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Abstract: In this paper, we have proposed a new class of binary preference relations by utilizing the
weighted Tchebycheff scalarization method, and established several related properties in the objective
space. Furthermore, we gave the definitions of the (weakly, strictly) efficient solution and (weakly,
strictly) nondominated point for multi-objective optimization problems with respect to the proposed
preference relations, and investigated the relationship between these solutions (nondominated points)
and Pareto solutions (nondominated points). Moreover, we established the theoretical associations
between the three types of solutions proposed in this paper and the optimal solutions of the weighted
Tchebycheff scalarization model. Finally, two numerical examples were employed to further illustrate
the significance of the proposed preference relations. The results indicated that, for certain specific
multi-objective optimization problems, the number of weakly (strictly) nondominated points with
respect to the relations presented by us is fewer than that with respect to the natural orders and
the weighted aggregation preference relations. Meanwhile, the computational time, worst-case
computational complexity, and sensitivity analysis for the weight vector were discussed in the second
numerical example.
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1. Introduction

The theory and methods of multi-objective optimization play a very important role in operations
research. They have been widely applied to complex problems such as power system scheduling [1],
land use in architecture and urban planning [2], therapy selection in medical decision-making [3],
traffic network flow optimization [4], and the optimal control of fast sampling and fuzzy Markov jump
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singularly perturbed systems [5, 6]. In multi-objective optimization problems (MOPs), conflicts often
exist among the objective functions, which makes it difficult to maximize or minimize all objectives
simultaneously. As an important class of mathematical tools, order relations can effectively
characterize “preferences” in the objective space. A considerable amount of research has focused on
the theoretical investigations and property analysis of order relations, which can be found in the
research articles [7–11] and so on.

Classical order relations in multi-objective optimization include three types of natural orders,
lexicographic order, max-order, etc. (see [12–14] and the references therein). These classical order
relations play an important role in fields such as addressing practical problems and algorithm design
(see, for example, [15–17]). In addition, Kirkwood and Sarin [18] proposed a binary preference
relation based on a weighted sum evaluation function, which was applied to the assessment of
materials for nuclear waste storage. Based on different order relations, various types of “optimal
solutions” for general multi-objective optimization problems have been proposed, such as weakly
efficient solutions, efficient solutions, and strictly efficient solutions defined with respect to the natural
orders, and “optimal solutions” with respect to the lexicographic order and max-order, etc.
(see [14, 19] and the references therein). Furthermore, Ehrgott [14] established some relations among
these solutions. In addition, the nondominated set, which is the image of efficient solutions in the
objective space with respect to a specific order, has gradually become an important research topic in
multi-objective optimization. For example, Holzmann et al. [20] developed a generating algorithm
based on the modified augmented weighted Tchebycheff norm, which can produce the entire
nondominated set for any number of objectives. Additional related properties and solution methods
can be found in [21–23] and so on. Moreover, weakly and strictly nondominated sets have also been
studied in [14].

Scalarization methods are categorized into linear scalarization and nonlinear scalarization. Linear
scalarization converts multi-objective optimization problems into single-objective problems via linear
transformation, that is, the weighted sum scalarization method [24]. Nonlinear scalarization converts
multi-objective optimization problems into single-objective problems via nonlinear transformation,
which mainly include the weighted Tchebycheff scalarization method, ε-constraint method, and so on
(see [14,25] and the references therein). Kasimbeyli et al. [26] presented an analysis, characterizations,
and comparison of these scalarization methods. Based on these scalarization methods, some combined
scalarization methods have been proposed (see [27–29] and the references therein). Moreover, Wang et
al. [30] applied the idea of scalarization methods to propose INSGA-III for efficient of multi-objective
cascade reservoir scheduling under different hydrological conditions. As an effective type of tool for
solving multi-objective optimization problems, scalarization methods also play an important role in the
construction of new preference relations. By using the weighted sum scalarization method, Kaddani
et al. [31] introduced a new type of binary preference relation referred to as the weighted aggregation
preference relation. Meanwhile, they established the properties of the nondominated set with respect to
the new preference relation and explored its relationship with the Pareto nondominated set. Yue et al.
[32] applied a special case of this preference relation to the construction of comprehensive evaluation
models in the field of management. In addition, Zhao et al. [33] further investigated the partial-order
properties and the optimality of three types of the weighted aggregation preference relations.

It is well known that the preferences of different decision-makers vary, meaning that the
characterization of “preferences” in the objective space of different multi-objective optimization
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problems differs. Currently, existing preference relations cannot capture all the “preferences” in the
objective spaces of multi-objective optimization problems. For instance, the number of weakly
nondominated points with respect to the natural orders is over 1.03 million for the RBTS power
system reliability evaluation test system. Meanwhile, the number of (strictly) nondominated points in
the image sets of some multi-objective optimization problems may also be very large with respect to
the natural orders or the weighted aggregation preference relations. This greatly reduces
decision-making efficiency and makes it difficult to reflect the decision-maker’s preferences. Existing
research on preference relations via scalarization has mainly focused on linear scalarization, while
systematic research on preference relations for nonlinear scalarization and their relationship with
Pareto solutions remains scarce. Motivated by these observations and inspired by [31], we aim to
propose a new class of preference relations via nonlinear scalarization, so that fewer nondominated
points can be obtained for some multi-objective optimization problems.

