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Abstract: Fusion regularized clustering has gained considerable attention for its ability to perform
clustering without prior knowledge of the number of clusters. However, its performance deteriorates in
high-dimensional settings due to redundant or noisy features. To address this issue, we propose a novel
group sparsity-based fusion regularized clustering model, termed GSFRC, which enables both accurate
clustering and informative feature selection. Specifically, GSFRC introduces a bi-level group sparsity
regularizer that integrates an inter-group sparsity term (l2,p-norm) and an intra-group sparsity term (lq-
norm) to capture both global and local feature structures, where the parameters p and q are chosen
from the interval [0, 1). In theory, we establish the necessary Karush–Kuhn–Tucker (KKT) optimality
conditions for the resulting nonconvex and non-Lipschitz optimization problem. In the algorithm,
we develop an efficient scheme based on the alternating direction method of multipliers (ADMM),
and we provide a rigorous global convergence analysis under mild conditions. Extensive experiments
demonstrate that the proposed method achieves superior clustering accuracy, stronger feature selection
capability, and higher robustness compared with existing fusion regularized clustering approaches.
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1. Introduction

Clustering serves as an essential task in machine learning, statistics, and data science, aiming to
partition data into meaningful groups based on similarity or underlying structure. Common methods,
including K-means clustering [1], hierarchical clustering [2], spectral clustering [3], and subspace
clustering [4], are typically sensitive to initialization and require a known number of clusters. In
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contrast, fusion regularized clustering (FRC) overcomes both limitations and has been widely applied
in many fields, such as genomics [5], image processing [6], and finance [7].

The FRC, known as clusterpath, sum-of-norms clustering, and convex clustering, which was first
proposed by [8–10]. Given a data matrix A ∈ Rn×d with n observations and d features, the fundamental
FRC aims to solve the following optimization problem:

min
X

F(X) :=
1
2

n∑
i=1

∥Xi· − Ai·∥
2
2 + α

∑
i<i′
ωι∥Xi· − Xi′·∥2, (1.1)

where X ∈ Rn×d is a centroid matrix and α > 0 is a tuning parameter. The fusion weight ωι is
conventionally defined for a positive constant ϕ as

ωι =

 exp(−ϕ∥Ai· − Ai′·∥
2
2), if (i, i′) ∈ ϵ

0, otherwise
,

where ϵ = ∪n
i=1{(i, i

′) | Ai′· is among Ai·’s k-nearest neighbors, 1 ≤ i < i′ ≤ n}. When two observations
Ai· and Ai′· are connected by an edge (i, i′), the l2-norm penalty fuses Xi· and Xi′· together and is thus
termed the fusion penalty or fusion regularization. By tuning α for (1.1), the number of clusters can be
determined automatically without prespecification.

Although extensive research has been established on the exact recovery guarantees, statistical
properties, and optimization algorithms of FRC [11–15], its clustering performance may degrade in
the presence of substantial noise, particularly in high-dimensional settings (where d ≫ n). To address
the curse of dimensionality, conventional dimension reduction techniques like projection or matrix
factorization map data to lower-dimensional representations, at the expense of feature transparency as
original features are transformed into latent components. Additionally, the critical yet challenging
task of factor ranking in practice can significantly influence the final results [5]. In comparison, lasso
regularization method preserves the original features while automatically inducing sparsity, thereby
enhancing model interpretability. Building on this principle, Wang et al. [16] introduced sparse
convex clustering via an inter-group lasso penalty, i.e.,

min
X

F(X) + γ
d∑

j=1

β j∥X· j∥2, (1.2)

where γ > 0 controls feature sparsity and β j weights feature importance. Feature selection is achieved
by appropriately increasing γ, which forces the l2-norm of noise features to zero. Meanwhile, the
resulting cluster centroid X̃ is essentially a low-dimensional representation of the original feature space.

Besides, intra-group sparsity is ubiquitous in real-world applications [17–23]. For example, a
biological pathway may be associated with the development of a specific cancer, but not every gene
within the pathway is necessarily involved or activated [17]. To capture this bi-level sparsity structure,
Chen et al. [14] enhanced feature selection by combining inter-group lasso and intra-group lasso
penalties, which is formulated as

min
X

F(X) + γ
d∑

j=1

(
(1 − η)β j∥X· j∥2 + η∥X· j∥1

)
, (1.3)
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where l1-norm induces element-wise sparsity by selecting local information from individual features
and tuning parameter η ∈ [0, 1] balances two sparsity terms. Currently, this group sparsity or double
sparsity structure has demonstrated excellent performance in unsupervised learning [19, 20],
bioinformatics [21], and wireless communications [22, 23]. In fact, the l1-norm acts as a convex
approximation of the lq-norm (q ∈ [0, 1)), often introducing bias in variable selection. Numerous
studies have shown that the non-convex lq-norm, by virtue of its distinctive geometric properties,
promotes stronger sparsity and more effective variable selection by aggressively shrinking noise while
preserving salient features [24–28]. However, no existing FRC work has explored the group sparsity
combined by both l2,p-norm and lq-norm, where both p and q lie in [0, 1).

Motivated by the above idea, we propose the following group sparsity-based fusion regularized
clustering model, i.e., GSFRC,

min
X

1
2
∥X − A∥2F + α

∑
ι∈ϵ

ωι∥(DX)ι·∥2 + γ
(
(1 − η)∥Xβ∥p2,p + η∥X∥

q
q
)
, (1.4)

where the pairwise difference (DX)ι· = Xi· − Xi′· for edge ι = (i, i′) ∈ ϵ and directed difference matrix
D ∈ R|ϵ|×n such that the first two terms correspond to the matrix form of F(X) in (1.1). For p ∈ [0, 1)
and q ∈ [0, 1), ∥Xβ∥p2,p =

∑d
j=1 ∥(Xβ)· j∥

p
2 and ∥X∥qq =

∑n
i=1
∑d

j=1 |Xi j|
q are the so-called l2,p-norm and

lq-norm, respectively. Unlike the models mentioned above, our group sparsity incorporates both inter-
group sparsity (via l2,p-norm) and intra-group sparsity (via lq-norm). The diagonal weighting matrix
β = Diag(β1, β2, β3, · · · , βd) with user-specified positive entries β j for j ∈ [d], adaptively adjusts
feature importance. See Algorithm 2 in Supplementary Material (Section I) for the specific adjustment
scheme. Each term in (1.4) has a distinct role. The first term performs data fitting to bring the centroids
Xi· closer to their respective observations Ai·. The second term induces clustering by enforcing shared
centroids for edge-connected observations. Under tuning parameters α and sparse weights ωι, this
term drives Ai· and Ai′· to belong to the same cluster when Xi· = Xi′· holds. The last two terms enable
feature selection. The roles of parameters α, γ, and η are explained above, while their tuning effects
are validated in Section 5.
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(a) Centroid X̃ from l2,1 + l1
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(b) Centroid X̃ from l2,p + lq

Figure 1. Visualization of the resulting centroid matrix X̃ by sparse group lasso and our
proposed group sparsity on Dartboard1. Subfigure (1a) identifies 3 features, while Subfigure
(1b) identifies 2 features with enhanced sparsity.

