set algorithm [19, 20] and the branch-and-bound algorithm [21–23], as well as hybrid strategies
combining outer approximation and branch-and-bound [24, 25]. Furthermore, when p = 1 without
additional constraints, the problem becomes a linear fractional-multiplicative program, solvable via
methods such as branch-and-bound [26], among others. When p ≥ 2, Ti = 1, αi j = 1, and i ∈ I, the
GLFP problem simplifies to a linear sum of ratio problems, solvable with methods like the interior
point method [27], the Dinkelbach-type approximation algorithm [28], the harmony search heuristic
algorithm [29], and the branch-and-bound algorithm [30]. Finally, under the assumption that d⊤i j x+ fi j = 1
for all i ∈ I, j ∈ Ji, the GLFP can be reformulated as a generalized polynomial programming problem
by treating c⊤i jx + ei j as a variable. Relevant solution frameworks are discussed in [31, 32].

Among the methods mentioned above, the branch-and-bound algorithm and its hybrid variants
have attracted considerable research interest and have been extensively investigated. For instance,
Jiao et al. [22, 23] introduced an equivalent reformulation of the original problem by incorporating
auxiliary variables and applying a logarithmic transformation to the objective function. In [22], the
authors further developed a linear relaxation technique based on the first-order mean value theorem.
Subsequent work in [23] derived a new linear programming model by exploiting the convex envelope
of the logarithmic function. Separately, Shen et al. [33] proposed a novel region deletion technique
to remove subdomains that cannot contain the global optimum, conducting the branching process in
the original n-dimensional space. More recently, Gao and Zhang [26] introduced a linear relaxation
strategy that combines convex envelopes of both logarithmic and bilinear functions, augmented with
an output-space reduction mechanism to enhance convergence efficiency. Despite these advances, the
computational effort required by such approaches increases substantially as the problem’s scale grows,
posing a notable challenge for solving large-scale instances.
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Very recently, some efficient branch-and-bound methods have been derived for the general case of the
GLFP problem. For example, Jiao and Shang [34] developed linear relaxation methods within a branch-
and-bound framework, utilizing the convex and concave envelopes of exponential and logarithmic
functions for the objective function, along with branching in n-dimensional space; also refer to [35]
and [36]. Moreover, Jiao and Li [37], Hou and Liu [38], and Jiao and Ma [39] developed linear relaxation
techniques using a convex envelope and a concave envelope for the constraints and geometric properties
of exponential and logarithmic functions for the objective function, with the branching operations
occurring in an output space. Furthermore, Hou and Liu [40] proposed a branch-and-bound algorithm
incorporating a second-order cone relaxation, augmented with a region reduction technique to enhance
its computational performance.

Observe that the existing branch-and-bound methods are either based on convex and concave
envelope relaxation or second-order cone relaxation. A meaningful question arises: Can a more efficient
algorithm for solving large-scale GLFP problems be found by using the hybrid relaxation strategy of
convex envelope and a quadratic cone? To answer this question, in this paper, we explore an efficient
branch-and-bound algorithm for global optimization of generalized linear fractional programs via
hybrid convex envelope and second-order cone relaxations. Initially, the GLFP is transformed into an
equivalent problem (EP) by introducing new variables. Then, a new linear relaxation programming
problem is proposed, resulting in a lower bound for the optimal value of the EP, utilizing the properties
of the arithmetic mean inequality, the convex envelope, and the quadratic cone. Furthermore, a novel
outer space branch-and-bound algorithm is established using the branch-and-bound framework. The
convergence and complexity of the new algorithm are also analyzed. The effectiveness of the proposed
algorithm is demonstrated by numerical experiments.

The highlight of this paper are illustrated as follows. (i) We use a hybrid relaxation strategy (convex
envelope and a second-order cone) to derive a series of new linear relaxation problems (LRPs) that
approximate the EP’s optimal value, as opposed to the traditional single strategy of only convex
relaxation or second-order cones, as described in [37–40]. Furthermore, Theorem 2.3 indicates that
the algorithm constructed from this hybrid relaxation strategy may find the optimal solution of the
GLFP faster. (ii) In contrast to [33–36], the branching operation of the proposed algorithm occurs in the
outcome space, not the n-dimensional one. (iii) Our results show that our algorithm outperforms the
algorithms in [22, 26, 37] in terms of time efficiency for large-scale problems. Specifically, the time cost
of our algorithm is reduced by at least half.

The remainder of this paper is organized as follows. Section 2 formulates an EP for the GLFP and
establishes a new linear relaxation programming method to compute the lower bound of the optimal value for
the EP. Section 3 devises branching and region reduction techniques. Section 4 presents a branch-and-bound
algorithm, along with analyses of its convergence and computational complexity. Numerical experiments in
Section 5 demonstrate the validity of the proposed algorithm, and Section 6 concludes the paper.

2. Equivalent form of the GLFP and its LRP

In this section, first, the EP of the GLFP is derived by introducing some outer space variables and
performing a series of equivalent transformations. Next, using hybrid relaxation strategy (a convex
envelope and a second-order cone), we derive a new LRP that approximates the optimal value of the EP,
and we prove the infinite approximation between the EP and the LRP.
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2.1. Equivalent transformation of the GLFP

We begin by introducing auxiliary variables to reformulate the problem. For simplicity, and without
affecting the generality of the argument, we assume αi j > 0 for all i ∈ I and j ∈ Ji. For cases where

αi j < 0, the term
(

c⊤i j x+ei j

d⊤i j x+ fi j

)αi j

can be equivalently expressed as
(

d⊤i j x+ fi j

c⊤i j x+ei j

)−αi j

, thereby ensuring that all

exponents remain positive. Next, for i ∈ I and j ∈ Ji, we define zi j =
c⊤i j x+ei j

d⊤i j x+ fi j
. To facilitate the subsequent

analysis, we compute the tightest possible bounds z0
i j (lower bound) and z̄0

i j (upper bound) for each zi j by
solving the following fractional programming problems:

z0
i j = min

x∈χ

c⊤i jx + ei j

d⊤i j x + fi j
, z̄0

i j = max
x∈χ

c⊤i jx + ei j

d⊤i j x + fi j
.

The lower and upper bounds z0
i j and z̄0

i j can be computed by solving a linear program via the Charnes-
Cooper transformation [41]. Consequently, we obtain the inequalities 0 < z0

i j ≤ zi j ≤ z̄0
i j for i ∈ I, j ∈ Ji,

which define an initial outer approximation in the form of a hyper-rectangle:

T 0 = [z0, z̄0] =
{
z = (z11, z12, . . . , zpTp)

⊤ ∈ RT̂ |z0
i j ≤ zi j ≤ z̄0

i j, i ∈ I, j ∈ Ji

}
,

where z0 = (z0
11, z

0
12, . . . , z

0
pTp

)⊤, z̄0 = (z̄0
11, z̄

0
12, . . . , z̄

0
pTp

)⊤, and T̂ =
p∑

i=1
Ti denotes the total dimension of

the variable space.
Note that

f (x) =
p∑

i=1

δi

Ti∏
j=1

 c⊤i jx + ei j

d⊤i j x + fi j

αi j

=

p∑
i=1

δi

Ti∏
j=1

zαi j

i j .

An equivalent reformulation (EP) of the GLFP is given by the following optimization problem:

EP :


min F(z) =

p∑
i=1
δi

Ti∏
j=1

zαi j

i j

s.t.
c⊤i j x+ei j

d⊤i j x+ fi j
= zi j, i ∈ I, j ∈ Ji,

x ∈ χ, z ∈ T 0.

Remark 2.1. According to the framework of the problems of GLFP and EP, it is easy to see that if
(z∗, x∗) is an optimal solution to the EP, then x∗ is an optimal solution to the GLFP, and the converse is
also true.

2.2. Relaxation technique

In this subsection, we will relax the nonlinear terms in the objective function and the nonlinear
constraints of the EP, and provide a new lower bound for the optimal value of the EP.

2.2.1. Relaxation of the objective function F(z)

At the k-th iteration of the proposed algorithm, the region T k := [zk, z̄k] is defined as the hyper-
rectangle in RT̂ given by

T k =
{
zk = (zk

11, . . . , z
k
pTp

)⊤ ∈ RT̂ |z0
i j ≤ zk

i j ≤ zk
i j ≤ z̄k

i j ≤ z̄0
i j, i ∈ I, j ∈ Ji

}
, (2.1)
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where the lower bound vector zk and the upper bound vector z̄k are defined component-wise as

zk = (zk
11, z

k
12, . . . , z

k
pTp

)⊤, z̄k = (z̄k
11, z̄

k
12, . . . , z̄

k
pTp

)⊤.

Obviously, T k ⊆ T 0. For each i ∈ I, we define ϑi(zk) :=
Ti∑
j=1
αi j ln zk

i j such that
Ti∏
j=1

(zk
i j)
αi j = exp(ϑi(zk)),

and denote

ϑl
i(z

k) :=
Ti∑
j=1

αi j ln zk
i j and ϑu

i (zk) :=
Ti∑
j=1

αi j ln z̄k
i j.