In this paper, we introduce a new class of binary preference relations by utilizing the weighted
Tchebycheff scalarization method presented in [25], and establish several associated properties.
Furthermore, we define (weakly, strictly) efficient solutions for the (MOP) with respect to our
proposed preference relations, examine their relationship to Pareto solutions, and establish
fundamental properties of the corresponding nondominated sets. The connections between the
optimal solutions of the weighted Tchebycheff scalarization model and the three new types of
solutions of the (MOP) are also studied. To validate the performance of the proposed preference
relations, two numerical examples are employed to compare the numbers of weakly (strictly)
nondominated points with respect to the natural orders, the weighted aggregation preference relations,
and the preference relations proposed in this paper. Meanwhile, the computational time, worst-case
computational complexity, and sensitivity analysis for the weight vector are discussed in the second
numerical example.

2. Preliminaries

In this paper, let R represent the set of all real numbers and N+ denote the set of all positive integers.
For p ∈ N+, we take [p] = {1, 2, · · · , p}, Rp

≧ = {y ∈ R
p | yi ≥ 0, i ∈ [p]}, Rp

> = {y ∈ Rp | yi > 0, i ∈ [p]},
and Rp

≥ = R
p
≧ \ {0}, where Rp denotes the p-dimensional Euclidean space and 0 is the p-dimensional

zero vector. For i ∈ [p], u(x; i) = (x1, x2, · · · , xi)⊤ represents the vector formed by the first i components
of x and ei denotes the p-dimensional vector with the i-th component being 1 and all other components
being 0. Moreover, we let We = {e1, e2, · · · , ep}. For any given x, y ∈ Rp, x◦y = (x1y1, x2y2, · · · , xpyp)⊤

represents the Hadamard product of the vectors x and y.
Consider the following multi-objective optimization problem:

(MOP) min f (x) = ( f1(x), f2(x), · · · , fp(x))⊤

s.t. x ∈ X = {x ∈ Ω | g j(x) ≤ 0, j ∈ [m]; hk(x) = 0, k ∈ [l]},

where m ∈ N+, l ∈ N+, fi, g j, hk : Ω→ R, Ω ⊆ Rn, and the functions fi are bounded below on Ω.
The weighted Tchebycheff scalarization method is an effective approach for solving multi-objective

optimization problems. It transforms a multi-objective optimization problem into the following single-
objective optimization problem:

(WTSOP)β min
x∈X

max
i∈[p]
βi( fi(x) − f ∗i ),
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where β ∈ Rp
≥ and f ∗i = min

x∈X
fi(x)− ε for all i ∈ [p]. In this paper, we assume that ε is an arbitrary small

positive constant.
Let Y = f (X) represent the image of the feasible set X under the objective function mapping f . For

any x, x′ ∈ X, there exist corresponding points y and y′ in Y such that y = f (x) and y′ = f (x′). Consider
the following three types of natural orders:

y < y′ ⇔ y′ − y ∈ Rp
> ⇔ yi < y′i , ∀i ∈ [p],

y ≦ y′ ⇔ y′ − y ∈ Rp
≧ ⇔ yi ≤ y′i , ∀i ∈ [p],

y ≤ y′ ⇔ y′ − y ∈ Rp
≥ ⇔ y ≦ y′, y , y′.

Definition 2.1 ( [14]). Let x′ ∈ X.
(i) x′ is said to be a weakly efficient solution of the (MOP) if there is no x ∈ X such that f (x) < f (x′);
(ii) x′ is said to be a efficient solution of the (MOP) if there is no x ∈ X such that f (x) ≤ f (x′);
(iii) x′ is said to be a strictly efficient solution of the (MOP) if there is no x ∈ X \ {x′} such that

f (x) ≦ f (x′).

The sets of all weakly efficient solutions, efficient solutions, and strictly efficient solutions of the
(MOP) are denoted by WE(X), E(X), and S E(X), respectively. If x′ ∈ X is (weakly, strictly) efficient,
then y′ = f (x′) is called a (weakly, strictly) nondominated point of Y . Moreover, the sets of all weakly
efficient points, efficient points, and strictly efficient points of Y are denoted by WN(Y),N(Y), and
S N(Y), respectively.