Similar to the sparse group lasso in (1.3), we employ the l2,p-norm and lq-norm to characterize
feature-wise and element-wise sparsity, respectively. Nevertheless, the feature subsets selected by our
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group-sparsity method differ from those of sparse group lasso, as demonstrated in Figure 1. This
difference influences the clustering results to some extent. Furthermore, the non-convexity and non-
Lipschitzness of the group-sparsity term pose significant challenges to the convergence analysis of the
optimization algorithm.

The primary contributions of this paper are fourfold:

1) We propose a novel GSFRC model to achieve automatic clustering without predefining the number
of clusters while simultaneously enabling feature selection. It effectively overcomes the feature
selection bias inherent in traditional lasso-type methods, significantly improving the accuracy and
robustness.

2) We derive a KKT necessary optimality condition for the resulting non-convex and non-Lipschitz
problem by using the spatial decomposition technique, which provides theoretical support for
convergence analysis.

3) We design a 2-block ADMM algorithm that admits closed-form solutions for each subproblem. The
global convergence of the algorithm is theoretically guaranteed under reasonable conditions.

4) We conduct extensive numerical experiments on six datasets to evaluate the clustering
performance and feature selection capability of GSFRC. Besides, ablation studies are performed,
and the model’s stability, parameter sensitivity, convergence behavior, and runtime comparison are
discussed to further demonstrate the effectiveness of GSFRC.

The paper is structured as follows: Section 2 introduces the notations and preliminary knowledge.
The optimality conditions of GSFRC are detailed in Section 3. Section 4 devises the optimization
algorithm with convergence and complexity analysis. Experimental results and discussions are
demonstrated in Section 5, followed by conclusions in Section 6.

2. Preliminaries

This section begins with a summary of all notations and key terminology, followed by a presentation
of the closed-form solutions for the proximal operators of specific lq-norms.

2.1. Notations and terminology

Let A ∈ Rn×d be a matrix. We denote its i-th row, j-th column, and (i, j)-th element by Ai·, A· j, and
Ai j, respectively. The Frobenius norm of matrix A is defined as ∥A∥F =

(∑n
i=1
∑d

j=1 A2
i j
)1/2.

Analogously, the l2-norm of vector Ai· is defined as ∥Ai·∥2 =
(∑d

j=1 A2
i j
)1/2. For a set Ω ⊂ Rn×d, let

dist(A,Ω) = infB∈Ω ∥B − A∥F . Furthermore, we use [d] for the set {1, 2, . . . , d}. Unless otherwise
specified, I represents the identity matrix of the appropriate dimension.

The Kurdyka–Łojasiewicz (KŁ) property plays an important role in proving the strong convergence
of ADMM algorithms for non-convex optimization problems. Before introducing the uniform KŁ
property, we first establish the necessary notation.

Let ℘̄ be the set of concave functions ℘ : [0, ν)→ R+ that satisfy (i) ℘(0) = 0; (ii) ℘ is continuously
differentiable on (0, ν) and continuous at 0; (iii) ℘′(s) > 0,∀s ∈ (0, ν). For example, ℘(s) = cs1−θ̄ with
c > 0, s ≥ 0, and θ̄ ∈ [0, 1) [29, 30].
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Definition 2.1. ( [31]) Suppose that Φ(·) : Rn×d → R is a proper lower semicontinuous function, Φ∗

is a constant, and Ω is a compact set. If Φ(A) ≡ Φ∗ for ∀A ∈ Ω and satisfies the KŁ property at each
point of Ω. Then, there exist ε > 0, ν > 0, and ℘ ∈ ℘̄ such that

℘′
(
Φ(A) − Φ∗

)
dist
(
0, ∂Φ(A)

)
≥ 1,

for ∀A ∈
{
Rn×d | dist(A,Ω) < ε and Φ∗ < Φ(A) < Φ∗ + ν

}
. Moreover, if Φ(·) satisfies the KŁ property

at each point of dom
(
∂Φ(·)

)
, then Φ(·) is called a KŁ function.

2.2. Proximal operators

For a proper closed function Φ(·) : Rn×d → R, its proximal operator ProxΦ(·) is defined by

ProxΦ(A) = arg min
B∈Rn×d

{
Φ(B) +

1
2
∥B − A∥2F

}
.

Lemma 2.2. ( [32]) If Φ : Rn×d → R is proper closed, convex, and separable,

Φ(A) =
n∑

i=1

Φi(Ai·),

with Φi being proper closed and convex univariate functions, then

ProxΦ(A) =
[
ProxΦi(Ai·)

]n
i=1.

It follows from the calculus rule in Lemma 2.2 and [32] that the proximal operator of λ∥ · ∥2,1 can
be computed as

Proxλ∥·∥2,1(A) =
[
Proxλ∥·∥2(Ai·)

]n
i=1

=
[(

1 −
λ

max{∥Ai·∥2, λ}

)
Ai·

]n
i=1
,

where λ > 0 and λ∥A∥2,1 = λ
∑n

i=1 ∥Ai·∥2.
Moreover, since both the l2,p-norm and lq-norm are intrinsically linear combinations of | · |s for

s ∈ [0, 1), we subsequently present only the proximal operator for | · |s.
For given scalars λ > 0, a ∈ R, and s ∈ [0, 1),

Proxλ|·|s(a) = arg min
b∈R

1
2

(b − a)2 + λ|b|s

=


{0}, |a| < κ(λ, s)
{0, sgn(a) f (λ, s)}, |a| = κ(λ, s){
sgn(a)ϖs(|a|)

}
, |a| > κ(λ, s)

,

(2.1)

where

κ(λ, s) = (2 − s)λ
1

2−s
(
2(1 − s)

) 1−s
s−2 , f (λ, s) =

(
2λ(1 − s)

) 1
2−s ,
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ϖs(a) ∈
{
b | b − a + λs sgn(b)bs−1 = 0, b > 0

}
, sgn(a) =


1, if a > 0
0, if a = 0
−1, if a < 0

.

When s takes values of 0, 1/2, or 2/3, closed-form solutions for the corresponding proximal
operator can be derived from (2.1). When s takes other values in [0, 1), the efficient algorithms
proposed in [33, 34] can be employed. See [33] for further details.