Given that αi j > 0 for all i ∈ I and j ∈ Ji, it immediately follows that ϑl
i(z

k) ≤ ϑi(zk) ≤ ϑu
i (zk) for all

i ∈ I.
Since exp(ϑi(zk)) is monotonically increasing over the interval [ϑl

i(z
k), ϑu

i (zk)], its concave envelope
is given by the affine function:

Ai(ϑi(zk) − ϑl
i(z

k)) + exp(ϑl
i(z

k)),

where Ai =
exp(ϑu

i (zk))−exp(ϑl
i(z

k))
ϑu

i (zk)−ϑl
i(z

k)
for i ∈ I. Notably, the tangent to exp(ϑi(zk)) at ϑi(zk) = ln Ai shares the

same slope Ai as the concave envelope. Consequently, using the geometric properties of the exponential
function and [34], we derive the following tight bounding inequalities for each i ∈ I:

Ai(ϑi(zk) + 1 − ln Ai) ≤ exp(ϑi(zk)) ≤ Ai(ϑi(zk) − ϑl
i(z

k)) + exp(ϑl
i(z

k)), (2.2)

which implies that

p∑
i=1,δi>0

δiAi

(
ϑi(zk) + 1 − ln Ai

)
+

p∑
i=1,δi<0

δi

(
Ai(ϑi(zk) − ϑl

i(z
k)) + exp(ϑl

i(z
k))

)
≤

p∑
i=1,δi>0

δi exp(ϑi(zk)) +
p∑

i=1,δi<0

δi exp(ϑi(zk)) = F(zk). (2.3)

Let Bi j :=
ln z̄k

i j−ln zk
i j

z̄k
i j−zk

i j
for i ∈ I, j ∈ Ji. Using the geometric properties of ln zk

i j on the interval [zk
i j, z̄

k
i j]

and [34], we have

Bi j(zk
i j − zk

i j) + ln zk
i j ≤ ln zk

i j ≤ Bi jzk
i j − 1 − ln Bi j,

implying that

Ti∑
j=1

αi j

(
Bi j(zk

i j − zk
i j) + ln zk

i j

)
≤ ϑi(zk) ≤

Ti∑
j=1

αi j

(
Bi jzk

i j − 1 − ln Bi j

)
.

By (2.2) and (2.3), it then follows that

h(zk) :=
p∑

i=1,δi>0

δihl
i(z

k) +
p∑

i=1,δi<0

δihu
i (zk) ≤ F(zk), (2.4)
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where

hl
i(z

k) := Ai

 Ti∑
j=1

αi j

(
Bi j(zk

i j − zk
i j) + ln zk

i j

)
+ 1 − ln Ai

 ,
hu

i (zk) := Ai

 Ti∑
j=1

αi j(Bi jzk
i j − 1 − ln Bi j) − ϑl

i(z
k)

 + exp(ϑl
i(z

k)).

It therefore follows from (2.4) that h(zk) provide a lower estimate of F(zk).

2.2.2. Relaxation of the nonlinear constraint c⊤i jx + ei j = zk
i j(d

⊤
i j x + fi j)

We now describe a procedure for approximating the nonlinear constraint

c⊤i jx + ei j = zk
i j(d

⊤
i j x + fi j)

by a system of linear inequalities.
Step 1. Compute the upper and lower bounds for d⊤i j x + fi j over the feasible set χ. These bounds,

denoted di j and d̄i j, are obtained by solving the linear programs:

di j := min
x∈χ

d⊤i j x + fi j and d̄i j := max
x∈χ

d⊤i j x + fi j.

By construction, for all x ∈ χ, we have

0 < di j ≤ d⊤i j x + fi j ≤ d̄i j.

Step 2. For each i ∈ I, j ∈ Ji, and x ∈ χ, and the given bounds

0 < zk
i j ≤ zk

i j ≤ z̄k
i j, 0 < di j ≤ d⊤i j x + fi j ≤ d̄i j,

we approximate the nonlinear relation zk
i j =

c⊤i j x+ei j

d⊤i j x+ fi j
using the auxiliary functions:

ϱk
i j(x) := max

{
θki j(x), ζk

i j(x)
}
, ηk

i j(x) := max
{
ϱk

i j(x), φk
i j(x)

}
, (2.5)

where

θki j(x) :=
c⊤i jx + ei j

di j

+ z̄k
i j −

z̄k
i j

di j

(d⊤i j x + fi j),

ζk
i j(x) :=

c⊤i jx + ei j

d̄i j
+ zk

i j −
zk

i j

d̄i j
(d⊤i j x + fi j), (2.6)

φk
i j(x) :=

4
(
c⊤i jx + ei j

)
di j + zk

i j + d̄i j + z̄k
i j

+

(
d⊤i j x + fi j −

c⊤i j x+ei j

d⊤i j x+ fi j

)2
+ (di j + zk

i j)(d̄i j + z̄k
i j)

di j + zk
i j + d̄i j + z̄k

i j

− (d⊤i j x + fi j).

As k → ∞, one may verify that ηk
i j(x) converges to zk

i j for all i ∈ I, j ∈ Ji.
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Theorem 2.1. Let

T k =
{
zk = (zk

11, . . . , z
k
pTp

) ∈ RT̂ |z0
i j ≤ zk

i j ≤ zk
i j ≤ z̄k

i j ≤ z̄0
i j, i ∈ I, j ∈ Ji

}
.

For each i ∈ I, j ∈ Ji, and x ∈ χ, let ϱk
i j(x) and ηk

i j(x) be defined as in (2.5). Then, for any zk
i j ∈ [zk

i j, z̄
k
i j],

ηk
i j(x) ≤ zk

i j. Moreover, as k → ∞, ϱk
i j(x)→ zk

i j and ηk
i j(x)→ zk

i j.

Proof. Observe that c⊤i jx + ei j = zk
i j(d

⊤
i j x + fi j). It then follows from (2.6) that

zk
i j − θ

k
i j(x) = zk

i j −
c⊤i jx + ei j

di j

− z̄k
i j +

z̄k
i j

di j

(
d⊤i j x + fi j

)
=

(
zk

i j − z̄k
i j

)
+

z̄k
i j − zk

i j

di j

(
d⊤i j x + fi j

)
=

(
z̄k

i j − zk
i j

) (
d⊤i j x + fi j − di j

)
di j

(2.7)

≤

(
z̄k

i j − zk
i j

) (
d⊤i j x + fi j − di j

)
di j

.

Similarly,

zk
i j − ζ

k
i j(x) =

(
zk

i j − zk
i j

) (
d̄i j − d⊤i j x − fi j

)
d̄i j

≤

(
z̄k

i j − zk
i j

) (
d̄i j − d⊤i j x − fi j

)
d̄i j

. (2.8)

By (2.7), (2.8), zk
i j ≤ zk

i j ≤ z̄k
i j and di j ≤ d⊤i j x + fi j ≤ d̄i j, we know that θki j(z) ≤ zk

i j and ζk
i j(x) ≤ zk

i j.
Therefore, ϱk

i j(x) ≤ zk
i j.

We next prove that φk
i j(x) ≤ zk

i j. By the characteristic of the arithmetic mean-geometric inequality, it
follows that

zk
i j

(
d⊤i j x + fi j

)
=

d⊤i j x + fi j + zk
i j

2

2

−

d⊤i j x + fi j − zk
i j

2

2

. (2.9)

Applying a concave envelope of (
d⊤i j x+ fi j+zk

i j

2 )2 with respect to

d⊤i j x + fi j + zk
i j

2
∈ [

di j + zk
i j

2
,

d̄i j + z̄k
i j

2
],

we have d⊤i j x + fi j + zk
i j

2

2

≤
di j + zk

i j + d̄i j + z̄k
i j

4

(
d⊤i j x + fi j + zk

i j

)
−

(
di j + zk

i j

) (
d̄i j + z̄k

i j

)
4

,

which, together with (2.9), yields that

c⊤i jx + ei j +

d⊤i j x + fi j − zk
i j

2

2
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≤
zk

i j + di j + d̄i j + z̄k
i j

4

(
d⊤i j x + fi j + zk

i j

)
−

(
di j + zk

i j

) (
d̄i j + z̄k

i j

)
4

.

This means that

4
(
c⊤i jx + ei j

)
+

(
d⊤i j x + fi j −

c⊤i j x+ei j

d⊤i j x+ fi j

)2
+

(
di j + zk

i j

) (
d̄i j + z̄k

i j

)
di j + zk

i j + d̄i j + z̄k
i j

−
(
d⊤i j x + fi j

)
≤ zk

i j,

i.e., φk
i j(x) ≤ zk

i j. Hence, ηk
i j(x) ≤ zk

i j.
When k → ∞, we have |z̄k

i j − zk
i j| → 0, and it follows from (2.7) and (2.8) that θki j(x) → zk

i j and
ζk

i j(x)→ zk
i j, thus ϱk

i j(x)→ zk
i j, which, together with ϱk

i j(x) ≤ ηk
i j(x) ≤ zk

i j, implies that ηk
i j(x)→ zk

i j. This
completes the proof. □

By Theorem 2.1, the function ηk
i j(x) provides a lower estimate for zk

i j, for all i ∈ I, j ∈ Ji. Accordingly,
using (2.4) and Theorem 2.1, the original problem (EP) can be relaxed over the domain T k to the
following relaxation problem (RP):

RP :


min h(zk) =

p∑
i=1,δi>0

δihl
i(z

k) +
p∑

i=1,δi<0
δihu

i (zk)

s.t. ηk
i j(x) ≤ zk

i j, i ∈ I, j ∈ Ji,

x ∈ χ, zk ∈ T k.

Note that the expression φk
i j(x) in ηk

i j(x) is originally nonlinear. To enable efficient computation, we

reformulate it into a linear form by introducing an auxiliary variable S i j, defined as S i j := (
d⊤i j x+ fi j−zk

i j

2 )2,

with zk
i j =

c⊤i j x+ei j

d⊤i j x+ fi j
for i ∈ I, j ∈ Ji. Then, φk

i j(x) becomes

φk
i j(x) =

4(c⊤i jx + ei j)

di j + zk
i j + d̄i j + z̄k

i j

+
4S i j + (di j + zk

i j)(d̄i j + z̄k
i j)

di j + zk
i j + d̄i j + z̄k

i j

− (d⊤i j x + fi j),

which is clearly linear in x and S i j. Furthermore, from

d⊤i j x + fi j − zk
i j

2
−

di j − z̄k
i j + d̄i j − zk

i j

4


2

≥ 0,

and
di j − z̄k

i j

2
≤

d⊤i j x + fi j − zk
i j

2
≤

d̄i j − zk
i j

2
,

it follows that

di j − z̄k
i j + d̄i j − zk

i j

4
(d⊤i j x + fi j − zk

i j) −
(di j − z̄k

i j + d̄i j − zk
i j)

2

16
≤ S i j.
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Using this linear lower bound on S i j, we construct the following LRP as an approximation to the EP
over T k:

LRP :



min h(zk) =
p∑

i=1,δi>0
δihl

i(z
k) +

p∑
i=1,δi<0

δihu
i (zk)

s.t. θki j(x) ≤ zk
i j, ζ

k
i j(x) ≤ zk

i j, φ
k
i j(x) ≤ zk

i j,
di j−z̄k

i j+d̄i j−zk
i j

4 (d⊤i j x + fi j − zk
i j) −

(di j−z̄k
i j+d̄i j−zk

i j)
2

16 ≤ S i j,

x ∈ χ, zk ∈ T k, 0 ≤ S i j ≤

(
d̄i j−zk

i j

)2

4 , i ∈ I, j ∈ Ji.