Definition 2.2 ( [14]). Let Q be a nonempty subset of Rp. A binary relation C on Q is called a partial
order if it satisfies the following properties:

(i) Reflexivity: xCx for all x ∈ Q;
(ii) Antisymmetry: xCy and yCx imply x = y for all x, y ∈ Q;
(iii) Transitivity: xCy and yCz imply xCz for all x, y, z ∈ Q.

If C satisfies only reflexivity and transitivity on Q, then C is called a preorder on Q. If for any
x, y ∈ Q with xCy and any positive scalar λ, it holds that (λx)C(λy), then C is said to be compatible
with scalar multiplication on Q. If xCy implies (x + z)C(y + z) for any x, y, z ∈ Q, then C is said to be
compatible with addition on Q. If C is compatible with both scalar multiplication and addition on Q,
then C is called linear on Q; otherwise, it is called nonlinear.

3. Weighted Tchebycheff preference relations and corresponding solutions

In this section, we construct a new class of preference relations, obtain some related properties, and
investigate the relationship between the WT (weakly, strictly) efficient solutions of the (MOP) and the
classical Pareto solutions. To begin with, we formally define the new preference relations as follows:

Definition 3.1. Let β ∈ Rp
≥, f ∗ ∈ Rp. Define the binary preference relations ≦∥·∥

∞,β, f ∗
, <∥·∥

∞,β, f ∗
, and

≤∥·∥
∞,β, f ∗

as follows: For any y, y′ ∈ Y ,

y ≦∥·∥
∞,β, f ∗

y′ ⇔ ∥u(β; i) ◦ u(y − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u(y′ − f ∗; i)∥∞, ∀i ∈ [p],
y <∥·∥

∞,β, f ∗
y′ ⇔ ∥u(β; i) ◦ u(y − f ∗; i)∥∞ < ∥u(β; i) ◦ u(y′ − f ∗; i)∥∞, ∀i ∈ [p],

y ≤∥·∥
∞,β, f ∗

y′ ⇔ y ≦∥·∥
∞,β, f ∗

y′, y ,∥·∥
∞,β, f ∗

y′,
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where y ,∥·∥∞,β, f ∗ y′ means that there exists some k ∈ [p] such that ∥u(β; k) ◦ u(y − f ∗; k)∥∞ , ∥u(β; k) ◦
u(y′ − f ∗; k)∥∞.

In the following, some related order properties for ≦∥·∥∞,β, f ∗ are discussed.

Theorem 3.2. ≦∥·∥∞,β, f ∗ is a preorder on Y.

Proof. It is obvious that y ≦∥·∥∞,β, f ∗ y for any y ∈ Y . Therefore, ≦∥·∥∞,β, f ∗ satisfies reflexivity on Y .
We now prove that ≦∥·∥∞,β, f ∗ satisfies transitivity on Y . Let y, y′, y′′ ∈ Y satisfy y ≦∥·∥∞,β, f ∗ y′ and

y′ ≦∥·∥∞,β, f ∗ y′′. Then, from Definition 3.1, it follows that for any i ∈ [p],

∥u(β; i) ◦ u(y − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u(y′ − f ∗; i)∥∞, (3.1)
∥u(β; i) ◦ u(y′ − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u(y′′ − f ∗; i)∥∞. (3.2)

Thus, by (3.1) and (3.2), we have

∥u(β; i) ◦ u(y − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u(y′′ − f ∗; i)∥∞, i ∈ [p].

Therefore, y ≦∥·∥∞,β, f ∗ y′′. □

Remark 3.3. ≦∥·∥∞,β, f ∗ may not be antisymmetric.

Example 3.4. Let

Y =
{
(y1, y2)⊤ ∈ R2

∣∣∣ 0.1 ≤ y1 ≤ 8,−0.9 ≤ y2 ≤ 5
}
,

β = (1, 1)⊤, ε = 0.1, ỹ = (2.1, 1.1)⊤, y′ = (2.1, 0.1)⊤.

Obviously, β ∈ Rp
>. According to the definition of f ∗, we obtain f ∗ = (0,−1)⊤. Then

β ◦ (ỹ − f ∗) = (2.1, 2.1)⊤, β ◦ (y′ − f ∗) = (2.1, 1.1)⊤.

Hence, for any i ∈ [2] , we have

∥u(β; i) ◦ u(ỹ − f ∗; i)∥∞ = ∥u(β; i) ◦ u(y′ − f ∗; i)∥∞.

This implies that
ỹ ≦∥·∥∞,β, f ∗ y′ and y′ ≦∥·∥∞,β, f ∗ ỹ.

However, ỹ , y′. Hence, ≦∥·∥∞,β, f ∗ does not satisfy antisymmetry.

Remark 3.5. ≦∥·∥∞,β, f ∗ is not necessarily linear on Y .

Example 3.6. Consider Y , β, ỹ, y′, and ε from Example 3.4. Let y′′ = (1, 4)⊤ ∈ Y. Then ỹ ≦∥·∥∞,β, f ∗ y′.
Moreover,

β ◦ (ỹ + y′′ − f ∗) = (3.1, 6.1)⊤, β ◦ (y′ + y′′ − f ∗) = (3.1, 5.1)⊤.

