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1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - ||. Let
A : H — H be asingle- and B : H — 2! be a multi-valued mapping, respectively. Given this data, we
wish to study the following inclusion problem:

find x* € H such that 0 € (A + B)x". (1.1)

Let Q be the solution set of the inclusion problem (1.1). This problem draws much attention since it
stands at the core of many mathematical problems, such as: convex programming, variational
inequalities, the split feasibility problem, and the minimization problem, see e.g [1-3] with applications
in machine learning, image processing, and the linear inverse problem.

Due to the importance and interest of problem, many researchers have developed iterative methods
for solving (1.1), see e.g., [1,4-14] and the references therein. One popular method is the well-known
forward-backward splitting method (FBM) introduced by Passty [11] and Lions et al. [10]. The method
is formulated as follows. Choose an arbitrary starting point uy € H, given the current iterate u,, generate
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the next iterate as via the update rule:
Uner = (Id + 2,B)™'(Id = 1,A)(u,), (1.2)

where Id : H — H stands for the identity mapping, (-)~! is the inverse, 4, > 0, and A and B are as
above such that their domains fulfill Dom(B) C Dom(A). In this setting (1.2), A and B are usually called
the forward operator and the backward operator, respectively.

It is shown, see for example [15], that weak convergence of (1.2) requires quite restrictive
assumptions on A and B, such that the inverse of A is strongly monotone or B is Lipschitz continuous
and monotone and the operator A + B is strongly monotone on Dom(B).

In a direction to weaken these assumptions, Tseng in [14] introduced the following modified forward-
backward splitting method, also known as Tseng’s algorithm or the forward-backward-forward method.
This method derives its name from its structure, which consists of three main steps in each iteration:

Forward Step: In this step, the algorithm moves forward using the current iteration point to compute
a preliminary point based on the operator A.

Backward Step: After the forward step, the algorithm computes a backward step. This involves
applying a proximal operator or a resolvent mapping. This step ensures that the updated point remains
within the feasible region.

Final Forward Step: To finalize the iteration, another forward step is performed, refining the
computed point further, which helps in handling monotone operators.

To be more precise, we present the algorithm introduced by Tseng as follows: Let X C H be a closed
and convex set which intersects the solution set of (1.1). Choose an arbitrary starting point u, € X. Then
given the current iterate u,, generate the next iterate as via the update rule:

v, = (Id + 2,B)”"(Id — ,A)(uy),
where A, is chosen to be the largest A € {6, 61, 612, ...} satisfying
Al|Av, = Auy|| < plluy, = vill,
where 6 > 0,/ € (0, 1), and u € (0, 1) are constraints. Set
Uns1 = Px(vy — 4u(Av, — Auy)).

Our main purpose is to extend and analyze the forward-backward-forward method for solving a
variational inclusion the problem of the sum of two operators in the case that one is maximally
monotone and strongly monotone, and the other is monotone and Lipschitz continuous. The
convergence rate of the proposed algorithms is presented. It is worth pointing out that, in our
algorithms, the step sizes are adaptive, nondecreasing, and found without the prior knowledge of the
Lipschitz constant of the operator as well as without using the line seach procedure.

The paper is organized as follows. Recall some basic definitions and results in Section 2. Our
algorithms are presented and their convergence rates in Section 3. Final remarks and conclusions are

given in Section 4.
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2. Preliminaries

Let H be a real Hilbert space and C be a nonempty, closed, and convex subset of H. The weak
convergence of {u,} | to x is denoted by u, — x as n — oo, while the strong convergence of {u,} | to

n=

X is written as u, — x as n — oo. For all x,y € H and for all « € [0; 1], we have

llx + yIPP < IIxl* +2¢p, x + y);
llax + (1 = a)yll* = alxl* + (1 = a)lyll* — (1l — a)||x - y|*.

For every point x € H, there exists the unique nearest point in C, denoted by Pcx such that ||x — Pcx|| <
llx—y|| Yy € C. Pc is called the metric projection of H onto C. It is known that P is firmly nonexpansive,
see for example [16-18].

Definition 2.1. Let 7 : H — H be an operator. Then:

e The operator 7 is called L-Lipschitz continuous with L > 0 if
ITx =Tyl < Lilx =yl Vx,y € H.
e The operator 7 is called monotone if
(Tx-Ty,x-y)>0 Vx,yeH.