The following theorem establishes that under asymptotic refinement of the partition (as k → ∞), the
optimal value of the LRP converges to the optimal value of the EP.

Theorem 2.2. Let T k be the hyper-rectangle defined in (2.1), and let (z∗, x∗, S ∗) be an optimal solution
of the LRP, where z∗ = (z∗11, z

∗
12, . . . , z

∗
pTp

)⊤ ∈ RT̂ with z∗i j =
c⊤i j x

∗+ei j

d⊤i j x
∗+ fi j

∈ [zk
i j, z̄

k
i j] for i ∈ I, j ∈ Ji,

and S ∗ = (
d⊤i j x

∗+ fi j−z∗i j

2 )2. When k → ∞, ϑu
i (zk) − ϑl

i(z
k) → 0, hl

i(z
∗) = hu

i (z∗) = exp(ϑi(z∗)), where

ϑi(z∗) =
Ti∑
j=1
αi j ln z∗i j, ϑ

l
i(z

k) =
Ti∑
j=1
αi j ln zk

i j and ϑu
i (zk) =

Ti∑
j=1
αi j ln z̄k

i j. Consequently, (z∗, x∗) is an optimal

solution to the EP.

Proof. By assumption, we have ϑi(z∗) ∈ [ϑl
i(z

k), ϑu
i (zk)]. For i ∈ I and j ∈ Ji, as k → ∞, the interval

lengths tend to zero (|z̄k
i j − zk

i j| → 0), leading to

ϑu
i (zk) − ϑl

i(z
k) =

Ti∑
j=1

αi j ln z̄k
i j −

Ti∑
j=1

αi j ln zk
i j =

Ti∑
j=1

αi jBi j(z̄k
i j − zk

i j)→ 0, (2.10)

where Bi j =
ln z̄k

i j−ln zk
i j

z̄k
i j−zk

i j
. From the definitions of hl

i(z
k) and hu

i (zk) in (2.4), it follows that

exp(ϑi(zk)) − hl
i(z

k) = Ω1,k
i + Ω

2,k
i and hu

i (z) − exp(ϑi(z)) = Ω3,k
i + Ω

4,k
i , (2.11)

where

Ω1,k
i := exp(ϑi(zk)) − Ai

(
1 + ϑi(zk) − ln Ai

)
,

Ω2,k
i := Ai

Ti∑
j=1

αi j

(
ln zk

i j − (Bi jzk
i j − Bi jzk

i j) − ln zk
i j

)
,

Ω3,k
i := Ai

Ti∑
j=1

αi j

(
Bi jzk

i j − 1 − ln Bi j − ln zk
i j

)
,

Ω4,k
i := Ai

(
ϑi(zk) − ϑl

i(z
k)
)
+ exp(ϑl

i(z
k)) − exp(ϑi(zk)),

with Ai =
exp(ϑl

i(z
k))(exp(ϑu

i (zk)−ϑl
i(z

k))−1)
ϑu

i (zk)−ϑl
i(z

k)
.

We now prove that Ω1,k
i ,Ω

2,k
i ,Ω

3,k
i ,Ω

4,k
i → 0 as k → ∞, which directly implies hl

i(z
k)→ exp(ϑi(zk))

and hu
i (zk)→ exp(ϑi(zk)).
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(i) Since Ω1,k
i is convex in ϑi(zk), its maximum over [ϑl

i(z
k), ϑu

i (zk)] is reached at an endpoint. Without
losing generality, assume that it occurs at ϑl

i(z
k):

Ω
1max,k
i = exp(ϑl

i(z
k)) − Ai(1 + ϑl

i(z
k) − ln Ai)

= exp(ϑl
i(z

k)) − exp(ϑl
i(z

k))ρi

(
1 + ϑl

i(z
k) − ln exp(ϑl

i(z
k))ρi

)
= exp(ϑl

i(z
k))(1 − ρi(1 − ln ρi)),

where ρi =
exp(ϑu

i (zk)−ϑl
i(z

k))−1
ϑu

i (zk)−ϑl
i(z

k)
. By (2.10), ϑu

i (zk) − ϑl
i(z

k) → 0 implies ρi → 1, so Ω1max,k
i → 0, which

together with 0 ≤ Ω1,k
i ≤ Ω

1max,k
i implies that Ω1,k

i → 0.
(ii) Observing that

0 ≤ Ω2,k
i ≤ Ai

Ti∑
j=1

αi j(ln z̄k
i j − ln zk

i j − Bi jzk
i j + Bi jzk

i j) ≤ Ai

Ti∑
j=1

αi jBi j(z̄k
i j − zk

i j),

the right-hand side vanishes as k → ∞, proving Ω2,k
i → 0.

(iii) Since Ω3,k
i is convex, it reaches its maximum Ω3max,k

i at zk
i j = zk

i j or zk
i j = z̄k

i j. Therefore,

0 ≤ Ω3,k
i ≤ Ω

3max,k
i = Ai

Ti∑
j=1

αi j

(
Bi jzk

i j − 1 − ln Bi j − ln zk
i j

)

= Ai

Ti∑
j=1

αi j


ln

z̄k
i j

zk
i j

z̄k
i j

zk
i j
− 1
− 1 − ln

ln
z̄k

i j

zk
i j

z̄k
i j

zk
i j
− 1

 .
As k → ∞, it follows that Ω3max,k

i → 0, and hence Ω3,k
i → 0.

(iv) Since Ω4,k
i is concave and ϑi(zk) = ln Ai satisfies ∇Ω4

i = 0, the function reaches its global
maximum at this point. Thus,

0 ≤ Ω4,k
i ≤ Ω

4max,k
i = Ai(ln Ai − ϑ

l
i(z

k)) + exp(ϑl
i(z

k)) − exp(ln Ai)

= exp(ϑl
i(z

k)) − Ai

(
ϑl

i(z
k) + 1 − ln Ai

)
.

Substituting the expressions for ρi and Ai yields

0 ≤ Ω4,k
i ≤ Ω

4max,k
i = exp(ϑl

i(z
k)) − exp(ϑl

i(z
k))ρi

(
ϑl

i(z
k) + 1 − ϑl

i(z
k) − ln ρi

)
= exp(ϑl

i(z
k)) (1 − ρi(1 − ln ρi)) .

When k → ∞, we have ϑu
i (zk) − ϑl

i(z
k)→ 0, leading to ρi → 1, Ω4max,k

i → 0 and, consequently, Ω4,k
i → 0.

Since (z∗, x∗, S ∗) is an optimal solution to the LRP, (z∗, x∗) is feasible for the EP. From the above
analysis, we have

0 ≤ exp(ϑi(z∗)) − hl
i(z
∗) ≤ Ω1max,k

i + Ω2,k
i ,

0 ≤ hu
i (z∗) − exp(ϑi(z∗)) ≤ Ω

3max,k
i + Ω

4max,k
i .

As k → ∞, it follows that hl
i(z
∗) = exp(ϑi(z∗)) and hu

i (z∗) = exp(ϑi(z∗)). Therefore, (z∗, x∗) is an optimal
solution to the EP. The proof is completed. □
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2.3. Comparison with existing relaxation methods

Theorem 2.1 establishes the inequality ϱk
i j(x) ≤ ηk

i j(x) for all i ∈ I, j ∈ Ji, which implies that the
constraint relaxations proposed in [10, 13, 22, 24] are no tighter than the hybrid strategy introduced
in this paper. Moreover, in certain cases, the strict inequality ϱk

i j(x) < ηk
i j(x) may hold for some pairs

(i, j). This indicates that ηk
i j(x) can provide a tighter approximation of zk

i j than ϱk
i j(x), suggesting that

algorithms based on ηk
i j(x) may converge faster to the optimal value of the GLFP. We now present

sufficient conditions for this strict improvement.

Theorem 2.3. Suppose that for some i ∈ I, j ∈ Ji, the following conditions hold:

z̄k
i j = di j,

zk
i j + d̄i j

2
< di j,

(di j)
2

d̄i j
< zk

i j.

In this case, for x ∈ χ, such as zk
i j =

c⊤i j x+ei j

d⊤i j x+ fi j
∈ (zk

i j, z̄
k
i j], we have ϱk

i j(x) < ηk
i j(x).

Proof. Note that

φk
i j(x) − θki j(x) =

 4
di j + zk

i j + d̄i j + z̄k
i j

−
1

di j

 (c⊤i jx + ei j) +

 z̄k
i j

di j
− 1

 (d⊤i j x + fi j)

+

(
d⊤i j x + fi j −

c⊤i j x+ei j

d⊤i j x+ fi j

)2
+

(
di j + zk

i j

)
(d̄i j + z̄k

i j)

di j + zk
i j + d̄i j + z̄k

i j

− z̄k
i j.

