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1. Introduction 

Optimal control of ordinary [1–14] and partial differential inclusions [15–20] has been expanding 
during the last few decades. Among them, the qualitative properties of first-order differential inclusions 
(DFIs) also play an important role in the mathematical theory of optimal processes (see [11], [19], [21–
29] and references therein). In [10], the existence of Lyapunov functions for the DFI was analyzed, 
and the necessary developments on the existence of local and global Lyapunov functions were obtained. 
The work [23] considered a class of control systems governed by DFIs. For any fixed control policy, 
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the existence of a non-empty solution set for the system was proved. Using this, the existence of 
optimal controls for certain control problems was then proved, and the paper concluded with some 
results on relaxed controls and some comments on open related problems. The paper [24] considered 
a class of control systems governed by differential inclusions in Banach spaces. For any fixed control 
policy, the existence of a non-empty solution set for the system was proved, followed by proving the 
existence of optimal controls for some control problems, and showing some results on weakened 
controls and comments on open problems in the area. In [14], the problems of differential inclusions 
for fuzzy mappings were introduced, and the existence of solutions to these problems was studied 
using the continuous selection theorem and the fixed-point theorem. 

The main goal of [21] was to provide new explicit criteria for characterizing weak lower semi-
continuous Lyapunov pairs or functions associated with first-order DFIs in Hilbert spaces. These 
inclusions were described by a Lipschitzian perturbation of a maximally monotone operator. The 
proposed approach was based on advanced tools of variational analysis and generalized differentiation. 
The work [22] focused on the natural case where the maximal monotone operator governing the 
inclusion has a domain with non-empty interior, admitting some more explicit criteria for Lyapunov 
pairs. The book [30] describes several broad topics: duality and optimality conditions, optimization 
algorithms, optimal control, variational inequalities, and equilibrium problems. Specific topics, 
covered in individual chapters, include optimal control, unconstrained and constrained optimization, 
complementarity and variational inequalities, equilibrium problems, and nonsmooth optimization. In 
[26], in a separable Banach space for a second-order DFI, under certain conditions, the question of the 
existence of a solution was considered. 

In addition to the existing qualitative studies mentioned above, optimal control problems using 
DFI have also been intensively studied in the literature. Closely related optimality problems for DFIs 
were considered in [4–6,8,11,13]. In [4], necessary conditions were derived in the form of the Euler–
Lagrange and the Pontryagin maximum condition. In [11], the Mayer problem with constraints of a 
finite number of equalities and inequalities was considered. 

In [13], the Lagrange problem of optimal control with boundary constraints defined by polyhedral 
DFIs was investigated. It was shown that the adjoint Euler–Lagrange inclusion serves simultaneously 
as a dual relation satisfied by a pair of solutions to the primal and dual problems. In [5], authors 
addressed optimal control problems governed by second-order bounded hereditary differential 
inclusions. Particular attention was given to delay-neutral and Hale-type DFIs, which frequently occur 
in applied sciences, and sufficient optimality conditions together with transversality conditions were 
established. In [6], a new class of optimal control problems was considered, involving linear second-
order self-adjoint Sturm–Liouville-type differential operators with both functional and non-functional 
endpoint constraints. Sufficient conditions for optimality were obtained, incorporating second-order 
Euler–Lagrange inclusions as well as Hamiltonian inclusions. Moreover, the presence of functional 
constraints leads to specific second-order transversality inclusions and complementary slackness 
conditions characteristic of inequality-type constraints. 

In fact, the complexity of problems with both parameters and DFIs lies in the construction of 
adjoint inclusions of the Euler–Lagrange type and suitable transversality conditions. The paper [31] 
proposed a new parameter condition for the primal-dual hybrid gradient method. This improvement 
only requires that either the primal or dual objective function be strongly convex. Preliminary 
experimental results show that this method with a relaxed parameter condition is more efficient than 
several state-of-the-art methods. The paper [16] considered the problem of determining the parameters 
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of a system consisting of a large number of dynamic objects connected in an arbitrary order with a 
single boundary condition. In [32], a new filled function with one parameter was proposed, which is 
continuously differentiable and always contains local information about the objective function. Then, 
a new filled function method was developed, incorporating the proposed filled function for 
unconstrained global optimization problems. 

This paper is devoted to the optimization of first-order ordinary DFIs with parameters, aiming to 
fill the gap in the exploration of the optimization of ordinary first-order DFIs with parameters. 
Therefore, the present study can be considered as a generalization of first-order DFI optimization to a 
problem with parameters. The stated problem and the corresponding optimality conditions are new. 
The paper is organized in the following order: 

In Section 2, for the convenience of the reader, the necessary concepts and results, such as set-
valued mappings, the properties of LAM in finite-dimensional Euclidean spaces, Hamiltonian 
functions, argmaximum sets, locally tents, etc., are given, based on Mahmudov’s monograph [18] and 
previous works [6–10,18,19,33]. Then, the main Bolza-type problems with parameters for discrete and 
DFIs are formulated. 

In Section 3, the optimization problem involving discrete inclusions is transformed into a 
mathematical programming problem, and by employing tools from convex analysis, optimality 
conditions for these problems are established. To this end, certain properties of set-valued mappings, 
such as closedness and pointwise closedness, are examined. 

In Section 4, the equivalence of LAM for discrete (PD) and discrete-approximate (DAP) problems 
is demonstrated. Within the framework of classical subdifferential calculus for compositions of 
functions and local tents, a link between discrete and discrete-approximate problems is derived. 

In Section 5, by using first-order difference operators, the problem of first-order discrete 
inclusions with a parameter is connected to the first-order discrete-approximate problem. Applying the 
LAM equivalence results obtained in Section 4, the optimality conditions for the PDA problem are 
formulated. 

In Section 6, sufficient optimality conditions for DFI with a parameter are proved. 

2. Statement of the problem with parameters and preliminary concepts 

In this paragraph, to help readers quickly understand the structure and logical sequence of the 
article, the main definitions and concepts from the author’s monograph [18] are given. We first recall 
the basic concepts of set-valued mappings: let ℝ௡ be, as usual, an 𝑛 -dimensional Euclidean space, 
⟨𝑥, 𝑣⟩ be the scalar product of elements 𝑥, 𝑣, and (𝑥, 𝑣) be a pair of vectors 𝑥, 𝑣. Let us suppose that 
𝐹:ℝ௡ା௠ ⇉ ℝ௡ is a set-valued mapping. A set-valued mapping 𝐹 is convex-valued if 𝐹ሺ𝑥, 𝑤ሻ is a 
convex set for each ሺ𝑥, 𝑤ሻ ∈ 𝑑𝑜𝑚𝐹 . A set-valued mapping 𝐹  is closed if its 𝑔𝑝ℎ 𝐹 ൌ
ሼሺ𝑥, 𝑤, 𝑣ሻ: 𝑣 ∈ 𝐹ሺ𝑥, 𝑤ሻሽ  is a closed subset in ℝଶ௡ା௠ . In contrast to this definition, a set-valued 
mapping 𝐹  is pointwise closed if 𝐹ሺ𝑥, 𝑤ሻ  is closed at every fixed point of 𝑑𝑜𝑚𝐹  ൌ
ሼሺ𝑥, 𝑤ሻ : 𝐹 ሺ𝑥, 𝑤ሻ ് ∅ሽ. The set-valued mapping 𝐹 is bounded, if there exists a constant C such that 
‖𝐹ሺ𝑥ሻ‖ ൑ 𝐶ሺ1 ൅ ‖𝑥‖ሻ. 

A set-valued mapping 𝐹:ℝ௡ା௠ ⇉ ℝ௡ is said to be upper semicontinuous at ሺ𝑥෤, 𝑤෥ሻ if for any 
neighborhood 𝑈 of zero in ℝ௡, there exists a neighborhood 𝑉 of zero in ℝ௡ା௠ such that  

𝐹ሺ𝑥, 𝑤ሻ ⊆ 𝐹ሺ𝑥෤, 𝑤෥ሻ ൅ 𝑈, ∀ሺ𝑥, 𝑤ሻ ∈ ሺ𝑥෤, 𝑤෥ሻ ൅ 𝑉. 
The definitions of the Hamiltonian function and the argmaximum set are given as follows: 
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𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝑠𝑢𝑝
௩

ሼ⟨𝑣, 𝑣∗⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤ሻሽ, 𝑣∗ ∈ ℝ௡, 

𝐹஺௥௚ሺ𝑥, 𝑤 ; 𝑣∗ሻ ≡ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗ሻ ൌ ሼ𝑣 ∈ 𝐹ሺ𝑥, 𝑤ሻ :⟨𝑣, 𝑣∗⟩ ൌ 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻሽ, 
respectively. We denote by int𝑀 and ri𝑀 the interior and relative interior of the set 𝑀, and the closure 

of 𝑀 is denoted by 𝑀. 

For a convex mapping 𝐹:ℝ௡ା௠ ⇉ ℝ௡, a mapping 𝐹 ∗ ℝ௡ ⇉ ℝ௡ା௠ defined by 
𝐹 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣ሻሻ : ൌ ሼሺ𝑥∗, 𝑤∗ሻ :ሺ 𝑥∗, 𝑤∗, െ𝑣∗ሻ ∈ 𝐾ி ∗ ሺ𝑥, 𝑤, 𝑣ሻሽ,

 𝐾ிሺ𝑥, 𝑤, 𝑣ሻ ≡ 𝐾௚௣ℎிሺ𝑥, 𝑤, 𝑣ሻ  
is called the LAM to 𝐹 at a point ሺ𝑥, 𝑤, 𝑣ሻ ∈ 𝑔𝑝ℎ𝐹, where 𝐾 ∗ൌ ሼ𝑧∗: ⟨𝑧̄, 𝑧∗⟩ ൒ 0, ∀𝑧̄ ∈ 𝐾ሽ denotes 
the dual cone to the cone 𝐾, as usual. 
The related definition of LAM for a set-valued mapping can be given by the Hamiltonian function, 
where 

𝐹 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣ሻሻ : ൌ ሼሺ𝑥∗, 𝑤∗ሻ : 𝐻ிሺ 𝑥ଵ, 𝑤ଵ, 𝑣∗ሻ െ 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ ൑ ⟨𝑥∗, 𝑥ଵ െ 𝑥⟩ 
൅⟨𝑤∗, 𝑤ଵ െ 𝑤⟩, ∀ሺ𝑥ଵ, 𝑤ଵሻ ∈ ℝ௡ା௠ሽ, ሺ𝑥, 𝑤, 𝑣ሻ ∈ 𝑔𝑝ℎ𝐹, 𝑣 ∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗ሻ. 

Clearly, for the convex mapping 𝐹, the Hamiltonian function 𝐻ிሺ⋅,⋅, 𝑣∗ሻ is concave, and the latter 
definition of LAM coincides with the previous definition of LAM [18, Thm. 2.1]. 

It is appropriate to note here that by rewriting the inequalities associated with the Hamiltonian 
function, it is easy to verify that LAM is nothing more than a subdifferential of the Hamiltonian 
function. 

Alongside LAM, the concept of the coderivative was introduced for set-valued mappings by 
Mordukhovich [11], defined through the normal cone to their graphs; for smooth and convex mappings, 
these two notions coincide. As we have observed, in the non-convex case, the tangent cone contains 
directions corresponding to functions 𝑞ሺ𝜆ሻ, though this alone may not be sufficient to characterize the 
properties of the set. Nevertheless, the notion of a local tent provides a way to determine the mapping 
in 𝑀 with respect to the nearest tangent directions in relation to each other. 
Definition 2.1 [18] A cone of tangent directions 𝐾ெሺ𝑧଴ሻ is called local tent if for any 𝑧̄଴ ∈ 𝑟𝑖𝐾ெሺ𝑧଴ሻ 
there exists a convex cone 𝐾 ⊆ 𝐾ெሺ𝑧଴ሻ and a continuous function 𝛾ሺ⋅ሻ defined in the neighborhood 
of the origin, such that  

(1) 𝑧̄଴ ∈ ri 𝐾, Lin𝐾 = Lin𝐾ெሺ𝑧଴ሻ, where Lin𝐾 is the linear span of 𝐾,  
(2) 𝛾ሺ𝑧̄ሻ ൌ 𝑧̄ ൅ 𝑟ሺ𝑧̄ሻ, 𝑟ሺ𝑧̄ሻ‖𝑧̄‖ିଵ → 0 as 𝑧̄ → 0, 
(3)𝑧଴ ൅ 𝛾ሺ𝑧̄ሻ ∈ 𝐴, 𝑧̄ ∈ 𝐾 ∩ 𝑆ఌሺ0ሻ for some 𝜀 ൐ 0, where 𝑆ఌሺ0ሻ is the ball of radius 𝜀. 