A multi-valued mapping B : H — 2 is called monotone, if for all x,y € H,u € Bx and v € By
imply that (u — v, x — y) > 0. A multi-valued mapping B : H — 2" is called maximal monotone, if it
1s monotone and if for any (x,u) € H X H, (u — v, x —y) > 0 for every (y, v) € Graph(B) (the graph of
mapping B) implies that u € Bx. A multi-valued mapping B : H — 2 is called §-strongly monotone,
i.e. there exists some number 6 > 0 such that

(u—v,x—y) 26||x—y||2 Vx,y € Hyu € Bx,v € By.

Let B : H — 2% be a set-valued maximal monotone mapping. Then, the resolvent mapping
J% : H — H associated with B is defined by

J8(x):= (I +AB)"'(x) Vx € H,

for some A > 0, where I stands for the identity operator on H.

It is well known that if B : H — 2 is a set-valued maximal monotone mapping and A > 0, then
Dom(J®) = H and J? is a single-valued and firmly nonexpansive mapping.

For properties of the maximal monotone mapping, the interested reader is referred to [17, 19].

Lemma 2.2. Let B : H — 2 be a maximal monotone operator and A : H — H be a mapping on H.
Define T, := (I + AB)™'(I — AA), A > 0. Then, we have

Fix(T)) = (A + B)"'(0) VA > 0.
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Proof. From the definition of 7, we have

x=Txox=U+AB)'U-1A)x
o x—AAxe (I + AB)x
& x e (A+B)Y0).

Lemma 2.3. ( [20], Lemma 2.4) Let B : H — 2 be a maximal monotone mapping and A : H — H
be a Lipschitz continuous and monotone mapping. Then the mapping A + B is a maximal monotone

mapping.

Definition 2.4. [21] Let {«,} be a sequence in H.
1) {u,} is said to converge R-linearly to x* with rate p € [0, 1) if there is a constant ¢ > 0 such that

|, — x*|| < cp" ¥n e N.
i1) {u,} 1s said to converge Q-linearly to x* with rate p € [0, 1) if
1 = x°Il < pllu, — x7|| Yn € N.
3. Main results

In this section, we introduce our methods for solving the inclusion problem (1.1), and the following
conditions are assumed for the convergence of the methods.

Condition 3.1. The solution set of the inclusion problem (1.1) is nonempty, that is, Q := (A+B)~'(0) # 0.

Condition 3.2. The mappings A : H — H is L-Lipschitz continuous and monotone, and B : H — 2/ is
a maximal monotone operator.

Condition 3.3. The mapping B : H — 2 is §-strongly monotone.

Denote by p the unique solution of problem (1.1).

3.1. Tseng’s method

In this section, we investigate the convergence rate of Tseng’s algorithm for solving monotone
variational inclusion where the step size is adaptive per iteration. The algorithm is as follows.

Algorithm 3.1.

Initialization: Given 4; > 0, € (0, 1). Let uy € H be arbitrary and {7,} be a nonnegative real number
sequence such that ;| 7, < +oo.

Iterative Steps: Given the current iterate u,, calculate the next iterate as follows:

Step 1. Compute
v, =+ 2,B)7 "I - 2,A)u,
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If u, = v, then stop, and v, is a solution of (1.1). Otherwise,
Step 2. Compute
U1 =V — A(Av, — Auy).

Update
min {M Ao+ Tn} if Au, — Av, # 0;
Api1 = |Au, — Av,|| 3.1
A+ T, otherwise.

Setn :=n+ 1 and go to Step 1.

Remark 3.1. As noted in [22], the sequence generated by (3.3) is allowed to increase from iteration to
iteration. Thus, our subsequent results are different from those in [14].

We start by a technical lemma useful to our analysis.

Lemma 3.2. ([22]) Let {1,,} be the sequence generated by (3.3). Then,

lim A, = A € | min{A4,, '%};/ll + 7|,

n—oo

where T = )" | T, and

2 it = vl (3.2)

n+1

Theorem 3.3. Assume that Conditions 3.1-3.3 hold, and let {u,,} be any sequence generated by Algorithm

”Aun - Avn” <

3.1. Let A, > % Then, the sequence {u,} generated by Algorithm 3.1 converges in norm to the unique
solution p of the problem (1.1) with an R-linear rate.