3. Optimality conditions

For better describing optimality conditions, we recast (1.4) as the following equivalent constrained
problem:

min
X,E,F

1
2
∥X − A∥2F + g(E) + r(F)

s.t. DX = E, X = F,
(3.1)

where g(E) = α
∑
ι∈ϵ ωι∥(E)ι·∥2 and r(F) = γ

(
(1 − η)∥Fβ∥p2,p + η∥F∥

q
q
)
.

The Lagrangian function of (3.1), with multipliers P ∈ R|ϵ|×d and G ∈ Rn×d, is given by

L(X, E, F; P,G)

=
1
2
∥X − A∥2F + g(E) + r(F) + ⟨P, DX − E⟩ + ⟨G, X − F⟩.

Definition 3.1. A point (X̃, Ẽ, F̃) is said to be a KKT point of (3.1) provided that there exist matrices
P̃ ∈ R|ϵ|×d and G̃ ∈ Rn×d such that 

0 = X̃ − A + D⊤ P̃ + G̃,
0 ∈ ∂g(Ẽ) − P̃,
0 ∈ ∂r1(F̃) + ∂r2(F̃) − G̃,
0 = DX̃ − Ẽ,
0 = X̃ − F̃,

where r1(F̃) = γ(1 − η)∥F̃β∥p2,p and r2(F̃) = γη∥F̃∥qq.

Note that, in the derivation of KKT conditions, ∂(r1(F̃) + r2(F̃)) , ∂r1(F̃) + ∂r2(F̃) for general
non-differentiable functions. However, the specific structures of r1(·) and r2(·) in this paper admit
a particular separability rule for the subdifferential. The following theorem elaborates this rule and
further establishes the necessity of the KKT conditions for optimality.

Theorem 3.2. If (X̃, Ẽ, F̃) is a local minimizer of (3.1), then it is also a KKT point of (3.1).

Proof. (X̃, Ẽ, F̃) being a local minimizer of (3.1) implies that X̃ is a local minimizer of (1.4), DX̃ = Ẽ,
as well as X̃ = F̃. According to Fermat’s rule [35, Theorem 10.1], the optimality condition of (1.4) is

0 ∈ X̃ − A + ∂
(
g(X̃) + r(X̃)

)
,

Journal of Industrial and Management Optimization Volume 22, Issue 1, 44–69.



50

where g(X̃) = α
∑
ι∈ϵ wι∥(X̃)ι·∥2 and r(X̃) = r1(X̃) + r2(X̃).

Due to [35, Definition 9.1 and Exercise 10.10] and the strict continuity of g(·), we have

0 ∈ X̃ − A + D⊤∂g(X̃) + ∂r(X̃). (3.2)

Further, we demonstrate the separability of ∂r(·) with respect to r1(·) and r2(·).
Define

I1 =
{
j | ∥X̃· j∥2 , 0, |supp(X̃· j)| = n

}
,

I2 =
{
j | ∥X̃· j∥2 , 0, |supp(X̃· j)| < n

}
,

I3 =
{
j | ∥X̃· j∥2 = 0

}
,

where supp(X̃· j) is the index set of nonzero elements in X̃· j, and |supp(X̃· j)| is the cardinality for the set
supp(X̃· j).

On account of the separability of r(X̃) with respect to features, it follows from [35, Proposition
10.5] that the limiting subdifferentials can be separated into

∂r(X̃) = ∂r(X̃·1) × ∂r(X̃·2) × · · · × ∂r(X̃·d),

and hence ∂r(F̃) = ∂r(X̃I1) × ∂r(X̃I2) × ∂r(X̃I3). Next, we analyze the properties of r(·) for these three
partitioned matrices: X̃I1 , X̃I2 , and X̃I3 .

For all j ∈ I1, r(X· j) is strictly differentiable. Thus, we obtain from [35, Exercise 10.10] that

∂r(X̃· j) = ∇r1(X̃· j) + ∇r2(X̃· j), j ∈ I1. (3.3)

For all j ∈ I2, ∥X· j∥p2,p is strictly differentiable; we know that

∂r(X̃· j) = ∇r1(X̃· j) + ∂r2(X̃· j). (3.4)

For all j ∈ I3, ∂r1(X̃· j) = ∂r2(X̃· j) = Rn, we have

∂r(X̃· j) ⊂ ∂r1(X̃· j) + ∂r2(X̃· j) = Rn. (3.5)

Combined with (3.2)–(3.5), we conclude that

0 ∈ X̃ − A + D⊤∂g(X̃) + ∂r1(X̃) + ∂r2(X̃).

It follows from Definition 3.1 and the lower semicontinuity of g(·) and r(·) that there exist matrices
P̃ ∈ ∂g(Ẽ) and G̃ ∈ ∂r(F̃) such that 0 = X̃ − A + D⊤ P̃ + G̃ holds. Therefore, (X̃, Ẽ, F̃) is a KKT
point. □

4. Optimization algorithm

This section presents an ADMM algorithm for solving (3.1), along with an analysis of its global
convergence and computational complexity.
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4.1. Algorithm design

For ease of solving, we introduce a slack variable F̄ ∈ Rn×d such that (3.1) can be equivalently
transformed to

min
X,E,F,F̄

1
2
∥X − A∥2F + g(E) + r1(F) + r2(F̄)

s.t. DX = E, X = F, X = F̄.
(4.1)

Given τ > 0, the augmented Lagrangian function of (4.1) is

Lτ(X, E, F, F̄; P,G, Ḡ)

=
1
2
∥X − A∥2F + g(E) + r1(F) + r2(F̄) + ⟨P, DX − E⟩ +

τ

2
∥DX − E∥2F

+ ⟨G, X − F⟩ +
τ

2
∥X − F∥2F + ⟨Ḡ, X − F̄⟩ +

τ

2
∥X − F̄∥2F ,

(4.2)

where multiplier Ḡ ∈ Rn×d.
As stated in [36], the convergence of multi-block ADMM cannot be guaranteed. Fortunately, (1.4)

admits a parallel 2-block ADMM implementation through the following variable splitting

Υ1 = (E, F, F̄) and Υ2 = (P,G, Ḡ).

Then, we alternately minimize the primal variables in Υ1 and X, followed by multiplier Υ2 updates.
The ordering of E, F, and F̄ within block Υ1 is arbitrary and does not affect ADMM accuracy.