From z̄k
i j = di j,

zk
i j+d̄i j

2 < di j, it follows that

0 <
di j + zk

i j + d̄i j + z̄k
i j

4
< di j,

z̄k
i j

di j

= 1,

which implies

(
4

di j + zk
i j + d̄i j + z̄k

i j

−
1

d̄i j
)(c⊤i jx + ei j) > 0,

and  z̄k
i j

di j

− 1

 (d⊤i j x + fi j

)
= 0.

From
(
d⊤i j x + fi j −

c⊤i j x+ei j

d⊤i j x+ fi j

)2
≥ 0, it follows that

φk
i j(x) − θki j(x) >

(di j + zk
i j)(d̄i j + z̄k

i j)

di j + zk
i j + d̄i j + z̄k

i j

− z̄k
i j

=
d̄i jzk

i j − (di j)
2

di j + zk
i j + d̄i j + z̄k

i j

.

From
(di j)

2

d̄i j
< zk

i j < zk
i j, we conclude that φk

i j(x) > θki j(x). A similar argument shows that φk
i j(x) > ζk

i j(x).
Hence, ηk

i j(x) > ϱk
i j(x). □
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Theorem 2.3 confirms that the proposed relaxation yields strictly tighter bounds than those in [26,37–39]
under certain conditions. We now compare the optimal value of our RP with the second-order cone relaxation
in [40].

For clarity, we first restate the relaxation from [14]. For a given T k ⊆ T 0, the relaxed problem in
[14] is formulated as:

SRP :


min h(zk)
s.t. zk

i j ≥ φ
k
i j(x), zk

i j ≥ ϕ
k
i j(x), i ∈ I, j ∈ Ji,

x ∈ χ, zk ∈ T k.

where ϕk
i j(x) :=

(
d⊤i j x+ fi j+

c⊤i j x+ei j

d⊤i j x+ fi j

)2

−4
(
c⊤i j x+ei j

)
+(zk

i j−d̄i j)(z̄k
i j−di j)

zk
i j−d̄i j+z̄k

i j−di j
+ (d⊤i j x + fi j), for i ∈ I, j ∈ Ji.

The following theorem shows that the proposed relaxation (RP) is tighter than ( Second-order cone
Relaxation Programming, SRP) under certain conditions.

Theorem 2.4. For T k ⊆ T 0, under the conditions:

z̄k
i j = di j, 0 < di j ≤ d̄i j,

0 < zk
i j ≤ zk

i j ≤ min

 d̄i jdi j + d̄i jzk
i j + (di j)

2 − 2(d̄i j)2

d̄i j
,

(di j)
2 + d̄i jzk

i j − (d̄i j)2

d̄i j

 ≤ z̄k
i j.

hold for some i ∈ I, j ∈ Ji. In this case, θki j(x) > ϕk
i j(x), ζk

i j(x) > ϕk
i j(x).

Proof. Under the stated conditions, we have

θki j(x) − ϕk
i j(x) =

c⊤i jx + ei j

di j

+ z̄k
i j −

 z̄k
i j

di j

+ 1

 (d⊤i j x + fi j)

−

(
d⊤i j x + fi j +

c⊤i j x+ei j

d⊤i j x+ fi j

)2
− 4

(
c⊤i jx + ei j

)
+ (zk

i j − d̄i j)(z̄k
i j − di j)

zk
i j − d̄i j + z̄k

i j − di j

.

To simplify the description, we denote di j := d⊤i j x + fi j, c⊤i jx + ei j = di jzk
i j. Then according to z̄k

i j = di j,
we obtain

θki j(x) − ϕk
i j(x) =

di j(zk
i j − z̄k

i j)

di j
+ (z̄k

i j − di j) +
(di j − zk

i j)
2

d̄i j − zk
i j

=
di j(zk

i j − z̄k
i j)(d̄i j − zk

i j) + di j(d̄i j − zk
i j)(z̄

k
i j − di j) + di j(di j − zk

i j)
2

di j(d̄i j − zk
i j)

≥
(zk

i j − di j)(d̄i j − zk
i j) + (d̄i j − zk

i j)(z̄
k
i j − di j) + (di j − zk

i j)
2

d̄i j − zk
i j

≥
zk

i j(d̄i j − zk
i j) − d̄i j(d̄i j − zk

i j) + d̄i j(z̄k
i j − d̄i j) − zk

i j(z̄
k
i j − di j)

d̄i j − zk
i j

+
+di j(di j − 2zk

i j) + (zk
i j)

2

d̄i j − zk
i j
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≥
d̄i jzk

i j + d̄i jdi j + d2
i j − 2(d̄i j)2 − d̄i jzk

i j

d̄i j − zk
i j

.

From zk
i j ≤ zk

i j ≤
d̄i jdi j+d̄i jzk

i j+(di j)
2−2(d̄i j)2

d̄i j
≤ z̄k

i j, it follows that θki j(x) ≥ ϕk
i j(x).

Similarly, from z̄k
i j = di j, 0 < zk

i j ≤ zk
i j ≤

(di j)
2+d̄i jzk

i j−(d̄i j)2

d̄i j
≤ z̄k

i j, we have ζk
i j(x) > ϕk

i j(x). Therefore, by

0 < zk
i j ≤ zk

i j ≤ min

 d̄i jdi j + d̄i jzk
i j + (di j)

2 − 2(d̄i j)2

d̄i j
,

(di j)
2 + d̄i jzk

i j − (d̄i j)2

d̄i j

 ≤ z̄k
i j,

we have θki j ≥ ϕ
k
i j(x), and ζk

i j(x) ≥ ϕk
i j(x). It follows that the RP might provides a tighter lower bound

than the SRP under the given conditions. □

3. Region reduction techniques

In this section, we present a new region reduction method within the outcome space RT̂ . This method
is designed to eliminate regions that do not contain the global optimal solution for the EP.

For simplicity, we restrict our reduction operation to the rectangle T k = [zk, z̄k] ⊆ T 0. Given any
zk ∈ [zk, z̄k], the inequality (2.4) ensures that h(zk) ≤ F(zk), which implies

min
zk∈[zk ,z̄k]

h(zk) ≤ min
zk∈[zk ,z̄k]

F(zk) =: F(z∗).

Furthermore, from the expressions of hl
i(z

k) and hu
i (zk) in (2.4), we have

Ai

 Ti∑
j=1

αi j ln zk
i j + 1 − ln Ai

 ≤ hl
i(z

k),

hu
i (z) ≤ Ai

 Ti∑
j=1

αi j(Bi jz̄i j − 1 − ln Bi j) − ϑl
i(z

k)

 + exp(ϑl
i(z

k)).

Let UB
k

:= F(zk) denote the upper bound, and define the lower bound LBk as

LBk :=
p∑

i=1,δi>0

δiAi

 Ti∑
j=1

αi j ln zk
i j + 1 − ln Ai


+

p∑
i=1,δi<0

δi

Ai

 Ti∑
j=1

αi j(Bi jz̄k
i j − 1 − ln Bi j) − ϑl

i(z
k)

 + exp(ϑl
i(z

k))

 .
It follows immediately that

LBk ≤ min
zk∈[zk ,z̄k]

h(zk) ≤ F(z∗) ≤ UB
k
,

confirming that UB
k

and LBk provide rigorous upper and lower bounds, respectively, for the optimal
value of the EP over T k.
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Now, we utilize UB
k

and LBk to eliminate subregions that cannot contain the global optimal solution
of the EP. Before that, for each r ∈ I, s ∈ Ji, we write

τrs :=


UBk

−LBk

δr Ar
+αrsBrszk

rs
αrsBrs

, if δr > 0,
UBk

−LBk

δr Ar
+αrsBrs z̄k

rs

αrsBrs
, if δr < 0,

T
k
1(r, s) :=

{
zk ∈ RT̂ |zk

i j ≤ zk
i j ≤ z̄k

i j, i , r; τrs < zk
rs ≤ z̄k

rs, (i, j) = (r, s)
}
⊆ T k,

and

T
k
2(r, s) :=

{
zk ∈ RT̂ |zk

i j ≤ zk
i j ≤ z̄k

i j, i , r; zk
rs ≤ zk

rs < τrs, (i, j) = (r, s)
}
⊆ T k.

The following theorem, though its proof follows the standard technique in branch-and-bound methods
(see, e.g., [26, 39]), is provided here for the sake of logical completeness.

Theorem 3.1. Consider a sub-rectangle T k = [zk, z̄k] ⊆ T 0 at iteration k of the optimization procedure.

If LBk > UB
k
, then T k contains no global optimal solution to the EP. If LBk ≤ UB

k
and r ∈ I and s ∈ Ji

exist such that either (i) δr > 0 and zk
rs ≤ τrs < z̄k

rs, or (ii) δr < 0 and zk
rs < τrs ≤ z̄k

rs, then the global
optimum of the EP cannot lie within the restricted sub-rectangles T̄ k

1 (r, s) or T̄ k
2 (r, s), respectively.

Proof. The proof is shown in [39], so we omit it here. □

4. Algorithm, global convergence, and computational complexity

In this section, we will present an outcome branch-and-bound algorithm for solving the GLFP
problem and analyze its convergence and computational complexity.

4.1. An efficient outcome branch-and-bound algorithm

Definition 4.1. Let (zk, xk) and v∗ be a feasible solution and the global minimum of the EP, respectively.
For a given ε > 0, if F(zk) − v∗ ≤ ε, then (zk, xk) is a global ε-optimal solution of the EP.

Next, we present Algorithm 1 for solving the GLFP problem on the basis of the results above.
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Algorithm 1 A novel branch-and-bound algorithm for solving the GLFP problem.
Input. The GLFP problem.
Output. The global optimal solution (zk, xk) and the global optimal value F(zk) = UBk of the GLFP
problem.
Step 0. Given the tolerance error ε > 0, define the initial rectangle

T 0 =
{
z ∈ RT̂ |z0

i j ≤ zi j ≤ z̄0
i j, i ∈ I, j ∈ Ji

}
.