Proof. We have v, = (I + 1,B)"'(I — AA)u,. This implies that (I — 2,A)u, € (I + A,B)v,, hence
u, — v, — ,Au, € A,Bv,. Moreover, we have —1,Ap € A,Bp. Since B is strongly monotone with
constant &, we get {u, — v, — 1,Au, + L,Ap,v, — p) > 8||v, — p|I*>. Now, using the monotonicity of A, we
obtain

(U =V — (A, = AV,), v, = p) 2 6lv, = plI* + ,(Av, — Ap,v, — p) = 4,6lv, — plI*. (3.3)
We have

I|un+l - P||2 :”Vn - /ln(AVn - Aun) - P||2

:”Vn - P||2 + /lillAvn - Aun”2 - 2/1n<vn - p’Avn - Aun)

=lltw = pI + lltw = vall* + 2, = tty, tty — p)
+ /li”AVn - A’/tn”2 - 2/ln<vn - D, Avn - Aun)

:”un - p”2 + ”un - Vn”2 - 2<vn — Up, Vp — un) + 2<vn — Uy, Vp — P>
+ /li”Avn - Aun”2 - 2/ln<vn 2 Avn - Aun)

:”’/ln - p||2 - ”un - Vn||2 + 2<Vn —Up, Vy — P>
+ /li”AVn - Aun”2 - 2/ln<vn - D, Avn - Aun)

=Nty = pII* = lltt = vall* = 21ty = v = LAty = Av,), v, = p)
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+ 2[|Av, — Au,|l*. (3.4)

Combining (3.2), (3.3), and (3.4), we get

A
i1 = pIP < llu, — pII* — (1 —/Jz/12 )Ilun —vall? = 22,0v, = plI*. (3.5)
n+1
We have
) A 2
im 1 - p 2 I-u
n+1
and

lim 4,6 = A5 > s min{A,, =} = 6=

2 /12
K ,0 '%}. Therefore, there exists N € N such that for all » > N, we deduce 1 — /122—" >

n+1

2
€ and 4,0 > €. Using this and (3.5), we get

Let € := min{

2 2 2 2
llnr = pII” < llun = plI” = 2€llun = vull” = 2¢llv, = pl|

2 2
< [l = pII° — €llun = pll

= (1 = Ollun — pli°
n-N+1 2 _ lleen — I7||2 n
SS(l-G) +||I/tN—p|| —m(l—G).
Thus we see that the sequence {u,} indeed converges R-linearly to p, as asserted. O

3.2. Inertial Tseng’s method

In this section, we present the convergence rate of the modification of Tseng’s algorithm for solving
monotone variational inclusion with the inertial technique. The algorithm is as follows.

Algorithm 3.2.

Initialization: Given A4; > O,u € (0,1), and @ € [0,1). Let uy,u; € H be arbitrary and {r,} be a
nonnegative real number sequence such that ) > | 7, < +oo.

Select starting points ug, u; € H and setn := 1.

Step 1. Given the iterates u,, u,_, compute

Wy, = U, + CY(I/tn - Ml’l—l)a
v, = (I + ,B) 1 — 1,A)w,.

If v, = w,, then stop: v, € Q. Otherwise, go to Step 2.

Step 2. Compute
U1 =V — A(Av, — Awy,).
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Update

min {M A, + rn} if Aw, — Av, # 0:
/ln+1 = ||Awn - Avn”

A, + 1, otherwise.

(3.6)

Setn :=n+ 1 and go to Step 1.

Theorem 3.4. Assume that Conditions 3.1-3.3 hold and let {u,} be any sequence generated by Algorithm
3.2. Lety € (0, 1) be arbitrary and « be such that

1- JT+4 1 2+4yE-(1 L
VI+4E (1 + 982+ dyé—( +7§)’(1_y)(1_w)}, (3.7)

OSaSmin{1+ 2% , 5 5

)2
where & = d-w

. Then, the sequence {u,} generated by Algorithm 3.2 converges in norm to the
unique solution p of the problem (1.1) with an R-linear rate.

Proof. We have v, = (I + 14,B)"'(I — AA)w,,.. This implies that (I — 1,A)w, € (I + 4,B)v, hence
w, — v, — 4, Au, € A,Bv,. Moreover, we have —1,Ap € A,Bp. From that B is strongly monotone with

constant §, we get (w, — v, — 4,Aw, + 1,Ap, v, — p) > 8|[v, — pll>. Now, using the monotonicity of A,
we obtain