At the t-th iteration with the current point (Υ(t)
1 , X

(t),Υ(t)
2 ), the next iterate (Υ(t+1)

1 , X(t+1),Υ(t+1)
2 ) is

generated below.
1) Update E(t+1). The E-subproblem is updated via

min
E

g(E) +
τ

2
∥DX(t) − E +

1
τ

P(t)∥2F ,

with a closed-form solution

E(t+1) ∈ Proxg/τ(DX(t) +
1
τ

P(t)). (4.3)

2) Update F(t+1). The F-subproblem can be formulated using (4.1) and (4.2) as

min
F

r1(F) +
τ

2
∥X(t) − F +

1
τ

G(t)∥2F ,

yielding the solution

F(t+1) ∈ Proxr1/τ(X(t) +
1
τ

G(t)). (4.4)

3) Update F̄(t+1). The optimization problem (4.1) concerning F̄ can be simplified to

min
F̄

r2(F̄) +
τ

2
∥X(t) − F̄ +

1
τ

Ḡ(t)∥2F .
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Algorithm 1 ADMM for solving (3.1)

Initialization: Choose (Υ(0)
1 , X

(0),Υ(0)
2 ) and τ > 0

while not converged do
Step 1. Compute Υ(t+1)

1 :
Update E(t+1) by (4.3)
Update F(t+1) by (4.4)
Update F̄(t+1) by (4.5)

Step 2. Compute X(t+1):
Update X(t+1) by (4.6)

Step 3. Compute Υ(t+1)
2 :

Update P(t+1),G(t+1), Ḡ(t+1) by (4.7)
end while
Output: (Υ(t+1)

1 , X(t+1),Υ(t+1)
2 )

The corresponding solution takes the form

F̄(t+1) ∈ Proxr2/τ(X(t) +
1
τ

Ḡ(t)). (4.5)

4) Update X(t+1). We derive the closed-form solution from the X-subproblem

min
X

1
2
∥X − A∥2F +

τ

2
∥DX − E(t+1) +

1
τ

P(t)∥2F

+
τ

2
∥X − F(t+1) +

1
τ

G(t)∥2F +
τ

2
∥X − F̄(t+1) +

1
τ

Ḡ(t)∥2F

as

X(t+1) =
(
(2τ + 1)I + τD⊤D

)−1(A + τD⊤E(t+1) − D⊤P(t)

+ τF(t+1) − G(t) + τF̄(t+1) − Ḡ(t)).
(4.6)

5) Update multipliers. The multipliers in (4.2) are updated by

P(t+1) = P(t) + τ(DX(t+1) − E(t+1)),
G(t+1) = G(t) + τ(X(t+1) − F(t+1)),
Ḡ(t+1) = Ḡ(t) + τ(X(t+1) − F̄(t+1)).

(4.7)

For the specific forms of the solutions to (4.3)–(4.5), the reader is referred to Subsection 2.2. The
complete iterative steps are summarized in Algorithm 1.

4.2. Convergence analysis

To analyze convergence, we construct a potential function inspired by [37] as

L̂τ(Υ1, X;Υ2, ε
(t)) = Lτ(Υ1, X;Υ2) + ε(t), (4.8)
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where {ε(t)}+∞t=1 is a positive and monotonically decreasing sequence satisfying ε(t) → 0 and∑+∞
t=1

√
ε(t) − ε(t+1) < +∞ as t → +∞. A common and concrete choice for such a perturbation sequence

is ε(t) = c∥X(t+1) − X(t)∥2F with c > 0 [31].
It is well-known that potential functions are commonly constructed for handling non-convex and

non-smooth optimization problems [31, 38]. By introducing a controllable perturbation term ε(t) to the
augmented Lagrangian function Lτ(·), we transform the convergence analysis of the original problem
(4.1) into that of a potential function exhibiting monotonic descent and satisfying the KŁ property. Note
thatLτ(·) is not required to be monotonically decreasing. Unlike conventional non-convex non-smooth
optimization problems [31, 38–40], the coefficient matrix D in our X-subproblem is neither row-full-
rank nor column-full-rank. Thus, the following assumption is necessary to bound the incremental
change of multipliers.

Assumption 4.1. The sequence of multipliers {Υ(t)
2 }
+∞
t=1 is bounded and satisfies

∥Υ
(t+1)
2 − Υ

(t)
2 ∥

2
F ≤ θ∥X

(t+1) − X(t)∥2F + τ(ε
(t) − ε(t+1)),

where θ ∈ [0, 2τ2+τ
2 ).

The reasonableness of Assumption 4.1 is readily verifiable, as demonstrated in Subsection 5.4.
Next, we give the descent property of the potential function L̂τ(·) and the boundedness of variables
(Υ1, X;Υ2) that allows the convergence of {L̂τ(·)} and the vanishing of∥∥∥(Υ(t+1)

1 , X(t+1);Υ(t+1)
2 ) − (Υ(t)

1 , X
(t);Υ(t)

2 )
∥∥∥

F
. For ease of reading, the detailed proof of the following two

lemmas can be found in the Supplementary Material (Section II and Section III).

Lemma 4.2. Let
{
(Υ(t)

1 , X
(t),Υ(t)

2 )
}∞
t=1 be the sequence generated by Algorithm 1. If Assumption 4.1

holds, then
1) L̂τ(Υ

(t+1)
1 , X(t+1);Υ(t+1)

2 , ε(t+1)) < L̂τ(Υ
(t)
1 , X

(t);Υ(t)
2 , ε

(t));
2) dist

(
0, ∂L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t))
)

≤ w̃
(
∥X(t) − X(t−1)∥F +

√
ε(t−1) − ε(t)), where

w̃ = max
{
2τ + τ

√
λmax(D⊤D) + 1 +

√
θ
τ
+
√
θ,
√
τ

τ
+
√
τ
}

and λmax(D⊤D) denotes the largest
eigenvalue of matrix D⊤D.

Lemma 4.2 establishes both the descent property and the subgradient boundedness of L̂τ(·), which
lays the groundwork for the convergence proof of

{
(Υ(t)

1 , X
(t),Υ(t)

2 )
}
.

Lemma 4.3. Under Assumption 4.1, the following results hold:
1) The sequences {Υ(t)

1 }
+∞
t=1 and {X(t)}+∞t=1 are bounded;

2) lim
t→+∞

∥∥∥(Υ(t+1)
1 , X(t+1);Υ(t+1)

2 ) − (Υ(t)
1 , X

(t);Υ(t)
2 )
∥∥∥

F
= 0.

From [41], it is evident that L̂τ(·) is a KŁ function, thus the global convergence of {Υ(t)}+∞t=1 can be
established.