Definition 2.2 [18] With respect to the book [18] ℎሺ𝑥̄, 𝑥ሻ is called a convex upper approximation 
(CUA) of the function 𝑔:ℝ௡ → ℝଵ ∪ ሼേ∞ሽ at a point 𝑥 ∈ 𝑑𝑜𝑚𝑔 ൌ ሼ𝑥 :|𝑔ሺ𝑥ሻ| ൏ ൅∞ሽ if ℎሺ𝑥̄, 𝑥ሻ ൒ 
𝑉ሺ𝑥̄, 𝑥ሻ for all 𝑥̄ ് 0, and ℎሺ⋅, 𝑥ሻ is a convex closed positive homogeneous function, where 

𝑉ሺ𝑥̄, 𝑥ሻ ൌ 𝑠𝑢𝑝
௥ሺ⋅ሻ

𝑙𝑖𝑚𝑠𝑢𝑝
ఒ↓଴

ଵ

ఒ
ሾ𝑔ሺ𝑥 ൅ 𝜆𝑥̄ ൅ 𝑟ሺ𝜆ሻሻ െ 𝑔ሺ𝑥ሻሿ, 𝜆ିଵ𝑟ሺ𝜆ሻ → 0. 

Here, the exterior supremum is taken on all 𝑟ሺ𝜆ሻ such that 𝜆ିଵ𝑟ሺ𝜆ሻ → 0 as 𝜆 ↓ 0. 

Definition 2.3 [18] A set defined as follows: 

𝜕ℎሺ0, 𝑥ሻ ൌ ሼ𝑥∗ ∈ ℝ௡ : ℎ ሺ𝑥̄, 𝑥ሻ ൒ ⟨𝑥̄, 𝑥⟩, 𝑥̄ ∈ ℝ௡ሽ 

is called a subdifferential of 𝑔 at a point 𝑥 and is denoted by 𝜕𝑔ሺ𝑥ሻ.  
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For various classes of functions, the concept of a subdifferential can be introduced in different 
ways, and for further details, the reader is referred to Mordukhovich [11]. Several important 
subdifferentials of non-smooth functions belong to the fundamental class of generalized differentials 
and play a significant role in both pure and applied analysis. In the first part of this paper, we study the 
following optimization problem with a parameter and an endpoint constraint, denoted by (PD) 

minimize  ∑ 𝑔ሺ𝑥௧, 𝑡ሻே
௧ୀଵ ,       (1) 

(PD)         subject to    𝑥௧ାଵ ∈ 𝐹ሺ𝑥௧, 𝑤, 𝑡ሻ, 𝑡 ൌ 0,1, . . . , 𝑁 െ 1,   (2) 

𝑥଴ ൌ 𝜃଴, 𝑥ே ∈ 𝑃଴,         (3) 

where 𝑔ሺ⋅, 𝑡ሻ  is a real-valued function, 𝑔ሺ⋅, 𝑡ሻ:ℝ௡ → ℝଵ ∪ ሼേ∞ሽ , 𝐹ሺ⋅, 𝑡ሻ  is a time-dependent set-
valued mapping, 𝐹ሺ⋅, 𝑡ሻ:ℝ௡ା௠ ⇉ ℝ௡ , 𝑤  is the 𝑚 -dimensional vector-parameter of vector-space 
𝑊 ൌ ℝ௠ with inner product, 𝑁 is a fixed natural number, 𝜃଴ is a fixed vector, and 𝑃଴ ⊆ ℝ௡ is the 
endpoint set. A sequence ሼ𝑥௧ሽ௧ୀ଴

ே  ൌ ሼ𝑥௧: 𝑡 ൌ 0,1, . . . , 𝑁ሽ is called a feasible trajectory for the stated 
problem (1)–(3).  

In essence, we are considering a model of economic dynamics PD described by discrete inclusions 
with parameters, where the functioning of a certain economic system occurs at discrete moments in 
time 𝑡 ൌ 0,1, . . . , 𝑁 and it is necessary to select the values of the parameters 𝑤 ∈ 𝑊 in such a way 
that the corresponding trajectory ሼ𝑥௧ሽ௧ୀ଴

ே  under conditions (2), (3) minimizers the sum (1). Here, at 
time 𝑡, one has a resource vector 𝑥 ∈ ℝ௡ that can be transformed at time 𝑡 ൅ 1 to one of the vectors 
𝑣 ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ, where it is assumed that all possible amounts of resources are connected by 𝑥௧ାଵ ∈
𝐹ሺ𝑥௧, 𝑤, 𝑡ሻ, 𝑡 ൌ 0, . . . , 𝑁 െ 1; 𝑥଴ ൌ 𝜃଴ is a vector of initial resource. Usually, the sum ∑ 𝑔ሺ𝑥ே

௧ୀ଴ ௧ , 𝑡ሻ 

can be interpreted as the total expenditure.  
In the second part of the paper, we investigate optimization problems with parameter and first-

order DFI, labeled as (PC): 

minimie  𝐽ሾ𝑥ሺ⋅ሻሿ ൌ ׬ 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ𝑑𝑡 ൅ 𝑓଴ሺ𝑥ሺ𝑇ሻሻ,
்

଴     (4) 

(PC)               subject to                 𝑥 ′ሺ𝑡ሻ ∈ 𝐹ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ, 𝑎. 𝑒𝑡 ∈ ሾ0, 𝑇ሿ,  (5)
 

𝑥ሺ0ሻ ൌ 𝜃, 𝑡 ∈ ሾ0, 𝑇ሿ, 𝑥ሺ𝑇ሻ ∈ 𝑃,       (6) 

where 𝐹ሺ⋅, 𝑡ሻ: :ℝ௡ା௠ ⇉ ℝ௡ , 𝑤 ∈ 𝑊 ൌ ℝ௠  is m-dimensional vector-parameter and 𝑔ሺ⋅, 𝑡ሻ, 𝑓଴ are 
continuous proper functions, 𝑃 ⊆ ℝ௡, 𝜃 is a fixed vector. It is necessary to find the solution 𝑥ሺ𝑡ሻ, 𝑡 ∈
ሾ0, 𝑇ሿ minimizing the Bolza functional 𝐽ሾ𝑥ሺ⋅ሻሿ over a set of feasible trajectories. Here, the feasible 
trajectory 𝑥ሺ𝑡ሻ, 𝑡 ∈ ሾ0, 𝑇ሿ is an absolutely continuous function satisfying almost everywhere (a.e.) the 
first order DFI (5) and the initial and endpoint conditions (6). 
Definition 2.4 For the convex problem (1)–(3), the regularity condition is satisfied if for points 𝑥௧ ∈
ℝ௡, one of the following cases is fulfilled: 

(i)  ሺ𝑥௧, 𝑥௧ାଵ, 𝑤ሻ ∈ 𝑟𝑖ሺ𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻሻሺ𝑡 ൌ 0, . . . , 𝑁 െ 1ሻ, 𝑥௧ ∈ 𝑟𝑖dom𝑔ሺ⋅, 𝑡ሻ, 𝑥ே ∈ 𝑟𝑖𝑃, 
(ii) ሺ𝑥௧, 𝑥௧ାଵ, 𝑤ሻ ∈ 𝑖𝑛𝑡ሺ 𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻሻሺ𝑡 ൌ 0, . . . , 𝑁 െ 1ሻ, 𝑥ே ∈ 𝑃 (with possible exception of one set) 
and 𝑔ሺּ , 𝑡ሻ are continuous at 𝑥௧.  
Condition(C) Suppose that in the nonconvex problem PD the set-valued mappings are such that the 
cones of tangent directions 𝐾ிሺ⋅,௧ሻ (𝑥෤௧, 𝑤෥, 𝑥෤௧ାଵ), 𝐾௉బ

 (𝑥෤ே) are local tents, where 𝑥෤௧ are the points of 

the optimal trajectory ሼ𝑥෤௧ሽ௧ୀ଴
ே  of problem PD. Further, the functions 𝑔ሺ⋅, 𝑡ሻ admit a CUA ℎሺ𝑥̄, 𝑥෤௧ሻ at 

the points 𝑥෤௧. 
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3. Optimality conditions for the PD problem with parameter 

This section indicates how the result of the main continuous problem PC with the parameter is 
substantially based on the results obtained for the problem with the discrete inclusion of PD. To solve 
a convex problem PD with a parameter, we reduce it to a convex minimization problem. Let 

𝑀௧ ൌ ሼ𝑢 :ሺ 𝑥௧, 𝑤, 𝑥௧ାଵሻ ∈ 𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻሽ, 

𝑃 ൌ ሼ𝑢 : 𝑥ே ∈ 𝑃଴ሽ, 𝑡 ൌ 0,1, . . . , 𝑁 െ 1,        (7) 

where 𝑢 ൌ ሺ𝑥ଵ, . . . . , 𝑥ே, 𝑤ሻ ∈ ℝ௡ேା௠. 
Then our problem is equivalent to the following problem 

minimize 𝛷ሺ𝑢ሻ ൌ ∑ 𝑔ሺ𝑥௧
ே
௧ୀଵ , 𝑡ሻ   subject to  𝑢 ∈ ሺ∩௧ୀ଴

ேିଵ 𝑀௧ሻ ∩ 𝑃.   (8) 

Theorem 3.1 Let 𝑔ሺ⋅, 𝑡ሻ  be continuous at the points 𝑥௧, 𝑡 ൌ 1, . . . , 𝑁  of some feasible solution 
ሼ𝑥௧ሽ௧ୀ଴

ே  of the convex problem PD. Then, for ሼ𝑥෤௧ሽ௧ୀ଴
ே  to be an optimal solution to the problem PD 

with initial value 𝑥଴ ൌ 𝜃଴ and endpoint condition 𝑥ே ∈ 𝑃଴, it is necessary that there exist a scalar 
𝛼 ∈ ሼ0,1ሽ and vectors 𝑥௧

∗, 𝑡 ൌ 0, . . . , 𝑁, not all equal to zero, such that 
     (i)  ሺ𝑥௧

∗, 0ሻ ∈ 𝐹 ∗ ሺ𝑥௧ାଵ
∗ ;ሺ 𝑥෤௧, 𝑤෥ሻ, 𝑡ሻ െ 𝛼𝜕𝑔ሺ𝑥෤௧, 𝑡ሻ ൈ ሼ0ሽ, 

              𝜕𝑔ሺ𝑥෤଴, 0ሻ ≡ ሼ0ሽ, 𝑡 ൌ 0, . . . , 𝑁 െ 1, 

     (ii)   𝑥∗ െ 𝑥ே
∗ ∈ 𝛼𝜕𝑔ሺ𝑥෤ே, 𝑁ሻ, 𝑥∗ ∈ 𝐾௉బ

∗ ሺ𝑥෤ேሻ.    