Wi =V = A(Aw, = Av,), v, — p) 2 8llv, — pIIF + L,(Av, — Ap, v, — p) = ,6llv, — plII*. (3.8)
We have

st — pIF =V — Au(Av, — Aw,) — pIf®
=[lv, — pII* + LllAv, — Aw,|* = 22,(v, — p, Av, — Aw,)
=llw, = pII* + W, = vall® + 2V = Wty — p) + LlIAV, — Aw, |
= 24,{v, — p, Av, — Aw,)
=lWa = pIP + W = vall® = 200 = Wiy Ve = W) + 2(Vy = Wi, v — p)
+ 2J|Av, — Aw,|[* = 24,(v,, — p, Av, — Aw,,)
=llw, = pII* =l = Vall* + 2(v = Wy, v — P) + llAv, — Aw, |
= 24,{v, — p, Av, — Aw,,)
=lwa = pIF = W = vall* = 2w, = v — 4,(Aw, — Av,), v — p)
+ 22[|Av, — Aw,|*. (3.9

Combining (3.2), (3.8), and (3.9), we get

A
1 = pIP < [ = pIP = (1 - uz—) 1w = vall® = 24,8l1v, = plP. (3.10)

From (3.10), we deduce

A
||un+1 - P||2 S”"Vn - P||2 - (l _/12_) (1 _/J)”Vn - Wn||2
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A
- (1 —/12/12 ),ullvn = wull> = 22,6llv, = pIP*.

n+1
By the definition of u,,; we have
||un+] - vn” = ”vn - ﬂn(Fvn - Fwn) - Vn”
< /ln”FVn - Fwn”
L
<u Vv, — will.
/ln+1
Therefore,
An
”un+l - Wn” < ”un+l - Vn” + ”Vn - Wn“ < (1 +ﬂ )”Vn - Wn”
n+1
This implies
||vn - Wn” > ”un+1 - Wn”
(1 + lJ/l/an)
/12
From lim,,_,e (1 - /122—") =1 - pu? > 0, there exists N, € N such that
n+1
/12
1 -1’5~ >0 Vn> Nj.
n+1

Substituting (3.12) into (3.11), we have for all n > N, that

2
(1_“212n
1 =PI <lw,, = pIP - f“ (1 = @llttns1 = wall?
1+ “
( ﬂ/ln+l
/12
—(1—u2 5 )uuvn wall* = 22,61lv,, — plf
/ln+l
A,
(1_“/1 )
=[lw, — pl* - —— (1 = )ty — wll?
(1+,u )
n+1
2

-

1= 2
Let B8 := min {% /16}, where A := lim,,_,., 4,. Then, we have

)unvn Wall? = 2,61 - pIP.

n+1

P
vt z
1- 1-
lim el gy = Loy s UK
n—oo /1,1) 1+/J 2
1+u
n+1

(3.11)

(3.12)
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. A
tim (1 - )u = (1 - P> 28,

n—eo n+1

lim 1,6 = A6 > B.

Thus, there exists N; such that
(1 s ;n ) (1 = py?
1 > B yns N,
R

A
(1 —,uz/l ),u > 2B Vn > Ny,

n+1
and
A,0 =28 VYn > Nj.

Let N = max{Ny, N;}. Then, using (3.11) we get

(1 - p)?
a1 — I <llwn — plI? — 2“ lter = wall® = 2801 = walP* + lvs = pI?) Vn >N
(1 - p)?
<llw, — plI* — Sl = wall> = Bllwn — pI? ¥n > N
(1 - p)?
<(1 - B)llw, — pl* - 2“ s — Wyl Vn > N

=plwn = pl* = &llitsr = wall® ¥n = N,

wherep:=1-€(0,1)and ¢ :=

1-— 2
( 2#) € (0, 1). On the other hand, we also have
Iw, = plIF = (1 + &), — p) — @t — p)IP

= (1 + @)llu, — pII* = Allttpr — pIF + (1 + @)l — s I

and

et = Wall* = 1 =ty — @ty — I
= ltps1 — Unll® + @Mty — 1P = 20 (s — Uy Uy — 1)
> i1 = tll® + @ty = 1P = 20lttis — lllltty, — 1t
> et — uall® + @ty — i P = @llttyrr — wl® = ellity, — s |1

> (1 = @l = ull* = (1 = @)lluty = 1|17,
Combining these inequalities with (3.13), we obtain

i = PIP < p(1+ @)l = pI? = pallitn-1 = pli* + pa(l + @)l — -1l
— £ = Dltpsr = > + Ea(1 = @)y = w1 [P V= N,

(3.13)
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or, equivalently,

et — pI* = pedlit, — pIF+EQ = @)ttt —
<p [ty = pIP = @y = pI> + Q1 = @)l — 1|1
— (P&(1 — @) — pa(l + @) — éa(1 — @) luy — i |* Y1 > N.
Setting
L, = lluy — pl* — allug—y — pl* + EQ = @)l — 1|,
since p € (0, 1), we can write
Tt llnsr — pIF = pallu, — pl* + (1 = @lltger — ]

<ply = (P&(1 = @) = pa(l + @) = éa(1 = @) llu, = up > Yn = N.