The optimal solution (z0, x0, S 0) and the initial lower bound LB0 = min
z∈T 0

h(z) can then be obtained by

computing the LRP over T 0. Compute the initial upper bound UB0 = F(z0). Let the rectangle set be
H = {T 0} and set k = 0.
Step 1. (Terminative rule) If UBk −LBk < ε, then the algorithm terminates with (zk, xk) being a global
ε-optimal solution of EP, and UBk = F(zk) being an optimal value. Otherwise, let UBk+1 ← UBk,
(zk+1, xk+1)← (zk, xk). Then go to Step 2.
Step 2. (Branching operation) Subdivide the rectangle T k into T k,1 and T k,2 by the standard bisection
rule, such that T k = T k,1 ∪ T k,2, where

T k :=
{
zk ∈ RT̂ |zk

i j ≤ zk
i j ≤ zk

i j, i ∈ I, j ∈ Ji

}
⊆ T 0,

⟨i0, j0⟩ := arg max
{
zk

i j − zk
i j, i ∈ I, j ∈ Ji

}
, zk

i0, j0 :=
zk

i j + z̄k
i j

2
.

T k,1 =
{
zk ∈ RT̂ |zk

i j ≤ zk
i j ≤ zk

i0, j0 , i ∈ I, j ∈ Ji

}
,

and

T k,2 =
{
zk ∈ RT̂ |zk

i0, j0 ≤ zk
i j ≤ z̄k

i j, i ∈ I, j ∈ Ji

}
.

Denote the set of new subdivided sub-rectangles by T̄ k = {T k,1,T k,2}.
Step 3. (Regional reduction) For each T k,i, where i = 1, 2, use the outcome space region reduction
technique to compress its interval, and still denote T̄ k as the set of the each remaining sub-rectangles.
Step 4. (Updating bounds) If T̄ k , ∅, then we get a new lower bound LBk and the solution (zk, xk, S k)
by computing the LRP over T̄ k. Obviously, (zk, xk) is a feasible solution to the EP and compute
UBk = F(zk). If UBk < UBk+1, then update the upper bound UBk+1 ← UBk, (zk+1, xk+1) ← (zk, xk).
Let H = H ∪ T̄ k\T k. Select a sub-rectangle T k+1 satisfying that T k+1 = arg minT∈H LBk(T ), set
LBk+1 ← LBk(T k+1).
Step 5. k ← k + 1, and return to Step 1.

4.2. Global convergence

Theorem 4.1. If Algorithm 1 terminates after a finite number of iterations, then (zk, xk) is an ε-optimal
solution of the EP. If Algorithm 1 produces an infinite solution sequence

{
(zk, xk)

}
, then accumulation

point (z∗, x∗) of
{
(zk, xk)

}
is an ε-optimal solution to the EP.
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Proof. Suppose that Algorithm 1 terminates at the k-th iteration. According to the termination conditions
of Algorithm 1, we have

UBk − LBk ≤ ε,

and (zk, xk, S k) is a feasible solution of the LRP over T k. Thus, (zk, xk) is a feasible solution of the EP
over T k.

By the lower bound and upper bound updating methods and the structure characteristics of Algorithm
1, it follows that

LBk ≤ v∗ ≤ F(zk) = UBk,

where v∗ is the global minimum of the EP. Therefore, F(zk) − v∗ ≤ ε. This implies that (zk, xk) is an
ε-optimal solution of the EP.

Suppose that Algorithm 1 is infinite. It will then produce an infinite feasible solution sequence
{(zk, xk, S k)} by computing the LRP over T k. It is obvious that {(zk, xk)} is a feasible solution sequence
of the EP over T k. Since xk ∈ χ and χ is a nonempty and bounded set, it holds that the accumulation
point of

{
xk

}
exists. Without loss of generality, assume that x∗ is a cluster point of the sequence {xk},

i.e., lim
k→∞

xk = x∗. For each i ∈ I and j ∈ Ji, by the continuity of the affine function
c⊤i j x

k+ei j

d⊤i j x
k+ fi j

and the
exhaustiveness of the branching rule, we have

lim
k→∞

c⊤i jx
k + ei j

d⊤i j xk + fi j
= lim

k→∞
zk

i j = lim
k→∞

⋂
k

[
zk

i j, z
k
i j

]
= z∗i j.

and lim
k→∞

S k = lim
k→∞

(
d⊤i j x

k+ fi j−zk

2 )2 = (
d⊤i j x

∗+ fi j−z∗

2 )2 = S ∗. It means that (z∗, x∗) is a feasible solution of the EP

over T k.
Because {LBk} is a nondecreasing lower-bound sequence with LBk < v∗, we have

lim
k→∞

LBk = lim
k→∞

h(zk) ≤ v∗ ≤ F(z∗). (4.1)

Moreover, |z̄k
i j − zk

i j| → 0, k → ∞, from Theorem 2.2 and the function continuity of h(z) and F(z), it
holds that

exp(ϑi(zk)) − hl
i(z

k)→ 0, hu
i (zk) − exp(ϑi(zk))→ 0, i ∈ I,

which implies that
p∑

i=1,δi>0

δi

(
exp(ϑi(zk)) − hl

i(z
k)
)
+

p∑
i=1,δi<0

δi

(
hu

i (zk) − exp(ϑi(zk))
)
→ 0.

Thus,
F(z∗) = lim

k→∞
F(zk) = lim

k→∞
h(zk) = h(z∗),

which together with (4.1) implies that

lim
k→∞

LBk = h(z∗) = v∗ = F(z∗) = lim
k→∞

F(zk) = lim
k→∞

UBk.

Hence, the accumulation point (z∗, x∗, S ∗) of the infinite solution sequence
{
(zk, xk, S k)

}
exists, and

(z∗, x∗) is a global optimal solution to the EP. The proof is completed. □

Journal of Industrial and Management Optimization Volume 22, Issue 1, 581–611.



597

4.3. Computational complexity

In this subsection, we will provide an estimate of the number of iterations in the worst case. Let

d(T k) : = max
i∈I, j∈Ji

{
z̄k

i j − zk
i j

}
,

γ := max
i∈I
{Ai} , δ : = max

i∈I
{|δi|} , λ := max

i∈I, j∈Ji

2αi j

zk
i j

 . (4.2)

Theorem 4.2. Let ε > 0 be a prescribed tolerance threshold. Consider the rectangle T k ⊆ T 0 generated
at the the k-th iteration of Algorithm 1, as defined in (2.1). If Algorithm 1 iterates to step k with
d(T k) < ε

δγλT̂
, then for any feasible solution (zk, xk, S k) to the LRP over T k, F(zk) − h(zk) ≤ ε.

Proof. Assume that Algorithm 1 operates at k-th iteration, generating the tuple (zk, xk, S k). By
construction, this tuple is feasible for the LRP, which implies that (zk, xk) is also feasible for the EP. For

each i ∈ I, observe that ϑi(zk) =
Ti∑
j=1
αi j ln zk

i j, ϑ
l
i(z

k) =
Ti∑
j=1
αi j ln zk

i j, and ϑu
i (zk) =

Ti∑
j=1
αi j ln z̄k

i j. By

zk
i j ≤ zk

i j ≤ z̄k
i j, it follows that ϑi(zk) ∈ [ϑl

i(z
k), ϑu

i (zk)]. By computations, we have

F(zk) − h(zk) =
p∑

i=1,δi>0

δi(Ω1,k
i + Ω

2,k
i ) +

p∑
i=1,δi<0

δi(Ω3,k
i + Ω

4,k
i ),

where Ω1,k
i , Ω

2,k
i , Ω

3,k
i , Ω4,k

i are defined in (2.11).
We next give the upper bounds for Ω1,k

i , Ω
2,k
i , Ω

3,k
i , and Ω4,k

i . Since Ω1,k
i is convex in ϑi(zk), its

maximum over [ϑl
i(z

k), ϑu
i (zk)] is reached at the boundary:

Ω
1max,k
i = exp(ϑl

i(z
k)) − Ai(1 + ϑl

i(z
k) − ln Ai).

Similarly, Ω4,k
i is concave and reaches its maximum at ϑi(zk) = ln Ai:

Ω
4max,k
i = Ai

(
ln Ai − ϑ

l
i(z

k)
)
+ exp

(
ϑl

i(z
k)
)
− exp (ln Ai)

= exp
(
ϑl

i(z
k)
)
− Ai

(
1 + ϑl

i(z
k) − ln Ai

)
.

Note that Ω1max,k
i = Ω

4max,k
i and Ω4,k

i ≤ Ω
4max,k
i . Using Bi j ≤

1
zk

i j
and the properties of the exponential

function, we derive

Ω1,k
i ≤ Ω

1max,k
i = Ω

4max,k
i

≤ max
zk∈T k

{
ϑi(zk)) − Ai(1 + ϑi(zk) − ln Ai

}
= max

zk∈T k

{
Ai(ϑi(zk) − ϑl

i(z
k)) + exp(ϑl

i(z
k)) − exp(ϑi(zk))

}
≤ max

zk∈T k

{
exp(ϑu

i (zk)) − exp(ϑl
i(z

k)) + exp(ϑl
i(z

k)) − exp(ϑi(zk))
}

≤ max
zk∈T k

{
exp(ϑu

i (zk)) − exp(ϑl
i(z

k))
}
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≤ Ai

Ti∑
j=1

αi jBi j

(
z̄k

i j − zk
i j

)
≤ γ

Ti∑
j=1

αi j

(
z̄k

i j − zk
i j

)
zk

i j

,

and Ω4,k
i ≤ γ

Ti∑
j=1

αi j

(
z̄k

i j−zk
i j

)
zk

i j
.

The maximum of Ω2,k
i occurs at zk

i j =
1

Bi j
:

Ω
2max,k
i = Ai

Ti∑
j=1

αi j

(
− ln Bi j − 1 + Bi jzk

i j − ln zk
i j

)
.