Theorem 4.4. Suppose that Assumption 4.1 is satisfied. Then,
1) Any accumulation point Υ̃ of the generated sequence

{
(Υ(t)

1 , X
(t),Υ(t)

2 )
}+∞
t=1 is a KKT point of (3.1);

2) Because L̂τ(·) is a KŁ function, the sequence
{
(Υ(t)

1 , X
(t),Υ(t)

2 )
}+∞
t=1 converges to a KKT point of

(3.1).
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Proof. 1) Lemma 4.3 suggests (Υ(t j+1)
1 , X(t j+1);Υ(t j+1)

2 ) → Υ̃ as j → +∞. By virtue of the lower semi-
continuity of Lτ(·), we get

lim inf
j→+∞

Lτ(Υ
(t j+1)
1 , X(t j+1);Υ(t j+1)

2 ) ≥ Lτ(Υ̃)

=
1
2
∥X̃ − A∥2F + g(Ẽ) + r1(F̃) + r2( ˜̄F)

+
τ

2
∥DX̃ − E(t) +

1
τ

P̃∥2F +
τ

2
∥X̃ − F̃ +

1
τ

G̃∥2F

+
τ

2
∥X̃ − ˜̄F +

1
τ

˜̄G∥2F −
1
2τ
∥Υ̃2∥

2
F .

(4.9)

Since Υ(t j+1)
1 is the minimizer of the Υ1-subproblem, it holds

Lτ(Υ
(t j+1)
1 , X(t j);Υ(t j)

2 ) ≤ Lτ(Υ̃1, X(t j);Υ(t j)
2 )

=
1
2
∥X(t j) − A∥2F + g(Ẽ) + r1(F̃) + r2( ˜̄F)

+
τ

2
∥DX(t j) − E(t) +

1
τ

P(t j)∥2F +
τ

2
∥X(t j) − F̃ +

1
τ

G(t j)∥2F

+
τ

2
∥X(t j) − ˜̄F +

1
τ

Ḡ(t j)∥2F −
1
2τ
∥Υ

(t j)
2 ∥

2
F .

Based on the continuity of ∥ · ∥2F , we find that

lim sup
j→+∞

Lτ(Υ
(t j+1)
1 , X(t j);Υ(t j)

2 ) ≤ Lτ(Υ̃). (4.10)

Considering both (4.9) and (4.10), we can deduce

lim
j→+∞
Lτ(Υ

(t j+1)
1 , X(t j);Υ(t j)

2 )

=
1
2
∥X̃ − A∥2F + g(Ẽ) + r1(F̃) + r2( ˜̄F)

+
τ

2
∥DX̃ − E(t) +

1
τ

P̃∥2F +
τ

2
∥X̃ − F̃ +

1
τ

G̃∥2F

+
τ

2
∥X̃ − ˜̄F +

1
τ

˜̄G∥2F −
1
2τ
∥Υ̃2∥

2
F .

Further, it is easy to derive from the continuity of g(·) that

lim
j→+∞

r1(F(t j+1)) + r2(F̄(t j+1)) = r1(F̃) + r2( ˜̄F). (4.11)

Therefore, taking the limit in (6.5) of the Supplementary Material along subsequence{
(Υ(t j)

1 , X
(t j),Υ

(t j)
2 )
}

for j→ +∞, and using (4.11) together with Lemma 4.3, we obtain

0 = X̃ − A + D⊤ P̃ + G̃,
0 ∈ ∂g(Ẽ) − P̃,
0 ∈ ∂

(
r1(F̃) + r2(F̃)

)
− G̃,

0 = DX̃ − Ẽ,
0 = X̃ − F̃,
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which implies that Υ̃ = (Ẽ, F̃, ˜̄F, X̃; P̃, G̃, ˜̄G) is a KKT point in the sense of Definition 3.1.
2) On account of the Assumption 4.1 and Lemma 4.2, we know that

{
L̂τ(Υ

(t)
1 , X(t);Υ(t)

2 , ε
(t))
}+∞
t=1

generated by the proposed Algorithm 1 is bounded from below and nonincreasing. So, there exists a
constant l̃ such that

lim
t→+∞
L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) = lim
t→+∞
Lτ(Υ

(t)
1 , X

(t);Υ(t)
2 ) = l̃. (4.12)

Let Γ denote the set of cluster points. Take ∀Υ̃ ∈ Γ and consider a converged subsequence satisfying
(6.9) in the Supplementary Material, it follows from (4.9), (4.10), and (4.12) that

l̃ = lim inf
j→+∞

L̂τ(Υ
(t j+1)
1 , X(t j);Υ(t j)

2 , ε
(t j)) ≥ L̂τ(Υ̃1, X̃; Υ̃2),

l̃ = lim sup
j→+∞

L̂τ(Υ
(t j+1)
1 , X(t j);Υ(t j)

2 , ε
(t j)) ≤ L̂τ(Υ̃1, X̃; Υ̃2),

which shows that L̂τ(Υ̃1, X̃; Υ̃2) = l̃. Because of the arbitrariness of Υ̃ in set Γ, we further infer that
L̂τ(·) is constant on Γ. And, for given l1 > 0, there exists t1 > 0 such that L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) < l̃+ l1

for ∀t > t1. Simultaneously, L̂τ(Υ
(t)
1 , X

(t);Υ(t)
2 , ε

(t)) > l̃ for ∀t > 1. In view of the definition of Γ, there
exist t2 > 0 and ρ > 0 such that dist

(
(Υ(t)

1 , X
(t);Υ(t)

2 ),Γ
)
< ρ for ∀t > t2. Therefore, for KL function

L̂τ(·), it follows Definition 2.1 that for ∀t > t̄, there exists ℘ ∈ ℘̄ such that

℘′
(
L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) − l̃
)
dist
(
0, L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t))
)
≥ 1,

where t̄ = max{t1, t2}.
Let

∆t,t+1 = ℘
(
L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) − l̃
)
− ℘
(
L̂τ(Υ

(t+1)
1 , X(t+1);Υ(t+1)

2 , ε(t+1)) − l̃
)
.

Using Lemma 4.2 and the concavity of ℘(·), we get

w̃
(
∥X(t) − X(t−1)∥F +

√
ε(t−1) − ε(t))∆t,t+1

≥ dist
(
0, ∂L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t))
)
× ℘′
(
L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) − l̃
)

×
(
L̂τ(Υ

(t)
1 , X

(t);Υ(t)
2 , ε

(t)) − L̂τ(Υ
(t+1)
1 , X(t+1);Υ(t+1)

2 , ε(t+1))
)

≥ w̄∥X(t+1) − X(t)∥2F ,

(4.13)

from which we can see

2∥X(t+1) − X(t)∥F = 2
√
∥X(t+1) − X(t)∥2F

≤ 2

√
w̃
w̄
(
∥X(t) − X(t−1)∥F +

√
ε(t−1) − ε(t))∆t,t+1

≤ ∥X(t) − X(t−1)∥F +
√
ε(t−1) − ε(t) +

w̃
w̄
∆t,t+1,

where the first “≤” holds via (4.13) and the second “≤” holds via 2
√

ab ≤ a+ b when a ≥ 0 and b ≥ 0.
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Then,
+∞∑
t=t̄

∥X(t+1) − X(t)∥F

≤ ∥X(t̄) − X(t̄−1)∥F +

+∞∑
t=t̄

√
ε(t−1) − ε(t) +

w̃
w̄
℘
(
L̂τ(Υ

(t̄)
1 , X

(t̄);Υ(t̄)
2 , ε

(t̄)) − l̃
)

< +∞.