Now, we show that
(PéE(l — @) — pa(l + @) - éa(1 —a)) = 0.
Note that from (3.7) we have

2
QS(l—)/)(l—W)

<(I =91 =p) =(-d)p,

which implies
sa(l —a) < (1 =y)pé(l — @) = pé(1 — a) = yp&(1 - a). (3.14)

Since

o< VU +yE)? +4y€ = (1 +y€)
- 2

it holds that
@+ (1 +y&a —yé <0,

or equivalently,
a(l +a) <vé(1 - a).

Hence,
pa(l +a) < pyé(l — a). (3.15)
From (3.14) and (3.15), we deduce
PE(l —a) —pa(l +a) — éa(l —a) = 0.

which implies that
I_‘n+l < prn

Now, we show that I',, > O for all n. Indeed, we have

Ty = Il = I = el = plP* + E(1 = @)l — s
(3.16)
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On the other hand, we have

2 2 2 2
||un—1 - P” = ”un—l — Uy + Uy — P” = ”un—l - un” + ”un - P” + 2<un—l — Up, Uy — P>

2 2
< oty = wnll™ + ety = plI” + 2l = unllllee, = pli

< Nty = 6l + Ity = IR + Kl s — 0,2 + %nun ~pl?
= (1 + Kl =l + (1 ¥ %)nun I, (3.17)
for all k > 0. Combining (3.16) and (3.17), we get
ro>|i- (1 ¥ %)a]nun = plF + €1 = @) = (1 + Roaley = P (3.18)

‘We show that there exists k > 0 such that

k
El-a)-(+ka >0.

1- (1 + 1)cy > 0,
(3.19)

Indeed, if @ = 0, then inequality (3.19) is obvious. Now, we consider @ > 0. In this case, inequality
(3.19) is equivalent to

k> 7 @ ,
-«
1=
k < ¢1-a) - 1.
a
Moreover, from (3.7), we also have
1-+/1+4
0cacie —VITH
2
from which it follows that
o _&-o
l-«a a

that is, there exists k > 0 satisfying the inequality (3.19). From (3.18), it implies that I',, > O for all n.
Hence,

[ <pl, < ... < p" NIy

I'nv
”un - p||2 S pN+1p M

Thus, we see that the sequence {u,} indeed converges R-linearly to p, as asserted. m|

3.3. Relaxed Inertial Tseng’s method

In this section, we investigate the convergence rate of the relaxed inertial Tseng’s algorithm for
solving monotone variational inclusion with the inertial technique. The algorithm is as follows.
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Algorithm 3.3.

Initialization: Given 4; > 0,u € (0,1),a@ € [0,1), and 6 € (0, 1). Let uy, u; € H be arbitrary and {7,} be
a nonnegative real number sequence such that }7° , 7, < +oo.

Select starting points ug, u; € H, and setn := 1.

Step 1. Given the iterates u,, u,_1, compute

Wy, = U, + CY(I/tn - un—l)a
v = (I + 1,B) U - 1,A)w,.

If v, = w, then stop: v, € Q. Otherwise, go to Step 2.
Step 2. Compute

Uper = (1 = Ow, + (v, — 4,(Av, — Aw,)).
Update

min{w, A, + rn} if Aw, — Av, # 0:
/ln+1 = “Awn - Avn”

A, + T, otherwise.

Setn :=n+ 1 and go to Step 1.

Theorem 3.5. Assume that Conditions 3.1-3.3 hold, and let {u, } be any sequence generated by Algorithm
3.3. Let y € (0, 1) be arbitrary and « be such that

0Sa§min{l+ 2% , 5 >

1= JT+4Z T +y07 +dvE - (1 —
VI+4E N+ 58P +4vE - ( +7§)’(1_y)(1_(1 /1)/1)},

(1—p)?

where & = . Then, the sequence {u,} generated by Algorithm 3.3 converges in norm to the

unique solution p of problem (1.1) with an R-linear rate.