Thus, we have

∥u(β; 1) ◦ u(ỹ + y′′ − f ∗; 1)∥∞ = ∥u(β; 1) ◦ u(y′ + y′′ − f ∗; 1)∥∞, (3.3)
∥u(β; 2) ◦ u(ỹ + y′′ − f ∗; 2)∥∞ > ∥u(β; 2) ◦ u(y′ + y′′ − f ∗; 2)∥∞. (3.4)
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From (3.3) and (3.4), we know that ỹ + y′′ ≦∥·∥∞,β, f ∗ y′ + y′′ does not hold. Therefore, ≦∥·∥∞,β, f ∗ is not
compatible with addition on Y .

Moreover, if we let λ =
1
2

, then

β ◦ (λỹ − f ∗) = (1.05, 1.55)⊤, β ◦ (λy′ − f ∗) = (1.05, 1.05)⊤.

Therefore,

∥u(β; 1) ◦ u(λỹ − f ∗; 1)∥∞ = ∥u(β; 1) ◦ u(λy′ − f ∗; 1)∥∞, (3.5)
∥u(β; 2) ◦ u(λỹ − f ∗; 2)∥∞ > ∥u(β; 2) ◦ u(λy′ − f ∗; 2)∥∞. (3.6)

From (3.5) and (3.6), we know that λỹ ≦∥·∥∞,β, f ∗ λy
′ does not hold. Therefore, ≦∥·∥∞,β, f ∗ is not compatible

with scalar multiplication on Y .

Definition 3.7. Let x′ ∈ X.
(i) x′ is said to be a WT weakly efficient solution of the (MOP) if there is no x ∈ X such that

f (x) <∥·∥
∞,β, f ∗

f (x′);
(ii) x′ is said to be a WT efficient solution of the (MOP) if there is no x ∈ X such that f (x) ≤∥·∥

∞,β, f ∗

f (x′);
(iii) x′ is said to be a WT strictly efficient solution of the (MOP) if there is no x ∈ X \ {x′} such that

f (x) ≦∥·∥
∞,β, f ∗

f (x′).
The sets of WT weakly efficient solutions, WT efficient solutions, and WT strictly efficient

solutions of the (MOP) are denoted by WE(X, <∥·∥
∞,β, f ∗

), E(X,≤∥·∥
∞,β, f ∗

), and S E(X,≦∥·∥
∞,β, f ∗

),
respectively. Moreover, if x′ ∈ X is a WT (weakly, strictly) efficient solution of the (MOP), then f (x′)
is called a WT (weakly, strictly) nondominated point of Y . Moreover, the sets of all WT weakly
nondominated points, WT nondominated points, WT strictly nondominated points of Y are denoted
by WN(Y, <∥·∥

∞,β, f ∗
), N(Y,≤∥·∥

∞,β, f ∗
), and S N(Y,≦∥·∥

∞,β, f ∗
), respectively.

The following results are established to analyze the relation between the WT-type optimal solutions
and the Pareto solutions.

Theorem 3.8. Let x′ ∈ X. x′ ∈ WE(X) if and only if there exists β ∈ Rp
> such that x′ ∈ WE(X, <∥·∥

∞,β, f ∗
).

Proof. (Sufficiency). Suppose x′ < WE(X). Then there exists x̃ ∈ X such that f (x̃) < f (x′), which
implies that f (x̃) − f ∗ < f (x′) − f ∗. From β ∈ Rp

> and the definition of f ∗, it follows that

0 < β ◦ ( f (x̃) − f ∗) < β ◦ ( f (x′) − f ∗).

Then, for any i ∈ [p], we have

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ < ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞. (3.7)

By (3.7) and Definition 3.1, we have f (x̃) <∥·∥
∞,β, f ∗

f (x′), which contradicts x′ ∈ WE(X, <∥·∥
∞,β, f ∗

).
(Necessity). Let

βi =
1

fi(x′) − f ∗i
, i ∈ [p].
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Suppose x′ < WE(X, <∥·∥∞,β, f ∗ ). Then there exists x̃ ∈ X such that f (x̃) <∥·∥∞,β, f ∗ f (x′). From Definition
3.1, we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ < ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞ = 1.

It follows that
βi( fi(x̃) − f ∗i ) < 1, i ∈ [p]. (3.8)

Dividing both sides of (3.8) by βi, we can obtain that

fi(x̃) − f ∗i <
1
βi
= fi(x′) − f ∗i , i ∈ [p].