(4.14)

Besides, it follows from Assumption 4.1, (4.7), (4.14), and a2 + b2 ≤ (a + b)2 (a ≥ 0, b ≥ 0) that

+∞∑
t=t̄

∥Υ
(t+1)
2 − Υ

(t)
2 ∥F

≤

+∞∑
t=t̄

(√
θ∥X(t+1) − X(t)∥F +

√
τ(ε(t) − ε(t+1))

)
< +∞

(4.15)

and
+∞∑
t=t̄

∥Υ
(t+1)
1 − Υ

(t)
1 ∥F

≤

+∞∑
t=t̄

(1
τ
∥Υ

(t+1)
2 − Υ

(t)
2 ∥F +

1
τ
∥Υ

(t)
2 − Υ

(t−1)
2 ∥F

+ ∥DX(t+1) − DX(t)∥F + 2∥X(t+1) − X(t)∥F
)

≤
2
τ

+∞∑
t=t̄

∥Υ
(t+1)
2 − Υ

(t)
2 ∥F +

(
2 +
√
λmax(D⊤D)

) +∞∑
t=t̄

∥X(t+1) − X(t)∥F

+
1
τ
∥Υ2

(t̄) − Υ2
(t̄−1)∥F

< +∞.

(4.16)

By combining (4.14)–(4.16) for the fixed t̄, we deduce

+∞∑
t=t̄

∥∥∥(Υ(t+1)
1 , X(t+1);Υ(t+1)

2 ) − (Υ(t)
1 , X

(t);Υ(t)
2 )
∥∥∥

F

≤

+∞∑
t=t̄

(
∥X(t+1) − X(t)∥F + ∥Υ

(t+1)
2 − Υ

(t)
2 ∥F + ∥Υ

(t+1)
1 − Υ

(t)
1 ∥F
)

< +∞,

which implies that
{
(Υ(t)

1 , X
(t),Υ(t)

2 )
}+∞
t=1 is a Cauchy sequence and hence converges to a KKT point. □

4.3. Complexity analysis

The complexity primarily stems from the update of original variables and multipliers. As previously
defined, n, d, |ϵ|, and k denote the number of observations, features, edges connecting observations,
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and nearest neighbors per observation, respectively. The specific choice of k in numerical experiments
leads to |ϵ | > n.

• Time Complexity: The update process of the original variables focuses on E, F, F̄, and X, with
corresponding complexities of O(nd), O(nd), O(nd), O(|ϵ|d), and O(|ϵ|d + n3 + n2d). Here, for
updating E, F, and F̄, the time cost is dominated by matrix addition and subtraction. Updating
E requires computing DX =

[
Dii′(Xi· − Xi′·)

]
(i,i′)∈ϵ ∈ R

|ϵ|×d, which involves |ϵ| vector subtractions.
The cost of updating X is highly dependent on computing matrix inverse

(
(2τ + 1)I + D⊤D

)−1

and matrix multiplication. Similarly, for the multipliers P, G, and Ḡ, the costs are O(nd), O(nd),
O(nd), and O(|ϵ|d). Overall, the time complexity is O

(
T (|ϵ|d + n3 + n2d)

)
, where T represents the

iteration count of Algorithm 1.

• Space Complexity: The dominant space cost comes from storing matrices E ∈ R|ϵ|×d, D ∈ R|ϵ|×n,
and P ∈ R|ϵ|×d during the updates of E, U, and P. Thus, the space complexity is O(|ϵ|n + |ϵ|d).

We would like to point out that compared to the clustering method Gecco+ [5], our approach has
the same computational complexity.

5. Numerical experiments

For performance evaluation, we compare the proposed GSFRC with conventional FRC approaches
on both simulated and real-world datasets. Subsection 5.1 outlines the experimental setup, including
dataset description, compared methods, parameter configurations, and evaluation metrics. Subsection
5.2 presents numerical results on simulated and real datasets. Subsection 5.3 provides ablation studies,
and Subsection 5.4 analyzes model stability, parameter sensitivity, and convergence behavior.

Table 1. Details of synthetic and real-world datasets.

Type Datasets Clusters Features Observations

Synthetic datasets
Dartboard1 4 10 1000
Diamond9 9 30 3000

Real-world datasets

Authors 4 69 841
Lung-discrete 7 325 73

GLIOMA 4 4434 50
Brain 5 5597 42
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(a) Dartboard1 (b) Diamond9

Figure 2. Visualization of simulated datasets without noise.

5.1. Experimental setup

1) Dataset description. We evaluate the performance of GSFRC using six benchmark datasets listed
in Table 1. Here, Dartboard1 and Diamond9 [20] are simulated datasets where the first two
features are informative and the remaining ones consist of Gaussian noise. The noise-free versions
of these datasets are visualized in Figure 2. The remaining four are real-world datasets, including
the Authors dataset [5] for textual analysis and three biomedical datasets (Lung-discrete [42],
GLIOMA [42], and Brain [14]) for high-dimensional biological pattern recognition.

2) Compared methods and parameter configurations. To demonstrate the advantages of GSFRC, we
perform comprehensive methodological comparisons.

• K-means: K-means clustering. It is a baseline method using MATLAB’s built-in kmeans
function.

• CC [12]: Convex fusion regularized clustering in (1.1), which is solved via a semismooth
Newton-based augmented Lagrangian method.

• SCC [16]: Sparse convex fusion regularized clustering with inter-group lasso penalty in (1.2),
using the ADMM for optimization.

• SGLCC [14]: Convex fusion regularized clustering with sparse group lasso penalty in (1.3),
solved via the ADMM.

• ERC [43]: Fusion regularized clustering with adaptive spurious connection, solved by a
semismooth Newton-based alternating minimization algorithm.

Unless specified otherwise, the reported K-means results are averaged across 30 executions. The
other methods are not stochastic. Besides, we use Algorithm 2 to tune ωι and β, the parameter
adjustment method from [5] to tune α and γ, and a grid search to select η from {2−8, 2−7, . . . , 20} and
τ from {0.1, 0.2, . . . , 1.5}. To ensure a fair comparison, the parameters ϕ and neighborhood size k
used in ωι for all FRC methods are selected from the sets [10−5, 10−3, 0, 1, 2, 5] and {3, 4, . . . , 13},
respectively. As suggested in [33], the values of p and q for GSFRC are chosen from the set
{0, 1/2, 2/3}. Based on Definition 3.1 and (4.1), the iterative process of Algorithm 1 terminates
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when the generated sequence
{
(Υt+1

1 , X
t+1,Υt+1

2 )
}

satisfies

max{errort+1
1 , errort+1

2 , errort+1
3 , errort+1

4 , errort+1
5 } < 10−3

or when the number of iterations reaches 500, where

errort+1
1 =

∥Xt+1 − Xt∥F

∥Xt∥F + 1
, errort+1

2 =
∥Et+1 − Et∥F

∥Et∥F + 1
,

errort+1
3 =

∥Ft+1 − Ft∥F

∥Ft∥F + 1
, errort+1

4 =
∥F̄t+1 − F̄t∥F

∥F̄t∥F + 1
,

errort+1
5 =

∥Xt+1 − A + D⊤Pt+1 + Gt+1 + Ḡt+1∥F

∥A∥F + 1
.