The maximum of Ω3,k
i is reached at zk

i j ∈ {z
k
i j, z̄

k
i j}:

Ω
3max,k
i = Ai

Ti∑
j=1

αi j

(
Bi jzk

i j − 1 − ln Bi j − ln zk
i j

)
.

Observe that Ω2max,k
i = Ω

3max,k
i and Ω2,k

i ≤ Ω
2max,k
i . Hence,

Ω3,k
i ≤ Ω

3max,k
i = Ω

2max,k
i

≤ max
zk∈T k

Ai

Ti∑
j=1

αi j

(
Bi jzk

i j − 1 − ln Bk
i j − ln zk

i j

)
= max

zk∈T k
Ai

Ti∑
j=1

αi j

(
ln zk

i j − Bi jzk
i j + Bi jzk

i j − ln zk
i j

)
≤ Ai

Ti∑
j=1

αi jBi j

(
z̄k

i j − zk
i j

)
≤ γ

Ti∑
j=1

αi j

(
z̄k

i j − zk
i j

)
zk

i j

,

and Ω2,k
i ≤ γ

Ti∑
j=1

αi j

(
z̄k

i j−zk
i j

)
zk

i j
.

Therefore, by d(T k) < ε
δγλT̂

, it holds that

F(zk) − h(zk) =
p∑

i=1,δi>0

δi

(
Ω1,k

i + Ω
2,k
i

)
+

p∑
i=1,δi<0

δi

(
Ω3,k

i + Ω
4,k
i

)
≤

p∑
i=1

δγ

 Ti∑
j=1

2αi j

zk
i j

(
z̄k

i j − zk
i j

)
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≤

p∑
i=1

δγ

Ti∑
j=1

λd(T k)

≤ δγλT̂ ·
ε

δγλT̂
= ε.

This completes the proof. □

By Theorem 4.2, we derive the worst-case computational complexity of Algorithm 1, characterizing
its time and space complexity asymptotically.

Theorem 4.3. Let ε > 0 be a prescribed tolerance threshold. Suppose Algorithm 1 runs for at most⌊
p∏

i=1

Ti∏
j=1

δγλT̂ (z̄0
i j−z0

i j)

ε
− 1

⌋
iterations, where δ, γ, and λ are defined in (4.2), with T̂ =

p∑
i=1

Ti, and z0
i j, z̄0

i j, which

define the lower and upper initial search bounds, respectively. Algorithm 1 then guarantees convergence
to an ε-optimal solution of the EP.

Proof. After Algorithm 1 completes k generations and terminates, according to Theorem 4.2, we have

z̄k
i j − zk

i j ≤
ε

δγλT̂
, i ∈ I, j ∈ Ji, (4.3)

which is a sufficient condition for the termination of Algorithm 1. By the branching method used
in Algorithm 1, when the initial rectangle T 0 operates for k generations, we can generate k + 1 sub-
rectangles, denoted as T ι, ι ∈ {1, . . . , k + 1}, and the longest edge of T ι, denoted as z̄ιi j − zιi j. Then, all
values of T ι satisfy (4.3) , which is the worst case for Algorithm 1’s termination. This implies that if we
take ε

δγλT̂
as one side of the rectangle, with its volume denoted as V(T ι), then, the total volume of k + 1

sub-rectangles no less than V(T 0), which is formed by the initial interval [z0
i j, z̄

0
i j], i.e.,

V(T 0) =:
p∏

i=1

Ti∏
j=1

(z̄0
i j − z0

i j) ≤ (k + 1)
p∏

i=1

Ti∏
j=1

ε

δγλT̂
:= (k + 1)V(T ι).

This implies that

k ≥
p∏

i=1

Ti∏
j=1

δγλT̂ (z̄0
i j − z0

i j)

ε
− 1.

Let k =
⌊

p∏
i=1

Ti∏
j=1

δγλT̂ (z̄0
i j−z0

i j)

ε
− 1

⌋
. After Algorithm 1 runs k generations, all sub-rectangles will be deleted.

Therefore, Algorithm 1 terminates by at most k iterations. The proof is completed. □

5. Numerical experiments

This section compares the performance of Algorithm 1 with several existing methods [22, 23, 26, 37,
40], highlighting its efficacy and computational advantages. We use MATLAB 2017b to implement all
algorithms and run all computational experiments on an Intel(R) Core(TM) i7-9700M central processing
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unit (CPU) with 3.0 GHz and 8 GB of memory. For each (p,m, n), average numerical results were
obtained from 10 distinct randomly generated instances of different scales. The SCIP Optimization Suite
(v5.0.1) [42] was included as a benchmark solver. To ensure a fair comparison, all methods, including
SCIP, were subject to a uniform time limit of 3600 seconds and a feasibility tolerance ε of 10−6. Beyond
these two conditions, SCIP was used with its default configuration, without any problem-specific tuning.
The notation used in Tables 1–7, and Figures 1–2 is given as follows:

• n is the number of variables;

• m is the number of constraints;

• N is the number of iterations;

• T is the CPU time in seconds;

• Avg.Iter is the average number of iterations;

• Avg.Time is the average CPU time in seconds;

• Opt.V is the average of the optimal values;

• “ − ” indicates that no global optimal solution was found within 3600 s.

We start by introducing some specific examples of GLFPs; see Problems A.1-A.12 in Appendix A.
Applying Algorithm 1, we obtain globally optimal solutions for these problems, with the corresponding
computational results summarized in Table 1. The data demonstrate that Algorithm 1 reliably converges
to the global optimum in finite time across all test cases. Compared with existing algorithms of
[22, 23, 26, 37, 40], Algorithm 1 is capable of achieving the globally optimal solution in a shorter time
and with fewer iterations, as illustrated by Problems A.1, A.2, A.8, A.9, A.11 and A.12 Algorithm 1 is
superior to algorithms of [22,23,37,40] especially for Problems A,1, A.8, A.9, A.11, A.12. For Problem
A.10 the number of iterations of the algorithm in [40] is fewer than that in Algorithm 1, but its CPU
time is longer than that of Algorithm 1, which might be influenced by the more constraints in the GLFP
of [40]. In Problems A.3, A.4, A.5 and A.7, both Algorithm 1 and the algorithm in [26] get the same
optimal solution with zero iterations. Problem A.6shows Algorithm 1’s CPU time exceeding that of the
algorithm in [26], yet Algorithm 1 is faster and uses fewer iterations than those in [37, 40].

Next, we evaluate the performance of Algorithm 1 on Problems 1–4, with the computational results
detailed in Tables 2–7. To further benchmark efficacy, we compare Algorithm 1 against the commercial
solver SCIP (v5.0.1) [42] on Problems 3 and 4.

Problem 1. ( [22])  min
p∏

i=1
c⊤i x

s.t. Ax ≤ b, 0 ≤ x j ≤ 1, j = 1, . . . , n,

where ci ∈ R
n is generated randomly in [0, 1], i = 1, . . . , p, A = [au j] ∈ Rm×n, b ∈ Rm, au j is randomly

generated in [−1, 1], bu =
n∑

j=1
ai j + 2π, and π is generated randomly in [0, 1].
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Table 1. Numerical comparisons of the algorithms in [22, 23, 26, 37, 40] and Algorithm 1 on
Problems A.1-A.12

Problems Algorithms Optimal value Optimal solution N T
A.1 Algorithm 1 10.0 (2;8) 0 0.0053

[23] 10.0 (2;8) 0 0.10
[22] 10.0 (2;8) 3 0.12

A.2 Algorithm 1 0.9012 (8.0;0.0;1.0) 6 0.0717
[26] 0.9012 (8.0;0.0;1.0) 8 0.08
[22] 0.9012 (0.0;8.0;1.0) 9 0.09

A.3 Algorithm 1 997.6613 (1.0;1.0) 0 0.0063
[26] 997.6613 (1.0;1.0) 0 0.01
[22] 997.6613 (1.0;1.0) 0 0.01

A.4 Algorithm 1 9504.0 (1.0;2.0;1.0;1.0) 0 0.0059
[26] 9504.0 (1.0;2.0;1.0;1.0) 0 0.01
[22] 9504.0 (1.0;2.0;1.0;1.0) 4 0.14

A.5 Algorithm 1 263.7889 (1.25;1.0) 0 0.0055
[26] 263.7889 (1.25;1.0) 0 0.01
[22] 263.7889 (1.25;1.0) 0 0.01

A.6 Algorithm 1 0.5333 (0.0;0.0) 4 0.0690
[26] 0.5333 (0.0;0.0) 5 0.06
[40] 0.5333 (0.0;0.0) 8 0.4800
[37] 0.5333 (0.0;0.0) 50 0.6326

A.7 Algorithm 1 5.0987 (1.5;1.5) 0 0.0093
[26] 5.0987 (1.5;1.5) 0 0.01

A.8 Algorithm 1 0.3360 (1.0;1.0) 0 0.0063
[40] 0.3360 (1.0;1.0) 1 0.3028
[37] 0.3360 (1.0;1.0) 23 0.3285

A.9 Algorithm 1 3.0000 (0;0;0) 1 0.0078
[37] 3.0000 (0;0;0) 19 0.2423

A.10 Algorithm 1 3.0029 (0;0.3333;0) 23 0.2682
[40] 3.0029 (0;0.3333;0) 7 0.2765
[37] 3.0029 (0;0.3333;0) 41 0.5300

A.11 Algorithm 1 4.0907 (1.1111;0;0) 16 0.1839
[37] 4.0907 (1.1111;0;0) 47 0.5755

A.12 Algorithm 1 3.7109 (0;1.6667;0) 0 0.0073
[37] 3.7109 (0;1.6667;0) 29 0.3790

As illustrated in Table 2, for small and medium-sized cases, Algorithm 1 requires less computation
time to obtain the global optimal solutions and optimal values compared with the algorithm presented
in [22], with fewer iterations in most cases. Furthermore, Table 3 shows that Algorithm 1 performs
better than the algorithm in [22] when the problem becomes large, such as n ≥ 1000. Hence, Algorithm
1 outperforms the algorithm in [22] for small and large-scale problems, as these results suggest.
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Table 2. Computational results for Problem 1.