Moreover, if  𝛼 ൌ 1, these conditions are sufficient for optimality. 
Proof. Obviously, if ሼ𝑥෤௧, 𝑤෥ሽ௧ୀ଴

ே ൌ ሺ𝑥෤ଵ, . . , 𝑥෤ே, 𝑤෥ሻ is an optimal solution to problem (1)–(3), then we 
claim that 𝑢෤ ൌ ሺ𝑥෤ଵ, . . , 𝑥෤ே, 𝑤෥ሻ is a solution to the convex mathematical programming problem (8). 
Due to the continuity 𝑔ሺ⋅, 𝑡ሻ at the points of some feasible solution ሼ𝑥௧, 𝑤ሽ௧ୀ଴

ே  from Theorem 3.4 [18], 
it follows that there are vectors 

𝑢∗ሺ𝑡ሻ ∈ 𝐾 ∗ெ೟
ሺ𝑢෤ሻ, 𝑡 ൌ 0, . . . , 𝑁 െ 1; 𝑢ො∗ ∈ 𝐾௉ ∗ ሺ𝑢෤ሻ, 𝑢̄ሜ ∗ ∈ 𝜕𝛷ሺ𝑢෤ሻ 

and the scalar 𝛼 ∈ ሼ0,1ሽ, not all equal to zero, such that 

𝑢ො∗ ൅ ∑ 𝑢∗ሺ𝑡ሻேିଵ
௧ୀ଴ ൌ 𝛼𝑢̄ሜ ∗, 𝑢̄ሜ ∗ ∈ 𝜕𝛷ሺ𝑢෤ሻ.      (9) 

The calculation of the dual cone shows that 

K ∗୑౪
ሺuሻ ൌ ሼu∗ ൌ ሺxଵ

∗, . . . . , x୒
∗ , w∗ሻ :ሺ x୲

∗, w∗, x୲ାଵ
∗ ሻ ∈ K ∗୊ ሺx୲, w, x୲ାଵሻ, 

𝑤∗ ൌ 0, 𝑥௞
∗ ൌ 0, 𝑘 ് 𝑡, 𝑡 ൅ 1ሽ, 𝑡 ൌ 0, . . . , 𝑁 െ 1; 

Indeed, if 

𝑢 ൅ 𝜆𝑢̄ ∈ 𝑀௧, 𝑡 ൌ 0,1, . . . , 𝑁 െ 1, 

for sufficiently small 𝜆 ൐ 0, i.e., 

ሺ𝑥௧ ൅ 𝜆𝑥̄௧, 𝑤 ൅ 𝜆𝑤̄, 𝑥௧ାଵ ൅ 𝜆𝑥̄௧ାଵሻ ∈ 𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻ, 

then 𝑢̄ ∈ 𝐾ெ೟
ሺ𝑢෤ሻ. Therefore 
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𝐾ெ೟
ሺ𝑢ሻ ൌ ሼ𝑢̄: ሺ𝑥̄௧, 𝑤̄, 𝑥̄௧ାଵሻ ∈ 𝐾ிሺ𝑥௧, 𝑤, 𝑥௧ାଵሻሽ. 

Then, due to the arbitrariness of 𝑤̄, from the definition of the dual cone, it’s easy to see that  

𝐾 ∗ெ೟
ሺ𝑢ሻ ൌ ሼ𝑢∗: ሺ𝑥௧

∗, 0, 𝑥௧ାଵ
∗ ሻ ∈ 𝐾 ∗ி ሺ𝑥௧, 𝑤, 𝑥௧ାଵሻ, 𝑥௞

∗ ൌ 0, 𝑘 ് 𝑡, 𝑡 ൅ 1ሽ,   (10) 

where 𝑢∗ ∈ ℝ௡ேା௠. In this case, 

⟨𝑢̄, 𝑢∗⟩ ൌ ෍⟨𝑥̄௞, 𝑥௞
∗⟩

ே

௞ୀଵ

൅ ⟨𝑤̄, 𝑤∗⟩ ൒ 0 

has a form  
⟨𝑥̄௧, 𝑥௧

∗⟩ ൅ ⟨𝑤̄, 0⟩ ൅ ⟨𝑥̄௧ାଵ, 𝑥௧ାଵ
∗ ⟩ ൒ 0, ሺ𝑥̄௧, 𝑤̄, 𝑥̄௧ାଵሻ ∈ 𝐾ிሺ𝑥௧, 𝑤, 𝑥௧ାଵሻ, 

that is, ሺ𝑥௧
∗, 0, 𝑥௧ାଵ

∗ ሻ ∈ 𝐾 ∗ி ሺ𝑥௧, 𝑤, 𝑥௧ାଵሻ. 
On the other hand,  

𝐾 ∗௉ ሺ𝑢ሻ ൌ ൛𝑢∗ ൌ ሺ𝑥ଵ
∗, . . . , 𝑥ே

∗ , 0ሻ: 𝑥ே
∗ ∈ 𝐾 ∗௉బ

ሺ𝑥ேሻ, 𝑥௧
∗ ൌ 0, 𝑡 ൏ 𝑁ൟ,   (11) 

Therefore, it is clear to see that 

𝑢∗ሺ𝑡ሻ ൌ ቆ𝑥ଵ
∗ሺ𝑡ሻ, . . . . , 𝑥ே

∗ ሺ𝑡ሻ, 0, . . . ,0ᇣᇤᇥ
௠

ቇ , 𝑥௞
∗ሺ𝑡ሻ ൌ 0, 𝑘 ് 𝑡, 𝑡 ൅ 1, 𝑡 ൌ 0, . . . , 𝑁 െ 1,   

𝑢ො∗ ൌ ሺ0,0, . . . ,0, 𝑥ොே
∗ , 0, . . . ,0ᇣᇤᇥ

௠

ሻ, 𝑥ොே
∗ ∈ 𝐾 ∗௉బ

ሺ𝑥෤ேሻ, 

𝑢෤ ൌ ሺ𝑥෤ଵ, . . . , 𝑥෤ே, 𝑤෥ଵ, . . . , 𝑤෥௠ሻ.        (12) 

Indeed, when the regularity condition (i) or (ii) of Definition 2.4 holds, the dual cone of the 
intersections 

ൣ𝐾ெ೟
ሺ𝑢෤ሻ ∩ 𝐾௉ሺ𝑢෤ሻ൧

∗
ൌ 𝐾 ∗ெ೟

ሺ𝑢෤ሻ ൅ 𝐾 ∗௉ሜ ሺ𝑢෤ሻ, 𝐾 ∗௉ሜ ሺ𝑢෤ሻ 

and by Theorems 1.30 and 3.4 [18], for the problem (8), equality (9) holds with 𝛼 ൌ 1. Moreover, the 
conditions of Moreau-Rockafellar theorem [2,18] are satisfied. Finally, if 𝑡 ൌ 0, then, since 𝑥෤଴ ൌ 𝜃଴ 

is fixed, 𝐾଴ሺ𝑢ሻ ൌ ൛𝑢̄: 𝑥̄ଵ ∈ 𝐾ிሺ௫బ,௪ሻሺ𝑥ଵሻൟ and 

𝐾଴ ∗ ሺ𝑢ሻ ൌ ൛𝑢∗: 𝑥ଵ
∗ ∈ 𝐾 ∗ிሺ௫బ,௪ሻ ሺ𝑥ଵሻ, 𝑥௧

∗ ൌ 0, 𝑡 ൌ 2, . . . , 𝑁ൟ.    (13) 

Let us return to the relation (9); it follows from 𝛷ሺ𝑢ሻ ≡ ∑ 𝑔ሺ𝑥௧, 𝑡௧ୀே
௧ୀଵ ሻ that the vector 𝑢̄ሜ ∗ has the 

form  𝑢̄ሜ ∗ ൌ ሺ𝑥̄ሜଵ
∗, . . . , 𝑥̄ሜே

∗ , 0ሻ , where 𝑥̄ሜ௧
∗ ∈ 𝜕𝑔ሺ𝑥෤௧, 𝑡ሻ, 𝑡 ൌ 1, . . . , 𝑁 . Then, considering (10)–(12), the 

relation (9) can be written as follows: 

𝑥௧
∗ሺ𝑡 െ 1ሻ ൅ 𝑥௧

∗ሺ𝑡ሻ ൌ 𝛼𝑥̄ሜ௧
∗, 𝑡 ൌ 1, . . . , 𝑁.     (14) 
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Using (10), we can write 

𝑥௧
∗ሺ𝑡ሻ ∈ 𝐹 ∗ ሺെ𝑥௧ାଵ

∗ ሺ𝑡ሻ ;ሺ 𝑥෤௧, 𝑤෥ሻ, 𝑡ሻ, 𝑡 ൌ 0, . . . , 𝑁 െ 1.   (15) 

Hence, from (14) and (15), we have 

𝜆𝑥̄ሜ௧
∗ െ 𝑥௧

∗ሺ𝑡 െ 1ሻ ∈ 𝐹∗ሺെ𝑥௧ାଵ
∗ ሺ𝑡ሻ ;ሺ 𝑥෤௧, 𝑤෥ሻ, 𝑡ሻ, 𝑡 ൌ 1, . . . , 𝑁 െ 1.   (16) 

Thus, introducing the notations  

𝑥௧
∗ ≡ െ𝑥௧

∗ሺ𝑡 െ 1ሻ, 𝑡 ൌ 1, . . . , 𝑁, 

from (16), we have inclusions (i) of the theorem.  
Denoting 𝑥∗ ≡ 𝑥ே

∗ ሺ𝑁ሻ from (14) for 𝑡 ൌ 𝑁, we have 

െ𝑥ே
∗ ൅ 𝑥∗ ൌ 𝛼𝑥̄ሜே

∗ , 𝑥∗ ∈ 𝐾 ∗௉బ
ሺ𝑥෤ேሻ.       (17) 

Further, it is easy to see from (13) that the relation (16) can be extended to the case 𝑡 ൌ 0. Thus, by 
virtue of (16) and (17), we have proved this theorem. 

 

Remark 3.1 It is well established [18] that the non-separability of tangent direction cones 𝐾ெ೟
ሺ𝑢෤ሻ 

and 𝐾௉ሺ𝑢෤ሻ play a significant role in the theory of extremal problems of type (8). Furthermore, when 
the regularity condition from Definition 2.4 holds, the dual cone of the intersection of tangent direction 
cones equals the algebraic sum of their dual cones; that is, these cones are non-separable. The 
following example demonstrates the essential importance of regularity conditions in solving such 
problems. 
Let 𝐷ଵ and 𝐷ଶ be two closed disks of radius 𝑟 around ሺ𝑟, 0ሻ and ሺെ𝑟, 0ሻ, respectively, on the plane 
ℝଶ ൌ ℝଵ ൈ ℝଵ: 

𝐷ଵ ൌ ൛ሺ𝑥ଵ, 𝑥ଶሻ ∈ ℝଶ: ሺ𝑥ଵ െ 𝑟ሻଶ ൅ 𝑥ଶ
ଶ ൑ 𝑟ଶൟ, 

𝐷ଶ ൌ ൛ሺ𝑥ଵ, 𝑥ଶሻ ∈ ℝଶ: ሺ𝑥ଵ ൅ 𝑟ሻଶ ൅ 𝑥ଶ
ଶ ൑ 𝑟ଶൟ. 

Then for ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ሺ0,0ሻ ∈ 𝐷ଵ ∩ 𝐷ଶ, we have 𝐾஽భ∩஽మ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ሼሺ0,0ሻሽ, 𝐾஽భ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ൛ሺ𝑥ଵ, 𝑥ଶሻ ∈
ℝଶ: 𝑥ଵ ൒ 0ൟ,  𝐾஽మ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ൛ሺ𝑥ଵ, 𝑥ଶሻ ∈ ℝଶ: 𝑥ଵ ൑ 0ൟ, and  𝐾 ∗஽భ∩஽మ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ℝଶ,  

while 𝐾 ∗஽భ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ሼሺ𝑥ଵ, 0ሻ: 𝑥ଵ ൒ 0ሽ , 𝐾 ∗஽మ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൌ ሼሺ𝑥ଵ, 0ሻ: 𝑥ଵ ൑ 0ሽ , and 𝐾 ∗஽భ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ 

൅𝐾 ∗஽మ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ  ൌ ൛ሺ𝑥ଵ, 0ሻ: 𝑥ଵ ∈ ℝଵൟ.  Thus, 𝐾 ∗஽భ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൅ 𝐾 ∗஽మ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ  ⊂ 𝐾 ∗஽భ∩஽మ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ , 
in other words, 𝐾 ∗஽భ∩஽మ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ  ് 𝐾 ∗஽భ
ሺ𝑥̄ଵ, 𝑥̄ଶሻ ൅ 𝐾 ∗஽మ

ሺ𝑥̄ଵ, 𝑥̄ଶሻ.                                                                   

If 𝐹ሺ⋅, 𝑡ሻ is “pointwise” closed (the set 𝐹ሺ⋅, 𝑡ሻ is closed for each ሺ𝑥, 𝑤ሻ), then the conditions of this 
theorem can be rewritten in a more symmetrical form. On the other hand, it is obvious that the usual 
closedness of 𝐹ሺ⋅, 𝑡ሻ implies “pointwise” closedness, but not vice versa, i.e., “pointwise” closedness 
is weaker than the usual one. First of all, we need the following proposition.  
Proposition 3.1 If  𝐹ሺ⋅, 𝑡ሻ:ℝଶ௡ ⇉ ℝ௡ is convex and 𝐹ሺ𝑥, 𝑤, 𝑡ሻ is a closed set for each ሺ𝑥, 𝑤ሻ ∈
𝑑𝑜𝑚𝐹ሺ⋅, 𝑡ሻ, then  