3) Evaluation metrics. To assess the accuracy of clustering, four indicators are chosen, namely
accuracy (ACC) [44], normalized mutual information (NMI) [45], adjusted rand index (ARI) [5],
and Fowlkes–Mallows index (FMI) [46]. Moreover, given that the effective features in the
simulated datasets are known, we utilize false negative rate (FNR) and false positive rate (FPR) to
evaluate the error rate of feature selection within the simulated datasets [16]. All metrics range
from 0 to 1 except ARI, which ranges from -1 to 1. Generally, the higher the ARI and FMI, the
smaller the FNR and FPR, and the better performance of the method.

5.2. Experimental results

1) Simulated results. In this experiment, comparative evaluations of different methods are
conducted on two simulated datasets. Table 2 demonstrates that our proposed GSFRC achieves
the highest clustering accuracy and the lowest feature selection error rate among all compared
approaches, with the best and second-best performances highlighted in boldface and
underlined, respectively.

Table 2. Comparisons of ACC, NMI, FNR, and FPR for different clustering methods on
simulated datasets.

Datasets Methods K-means CC SCC SGLCC ERC GSFRC

Dartboard1

ACC ↑ 26.00 25.70 100.00 56.50 25.70 100.00
NMI ↑ 0.05 0.62 100.00 46.27 0.62 100.00
FNR ↓ 100.00 100.00 0.00 0.00 100.00 0.00
FPR ↓ 0.00 0.00 80.00 33.33 0.00 0.00

Diamond9

ACC ↑ 42.37 36.57 88.87 99.33 11.40 99.37
NMI ↑ 45.53 34.01 92.80 98.55 0.45 98.63
FNR ↓ 100.00 100.00 0.00 0.00 100.00 0.00
FPR ↓ 0.00 0.00 0.00 50.00 0.00 0.00
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Table 3. Comparisons of ACC, NMI, ARI, and FMI for different clustering methods on
real-world datasets.

Datasets Methods K-means CC SCC SGLCC ERC GSFRC

Authors

ACC ↑ 77.29 99.52 99.76 99.52 98.93 99.88
NMI ↑ 75.68 97.60 98.83 97.68 95.11 99.35
ARI ↑ 74.88 98.81 99.19 98.58 96.75 99.60
FMI ↑ 82.41 99.10 99.45 99.02 97.76 99.72

Lung-discrete

ACC ↑ 65.21 82.19 79.45 86.30 86.30 89.04
NMI ↑ 62.58 76.46 77.48 78.04 78.12 81.95
ARI ↑ 47.78 71.17 71.75 73.01 73.45 80.26
FMI ↑ 57.03 76.22 76.84 77.74 78.09 83.82

GLIOMA

ACC ↑ 52.00 60.00 60.00 60.00 58.00 63.00
NMI ↑ 43.79 52.42 46.03 46.03 46.69 48.86
ARI ↑ 30.52 39.45 38.74 38.74 36.70 39.65
FMI ↑ 50.33 55.08 58.46 58.46 56.45 62.39

Brain

ACC ↑ 54.76 78.57 80.95 73.81 78.57 81.32
NMI ↑ 42.77 68.31 69.23 65.42 68.31 76.47
ARI ↑ 31.68 60.09 64.36 56.36 60.09 69.47
FMI ↑ 52.16 69.04 72.75 66.47 69.04 77.44

(a) K-means (b) CC (c) SCC

(d) SGLCC (e) ERC (f) GSFRC

Figure 3. Visual comparison of clustering results from 6 methods on Lung-discrete.
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From Table 2, GSFRC achieves and maintains the highest accuracy, with SCC or SGLCC being
the second-best performer judging by the values of ACC and NMI. FNR and FPR evaluate feature
selection performance by quantifying missed true features and incorrectly selected noise,
respectively. As shown in Table 2, SCC and SGLCC achieve higher FNR or FPR than GSFRC.
This phenomenon suggests that l1-norm is inherently limited compared to lq-norm for feature
selection, because l1-norm selects more noise components. Moreover, the FNR=0 and FPR=1 of
K-means, CC, and ERC reflect that these methods lack feature selection capability, so that all
features are considered to be valid features.

4) Real-world results. As shown in Table 3, GSFRC achieves the highest clustering accuracy.
Compared to the four fusion-regularized clustering methods (CC, SCC, SGLCC, and ERC),
GSFRC improves the average ARI by approximately 1.27%, 7.9%, 1.24%, and 9.25%,
respectively. Besides, the parameter values corresponding to the optimal accuracy achieved by
each method are documented in Table 6 of the Supplementary Material (Section IV).

For a more intuitive comparison, Figure 3 visualizes the clustering results of all six methods on
the Lung-discrete dataset using a t-SNE embedding, where each color represents a distinct cluster.
As shown in Figure 3, cluster separation varies across different methods. GSFRC shows clearer
inter-cluster boundaries because it achieves the highest accuracy.

Table 4. Ablation study of clustering performance and feature selection capability.

Datasets l2,p lq ACC ↑ NMI ↑ ARI ↑ FMI ↑

Authors

✓ ✓ 99.88 99.35 99.60 99.72
✕ ✓ 65.16 59.47 49.65 73.22
✓ ✕ 99.88 99.35 99.60 99.72
✕ ✕ 99.76 98.84 99.19 99.45

Lung-discrete

✓ ✓ 89.04 81.95 80.26 83.82
✕ ✓ 89.04 81.95 80.26 83.82
✓ ✕ 86.03 78.04 73.01 77.74
✕ ✕ 86.03 78.04 73.01 77.74

GLIOMA

✓ ✓ 63.00 48.86 39.65 62.39
✕ ✓ 62.00 47.66 38.96 58.07
✓ ✕ 60.00 46.03 38.73 58.46
✕ ✕ 58.00 46.69 36.70 56.45

Brain

✓ ✓ 81.32 76.47 69.47 77.44
✕ ✓ 73.81 61.58 55.03 65.86
✓ ✕ 80.95 69.23 64.36 72.75
✕ ✕ 57.14 51.65 38.95 59.67

5.3. Ablation studies

To further demonstrate the effectiveness of the group sparsity strategy (l2,p + lq), we conduct
comprehensive ablation studies on the Authors, Lung-discrete, GLIOMA, and Brain datasets. As
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shown in Table 4, we compare the clustering performance of our proposed method against three of its
variants by systematically removing the inter-group sparsity term (l2,p), the intra-group sparsity term
(lq), or both. Quantitative results in Table 4, evaluated using ACC, NMI, ARI, and FMI, show that our
method consistently outperforms or performs comparably to the variants. Both the l2,p and lq

components distinctly enhance clustering accuracy, demonstrating that the sparse feature patterns they
produce are more conducive to effective clustering.
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Figure 4. Performance comparison (NMI (%) and ARI (%)) from 6 methods on Lung-
discrete and Brain with an increasing number of noise features.