Therefore, for any i ∈ [p], we have fi(x̃) < fi(x′). As a result, f (x̃) < f (x′), which contradicts
x′ ∈ WE(X). □

Remark 3.9. Let x′ ∈ X. As shown in Theorem 3.8, for any β ∈ Rp
>, if x′ ∈ WE(X, <∥·∥∞,β, f ∗ ), then

it necessarily follows that x′ ∈ WE(X). However, x′ ∈ WE(X) does not necessarily imply x′ ∈
WE(X, <∥·∥∞,β, f ∗ ) even if β ∈ Rp

>. The following example illustrates this point.

Example 3.10. Consider the multi-objective optimization problem:

min f (x) = ( f1(x), f2(x))⊤ = (x1, x2)⊤

s.t. x ∈ X = {(x1, x2)⊤ ∈ R2 | x2
1 + x2

2 ≥ 16, 0 ≤ x1 ≤ 4, 0 ≤ x2 ≤ 4}.

Furthermore, let
β = (1, 1)⊤ , ε = 0.1.

Obviously, β ∈ R2
>. From the definition of f ∗, we can get f ∗ = (−0.1,−0.1)⊤. Taking x′ = (4, 0)⊤, x̃ =

(2, 2
√

3)⊤, we can easily verify that x′ ∈ WE(X). However,

β ◦ ( f (x′) − f ∗) = (4.1, 0.1)⊤, β ◦ ( f (x̃) − f ∗) = (2.1, 2
√

3 + 0.1)⊤.

Thus we have f (x̃) <∥·∥∞,β, f ∗ f (x′), which implies that x′ < WE(X, <∥·∥∞,β, f ∗ ).

Corollary 3.11. Let y′ ∈ Y. y′ ∈ WN(Y) if and only if there exists β ∈ Rp
> such that y′ ∈ WN(Y, <∥·∥

∞,β, f ∗
).

Proof. From Definition 2.1, Definition 3.7, and Theorem 3.8, it follows that the result holds. □

Theorem 3.12. Let x′ ∈ X. x′ ∈ S E(X) if and only if there exists β ∈ Rp
≥ such that x′ ∈ S E(X,≦∥·∥

∞,β, f ∗
).

Proof. (Sufficiency). Suppose x′ < S E(X). Then there exists x̃ ∈ X\{x′} such that f (x̃) ≦ f (x′), which
implies that f (x̃) − f ∗ ≦ f (x′) − f ∗. From β ∈ Rp

≥ and the definition of f ∗, it follows that

0 ≤ β ◦ ( f (x̃) − f ∗) ≦ β ◦ ( f (x′) − f ∗).

Then we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞. (3.9)

By (3.9) and Definition 3.1, we have f (x̃) ≦∥·∥
∞,β, f ∗

f (x′), which contradicts x′ ∈ S E(X,≦∥·∥
∞,β, f ∗

).
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(Necessity). Let

βi =
1

fi(x′) − f ∗i
, i ∈ [p].

Suppose x′ < S E(X,≦∥·∥∞,β, f ∗ ). Then there exists x̃ ∈ X\{x′} such that f (x̃) ≦∥·∥∞,β, f ∗ f (x′). From
Definition 3.1, we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞ = 1.

It follows that
βi( fi(x̃) − f ∗i ) ≤ 1, i ∈ [p]. (3.10)

Dividing both sides of (3.10) by βi, we can obtain that

fi(x̃) − f ∗i ≤
1
βi
= fi(x′) − f ∗i , i ∈ [p].

Therefore, for any i ∈ [p], we have fi(x̃) ≤ fi(x′). As a result, f (x̃) ≦ f (x′), which contradicts
x′ ∈ S E(X). □

Remark 3.13. Let x′ ∈ X. As shown in Theorem 3.12, for any β ∈ Rp
≥, if x′ ∈ S E(X,≦∥·∥

∞,β, f ∗
),

then it necessarily follows that x′ ∈ S E(X). However, x′ ∈ S E(X) does not necessarily imply x′ ∈
S E(X,≦∥·∥

∞,β, f ∗
) even if β ∈ Rp

≥. The following example illustrates this point.

Example 3.14. Consider the multi-objective optimization problem:

min f (x) = ( f1(x), f2(x))⊤ = (x1, x2)⊤

s.t. x ∈ X = {(x1, x2)⊤ ∈ R2 | x1 + 6x2 = 7, 0 ≤ x1 ≤ 1}
∪ {(x1, x2)⊤ ∈ R2 | x1 + x2 = 2, 1 ≤ x1 ≤ 2}.

Furthermore, let

β =

(
3
2
,

1
2

)⊤
, ε = 0.1.

Obviously, β ∈ R2
≥. From the definition of f ∗, we can get f ∗ = (−0.1,−0.1)⊤. Taking x′ = (1, 1)⊤, x̃ =(

0,
7
6

)⊤
, we can easily verify that x′ ∈ S E(X). However,

β ◦ ( f (x′) − f ∗) =
(
33
20
,

11
20

)⊤
, β ◦ ( f (x̃) − f ∗) =

(
3

20
,

19
30

)⊤
.