𝜕௩∗𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ ൌ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣̄∗ , 𝑡ሻ. 
Proof. If 𝑣 ∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣̄∗ , 𝑡ሻ or if 𝑣 ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ and ⟨𝑣, 𝑣̄∗⟩ ൌ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ, then 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ െ
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𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ ൒ ⟨𝑣, 𝑣∗⟩ െ ⟨𝑣, 𝑣̄∗⟩  or 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ െ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ ൒ ⟨𝑣, 𝑣∗ െ 𝑣̄∗⟩ , that is, 𝑣 ∈
𝜕௩∗𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ. Conversely, assume that 𝑣̄ ∈ 𝜕௩∗𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ. First, we prove that 𝑣̄ ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ. 
Suppose that 𝑣̄ ∉ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ. Then, by the separation theorems [18], there is a vector c  such that  

𝑠𝑢𝑝
௩

ሼ⟨𝑣, 𝑐⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻሽ ൏ ⟨𝑣̄, 𝑐⟩.      (18) 

On the other hand, we have 𝑠𝑢𝑝
௩

ሼ⟨𝑣, 𝑣∗ െ 𝑣̄∗⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻሽ ൒ 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ െ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ ൒

⟨𝑣̄, 𝑣∗ െ 𝑣̄∗⟩ . Setting now in this inequality 𝑣∗ ൌ 𝑣̄∗ ൅ 𝑐 , we have 𝑠𝑢𝑝
௩

ሼ⟨𝑣, 𝑎⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻሽ ൒

⟨𝑣̄, 𝑎⟩ , which contradicts the previous inequality (18). It means that 𝑣̄ ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ.  Then, 𝑣̄ ∈
𝜕௩∗𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ we derive 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ െ ⟨𝑣∗, 𝑣̄⟩ ൒ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ െ ⟨𝑣̄∗, 𝑣̄⟩ and setting 𝑣∗ ൌ 0, we 
have ⟨𝑣̄∗, 𝑣̄⟩ ൒ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ. Moreover, since 𝑣̄ ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻ, it follows that ⟨𝑣̄∗, 𝑣̄⟩ ൑ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ. 
Therefore, ⟨𝑣̄∗, 𝑣̄⟩ ൌ 𝐻ிሺ𝑥, 𝑤, 𝑣̄∗ሻ, which means that 𝑣̄ ∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣̄∗ , 𝑡ሻ.                    

Below we prove that an upper semi-continuous set-valued mapping 𝐹ሺ⋅, 𝑡ሻ  (not necessarily 
convex) with closed values is closed (𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻ is closed). 
Proposition 3.2 Let 𝐹ሺ⋅, 𝑡ሻ:ℝଶ௡  ℝ௡  be an upper semi-continuous pointwise closed set-valued 
mapping. Then 𝐹ሺ⋅, 𝑡ሻ is closed.  
Proof. Suppose that  ሺ𝑥௜, 𝑤௜, 𝑣௜ሻ ∈ 𝑔𝑝ℎ𝐹ሺ⋅, 𝑡ሻ  is a convergent sequence and ሺ𝑥௜, 𝑤௜, 𝑣௜ሻ →
ሺ𝑥଴, 𝑤଴, 𝑣଴ሻ , but 𝑣଴ ∉ 𝐹ሺ𝑥଴, 𝑤଴, 𝑡ሻ . Then there exists an open set 𝛺  containing 𝐹ሺ𝑥଴, 𝑤଴, 𝑡ሻ  such 
that 𝑣଴ ∉. 𝛺 .  On the other hand,  𝐹ሺ⋅, 𝑡ሻ   is upper semi-continuous and there exists a positive 
integer 𝑖଴ such that 𝑣௜ ∈ 𝛺,∀𝑖 ൐ 𝑖଴, i.e., 𝑣଴ ∈ 𝛺, a contradiction.                           
Corollary 3.1 Let the optimization problem PD satisfy the conditions of Theorem 3.1. Moreover, let 
𝐹ሺ⋅, 𝑡ሻ be a closed set for each fixed ሺ𝑥, 𝑤ሻ. Then condition (i) of Theorem 3.1 can be rewritten as 
follows 

ሺ𝑥௧
∗, 0ሻ ∈ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥෤௧, 𝑤෥, 𝑥௧ାଵ

∗ ሻ െ 𝛼𝜕𝑔ሺ𝑥෤௧, 𝑡ሻ ൈ ሼ0ሽ, 

 *

*
1 1, , ,t F t tv

x H x w x     𝜕𝑔ሺ𝑥෤଴, 0ሻ ൌ ሼ0ሽ, 0,..., 1.t N   

Proof. Recall [18] that 𝐹 ∗ ሺ𝑣∗, ሺ𝑥, 𝑤, 𝑣ሻ, 𝑡ሻ ൌ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ  is non-empty if so is the 

argmaximum set 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ.  Further, from the corollary assumption and from Lemma 3.1, it 
follows that 𝜕௩∗𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ.  Then, considering these in Theorem 3.1, we will 
verify the validity of the corollary statements.                                            
Theorem 3.2 Let condition (C) be satisfied for a non-convex problem PD, i.e., the cones of tangent 
directions 𝐾ிሺ𝑥෤௧, 𝑤෥, 𝑥෤௧ାଵሻ, 𝐾௉బ

ሺ𝑥෤ேሻ are local tents, 𝑔ሺ⋅, 𝑡ሻ admit CUA at points 𝑥෤௧. Then, for the 
trajectory ሼ𝑥෤௧, 𝑤෥ሽ௧ୀ଴

ே  to be optimal, it is necessary that there exist a number 𝛼 ∈ ሼ0,1ሽ and vectors 
ሼ𝑥௧

∗ሽ, satisfying the conditions of Theorem 3.1. 
Proof. In this case, the Condition ሺ𝐶ሻ guarantees the assumptions of Theorem 3.25 [18] for the convex 
minimization problem (8). Consequently, by this theorem, we obtain the necessary condition in the 
same form as Theorem 3.1, starting from relation (9) formulated for the non-convex problem.       

4. Equivalence of LAMs for discrete-approximate problems 

In this section, based on the results of the previous section and an auxiliary equivalence result, 
necessary and sufficient optimality conditions for the discrete-approximate problem are obtained. 
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Suppose 𝐿 is a positive natural scalar and 𝑇 𝐿⁄ ൌ 𝛿. Clearly, 𝛿 is a step on the t-axis, and  𝑥ሺ𝑡ሻ ≡
𝑥ఋሺ𝑡ሻ is a grid function on a uniform grid on ሾ0, 𝑇ሿ. We introduce the following first-order difference 
operators:  

𝛥𝑥ሺ𝑡ሻ ൌ ଵ

ఋ
ሾ𝑥ሺ𝑡 ൅ 𝛿ሻ െ 𝑥ሺ𝑡ሻሿ. 

Note that the discrete approximate inclusions according to problem (PC) are the following inclusions 

𝛥𝑥ሺ𝑡ሻ ∈ 𝐹ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ, 𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿,       (19) 

which can be rewritten in a more relevant form 

𝑥ሺ𝑡 ൅ 𝛿ሻ ∈ 𝑥ሺ𝑡ሻ ൅ 𝛿𝐹ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ, 𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿. 

Denoting 𝑥ሺ𝑡ሻ ≡ 𝑥, 𝑥ሺ𝑡 ൅ 𝛿ሻ ≡ 𝑣 , we define the following new mapping 𝐺ሺ𝑥, 𝑤, 𝑡ሻ ൌ 𝑥 ൅
𝛿𝐹ሺ𝑥, 𝑤, 𝑡ሻ. Obviously, the discrete approximate inclusions associated with (19) are equivalent to 

𝑥ሺ𝑡 ൅ 𝛿ሻ ∈ 𝐺ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ, 𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿. 

It can easily be seen that these optimization conditions will be expressed in terms of LAM 𝐺 ∗ . 
Therefore, we will establish a connection between LAMs 𝐺 ∗ and 𝐹 ∗. 
The following two lemmas play a decisive role in the following results based on discrete first-order 
approximations. 
Lemma 4.1 The following relation exists between the Hamiltonians 𝐻ீ and 𝐻ி 

𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ ൌ ⟨𝑥, 𝑣∗⟩ ൅ 𝛿𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ, 

where 

𝐺ሺ𝑥, 𝑤, 𝑡ሻ ൌ 𝑥 ൅ 𝛿𝐹ሺ𝑥, 𝑤, 𝑡ሻ. 

Proof. Indeed, by the definition of the Hamiltonians of set-valued mappings 𝐹, 𝐺, we have 

𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝑠𝑢𝑝ሼ⟨𝑣, 𝑣∗⟩ : 𝑣 ∈ 𝐺ሺ𝑥, 𝑤, 𝑡ሻሽ 

ൌ ⟨𝑥, 𝑣∗⟩ ൅ 𝛿 𝑠𝑢𝑝ሼ⟨𝑣ଵ, 𝑣∗⟩ : 𝑣ଵ ∈ 𝐹ሺ𝑥, 𝑤, 𝑡ሻሽ ൌ ⟨𝑥, 𝑣∗⟩ ൅ 𝛿𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ.         

Although the following lemma can be proved in another way, given the growing interest in the 
upcoming transition from a discrete problem to a discrete-approximative one, it makes sense to use the 
technique of proving the following lemma. 
Lemma 4.2 The following relationship holds between the subdifferentials of the Hamiltonians 𝐻ி, 𝐻ீ: 

𝜕ሺ௫,௪ሻ𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ ൌ ሼ𝑣∗ሽ ൈ ሼ0ሽ ൅ 𝛿𝐴 ∗ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ, 

where  

𝐴 ൌ ൤
𝛪௡

0௠ൈ௡

0௡ൈ௠
𝛪௠

൨ 

is the ሺ𝑛 ൅ 𝑚ሻ ൈ ሺ𝑛 ൅ 𝑚ሻ  identity matrix partitioned into identity submatrices 𝛪௡, 𝛪௠  and zero 
matrices 0௡ൈ௠, 0௠ൈ௡, where 𝐴 ∗ is the transpose of 𝐴. 
Proof. Our aim is to express the subdifferential 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ  in terms of the subdifferential 

𝜕ሺ௫,௪ሻ𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ.  Let 𝑄:ℝଶ௡ → ℝଵ  be a convex function continuous at a point 
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ሺ𝜑ଵሺ𝑥, 𝑤ሻ, 𝜑ଶሺ𝑥, 𝑤ሻሻ , where 𝜑௜ :ℝଶ௡ →ℝ௡ , 𝑖 ൌ 1,2  are Frechet differentiable functions at a point 
ሺ𝑥, 𝑤ሻ. Then, by Theorem 2 [3], the subdifferential 𝜕𝑓଴ሺ𝑥, 𝑤ሻ of function 

𝑓଴ሺ𝑥, 𝑤ሻ ൌ 𝑄ሺ𝜑ଵሺ𝑥, 𝑤ሻ, 𝜑ଶሺ𝑥, 𝑤ሻሻ 

can be calculated as follows:  

𝜕𝑓଴ሺ𝑥, 𝑤ሻ ൌ 𝐴 ∗ 𝜕𝑄ሺ𝜑ଵሺ𝑥, 𝑤ሻ, 𝜑ଶሺ𝑥, 𝑤ሻሻ     (20) 

where  

𝐴 ൌ ቎

డఝభሺ௫,௪ሻ

డ௫
డఝమሺ௫,௪ሻ

డ௫

డఝభሺ௫,௪ሻ

డ௪
డఝమሺ௫,௪ሻ

డ௪

቏        (21) 

Is a 2𝑛 ൈ 2𝑛  matrix, 
డఝ೔ሺ௫,௪ሻ

డ௫
 ,

డఝ೔ሺ௫,௪ሻሻ

డ௪
, 𝑖 ൌ 1,2  are Jacobi matrices. Setting 𝜑ଵሺ𝑥, 𝑤ሻ ≡ 𝑥, 

𝜑ଶሺ𝑥, 𝑤ሻ ≡ 𝑤, in (21), it is easy to compute that  

𝐴 ൌ ൤
𝛪௡

0௠ൈ௡

0௡ൈ௠
𝛪௠

൨.

 
Then, setting 𝑓଴ሺ𝑥, 𝑤 ൌ 𝑄ሺ𝜑ଵሺ𝑥, 𝑤ሻ,   𝜑ଶሺ𝑥, 𝑤ሻሻ ൌ 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ from formula (20) and Lemma 4.1, 
we obtain the needed result. 