5.4. Discussions

1) Stability analysis. In this study, Gaussian noise, generated by randn
(
size(X)

)
, is added to the Lung-

discrete and Brain datasets to simulate data corruption. The clustering performance of GSFRC and
five other competing methods was compared using line charts. As illustrated in Figure 4, GSFRC
consistently maintains stable and superior performance as the number of noisy features increases,
confirming the robustness and effectiveness of the proposed approach.

2) Parameter analysis. We conduct a sensitivity analysis of the hyperparameters α, γ, and η using the
Brain dataset. Figure 5 illustrates the variation in the structure of X̃ with respect to these parameters.
The dimensions of X̃ reflect both the clustering structure and the feature selection behavior. The
following observations are made:
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• With fixed γ and η, the number of clusters decreases as α increases.

• With fixed α and η, the number of selected features decreases as γ increases.

• With fixed α and γ, all informative features are selected when η = 0; as η increases, the method
progressively selects more locally informative features.
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Figure 5. Clustering path α and regularization path γ, η of our method on Brain. For the
subplots of each dataset, from left to right, we characterize the responses of X̃ by fixing γ
and η and adjusting α, fixing α and η and adjusting γ, and fixing γ and α and adjusting η,
respectively.

Subsequently, we investigate the impact of p and q on the clustering results, evaluated through
ACC and NMI. Here, we set p and q to their commonly adopted values, namely 0, 1/2, and 2/3.
As shown in Figure 6, the effects of p and q vary significantly across different datasets. On the
Lung-discrete dataset (Subfigures 6a and 6b), GSFRC exhibits relatively low sensitivity to these
parameters, with both ACC and NMI remaining stable under different configurations. In contrast,
on the Brain dataset (Subfigures 6c and 6d), the choice of p and q exerts a more pronounced effect
on model performance. The highest clustering agreement with ground-truth labels is achieved
when p = 0 and q = 0, yielding optimal values in both ACC and NMI. A secondary favorable
configuration occurs when p = 2/3 and q = 0, which leads to relatively high ACC, whereas the
pair p = 2/3 and q = 2/3 leads to competitively high NMI. These observations suggest that the
sensitivity to p and q is data-dependent, and their optimal values should be selected according to
specific data characteristics.
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Figure 6. Effects of p and q on Lung-discrete and Brain in terms of ACC (%) and NMI (%).

3) Convergence. Let

R(t)
1 = ∥Υ

(t)
2 ∥

2
F ,

R(t)
2 = θ∥X

(t+1) − X(t)∥2F + τ(ε
(t) − ε(t+1)) − ∥Υ(t+1)

2 − Υ
(t)
2 ∥

2
F ,

R(t)
3 =

1
2
∥X(t) − A∥2F + α

∑
ι∈ϵ

wι∥(DX(t))ι·∥2 + γ
(
(1 − η)∥X(t)β∥p2,p + η∥X

(t)∥qq
)
.

Next, we set ε(t) = c∥X(t+1) − X(t)∥2F to validate Assumption 4.1, while monitoring the evolution
of both objective function value and ARI value with increasing iterations t, where c is a positive
constant of situation-dependent magnitude.

As observed in Subfigures 7a and 7c, both R(t)
1 and R(t)

2 exhibit clear convergence trends with
increasing iterations on the Lung and Brain datasets. This empirical observation substantiates the
boundedness of the multiplier sequence {Υ(t)

2 }
+∞
t=1 and the non-negativity of R(t)

2 , thereby validating
Assumption 4.1. Meanwhile, Subfigures 7b and 7d demonstrate a consistent decrease in the
objective function value R(t)

3 accompanied by a corresponding increase in ARI, with both reaching
stabilization within finite iterations. These coordinated convergence behaviors confirm that
Algorithm 1 possesses both optimization convergence and clustering effectiveness.
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Figure 7. Dynamic evolution of R(t)
1 , R(t)

2 , R(t)
3 , and ARI on Lung-discrete and Brain datasets.

4) Runtime comparison. We report the computation time of different FRC methods on real-world
datasets. All experiments are conducted using MATLAB (R2024a) on a Windows PC equipped
with an Intel Core Ultra 5 125H processor (1.20 GHz) and 32 GB of RAM. As shown in Table 5,
GSFRC demonstrates superior efficiency over ERC and is comparable to SCC and SGLCC across
all datasets. This indicates that GSFRC achieves more powerful clustering and feature selection
capabilities without incurring substantial additional time costs.

Table 5. Runtime results (in seconds) of different FRC methods on real-world datasets.

datasets CC SCC SGLCC ERC GSFRC

Authors 0.48 5.73 8.07 41.75 8.09
Lung-discrete 0.14 0.13 0.15 13.51 0.13

GLIOMA 2.90 0.49 0.57 145.63 0.62
Brain 10.46 0.61 0.69 148.78 0.67
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6. Conclusions

In this paper, we propose a novel group sparsity-based fusion regularized clustering method
(GSFRC) designed to tackle clustering and feature selection problems in data with substantial
uninformative features. To the best of our knowledge, this is the first work to incorporate non-convex
inter-group sparsity and intra-group sparsity within a fusion regularization framework. Furthermore,
we tackle the theoretical challenges of the non-convex and non-Lipschitz model by establishing the
KKT necessary optimality conditions and proving the strong convergence of the ADMM algorithm.
Extensive experimental results validate the superiority of our approach, particularly on the
Lung-discrete dataset, where GSFRC achieves improvements of at least 0.37% in ACC, 7.15% in
NMI, 5.11% in ARI, and 4.69% in FMI over the compared methods.

Given the runtime performance of GSFRC, future work will prioritize the development of
accelerated computational approaches, such as Newton-type algorithms [13] and adaptive sieving
strategies [15], to drastically reduce the runtime. Additionally, we will explore a more rigorous
theoretical convergence analysis for the non-convex ADMM, which would also help substantiate the
current boundedness assumption.
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