Proof. Let z, := v, — 4,(Av, — Aw,). We can rewrite the formula of u,, as follows:
Upep = (1 = Ow, + 0z,.
First, we show that there exist 8 € (0, 1) and N, € N such that

(1 - pw?

202 llttns1 = wall® ¥ 2 N

llza = pIP < (1 = Bliw, = pIP* -

Indeed, according to the proof of Theorem 3.4, we deduce

2

/ll’l
llzn = pII* < lwa = plI* - (1 —uzﬂz—) W = vall* = 22,61v, = pIP. (3.20)

n+l1
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From (3.20) we get
A
) (1 - /’t)”vn - Wn||2

lew = pIP < w, - plP - (1 -1

n+1
2 /1% 2 2
=1 =" —=—|ullve = will” = 22,6llv,, = plI*. (3.2D)
/ln+1
By the definition of z,,, we have
”Zn - Vn” = ”Vn - /ln(FVn - Fwn) - vn”
< /ln”FVn - FWn”
< p=—Iva = Wil
An+l
Therefore,
An
”Zn - Wn” < ”Zn - vn” + ”Vn - Wn” < (1 +'u/l )”Vn - Wn”
n+1
This implies
Ve = wall 2 — 12w = wall. (3.22)
(1+pi)

2 n

2
From lim,,_,c (1 —u z ) =1—pu? > 0, there exists Ny € N such that
n+1
/12
1 —,ﬂﬂz" >0 VYn 2 Nj.

n+1

Substituting (3.22) into (3.21), we have for all n > N, that

2
1 —u? 4,
H /12 /12
2o = pIP <llw, — pIP - (= ol = il - (1 —uzﬂz—")unvn —wall?
(1 +u n n+1
/1n+1
- 2/ln(sllvn - p||2
An
(1 B 2
=lhwy = pP = 20 = plles = wall = (1= 12l = vl
(1 +/J n /ln+l
n+l1
= 22,0llv, — plI*. (3.23)
On the other hand, we have u,,; = (1 — 8)w,, + 6z,, thus
(3.24)

Wnp—Zn = 5(”n+l - Wn)
Volume 22, Issue 1, 405-421.
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Again, substituting (3.24) into (3.23), we obtain

A
1 -l )
( 'u/ln+l
(1 +/,l )
n+1
2

~ (1= 423 Yl = P = 20,80, - I

llzs = pII* <llw, = plI* = (1—#) Sl = wall?

n+l
1-— 2
Let B8 := min {%, /16}, where A := lim,_,, 4,. Then, we have
1=yt )
—H 2
. A I 1-u (1 —p)
1 n+1 1 _ i -
sy A, )( g 1+u( )92 = 2
1 +pu
/ln+1
. 2 /ln 2
tim (1= 2=~ = (1 = e = 26,
oo Ao

lim 1,6 = A6 > B.

Thus, there exists N; such that
—H 2
/ln+l (1 _#)
(1 . 1 )(1 )02 2 Yn > Ny,
'u/ln+l
- ),uZZ,B Vn > N,
n+1

and
A,0 2B VYn > Nj.

Let N = max{Ny, N;}. Using (3.25), we derive

(1—-p)?

”Zn - P||2 S”"Vn - P||2 - ||un+l - Wn||2 - zﬁ(”vn - Wyn”2 + ”vn - P||2) Vn >N

(1 —p)?
<l = I = = llter = will* = Blbw, = pI* V> N
(1w
<(1 = Blw, = pI = =l = wlP ¥ = N,

Next, we also have

lltner = pIP = (1 = O)w,, + 6z, — plI?
= (1 = )(w, = p) + 6(z, — P)II
< (1= O)llw, = pli* + 6llz, — pl*.

(3.25)

(3.26)

(3.27)
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Combining (3.26) and (3.27), we get

2 2 2 (1 —,U)2 2
ltper = plI” < (1 = O)llw, = plI + 6(1 = Bllw, — plI” - Y lletnsr — will
1= 2
= (1= B, = piF = S s =l
1-— 2
Letp:=1-6Band ¢ := ( Zelu ) . The rest of the proof is similar to that of Theorem 3.4, and therefore
is omitted. o

4. Conclusions

In this article, we focus on the problem of finding zeros of the sum of two monotone operators in
real Hilbert spaces. The convergence rate of forward-backward-forward type algorithms is presented
with variable step sizes which are updated over each iteration. Moreover, these step sizes are found
without prior knowledge of the Lipschitz constant of the operator as well as without using the line seach
procedure.
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