                                                                    
Theorem 4.1 For the mapping 𝐺ሺ𝑥, 𝑤, 𝑡ሻ ൌ 𝑥 ൅ 𝛿𝐹ሺ𝑥, 𝑤, 𝑡ሻ, the following inclusions are equivalent:  

                      (1)  ሺ𝑥∗, 0ሻ ∈ 𝐺 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣ሻ, 𝑡ሻ,  𝑣 ∈ 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ, 

                      (2)  ቀ௫∗ି௩∗

ఋ
, 0ቁ ∈ 𝐹 ∗ ሺ𝑣∗ ;ሺ𝑥, 𝑤ሻ , 𝑡ሻ,  

௩ି௫

ఋ
∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ,  𝑣∗ ∈ ℝ௡ 

where 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ is the argmaximum set for mapping 𝐺:  

𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ ൌ ሼ𝑣 ∈ 𝐺ሺ𝑥, 𝑤, 𝑡ሻ: ⟨𝑣, 𝑣∗⟩ ൌ 𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻሽ. 

Proof. Let us prove ሺ1ሻ ⇒ ሺ2ሻ. By Lemma 4.2, it is easy to see that if 

ሺ𝑥∗, 𝑤∗ሻ ∈ 𝜕ሺ௫,௪ሻ𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ        (22) 

then 

ሺ𝐴 ∗ሻିଵ ቀ௫∗ି௩∗

ఋ
, ௪∗

ఋ
ቁ ∈ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ.      (23) 

But since 𝐴 ∗ൌ 𝛪௡ା௠ is the identity matrix, so is ሺ𝐴 ∗ሻିଵ ൌ 𝛪௡ା௠. 
Then, by substituting ሺ𝐴 ∗ሻିଵ into (20), we derive that  

ቀ௫∗ି௩∗

ఋ
, ௪∗

ఋ
ቁ ∈ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ.       (24)  

On the other hand, by Theorem 2.1 [18] 
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𝐺 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣ሻ, 𝑡ሻ ൌ 𝜕ሺ௫,௪ሻ𝐻ீሺ𝑥, 𝑤, 𝑣∗ሻ, 𝑣 ∈ 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ, 

𝐹 ∗ ቀ𝑣∗ ; ቀ𝑥, 𝑤, ௩ି௫

ఋ
ቁ , 𝑡ቁ ൌ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑣∗ሻ,  

௩ି௫

ఋ
∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ.   (25) 

Now, with the help of formula (25), it is necessary to reformulate (22) and (23) in term of LAMs. In 

addition, recall that 𝑣 ∈ 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ, ሺ௩ି௫

ఋ
∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ guarantees that LAMs are nonempty. 

Hence, considering (25) in (22) and (24), we have ሺ1ሻ ⇒ ሺ2ሻ. By a similar way, it can be proved that 
ሺ2ሻ ⇒ ሺ1ሻ. It remains to show in conditions (1), (2) of theorem  𝑤∗ ൌ 0. Indeed, since  𝑤 ∈ 𝑊 is 
arbitrary, it follows directly from (22) of the Hamiltonian that 𝑤∗ ൌ 0.                              
For the non-convex problem PD, Theorem 4.1 can be generalized to the case of local tents. 
Theorem 4.2 Let 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑤, 𝑣ሻ  define a local tent to the mapping 𝐺ሺ𝑥, 𝑤, 𝑡ሻ ൌ 𝑥 ൅ 𝛿𝐹ሺ𝑥, 𝑤, 𝑡ሻ. 
Then, the statements of the previous theorem are also true in the non-convex case. 
Proof. By conditions of the theorem, there are functions 𝑟ሺ𝑧̄ሻ, 𝑟௜ሺ𝑧̄ሻ,𝑧̄ ൌ ሺ𝑥̄, 𝑤̄, 𝑣̄ሻ,𝑟௜ሺ𝑧̄ሻ‖𝑧̄‖ିଵ → 0ሺ𝑖 ൌ
1,2ሻ, 𝑟ሺ𝑧̄ሻ‖𝑧̄‖ିଵ → 0 as 𝑧̄ → 0, such that 

𝑣 ൅ 𝑣̄ ൅ 𝑟ሺ𝑧̄ሻ ∈ 𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ 

൅𝛿𝐹ሺ𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ, 𝑤 ൅ 𝑤̄ ൅ 𝑟ଶሺ𝑧̄ሻ, 𝑡ሻ 

for sufficiently small 𝑧̄ ∈ 𝐾, where 𝐾 ⊆ 𝑟𝑖𝐾ீሺ⋅,௧ሻሺ𝑧ሻ, 𝑧 ൌ ሺ𝑥, 𝑤, 𝑣ሻ is a convex cone. Dividing by 𝛿 

this relation, we have 

𝑣 െ 𝑥
𝛿

൅
𝑣̄ െ 𝑥̄

𝛿
൅

𝑟ሺ𝑧̄ሻ െ 𝑟ଵሺ𝑧̄ሻ
𝛿

 

∈ 𝐹ሺ𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ, 𝑤 ൅ 𝑤̄ ൅ 𝑟ଶሺ𝑧̄ሻ, 𝑡ሻ. 

Note that the cone 𝐾ிሺ⋅,௧ሻሺ𝑥, 𝑤ሻ represents a local tent and  

ቀ𝑥̄, 𝑤̄, ௩̄ି௫̄

ఋ
ቁ ∈ 𝐾ிሺ⋅,௧ሻ ቀ𝑥, 𝑤, ௩ି௫

ఋ
ቁ.       (26) 

By analogy with relation (26) in the opposite direction, it is easy to verify that 

ሺ𝑥̄, 𝑤̄, 𝑣̄ሻ ∈ 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑤, 𝑣ሻ.        (27) 

Hence, we get the equivalence of (26) and (27). Now, 

 ሺ𝑥∗, 𝑤∗ሻ ∈ 𝐺 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣, ሻ, 𝑡ሻ,  𝑣 ∈ 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ, 

whereas  

 ⟨𝑥̄, 𝑥∗⟩ ൅ ⟨𝑤̄, 𝑤∗⟩ െ ⟨𝑣̄, 𝑣∗⟩ ൒ 0, ሺ𝑥̄, 𝑤̄, 𝑣̄ሻ ∈ 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑤, 𝑣ሻ.     (28) 

At once, we note that for arbitrariness of 𝑤̄ in (28), it follows that 𝑤∗ ൌ 0. 
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Let us rewrite cone 𝐾ிሺ⋅,௧ሻ ቀ𝑥, 𝑤, ሺ௩ି௫ሻ

ఋ
ቁ (see (26)) in the form 

⟨𝑥̄, 𝜃ଵ⟩ ൅ ⟨𝑤̄, 𝜃ଶ⟩ െ ർ௩̄ି௫̄

ఋ
, 𝑣∗඀ ൒ 0,                (29) 

ቀ𝑥̄, 𝑤̄, ௩̄ି௫̄

ఋ
ቁ ∈ 𝐾ிሺ⋅,௧ሻ ቀ𝑥, 𝑤, ௩ି௫

ఋ
ቁ.  

Multiplying (29) by 𝛿 as a result of a rearrangement, we have 

⟨𝑥̄, 𝛿𝜃ଵ ൅ 𝑣∗⟩ ൅ ⟨𝑤̄, 𝛿𝜃ଶ⟩ െ ⟨𝑣̄, 𝑣 ∗⟩ ൒ 0. 

Comparing this inequality with (28) means that 

𝜃ଵ ൌ ௫∗ି௩∗

ఋ
, 𝜃ଶ ൌ ௪∗

ఋ
ൌ 0. 

Then, from the equivalence of (28) and (29), it follows that 

ቀ௫∗ି௩∗

ఋ
, 0ቁ ∈ 𝐹 ∗ ቀ𝑣∗ ; ቀ𝑥, 𝑤, ሺ௩ି௫ሻ

ఋ
ቁ , 𝑡ቁ. 

Further, since 𝐺 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑤, 𝑣ሻ, 𝑡ሻ ് ∅, 𝑣 ∈ 𝐺஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ and 

𝐹 ∗ ቀ𝑣∗ ; ቀ𝑥, 𝑤, ௩ି௫

ఋ
ቁ , 𝑡ቁ ് ∅, 

ሺ௩ି௫ሻ

ఋ
∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ 

we have the needed result                                                            
Theorem 4.3 Let 𝐹ሺ⋅, 𝑡ሻ:ℝ௡ ⇉ ℝ௡  be a parameter-independent set-valued mapping such that the 
cone 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑣ሻ,  ሺ𝑥, 𝑣ሻ ∈ 𝑔𝑝ℎ𝐺ሺ⋅, 𝑡ሻ  of tangent directions to 𝐺ሺ𝑥, 𝑡ሻ ൌ 𝑥 ൅ 𝛿𝐹ሺ𝑥, 𝑡ሻ  defines a 

local tent. Then the following inclusions are equivalent: 

                   (a)      𝑥∗ ∈ 𝐺ሺ𝑣∗ ;ሺ 𝑥, 𝑣ሻ, 𝑡ሻ,  𝑣 ∈ 𝐺஺ሺ𝑥 ; 𝑣∗, 𝑡ሻ,  𝑣∗ ∈ ℝ௡, 

                  (b)   
௫∗ି௩∗

ఋ
∈ 𝐹∗ ቀ𝑣∗ ; ቀ𝑥, ௩ି௫

ఋ
ቁ , 𝑡ቁ, 

௩ି௫

ఋ
∈ 𝐹஺ሺ𝑥 ; 𝑣∗, 𝑡ሻ. 

Proof. It is clear that there are functions 𝑟ሺ𝑧̄ሻ, 𝑟௜ሺ𝑧̄ሻ , 𝑟௜ሺ𝑧̄ሻ‖𝑧̄‖ିଵ → 0 , 𝑧̄ ൌ ሺ𝑥̄, 𝑣̄ሻ  ሺ𝑖 ൌ 1,2ሻ , 
𝑟ሺ𝑧̄ሻ‖𝑧̄‖ିଵ → 0 as 𝑧̄ → 0, such that 

𝑣 ൅ 𝑣̄ ൅ 𝑟ሺ𝑧̄ሻ ∈ 𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ ൅ 𝛿𝐹ሺ𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ, 𝑡ሻ 

for small 𝑧̄ ∈ 𝐾 ⊆ 𝑟𝑖𝐾ீሺ⋅,௧ሻሺ𝑧ሻ, 𝑧 ൌ ሺ𝑥, 𝑣ሻ. Then, from the following convenient form of this relation, 

𝑣 െ 𝑥
𝛿

൅
𝑣̄ െ 𝑥̄

𝛿
൅

𝑟ሺ𝑧̄ሻ െ 𝑟ଵሺ𝑧̄ሻ
𝛿

∈ 𝐹ሺ𝑥 ൅ 𝑥̄ ൅ 𝑟ଵሺ𝑧̄ሻ, 𝑡ሻ 

it is easy to see that the cone 𝐾ிሺ⋅,௧ሻ ቀ𝑥, ሺ௩ି௫ሻ

ఋ
ቁ is a local tent to 𝑔𝑝ℎ𝐹. Furthermore, the inclusions  

ቀ𝑥̄, ௩̄ି௫̄

ఋ
ቁ ∈ 𝐾ிሺ⋅,௧ሻ ቀ𝑥, ௩ି௫

ఋ
ቁ and ሺ𝑥̄, 𝑣̄ሻ ∈ 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑣ሻ 
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are equivalent. Then, from a more convenient form of inequality 

⟨𝑥̄, 𝑥∗⟩ െ ⟨𝑣̄, 𝑣∗⟩ ൒ 0, ሺ𝑥̄, 𝑣̄ሻ ∈ 𝐾ீሺ⋅,௧ሻሺ𝑥, 𝑣ሻ 

in the form 

⟨𝑥̄, 𝜃⟩ െ ർ௩̄ି௫̄

ఋ
, 𝑣 ∗඀ ൒ 0, ቀ𝑥̄, ௩̄ି௫̄

ఋ
ቁ ∈ 𝐾ிሺ⋅,௧ሻ ቀ𝑥, ௩ି௫

ఋ
ቁ 

we find 𝜃 ൌ ሺ௫∗ି௩∗ሻ

ఋ
, which means that  

௫∗ି௩∗

ఋ
∈ 𝐹 ∗ ቀ𝑣∗ ; ቀ𝑥, ௩ି௫

ఋ
ቁ , 𝑡ቁ. 