Thus, f (x̃) ≦∥·∥∞,β, f ∗ f (x′). This implies that x′ < S E(X,≦∥·∥∞,β, f ∗ ).

Corollary 3.15. Let y′ ∈ Y. y′ ∈ S N(Y) if and only if there exists β ∈ Rp
≥ such that y′ ∈ S N(Y,≦∥·∥

∞,β, f ∗
).

Proof. From Definition 2.1, Definition 3.7, and Theorem 3.12, it follows that the result holds. □
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Remark 3.16. Let x′ ∈ X, β ∈ Rp
≥. x′ ∈ E(X,≤∥·∥∞,β, f ∗ ) does not necessarily imply that x′ ∈ E(X). For

example, consider the multi-objective optimization problem:

min f (x) = ( f1(x), f2(x))⊤ = (x1, x2)⊤

s.t. x ∈ X = {(x1, x2)⊤ ∈ R2 | 3 ≤ x1 ≤ 4, 0 ≤ x2 ≤ 2}.

Furthermore, let
β = (100, 1)⊤ , ε = 0.1.

Obviously, β ∈ R2
≥. From the definition of f ∗, we can get f ∗ = (2.9,−0.1)⊤. Taking x′ = (3, 0)⊤, we

can easily verify that E(X) = {x′}. Moreover, for any x ∈ X, we have

β ◦ ( f (x) − f ∗) = (100x1 − 290, x2 + 0.1)⊤ .

Given the range of the feasible set X, it is clear that

E(X,≤∥·∥∞,β, f ∗ ) = {(x1, x2)⊤ ∈ R2 | x1 = 3, 0 ≤ x2 ≤ 2}.

Hence, we have E(X,≤∥·∥∞,β, f ∗ ) ⊈ E(X). However, if x′ ∈ E(X,≤∥·∥∞,β, f ∗ ) for any β ∈ We, then x′ ∈ E(X).
Suppose x′ < E(X). Then there exists x̃ ∈ X such that f (x̃) ≤ f (x′). Thus we have fi(x̃) ≤ fi(x′) for
all i ∈ [p], and there exists k ∈ [p] such that fk(x̃) < fk(x′). Let β = ek, and then it follows, from the
definition of f ∗, that we can obtain

ek
i ( fi(x̃) − f ∗i ) = ek

i ( fi(x′) − f ∗i ) = 0, i , k,

0 < ek
i ( fi(x̃) − f ∗i ) < ek

i ( fi(x′) − f ∗i ), i = k.

Therefore, for any i ∈ [p], we have

∥u(ek; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(ek; i) ◦ u( f (x′) − f ∗; i)∥∞ (3.11)

and
∥u(ek; k) ◦ u( f (x̃) − f ∗; k)∥∞ < ∥u(ek; k) ◦ u( f (x′) − f ∗; k)∥∞. (3.12)

From (3.11), (3.12), and Definition 3.1, we have f (x̃) ≤∥·∥
∞,ek , f ∗

f (x′), which contradicts the assumption
that x′ ∈ E(X,≤∥·∥∞,β, f ∗ ) for any β ∈ We. Correspondingly, in the image space, it follows from Definition
2.1, Definition 3.7, and the above proof that if y′ ∈ N(Y,≤∥·∥∞,β, f ∗ ) for any β ∈ We, then y′ ∈ N(Y).

4. Weighted Tchebycheff scalarization-based optimality

In this section, we establish the theoretical connections between the optimal solutions of the weighted
Tchebycheff scalarization model and the WT (weakly, strictly) efficient solutions of the (MOP).

Theorem 4.1. Let x′ ∈ X. If x′ ∈ WE(X, <∥·∥
∞,β, f ∗

), then x′ is an optimal solution of the (WTS OP)β,

where βi =
1

fi(x′) − f ∗
for all i ∈ [p].
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Proof. From the definition of f ∗, we obtain β ∈ Rp
>. By using Theorem 3.8, we can obtain that

x′ ∈ WE(X, <∥·∥∞,β, f ∗ ) implies x′ ∈ WE(X). Moreover, since βi =
1

fi(x′) − f ∗
for all i ∈ [p], then it

follows from Theorem 4.24 in [14] that x′ is an optimal solution of the (WTSOP)β. □

Theorem 4.2. Let x′ ∈ X. For a given β ∈ Rp
≥, if x′ is an optimal solution of the (WTS OP)β, then

x′ ∈ WE(X, <∥·∥
∞,β, f ∗

).

Proof. Suppose x′ < WE(X, <∥·∥∞,β, f ∗ ). Then there exists x̃ ∈ X such that f (x̃) <∥·∥∞,β, f ∗ f (x′). Clearly, x̃
is a feasible solution of the (WTSOP)β. From Definition 3.1, we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ < ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞. (4.1)

Thus, by (4.1), it follows that

max
i∈[p]
|βi( fi(x̃) − f ∗i )| < max

i∈[p]
|βi( fi(x′) − f ∗i )|.