(p,m, n) Algorithm 1 Algorithm in [22]
Avg.Time Avg.Iter Avg.Time Avg.Iter

(4, 10, 20) 0.2596 17.0 3.0331 37.2
(4, 20, 40) 0.4101 24.1 3.7998 57.9
(4, 40, 80) 0.5333 25.0 5.0930 41.9
(4, 60, 120) 1.2071 28.7 7.0007 32.0
(4, 80, 160) 2.0042 29.6 9.8870 26.8
(4, 100, 200) 3.5820 32.7 16.6237 27.2
(5, 10, 20) 0.4663 22.7 6.8133 96.9
(5, 20, 40) 0.5797 37.3 5.1644 68.7
(5, 40, 80) 1.4521 69.1 10.3765 78.8
(5, 60, 120) 1.8752 51.2 14.8812 65.9
(5, 80, 160) 3.7175 59.9 20.2917 51.1
(5, 100, 200) 4.8400 46.3 38.6381 52.8
(6, 10, 20) 0.8378 54.3 12.4855 159.7
(6, 20, 40) 1.5304 95.2 9.9100 116.7
(6, 40, 80) 2.1361 102.8 19.9002 144.4
(6, 60, 120) 2.4773 66.1 23.4874 98.2
(6, 80, 160) 4.7217 78.2 42.5319 98.7
(6, 100, 200) 7.7401 76.7 43.9363 63.7
(7, 10, 20) 1.1113 69.3 18.3431 302.6
(7, 20, 40) 1.3346 77.5 23.0972 289.2
(7, 40, 80) 3.3852 132.8 33.8311 228.8
(7, 60, 120) 6.9436 161.3 50.3251 208.5
(7, 80, 160) 12.9583 176.1 66.4867 141.9
(7, 100, 200) 21.6252 189.1 96.7868 119.7

Table 3. Computational results for Problem 1.

(p,m, n) Algorithm 1 Algorithm in [22]
Avg.Time Avg.Iter Avg.Time Avg.Iter

(2, 10, 1000) 1.6568 30.6 11.1218 38.5
(2, 10, 2000) 3.0183 31.1 25.0182 43.5
(3, 10, 1000) 2.9143 52.2 35.6843 177.2
(3, 10, 2000) 10.5400 102.3 131.6528 293.1
(4, 10, 1000) 9.5725 193.3 219.1879 939.3
(4, 10, 2000) 57.1688 557.8 457.9584 928.9

Problem 2. ( [22])

 min
p∏

i=1
(c⊤i x + e0i)αi

s.t. Ax ≤ b, 0 ≤ x j ≤ 1, j = 1, . . . , n,

where ci ∈ R
n is generated randomly in (0, 1), i = 1, . . . , p, and A = [au j] ∈ Rm×n, b ∈ Rm, au j is

randomly generated in [−1, 1], bu =
n∑

j=1
ai j + 2π, and π is generated randomly in (0, 1).
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Table 4. Computational results for Problem 2 with αi j = 0.5.

(p,m, n) Algorithm 1 Algorithm in [22]
Avg.Time Avg.Iter Opt.V Avg.Time Avg.Iter Opt.V

(2, 10, 50) 0.3928 21.8 0.4945 0.5707 28.1 0.4945
(2, 20, 100) 0.5145 26.2 0.5579 0.8967 32.1 0.5579
(2, 30, 150) 0.7945 31.0 0.7279 1.5607 39.0 0.7279
(2, 40, 200) 1.2551 33.1 0.6844 2.7118 39.9 0.6844
(3, 10, 50) 0.5522 31.7 0.3350 1.1257 60.8 0.3350
(3, 20, 100) 1.0425 49.3 0.6779 1.6268 58.8 0.6779
(3, 30, 150) 1.5719 58.1 0.4994 2.9726 71.8 0.4994
(3, 40, 200) 2.2203 57.7 0.7199 4.9715 72.1 0.7199
(4, 10, 50) 0.7698 37.5 13.3934 1.2385 47.4 13.3934
(4, 20, 100) 2.5817 117.8 0.4361 8.0883 288.4 0.4361
(4, 30, 150) 3.6565 128.5 0.5120 10.3702 258.4 0.5120
(4, 40, 200) 3.8522 101.9 0.5015 11.6464 177.2 0.5015

For Problem 2, the average CPU time, average number of iterations, and average optimal values
for Algorithm 1 and the algorithm of [22] are shown through varying the variables p,m, n, and αi j in
Table 4 and Table 5. Table 4 and Table 5 show that Algorithm 1 requires less computation time and
shorter iterations than the one in [22]. Specially, it can be observed from Table 5 that when the problem
become larger, such as (p,m) = (5,10) (n ≥ 8000), the algorithm in [22] is unable to achieve the optimal
value within 3600 s, whereas Algorithm 1 is capable of achieving the optimal solution within a short
time. This comparison indicates that Algorithm 1 has superior performance to the algorithm in [22],
particularly for large-scale problems.

Table 5. Computational results for Problem 2 with αi j=0.5.

(p,m, n) Algorithm 1 Algorithm in [22]
Avg.Time Avg.Iter Opt.V Avg.Time Avg.Iter Opt.V

(2, 10, 1000) 1.8491 36.1 0.3628 3.3935 40.6 0.3628
(2, 10, 2000) 3.7187 39.0 0.5624 6.4321 39.8 0.5624
(2, 10, 3000) 7.9804 49.7 0.4047 14.1641 51.2 0.4047
(2, 10, 5000) 17.0612 57.4 0.4955 33.2540 62.5 0.4955
(2, 10, 8000) 19.6805 47.2 0.2780 34.5936 46.4 0.2780
(2, 10, 10000) 49.1859 73.1 0.2951 96.0236 77.9 0.2951
(3, 10, 1000) 3.5106 64.5 0.2964 7.5364 74.0 0.2964
(3, 10, 2000) 5.3749 58.3 0.4263 9.5797 62.1 0.4263
(3, 10, 3000) 12.1256 69.5 0.3689 32.5706 94.6 0.3689
(3, 10, 5000) 18.1653 70.1 0.3199 35.9152 80.9 0.3199
(3, 10, 8000) 38.7729 74.0 0.2505 86.77815 92.8 0.2505
(3, 10, 10000) 91.4636 98.4 0.2442 148.3293 104.6 0.2442
(4, 10, 1000) 4.6530 74.9 0.2708 8.3739 91.7 0.2708
(4, 10, 2000) 9.7803 97.2 0.6583 21.4960 127.3 0.6583
(4, 10, 3000) 24.6549 93.6 1.0720 28.5296 102.1 1.0720
(4, 10, 5000) 67.4885 195.1 0.8474 81.6866 157.6 0.8474
(4, 10, 8000) 146.9179 2704 0.1630 985.0867 727.3 0.1630
(4, 10, 10000) 245.9049 316.7 0.2371 1243.8572 824.4 0.2371
(5, 10, 1000) 10.0476 169.1 0.2246 50.1596 438.5 0.2246
(5, 10, 2000) 18.4853 173.5 0.2767 89.1863 435.6 0.2767
(5, 10, 3000) 56.1142 281.4 0.1665 227.1090 616.3 0.1665
(5, 10, 5000) 118.7390 352.0 0.1166 1385.5302 1190.0 0.1166
(5, 10, 8000) 802.2497 660.3 0.1349 - - -
(5, 10, 10000) 1040.0678 1369.3 0.0912 - - -
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Problem 3. ( [26])  min
p∏

i=1

(
c⊤i x+e0i

d⊤i x+ f0i

)αi

s.t. Ax ≤ b, x j ≥ 0, j = 1, . . . , n,

where ci, di ∈ R
n are generated randomly in (0, 1); e0i and f0i ∈ R

p are generated randomly in (0, 1); αi

is generated randomly in [−1, 1], for i = 1, . . . , p; A = [au j] ∈ Rm×n; b ∈ Rm, au j is randomly generated
in (0, 1); and bu is randomly generated in (1, 16), for u = 1, . . . ,m, j = 1, . . . , n.

Table 6. Computational results for Problem 3 with αi j=0.5.

(p,m, n) Algorithm 1 Algorithm in [26] SCIP [42]
Avg.Time Avg.Iter Opt.V Avg.Time Avg.Iter Opt.V Avg.Time Opt.V

(2, 10, 50) 0.3776 18.3 0.3752 0.8311 27.0 0.3752 1168.0263 0.3752
(2, 20, 100) 0.4186 21.4 0.3134 1.1785 43.6 0.3134 2409.5348 0.4651
(2, 30, 150) 0.5430 22.3 0.4651 1.5908 39.7 0.4651 - -
(2, 40, 200) 0.7876 22.4 0.2421 2.2077 40.3 0.2421 - -

(2, 10, 1000) 3.3465 45.6 0.2458 4.3588 46.9 0.2458 - -
(2, 10, 2000) 8.7498 55.2 0.2042 13.2679 66.3 0.2042 - -
(2, 10, 3000) 15.3142 58.7 0.2243 35.9812 104.2 0.2243 - -
(2, 10, 4000) 34.4107 85.4 0.1287 51.4714 107.9 0.1287 - -
(2, 10, 5000) 46.7653 86.8 0.1328 165.8337 200.6 0.1328 - -
(2, 10, 7000) 130.6360 137.7 0.1489 211.9754 203.9 0.1489 - -
(2, 10, 10000) 210.1779 145.2 0.0999 444.8836 195.2 0.0999 - -