Furthermore, we find that LAMs 𝐺 ∗ ሺ𝑣∗ ;ሺ 𝑥, 𝑣ሻ, 𝑡ሻ   and  𝐹 ∗ ቀ𝑣∗ ; ቀ𝑥, ሺ௩ି௫ሻ

ఋ
ቁ , 𝑡ቁ  are 

nonempty, if 𝑣 ∈ 𝐺஺ሺ𝑥 ; 𝑣∗, 𝑡ሻ and 
௩ି௫

ఋ
∈ 𝐹஺ሺ𝑥 ; 𝑣∗, 𝑡ሻ, respectively.                         

5. Optimality conditions for the PDA problem with parameter 

In this section, we will consider the PDA problem with the parameter, where we will rely on the 
results of Section 4. In terms of the former notations, we associate the discrete-approximate problem, 
in accordance with (4)–(6): 

minimize 𝐽ఋሾ𝑥ሺ⋅ሻሿ ൌ ∑ 𝛿𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ ൅ 𝑓଴ሺ𝑥ሺ𝑇ሻሻ௧ୀ଴,...,்ିఋ ,    (30) 

𝛥𝑥ሺ𝑡ሻ ∈ 𝐹ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ, 𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿,     (31) 

𝑥ሺ0ሻ ൌ 𝜃, 𝑥ሺ𝑇ሻ ∈ 𝑃, 𝑤 ∈ 𝑊. 

Now, using the mapping 𝐺ሺ𝑥, 𝑤, 𝑡ሻ ൌ 𝑥 ൅ 𝛿𝐹ሺ𝑥, 𝑤, 𝑡ሻ, we reduce the problem (30) and (31) to 
the following form, denoted as (PDA): 

minimize 𝐽ఋሾ𝑥ሺ⋅ሻሿ ൌ ∑ 𝛿𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ௧ୀ଴,...,்ିఋ ൅ 𝑓଴ሺ𝑥ሺ𝑇ሻሻ,    (32)  

(PDA)                𝑥ሺ𝑡 ൅ 𝛿ሻ ∈ 𝐺ሺ𝑥ሺ𝑡ሻ, 𝑤, 𝑡ሻ,  𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿, 

𝑥ሺ0ሻ ൌ 𝜃, 𝑥ሺ𝑇ሻ ∈ 𝑃.         (33) 

From Theorems 3.1 and 3.2, we obtain that for the optimal pair ሼሺ𝑥෤ሺ𝑡ሻ, 𝑤෥ሻ: 𝑡 ൌ 0, 𝛿, . . . , 𝑇ሽ of 
problem (32), (33), there are vectors ሼ𝑥∗ሺ𝑡ሻ: 𝑡 ൌ 0, 𝛿, . . . , 𝑇ሽ and the number 𝛼 ൌ 𝛼ఋ ∈ ሼ0,1ሽ such 
that 

ሺ𝑥∗ሺ𝑡ሻ,0ሻ ∈ 𝐺 ∗ ሺ𝑥∗ሺ𝑡 ൅ 𝛿ሻ, ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥෤ሺ𝑡 ൅ 𝛿ሻሻ, 𝑡ሻ 

െ𝛼𝛿𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൈ ሼ0ሽ; 𝜕𝑔ሺ𝑥෤ሺ0ሻ, 0ሻ ൌ ሼ0ሽ,  𝑡 ൌ 0, . . . , 𝑇 െ 𝛿;    (34) 

𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ ∈ 𝛼𝜕𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ, 𝑥௘

∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ.      (35) 

Theorem 5.1. Let PDA be a convex problem, and 𝑔ሺ⋅, 𝑡ሻ, 𝑓଴ሺ⋅ሻ be proper convex functions. Then, for 
a pair ሼ𝑥෤ሺ𝑡ሻ, 𝑤෥ሽ to be optimal, it is necessary that there are vectors 𝑥௘

∗, ሼ𝑥∗ሺ𝑡ሻ: 𝑡 ൌ 0, 𝛿, . . . , 𝑇ሽ and 
a number 𝛼 ൌ 𝛼ఋ ∈ ሼ0,1ሽ, satisfying inclusions (i) and transversality conditions (ii): 
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ሺ𝑖ሻ െ ሺ𝛥𝑥∗ሺ𝑡ሻ,0ሻ ∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡 ൅ 𝛿ሻ ;ሺ 𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝛥𝑥෤ሺ𝑡ሻሻ, 𝑡ሻ 

      െ𝛼𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൈ ሼ0ሽ; 𝜕𝑔ሺ𝑥෤ሺ0ሻ, 0ሻ ൌ ሼ0ሽ, 𝑡 ൌ 0, . . . , 𝑇 െ 𝛿; 

(ii) 𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ ∈ 𝛼𝜕𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ, 𝑥௘

∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ. 
And these conditions are also sufficient if the regularity condition is satisfied. 
Proof. In fact, by virtue of the relations (1), (2) of Theorem 4.1, conditions (34) takes the form 

ቀ௫∗ሺ௧ሻି௫∗ሺ௧ାఋሻ

ఋ
, 0ቁ ∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡 ൅ 𝛿ሻ ;ሺ 𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝛥𝑥෤ሺ𝑡ሻሻ, 𝑡ሻ     (36) 

െ𝛼𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൈ ሼ0ሽ, 𝜕𝑔ሺ𝑥෤ሺ0ሻ,0ሻ ൌ ሼ0ሽ, 𝑡 ൌ 0, . . . , 𝑇 െ 𝛿. 
We only note that the LAM is positively homogeneous in the first variable and, therefore, in (36), 

𝛿𝑥∗ሺ𝑡ሻ, it is again denoted by 𝑥∗ሺ𝑡ሻ. Considering (35) and (36) in the first-order discrete conditions, 
we obtain the required result.                                                                       
Theorem 5.2 If the problem PDA is non-convex and Condition (C) is satisfied for it, then for a pair 
ሼ𝑥෤ሺ𝑡ሻ, 𝑤෥ሽ to be an optimal pair of the problem, it is necessary that there exist a number 𝛼 ∈ ሼ0,1ሽ 
and vectors 𝑥∗, ሼ𝑥∗ሺ𝑡ሻሽ, satisfying conditions (i)-(ii) of Theorem 5.1 in the non-convex case. 

Theorem 5.3 Let the problem PDA be independent of the parameter w, i.e., 𝐹 ቀ𝑥, ௩ି௫

ఋ
, 𝑡ቁ  ,F x t . 

Then, the adjoint discrete inclusion (i) and the transversality condition (ii) of Theorem 5.1 are 
transformed as follows: 

           െ𝛥𝑥∗ሺ𝑡ሻ ∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡 ൅ 𝛿ሻ ;ሺ𝑥෤ሺ𝑡ሻ, 𝛥𝑥෤ሺ𝑡ሻሻ , 𝑡ሻ െ 𝛼𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ, 𝑡 ൌ 0, 𝛿, . . . , 𝑇 െ 𝛿;  

                𝜕𝑔ሺ𝑥෤ሺ0ሻ,0ሻ ൌ ሼ0ሽ;   𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ ∈ 𝛼𝜕𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ, 𝑥௘

∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ, 

respectively. 
Proof. According to condition (b) of Theorem 4.3, it is enough to recall that 

𝑥∗ሺ𝑡ሻ െ 𝑥∗ሺ𝑡 ൅ 𝛿ሻ
𝛿

∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡 ൅ 𝛿ሻ ;ሺ 𝑥෤ሺ𝑡ሻ, 𝛥𝑥෤ሺ𝑡ሻሻ, 𝑡ሻ െ 𝛼𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ, 

𝜕𝑔ሺ𝑥෤ሺ0ሻ,0ሻ ൌ ሼ0ሽ, 𝑡 ൌ 0, . . . , 𝑇 െ 𝛿, 

where 
ሺ௫∗ሺ௧ାఋሻି௫∗ሺ௧ሻሻ

ఋ
ൌ 𝛥𝑥∗ሺ𝑡ሻ. The proof of the theorem is completed.                        

6. Optimization of first-order DFIs with parameter 

In this section, the proof of sufficient optimality conditions for the parameter-dependent problem 
PC is mainly based on the results obtained in the preceding section. Specifically, in conditions (i) and 
(ii) of Theorem 5.1, we set 𝛼 ൌ 1 and formally pass to the limit as 𝛿 → 0, thereby establishing the 
adjoint DFI for the PC problem. The final step is to derive the sufficient optimality conditions. 

First, we formulate the adjoint DFIs for the convex problem (PC): 

         (i)   െ ቀௗ௫∗ሺ௧ሻ

ௗ௧
, 0ቁ ∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡ሻ ;ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥෤ ′ሺ𝑡ሻሻ , 𝑡ሻ  

                     െ𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൈ ሼ0ሽ, a.e.  𝑡 ∈ ሾ0, 𝑇ሿ, 
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         (ii)     transversality conditions at a point 𝑡 ൌ 𝑇:  

                  𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ ∈ 𝜕𝑓ሺ𝑥෤ሺ𝑇ሻሻ, 𝑥௘

∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ. 

Suppose that 𝑥∗ሺ𝑡ሻ , 𝑡 ∈ ሾ0, 𝑇ሿ  is an absolutely continuous function and 𝑥∗ᇱሺ⋅ሻ ∈ 𝐿ଵ
௡ሾ0, 𝑇ሿ. 

Besides, let the following condition be satisfied: 

         (iii)    
ௗ௫෤ሺ௧ሻ

ௗ௧
∈ 𝐹஺ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥ ; 𝑥∗ሺ 𝑡ሻ, 𝑡ሻ, a.e. 𝑡 ∈ ሾ0, 𝑇ሿ. 

Theorem 6.1 Suppose that 𝑔 :ℝ௡ൈ ሾ0, 𝑇ሿ → ℝଵ and 𝑓ሺ⋅ሻ are continuous and convex functions of  𝑥. 
Moreover, 𝐹ሺ⋅, 𝑡ሻ:ℝ௡ା௠ ⇉ ℝ௡ is a convex and bounded mapping. Then, for a trajectory 𝑥෤ሺ𝑡ሻ to be 
optimal in the PC problem, it suffices that there exists an adjoint function 𝑥∗ሺ𝑡ሻ,𝑡 ∈ ሾ0, 𝑇ሿ satisfying 
conditions (i)–(iii). 

Proof. By Theorem 2.1 [18] 𝐹 ∗ ሺ𝑣∗, ሺ𝑥, 𝑤, 𝑣ሻ, 𝑡ሻ ൌ 𝜕ሺ௫,௪ሻ𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ, 𝑣 ∈ 𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗, 𝑡ሻ. Then, in 

terms of Hamiltonian function 

െ ൬
𝑑𝑥∗ሺ𝑡ሻ

𝑑𝑡
, 0൰ ∈ 𝜕ሺ௫,௪ሻሾ𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻሿ 

െ𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൈ ሼ0ሽ,a.e. 𝑡 ∈ ሾ0, 𝑇ሿ.       (37) 

Next, by Proposition 2.315 [2], using the following subdifferential relation of the Hamiltonian function 
𝐻ி, we have 

𝜕ሺ௫,௪ሻሾ𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻሿ 

⊆ 𝜕௫𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൈ 𝜕௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ. 

Then the relation (37) means that 

െ
𝑑𝑥∗ሺ𝑡ሻ

𝑑𝑡
∈ 𝜕௫ൣ𝐻ி൫𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻ൯൧ െ 𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ,a.e. 𝑡 ∈ ሾ0, 𝑇ሿ; 

0 ∈ 𝜕௪ሾ𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻሿ,a.e. 𝑡 ∈ ሾ0, 𝑇ሿ.      (38) 

The first formula (38) using the definition of subdifferential has the form 

𝐻ிሺ𝑥ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ െ 𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ െ 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ ൅ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ   (39) 

൑ െ ൽ
𝑑𝑥∗ሺ𝑡ሻ

𝑑𝑡
, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻඁ , 𝑡 ∈ ሾ0, 𝑇ሿ. 