From β ∈ Rp
≥ and the definition of f ∗, we have

max
i∈[p]
βi( fi(x̃) − f ∗i ) < max

i∈[p]
βi( fi(x′) − f ∗i ).

This contradicts the assumption that x′ is an optimal solution of the (WTSOP)β. □

Theorem 4.3. Let x′ ∈ X. If x′ ∈ S E(X,≦∥·∥
∞,β, f ∗

), then x′ is the unique optimal solution of the

(WTS OP)β, where βi =
1

fi(x′) − f ∗
for all i ∈ [p].

Proof. Suppose that x′ is not the unique optimal solution of the (WTSOP)β. Then there exists x̃ ∈
X\{x′} such that

max
i∈[p]
βi( fi(x̃) − f ∗i ) ≤ max

i∈[p]
βi( fi(x′) − f ∗i ).

From the definition of f ∗, we know that β ∈ Rp
>. Furthermore,

βi( fi(x′) − f ∗i ) = 1, i ∈ [p].

Thus, for any i ∈ [p], we have

0 < βi( fi(x̃) − f ∗i ) ≤ βi( fi(x′) − f ∗i ) = 1. (4.2)

From (4.2), we know that

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞, i ∈ [p].

Therefore, f (x̃) ≦∥·∥∞,β, f ∗ f (x′), which contradicts x′ ∈ S E(X,≦∥·∥∞,β, f ∗ ). □

Theorem 4.4. Let x′ ∈ X. For a given β ∈ Rp
≥, if x′ is the unique optimal solution of the (WTS OP)β,

then x′ ∈ S E(X,≦∥·∥
∞,β, f ∗

).
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Proof. Suppose x′ < S E(X,≦∥·∥∞,β, f ∗ ). Then there exists x̃ ∈ X\{x′} such that f (x̃) ≦∥·∥∞,β, f ∗ f (x′). Clearly,
x̃ is a feasible solution of the (WTSOP)β. From Definition 3.1, we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞. (4.3)

Thus, by (4.3), it follows that

max
i∈[p]
|βi( fi(x̃) − f ∗i )| ≤ max

i∈[p]
|βi( fi(x′) − f ∗i )|.

From β ∈ Rp
≥ and the definition of f ∗, we have

max
i∈[p]
βi( fi(x̃) − f ∗i ) ≤ max

i∈[p]
βi( fi(x′) − f ∗i ).

This contradicts that x′ is the unique optimal solution of the (WTSOP)β. □

Remark 4.5. Let x′ ∈ X, β ∈ Rp
≥. x′ ∈ E(X,≤∥·∥∞,β, f ∗ ) does not necessarily imply that x′ is the unique

optimal solution of the (WTSOP)β. For example, we consider the multi-objective optimization
problem:

min f (x) = ( f1(x), f2(x))⊤ = (x1, x2)⊤

s.t. x ∈ X = {(x1, x2)⊤ ∈ R2 | x1 + x2 ≤ 3, 2 ≤ x1 ≤ 3, 0 ≤ x2 ≤ 1}.

Additionally, let
β = (0.99, 0.01)⊤, ε = 0.1.

Obviously, β ∈ R2
≥. From the definition of f ∗, we have f ∗ = (1.9,−0.1)⊤. In this case, the (WTSOP)β

can be transformed into
min
x∈X

max{0.99(x1 − 1.9), 0.01(x2 + 0.1)}.

Considering the feasible set X, we have

E(X,≤∥·∥∞,β, f ∗ ) = {(x1, x2)⊤ ∈ R2 | x1 = 2, 0 ≤ x2 ≤ 1}.

Let x′ = (2, 0)⊤ and x̃ = (2, 1)⊤. It is easy to see that both x′ and x̃ are optimal solutions of the
(WTSOP)β. Fortunately, the following Theorem 4.6 shows that x′ being the unique optimal solution of
the (WTSOP)β implies x′ ∈ E(X,≤∥·∥∞,β, f ∗ ).

Theorem 4.6. Let x′ ∈ X. For a given β ∈ Rp
≥, if x′ is the unique optimal solution of the (WTS OP)β,

then x′ ∈ E(X,≤∥·∥
∞,β, f ∗

).

Proof. Suppose x′ < E(X,≤∥·∥∞,β, f ∗ ). Then there exists x̃ ∈ X such that f (x̃) ≤∥·∥∞,β, f ∗ f (x′). Clearly, x̃ is a
feasible solution of the (WTSOP)β. From Definition 3.1, we know that for any i ∈ [p],

∥u(β; i) ◦ u( f (x̃) − f ∗; i)∥∞ ≤ ∥u(β; i) ◦ u( f (x′) − f ∗; i)∥∞,

and there exists some k ∈ [p] such that

∥u(β; k) ◦ u( f (x̃) − f ∗; k)∥∞ < ∥u(β; k) ◦ u( f (x′) − f ∗; k)∥∞.