(3, 10, 50) 1.1328 85.6 0.2296 2.8848 171.3 0.2296 - -
(3, 20, 100) 2.9714 151.7 0.3162 3.1969 142.3 0.3162 - -
(3, 30, 150) 4.4305 166.1 0.2577 9.4298 256.0 0.2577 - -
(3, 40, 200) 6.2807 159.8 0.2341 21.8577 370.0 0.2341 - -

(3, 10, 1000) 29.2481 349.1 0.3013 37.6139 399.6 0.3013 - -
(3, 10, 2000) 42.1558 242.4 0.4627 91.9684 461.5 0.4627 - -
(3, 10, 3000) 136.0869 342.3 0.0536 307.6231 942.7 0.0536 - -
(3, 10, 4000) 342.1486 702.3 0.1291 544.9074 1027.7 0.1291 - -
(3, 10, 5000) 892.9827 1201.2 0.1776 1244.4783 1876.5 0.1776 - -
(3, 10, 7000) 1693.6653 1607.7 0.2628 4170.4162 3605.0 0.2628 - -
(3, 10, 10000) 2460.9515 1440.2 0.2217 4999.2831 2819.6 0.2217 - -

(4, 10, 50) 4.2109 195.3 0.2730 11.4525 604.9 0.2730 - -
(4, 20, 100) 11.2016 544.0 0.3040 39.2108 1214.0 0.3040 - -
(4, 30, 150) 48.5485 1460.6 0.2301 101.0215 2127.5 0.2301 - -
(4, 40, 200) 91.9194 1966.5 0.1612 180.5980 2522.5 0.1612 - -

(4, 10, 1000) 188.2229 2230.1 0.1248 692.2981 5771.0 0.1248 - -
(4, 10, 2000) 705.1371 3502.2 0.1275 1519.5548 6009.7 0.1275 - -
(4, 10, 3000) 1056.6647 1935.9 0.0856 2135.0781 5102.2 0.0856 - -
(4, 10, 4000) 2131.9208 3617.5 0.2169 4251.8661 8602.7 0.2169 - -
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For Problem 3, Table 6 demonstrates that Algorithm 1 achieves significantly lower average CPU
times than both the method in [26] and SCIP [42] as dimensions scale: from (p,m, n) = (2, 10, 50) to
(3, 10, 10000) and from (4, 10, 50) to (4, 10, 4000). Crucially, SCIP fails to return optimal solutions
within 3600 seconds for large-scale GLFPs, including instances where (p,m, n) = (2, 30, 150) or
(2, 10, 1000). Figure 1 also shows that for fixed n or p, Algorithm 1 maintains consistently lower
computational times than [26] under increasing variable counts, with its CPU time’s growth rate
substantially slower. These results confirm the superior efficacy of our constraint relaxation approach
over both [26] and SCIP.

Problem 4. ( [37])

 min
p∑

i=1

Ti∏
j=1

(
c⊤i j x+ei j

d⊤i j x+ fi j

)αi j

s.t. Ax ≤ b, xs ≥ 0, s = 1, . . . , n,

where ci j and di j ∈ R
n are generated randomly in (0, 1); ei j and fi j ∈ R

T̂ are generated randomly

in [0, 1], where T̂ =
p∑

i=1
Ti; αi j is generated randomly in [−1, 1], for i = 1, . . . , p, j = 1, . . . ,Ti, and

A = [aus] ∈ Rm×n, b ∈ Rm; aus is randomly generated in (−1, 1); bu is randomly generated in (0, 16);
u = 1, . . . ,m, s = 1, . . . , n; and the error parameter ϵ is set to 10−2.
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Figure 1. Average CPU time vs. the number of terms (p) for a fixed n, and vs. the number of
variables (n) for a fixed p and m = 10, for Problem 3.
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Figure 2. Average CPU time vs. the number of variables n, comparing Algorithm 1 with the
Algorithm in [37] for a fixed p, for Problem 4.

Table 7. Computational results for Problem 4.

(p,m, n,Ti) Algorithm 1 Algorithm in [37] SCIP [42]
Avg.Time Avg.Iter Opt.V Avg.Time Avg.Iter Opt.V Avg.Time Opt.V

(2, 50, 100, (2, 2)) 52.2324 1200.6 0.5312 63.8149 1180.8 0.5312 - -
(2, 50, 200, (2, 2)) 85.4465 1464.6 0.2984 190.0560 2108.7 0.2984 - -
(2, 50, 500, (2, 2)) 130.3383 991.5 0.6119 279.2672 1311.5 0.6119 - -
(2, 50, 750, (2, 2)) 623.2772 3471.6 0.1747 1281.0841 4363.68 0.1747 - -
(2, 50, 1000, (2, 2)) 1228.5585 3919.1 0.4738 2547.3767 5570.0 0.4738 - -
(2, 50, 2000, (2, 2)) 1958.0393 2911.9 0.1558 3875.3023 3502.6 0.1558 - -

(3, 50, 100, (2, 2, 2)) 464.2858 6908.2 1.3332 1190.0045 12205.0 1.1332 - -
(3, 50, 200, (2, 2, 2)) 1378.8555 13839.2 0.7035 2747.1914 19164.0 0.7035 - -
(3, 50, 500, (2, 2, 2)) 1811.9399 11253.5 0.4335 4224.8549 15688.8 0.4335 - -
(3, 50, 750, (2, 2, 2)) 2991.0653 14001.0 0.6483 5993.7798 16002.6 0.6483 - -

(3, 50, 1000, (2, 2, 2)) 4164.9419 13142.3 0.5878 7342.1465 12820.2 0.5878 - -
(3, 50, 2000, (2, 2, 2)) 6776.9837 8654.3 0.8104 12565.7074 10058.3 0.8104 - -

(5, 50, 100, (1, 1, 1, 1, 1)) 35.6169 733.8 2.8027 74.2599 1171.9 2.8027 - -
(5, 50, 200, (1, 1, 1, 1, 1)) 39.9546 492.9 2.5358 88.9999 733.9 2.5358 - -
(5, 50, 500, (1, 1, 1, 1, 1)) 69.2629 340.1 2.2246 197.7948 576.8 2.2246 - -

(5, 50, 1000, (1, 1, 1, 1, 1)) 116.3252 327.9 2.2101 209.1596 365.5 2.2101 - -
(5, 50, 2000, (1, 1, 1, 1, 1)) 138.7250 162.3 1.6987 250.5667 194.6 1.6987 - -
(5, 50, 3000, (1, 1, 1, 1, 1)) 226.9995 159.9 1.8427 411.4861 221.0 1.8427 - -
(5, 50, 5000, (1, 1, 1, 1, 1)) 291.0383 119.4 1.8494 529.2023 159.4 1.8494 - -
(5, 50, 8000, (1, 1, 1, 1, 1)) 574.9253 111.6 1.7759 1244.2626 190.5 1.7759 - -

(5, 50, 10000, (1, 1, 1, 1, 1)) 683.7482 112.0 1.7191 1361.5168 153.8 1.7191 - -
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For Problem 4, Table 7 demonstrates that Algorithm 1 achieves the global optimum with significantly
reduced computational effort compared with both the method in [37] and the SCIP solver [42], exhibiting
fewer iterations and lower CPU time. Crucially, SCIP fails to converge within the 3600-second time
limit for all tested instances, As evidenced by the last two columns. Furthermore, Algorithm 1 reduces
the average CPU runtime of [37] by at least 50% while demonstrating superior scalability: As the
problem’s dimension increases, it has a lower probability of exceeding the time limit. Figure 2 reveals
distinct complexity profiles when fixing the parameter p: Algorithm 1 exhibits linear time growth in
n with a moderate slope, whereas [37] displays linear growth with a steeper gradient. This contrast
underscores our method’s enhanced efficiency for large-scale GLFPs.

As shown numerically in Tables 5–7 and Figures 1(b) and 2(b), the average CPU time of the proposed
algorithm exhibits clearly distinct scaling behavior with respect to the number of variables n and the
parameter p.

Holding p, m, and Ti fixed, the CPU time grows nearly linearly with n. For example, with (p,m) =
(3, 10), Table 6 shows a gradual increase in time as n rises from 50 to 10,000, a trend that is also visible
in Figure 1(b). Similarly, under a fixed (p,m,Ti) = (5, 50, (1, 1, 1, 1, 1)), Table 7 and Figure 2(b) confirm
an approximately linear growth with n.

By contrast, when n, m, and Ti are fixed, the CPU time increases sharply with p, suggesting nearly
exponential complexity. For instance, at (m, n) = (10, 1000), time rises rapidly from p = 2 to p = 3,
exceeding 3600 s at p = 4 (Table 6), a trend that is also visible in Figure 1(a).

The following aspects of the algorithm help explain these computational characteristics.

• Reduced search dimensionality: Rather than branching in the original n-dimensional variable
space, the algorithm operates in the outcome space T̂ , where dim(T̂ ) ≪ n, greatly lowering
combinatorial complexity.

• Preemptive region reduction: The technique from Section 3 removes non-optimal regions before
branching, tightening the search space dynamically and avoiding costly exploration of irrelevant
areas.

• Tight relaxation bounds: Theorems 2.3 and 2.4 ensure that the hybrid relaxation provides
sharp lower bounds, enabling early pruning of large suboptimal regions and reducing iterations
significantly below pessimistic worst-case estimates.

6. Conclusions

This paper has introduced an efficient outcome-space branch-and-bound algorithm for the global
solution of large-scale GLFPs. The method is built on a hybrid relaxation strategy that effectively
combines convex envelope and second-order cone constraints. Numerical experiments demonstrate the
computational advantages of the proposed algorithm, particularly in solving high-dimensional instances.

Future work will explore extensions of the hybrid relaxation methodology to broader classes of
nonconvex optimization problems. Promising research directions include the integration of machine
learning techniques for adaptive relaxation selection, the development of advanced linear
transformation strategies to improve the reformulation quality, and the implementation of parallel
computing frameworks with efficient data structures to accelerate the branch-and-bound process.
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