Therefore, given the definition, the Hamiltonian inequality (39) can be transformed into a new equality 

ൽ
𝑑𝑥ሺ𝑡ሻ

𝑑𝑡
, 𝑥∗ሺ𝑡ሻඁ െ ൽ

𝑑𝑥෤ሺ𝑡ሻ
𝑑𝑡

, 𝑥∗ሺ𝑡ሻඁ െ 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ ൅ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ 
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൑ െ ൽ
𝑑𝑥∗ሺ𝑡ሻ

𝑑𝑡
, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻඁ , 𝑡 ∈ ሾ0, 𝑇ሿ 

or  

𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൒ ർௗሺ௫ሺ௧ሻି௫෤ሺ௧ሻሻ

ௗ௧
, 𝑥∗ሺ𝑡ሻ඀ ൅ ർௗ௫∗ሺ௧ሻ

ௗ௧
, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻ඀. 

Finally 

𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൒ ௗ

ௗ௧
⟨𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻ, 𝑥∗ሺ𝑡ሻ⟩, 𝑡 ∈ ሾ0, 𝑇ሿ. 

Then it can be easily seen that 

න ሾ𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻሿ
்

଴
𝑑𝑡 ൒ න 𝑑⟨𝑥∗ሺ𝑡ሻ, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻ⟩

்

଴
 

ൌ ⟨𝑥∗ሺ𝑇ሻ, 𝑥ሺ𝑇ሻ െ 𝑥෤ሺ𝑇ሻ⟩ െ ⟨𝑥∗ሺ0ሻ, 𝑥ሺ0ሻ െ 𝑥෤ሺ0ሻ⟩. 

Therefore, given that 𝑥ሺ0ሻ ൌ 𝑥෤ሺ0ሻ ൌ 𝜃, we obtain 

׬ ሾ𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻሿ்
଴ 𝑑𝑡 ൒ ⟨𝑥∗ሺ𝑇ሻ, 𝑥ሺ𝑇ሻ െ 𝑥෤ሺ𝑇ሻ⟩.     (40) 

But it is easy to see that, from the transversality condition (ii) of the theorem, we can write 

𝑓଴ሺ𝑥ሺ𝑇ሻሻ െ 𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ ൒ ⟨𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ, 𝑥ሺ𝑇ሻ െ 𝑥෤ሺ𝑇ሻ⟩;  ⟨𝑥௘

∗, 𝑥ሺ𝑇ሻ െ 𝑥෤ሺ𝑇ሻ⟩ ൒ 0 

for all feasible trajectories 𝑥ሺ⋅ሻ at a point 𝑡 ൌ 𝑇. From here, we have 

𝑓଴ሺ𝑥ሺ𝑇ሻሻ െ 𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ ൒ െ⟨𝑥∗ሺ𝑇ሻ, 𝑥ሺ𝑇ሻ െ 𝑥෤ሺ𝑇ሻ⟩.     (41) 

 
Hence, summing up inequalities (40), (41), we obtain the desired result: 

න ሾ𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻሿ
்

଴
𝑑𝑡 ൅ 𝑓଴ሺ𝑥ሺ𝑇ሻሻ െ 𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ ൒ 0 

or 𝐽ሾ𝑥ሺ⋅ሻሿ ൒ 𝐽ሾ𝑥෤ሺ⋅ሻሿ for an arbitrary feasible trajectory 𝑥ሺ⋅ሻ. 
 

Corollary 6.1 Let 𝐹ሺ⋅, 𝑡ሻ ≡ 𝐺ሺ⋅, 𝑡ሻ:ℝ௡ ⇉ ℝ௡, and the conditions of Theorem 6.1 are satisfied. Then 
the adjoint DFI and the condition (iii) consist of the following 

 (i)    െ ௗ௫∗ሺ௧ሻ

ௗ௧
∈ 𝐺 ∗ ሺ𝑥∗ሺ𝑡ሻ ;ሺ𝑥෤ሺ𝑡ሻ, 𝑥෤ ′ሺ𝑡ሻሻ , 𝑡ሻ െ 𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ  a.e. 𝑡 ∈ ሾ0, 𝑇ሿ,  

 (ii)      𝑥௘
∗ െ 𝑥∗ሺ𝑇ሻ ∈ 𝜕𝑓଴ሺ𝑥ሺ𝑇ሻሻ, 𝑥௘

∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ, 

 (iii)      
ௗ௫෤ሺ௧ሻ

ௗ௧
∈ 𝐺஺ሺ𝑥෤ሺ𝑡ሻ ; 𝑥∗ሺ 𝑡ሻ, 𝑡ሻ,  a.e. 𝑡 ∈ ሾ0, 𝑇ሿ. 
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Proof. The proof is elementary and therefore skipped.                                     
Corollary 6.2. If F  is a closed mapping, then conditions (i)–(iii) of Theorem 6.1 can be rewritten in 
a more symmetric form. 
Proof. It is enough to prove that 

ௗ௫෤ሺ௧ሻ

ௗ௧
∈ 𝜕௩∗𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ, a.e. 𝑡 ∈ ሾ0, 𝑇ሿ.     (42) 

Indeed, by Lemma 3.1, the set argmaximum is a subdifferential 𝜕௩∗𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ, and inclusion 
(iii) is nothing other than inclusion (42). Therefore, the assertions of the corollary are equivalent to 
conditions (i)–(iii) of Theorem 6.1.                                                    
Remark 6.1 In this remark, we will try to compare the obtained results with Pontryagin’s maximum 
principle [34]. Assume that we have the following classical optimal control problem: 

minimie  𝐽ሾ𝑥ሺ⋅ሻሿ ൌ න 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ𝑑𝑡,
்

଴
 

𝑑𝑥ሺ𝑡ሻ
𝑑𝑡

ൌ 𝑓ሺ𝑥ሺ𝑡ሻ, 𝑢ሺ𝑡ሻ, 𝑤ሻ, 𝑎. 𝑒𝑡 ∈ ሾ0, 𝑇ሿ, 

𝑥ሺ0ሻ ൌ 𝜃, 𝑥ሺ𝑇ሻ ∈ 𝑃, 𝑢 ൌ 𝑢ሺ𝑡ሻ ∈ 𝑈, 

where 𝑈  is a convex compact and 𝑤 ∈ 𝑊 ൌ ℝ௠, 𝑤  is 𝑚 -dimensional vector-parameter, 𝑢ሺ𝑡ሻ  - 
from the class of piecewise continuous functions,  𝑔ሺ⋅, 𝑡ሻ  is continuous, 𝑓ሺ𝑥, 𝑢, 𝑤ሻ  is vector-
function with coordinates 𝑓௜, 𝑖 ൌ 1, . . . , 𝑛, which are continuous with respect to the set of variables, 
and continuously differentiable with respect to 𝑥௜,  𝑖 ൌ 1, . . . , 𝑛 . In other words, the functions 

𝑓௜ሺ𝑥, 𝑢, 𝑤ሻ, డ௙೔ሺ௫,௨,௪ሻ

௫ೕ , 𝑖, 𝑗 ൌ 1, . . . , 𝑛 are defined and continuous on the direct product ℝ௡ ൈ 𝑈 ൈ 𝑊. 

Additionally, assume that 
డ௙೔ሺ௫,௨,௪ሻ

௪ೕ
, 𝑖, 𝑗 ൌ 1, . . . , 𝑚 exist. 

In this case,  

𝐹ሺ𝑥, 𝑤, 𝑡ሻ ≡ 𝐹ሺ𝑥, 𝑤ሻ ൌ 𝑓ሺ𝑥, 𝑈, 𝑤ሻ, 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝑚𝑎𝑥
௨∈௎

⟨𝑣∗, 𝑓ሺ𝑥, 𝑢, 𝑤ሻ⟩, 

𝐹஺ሺ𝑥, 𝑤 ; 𝑣∗ሻ ൌ ሼ𝑣 ൌ 𝑓ሺ𝑥, 𝑢, 𝑤ሻ :⟨𝑣∗, 𝑓ሺ𝑥, 𝑢, 𝑤ሻ⟩ ൌ 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻሽ. 
If the maximum of the scalar product ⟨𝑣∗, 𝑓ሺ𝑥, 𝑢, 𝑤ሻ⟩ in the Hamiltonian function 𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ for 
fixed values 𝑥, 𝑣∗ and w is denoted by 𝛭ሺ𝑥, 𝑤, 𝑣∗ሻ, that is,  

𝛭ሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝑚𝑎𝑥
௨∈௎

⟨𝑣∗, 𝑓ሺ𝑥, 𝑢, 𝑤ሻ⟩, 

then, under condition (iii) of Theorem 6.1, we obtain that for any 𝑡 ∈ ሾ0, 𝑇ሿ , the function 
⟨𝑥∗ሺ𝑡ሻ, 𝑓ሺ𝑥෤ሺ𝑡ሻ, 𝑢, 𝑤෥ሻ⟩ of the variable 𝑢 ∈ 𝑈 reaches its maximum at the point 𝑢 ൌ 𝑢ሺ𝑡ሻ: 

𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൌ 𝛭ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ 

or in more detail 

𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൌ ∑ 𝑥௞
∗ሺ𝑡ሻ𝑓௞ሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥ሻ௡

௞ୀଵ , that 𝑥∗ሺ𝑡ሻ ൌ ሺ𝑥ଵ
∗ሺ𝑡ሻ, . . . , 𝑥௡

∗ ሺ𝑡ሻሻ. 
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Thus, since on the definition of LAM, 𝑥∗ ൌ 𝑓 ′௫ ∗ ሺ𝑥, 𝑢, 𝑤ሻ𝑣∗, where the matrix 𝑓 ′௫ ∗ is the 
transpose of the matrix 𝑓 ′௫, then using the first equation (38), the adjoint equation has the form 

𝑑𝑥∗ሺ𝑡ሻ
𝑑𝑡

ൌ െ𝑓 ′௫ ∗ ሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥ሻ𝑥∗ሺ𝑡ሻ ൅ 𝜕𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ,a.e. 𝑡 ∈ ሾ0, 𝑇ሿ. 

On the other hand, by the second relation of (38) 

0 ∈ 𝜕௪ൣ𝐻ி൫𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻ൯൧,  a.e.  𝑡 ∈ ሾ0, 𝑇ሿ, 

where 𝜕௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൌ ሼ𝛻௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻሽ , it follows that in a more expanded form 

𝛻௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ 

ൌ ቀ∑ 𝑥௞
∗ሺ𝑡ሻ డ௙ೖሺ௫෤ሺ௧ሻ,௨෥ሺ௧ሻ,௪෥ ሻ

డ௪భ
, . . . . , ∑ 𝑥௞

∗ሺ𝑡ሻ డ௙ೖሺ௫෤ሺ௧ሻ,௨෥ሺ௧ሻ,௪෥ ሻ

డ௪೘

௡
௞ୀଵ

௡
௞ୀଵ ቁ. 

Now, since 𝛻௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ is the only subgradient of 𝜕௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ, it follows 
that  𝛻௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൌ 0 or it is easy to see that, equivalently  

∑ 𝑥௞
∗ሺ𝑡ሻ డ௙ೖሺ௫෤ሺ௧ሻ,௨෥ሺ௧ሻ,௪෥ ሻ

డ௪ೕ
ൌ 0௡

௞ୀଵ , 𝑗 ൌ 1,2, . . . , 𝑚. 

Theorem 6.2 Let 𝑔 :ℝ௡ൈ ሾ0, 𝑇ሿ → ℝଵ and 𝑓ሺ⋅ሻ be non-convex functions with respect to x, and let 
𝐹 be a non-convex mapping, and  𝐾ிሺ⋅,௧ሻሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥෤ ′ሺ𝑡ሻሻ, 𝐾௉ሺ𝑥෤ሺ𝑇ሻሻ, 𝑥෤ሺ𝑇ሻ ∈ 𝑃 be local tents. Then 
for the trajectory 𝑥෤ሺ𝑡ሻ, 𝑡 ∈ ሾ0, 𝑇ሿ  to be optimal, it is sufficient that there exists an absolutely 
continuous function 𝑥∗ሺ𝑡ሻ,𝑡 ∈ ሾ0, 𝑇ሿ satisfying the conditions of Theorem 6.1 in this case: 

(i)  െ ቀௗ௫∗ሺ௧ሻ

ௗ௧
െ 𝑥∗ሺ𝑡ሻ,0ቁ ∈ 𝐹 ∗ ሺ𝑥∗ሺ𝑡ሻ ;ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥෤ ′ሺ𝑡ሻሻ , 𝑡ሻ,a.e.𝑡 ∈ ሾ0, 𝑇ሿ, 

(ii)     
ௗ௫෤ሺ௧ሻ

ௗ௧
∈ 𝐹஺ሺ𝑥෤ሺ𝑡ሻ, 𝑤෥ ; 𝑥∗ሺ 𝑡ሻ, 𝑡ሻ, a.e. 𝑡 ∈ ሾ0, 𝑇ሿ, 

(iii)   𝑔ሺ𝑥, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൒ ⟨𝑥∗ሺ𝑡ሻ, 𝑥 െ 𝑥෤ሺ𝑡ሻ⟩, 𝑡 ∈ ሾ0, 𝑇ሿ , ∀𝑥 ∈ ℝ௡, 

(iv)        𝑓଴ሺ𝑥ሻ െ 𝑓଴ሺ𝑥෤ሺ𝑇ሻሻ ൒ െ⟨𝑥∗ሺ𝑇ሻ, 𝑥 െ 𝑥෤ሺ𝑇ሻ⟩, 𝑥௘
∗ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ. 

Proof. By condition (i) and the definition of LAM, we can write 

ൽ
𝑑𝑥ሺ𝑡ሻ

𝑑𝑡
, 𝑥∗ሺ𝑡ሻඁ െ ൽ

𝑑𝑥෤ሺ𝑡ሻ
𝑑𝑡

, 𝑥∗ሺ𝑡ሻඁ 

൑ െ ൽ
𝑑𝑥∗ሺ𝑡ሻ

𝑑𝑡
, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻඁ ൅ ⟨𝑥∗ሺ𝑡ሻ, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻ⟩, 𝑡 ∈ ሾ0, 𝑇ሿ, 

from where, according to condition (i), for 𝑥 ൌ 𝑥ሺ𝑡ሻ, we obtain 

𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ െ 𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ ൒ ർௗሺ௫ሺ௧ሻି௫෤ሺ௧ሻሻ

ௗ௧
, 𝑥∗ሺ𝑡ሻ඀ ൅ ർௗ௫∗ሺ௧ሻ

ௗ௧
, 𝑥ሺ𝑡ሻ െ 𝑥෤ሺ𝑡ሻ඀.   (43) 
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The proof is a direct consequence of the last inequality (43).                                
Clearly, for a convex problem, condition (iii) of Theorem 6.2 is equivalent to condition 𝑥∗ሺ𝑡ሻ ∈

𝜕௫𝑔ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ  together with (iii) of Theorem 6.1. Furthermore, it is straightforward to verify that 
conditions (i) and (ii) of Theorem 6.1 correspond exactly to conditions (i) and (ii) of Theorem 6.2, 
respectively. To conclude, let us examine the following example of optimal control: 

minimize 𝐽ሾ𝑥ሺ⋅ሻሿ ൌ ׬ 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ𝑑𝑡
்

଴ , 

(PL)                        𝑥 ′ሺ𝑡ሻ ൌ 𝐴଴𝑥ሺ𝑡ሻ ൅ 𝐴ଵ𝑤 ൅ 𝐵𝑢ሺ𝑡ሻ, 𝑎. 𝑒.  𝑡 ∈ ሾ0, 𝑇ሿ,  

                              𝑥ሺ0ሻ ൌ 𝜃, 𝑥ሺ𝑇ሻ ∈ 𝑃,                                                          

where 𝑔  is continuously differentiable with respect to 𝑥 , 𝐴௜ , 𝑖 ൌ 0,1  and 𝐵  are matrices of 
dimensions 𝑛 ൈ 𝑛 and 𝑛 ൈ 𝑟, respectively, and 𝑈 ⊆ ℝ௥ is a convex compact. It is required to find 
the trajectory 𝑥෤ሺ𝑡ሻ corresponding to the control function 𝑢෤ሺ𝑡ሻ ∈ 𝑈. 
Let us rewrite this problem as follows:                                   

minimize 𝐽ሾ𝑥ሺ⋅ሻሿ ൌ ׬ 𝑔ሺ𝑥ሺ𝑡ሻ, 𝑡ሻ𝑑𝑡
்

଴ , 

𝑥 ′ሺ𝑡ሻ ∈ 𝐹ሺ𝑥ሺ𝑡ሻ, 𝑤ሻ, 𝑎. 𝑒.  𝑡 ∈ ሾ0, 𝑇ሿ,      (44) 

𝑥ሺ0ሻ ൌ 𝜃, 𝑥ሺ𝑇ሻ ∈ 𝑃, 

𝐹ሺ𝑥, 𝑤ሻ ൌ 𝐴଴𝑥 ൅ 𝐴ଵ𝑤 ൅ 𝐵𝑈, 

where an admissible arc 𝑥ሺ⋅ሻ  is an absolutely continuous function, together with the first-order 
derivatives for which 𝑥∗ᇱሺ⋅ሻ ∈ 𝐿ଵ

௡ሺሾ0, 𝑇ሿሻ. 
Theorem 6.3 An arc ( )x t  corresponding to a control function 𝑢෤ሺ𝑡ሻ and a parameter w  minimizes 

𝐽ሾ𝑥ሺ⋅ሻሿ  in a linear problem (PL) with a parameter if there exists a function 𝑥∗ሺ𝑡ሻ  satisfying the 
adjoint differential equation, transversality and Pontryagin conditions with respect to the control 
function 𝑢෤ሺ𝑡ሻ and the parameter 𝑤෥: 

ௗ௫∗ሺ௧ሻ

ௗ௧
ൌ െ𝐴଴ ∗ 𝑥∗ሺ𝑡ሻ ൅ 𝑔′ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ,  a.e.  𝑡 ∈ ሾ0, 𝑇ሿ; 

𝑥∗ሺ𝑇ሻ ∈ 𝐾 ∗௉ ൫𝑥෤ሺ𝑇ሻ൯; 𝐴ଵ ∗ 𝑥∗ሺ𝑡ሻ ൌ 0, 

⟨𝐵𝑢෤ሺ𝑡ሻ, 𝑥∗ሺ𝑡ሻ⟩ ൌ 𝑚𝑎𝑥
௨∈௎

⟨𝐵𝑢, 𝑥∗ሺ𝑡ሻ⟩, 𝑡 ∈ ሾ0, 𝑇ሿ.
 

Proof. Considering that 𝐹ሺ𝑥, 𝑤ሻ ≡ 𝐴଴𝑥 ൅ 𝐴ଵ𝑤 ൅ 𝐵𝑈 for the problem (44), we calculate that 

𝐻ிሺ𝑥, 𝑤, 𝑣∗ሻ ൌ 𝑠𝑢𝑝
௩

ሼ⟨𝑣, 𝑣∗⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤ሻሽ 

ൌ 𝑠𝑢𝑝
௩

ሼ⟨𝐴଴𝑥 ൅ 𝐴ଵ𝑤 ൅ 𝐵𝑢, 𝑣∗⟩ : 𝑣 ∈ 𝐹ሺ𝑥, 𝑤ሻሽ 
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ൌ ⟨𝑥, 𝐴଴ ∗ 𝑣∗⟩ ൅ ⟨𝑤, 𝐴ଵ ∗ 𝑣∗⟩ ൅ 𝑠𝑢𝑝
௨

ሼ⟨𝐵𝑢, 𝑣∗⟩ : 𝑢 ∈ 𝑈ሽ, 

where 𝐴 ∗ is the transpose of matrix 𝐴. Furthermore, by Theorem 2.1 [18], we have 

𝐹 ∗ ሺ𝑣∗ ;ሺ 𝑥෤, 𝑤෥, 𝑣෤ሻሻ=൜
ሺ𝐴଴ ∗ 𝑣∗, 𝐴ଵ ∗ 𝑣∗ሻ, െ𝐵 ∗ 𝑣∗ ∈ 𝐾௎ ∗ ሺ𝑢෤ሻ,

∅, െ𝐵 ∗ 𝑣∗ ∉ 𝐾௎ ∗ ሺ𝑢෤ሻ,
    (45) 

where 𝑣෤ ൌ 𝐴଴𝑥෤ ൅ 𝐴ଵ𝑤෥ ൅ 𝐵𝑢෤, 𝑢෤ ∈ 𝑈. Hence, applying (45) and relations (i), (ii) of Theorem 6.1, we 
obtain the linear adjoint equation  

െ ௗ௫∗ሺ௧ሻ

ௗ௧
ൌ 𝐴଴ ∗ 𝑥∗ሺ𝑡ሻ െ 𝑔′ሺ𝑥෤ሺ𝑡ሻ, 𝑡ሻ,a.e.𝑡 ∈ ሾ0, 𝑇ሿ.    (46) 

Since 𝑓଴ሺ⋅ሻ ≡ 0 and so 𝑥௘
∗ ൌ 𝑥∗ሺ𝑇ሻ, transversality conditions (ii) of Theorem 6.1 are as follows: 

𝑥∗ሺ𝑇ሻ ∈ 𝐾௉ ∗ ሺ𝑥෤ሺ𝑇ሻሻ.        (47) 

Moreover, the Pontryagin maximum principle of theorem is an immediate consequence of the 
conditions (iii) of Theorem 6.1 and formula (45). Indeed, the condition െ𝐵 ∗ 𝑣∗ ∈ 𝐾௎ ∗ ሺ𝑢෤ሻ means 

that 𝑠𝑢𝑝
௨∈௎

⟨𝐵𝑢, 𝑣∗⟩ ൌ ⟨𝐵𝑢෤, 𝑣∗⟩, and finally, 

⟨𝐵𝑢෤ሺ𝑡ሻ, 𝑥∗ሺ𝑡ሻ⟩ ൌ 𝑠𝑢𝑝
௨∈௎

⟨𝐵𝑢, 𝑥∗ሺ𝑡ሻ⟩, 𝑡 ∈ ሾ0, 𝑇ሿ. 

Let us interpret the condition 0 ∈ 𝜕௪ሾ𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻሿ. From the form of the Hamiltonian 
function, it is clear that its subdifferential contains a single subgradient and therefore 
𝛻௪𝐻ிሺ𝑥, 𝑢, 𝑤, 𝑣∗ሻ ൌ 𝐴ଵ ∗ 𝑣∗ ൌ 0 or 𝛻௪𝐻ிሺ𝑥෤ሺ𝑡ሻ, 𝑢෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻሻ ൌ 0 and 𝐴ଵ ∗ 𝑥∗ሺ𝑡ሻ ൌ 0. 

Then, by this maximum principle and relations (46), (47), we have the desired result. In this case, 
the condition regarding the parameter w has the following form (see the second relation (38)) 0 ∈
𝜕௪ൣ𝐻ி൫𝑥෤ሺ𝑡ሻ, 𝑤෥, 𝑥∗ሺ𝑡ሻ൯൧, a.e. 𝑡 ∈ ሾ0, 𝑇ሿ. The proof is completed.                             
Remark 6.2. In general, problems with parameters are widely used in optimization problems in 
mathematics. The paper considers the optimization of the first-order DFI with a parameter. To obtain 
a sufficient optimality condition in the form of Euler–Lagrange, a discretized method is used. To 
transition from the optimality condition of a discrete problem to the optimality of a continuous problem, 
the key idea is the results on the equivalence of LAM of these problems. Thus, it is concluded that the 
proposed method is reliable for solving the various optimization problems with “higher-order” DFIs 
and parameters. At the same time, one might superficially think that by replacing variables, one can 
always move to a first-order system. However, this operation can cause side effects; performing a 
classical transformation to first-order form can destroy some properties of controllability and 
observability. As an example, recall the time-optimal control problem expressing Newton’s second law 
or “The fastest train stop at a station”, described by the equation 𝑥ᇱᇱ ൌ 𝑢, |𝑢| ൑ 1. This problem, due 
to the lack of “higher-order optimization” with the help of additional variables, is reduced to a system 
of equations, the reason for which is that the Pontryagin maximum principle is valid only for first-
order controllable systems. Moreover, this example shows that it is advisable to study the optimal 
control problem with a second/higher-order differential equation without reducing it to a system of 
first-order differential equations. Thus, unlike the traditional method developed to solve such a 
problem, it makes sense to conduct a study not in the phase space 𝑥ଵ0𝑥ଶ but in the plane 𝑥𝑡; in both 
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cases, the member of the family of solutions consists of pieces of two parabolas. In this case, since this 
equation is of even order, then without changing the sign, the adjoint equation in Pontryagin’s terms 
has the form 𝜓ᇱᇱ ൌ 0. Moreover, the main results of this work can be generalized to the case of partial 
differential inclusions.                                                              
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