Thus, it follows from β ∈ Rp
≥ and the definition of f ∗ that x̃ , x′ and

max
i∈[p]
βi( fi(x̃) − f ∗i ) ≤ max

i∈[p]
βi( fi(x′) − f ∗i ).

This contradicts that x′ is the unique optimal solution of the (WTSOP)β. □
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5. Numerical examples

In this section, we present two numerical examples based on the image set of a bi-objective
optimization problem and the state space of a power system. For each case, we compute the weakly
(strictly) nondominated sets with respect to the natural orders, the weighted aggregation preference
relations, and the preference relations proposed by us. Moreover, the computational time, worst-case
computational complexity, and sensitivity analysis for β are discussed in the second numerical
example. The definitions of three types of the weighted aggregation preference relations [31, 33] are
given as follows: For any y, y′ ∈ Rp,

y ≦ws y′ ⇔
t∑

i=1

βiyi ≤

t∑
i=1

βiy′i , ∀t ∈ [p],

y <ws y′ ⇔
t∑

i=1

βiyi <

t∑
i=1

βiy′i , ∀t ∈ [p],

y ≤ws y′ ⇔ y ≦ws y′ and y , y′,

where β ∈ Rp
≥ and

p∑
i=1

βi = 1.

Based on the theory of Ehrgott [14], the weakly and strictly nondominated sets of a multi-objective
optimization problem with respect to the weighted aggregation preference relations are defined as
follows:

WN(Y, <ws) = {y′ ∈ Y | there is no y ∈ Y such that y <ws y′},

S N(Y,≦ws) = {y′ ∈ Y | there is no y ∈ Y\{y′} such that y ≦ws y′.

Note that β ∈ Rp
≥ and

p∑
i=1

βi = 1 for the weighted aggregation preference relations, and β ∈ Rp
≥ for

the relations proposed by us (see the assumption conditions of Corollary 3.11 and Corollary 3.15). For
the convenience of discussion, we can restrict the range of β for the new preference relations to β ∈ Rp

≥

and
p∑

i=1

βi = 1. In fact, for any β ∈ Rp
≥, we let β̂ = 1/(

p∑
i=1

βi)β. Then β̂ ∈ Rp
≥,

p∑
i=1

β̂i = 1, and

WN(Y, <∥·∥
∞,β̂, f ∗

) = WN(Y, <∥·∥
∞,β, f ∗

),

S N(Y,≦∥·∥
∞,β̂, f ∗

) = S N(Y,≦∥·∥
∞,β, f ∗

).

Hence, in the numerical examples, we set β ∈ Rp
≥ and

p∑
i=1

βi = 1, that is, βi ∈ [0, 1] for all i ∈ [p] and

p∑
i=1

βi = 1. Moreover, in this section, we let ε = 0.1.

All numerical experiments are conducted under the following computational environment: the
hardware configuration consisted of an Intel Core i9-13900H processor (2.60 GHz) and 64 GB of
memory, running the 64-bit Windows 11 operating system. The first example is implemented in
Python 3.12.4 using the PyCharm 2025.2.2 IDE, and the second is conducted in MATLAB R2022a.
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5.1. A bi-objective optimization problem

This subsection focuses on the image set of a bi-objective optimization problem. The image set Y
is defined as follows:

Y =
{
(y1, y2)⊤ ∈ R2

∣∣∣ 2y1 + y2 ≥ 4, 0 ≤ y1 ≤ 2, y2 ≤ 5
}
.

Let β be set to (0.6, 0.4)⊤ and (0.2, 0.8)⊤. Then for these two cases, we compute the weakly (strictly)
nondominated points of Y with respect to the natural orders, the weighted aggregation preference
relations, and the new preference relations proposed in this paper. The distributions of weakly
(strictly) nondominated points with respect to these preference relations are shown in Figures 1 and 2,
respectively.
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Figure 1. The weakly (strictly) nondominated points of Y with respect
to three preference relations with β = (0.6, 0.4)⊤.
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Figure 2. The weakly (strictly) nondominated points of Y with respect
to three preference relations with β = (0.2, 0.8)⊤.

In Figures 1 and 2, the red, green, and blue solid lines represent the weakly (strictly) nondominated
set with respect to the natural orders, the weighted aggregation preference relations, and the new
preference relations, respectively. Meanwhile, the yellow region represents the dominated points.
Hence, we can find that the newly proposed preference relations yield fewer weakly (strictly)
nondominated points of Y than the other relations. This implies that the preference relations we
proposed have more comparable elements in such cases.

5.2. The RBTS power system reliability evaluation test system

Electrical components are the basic units of a power system, typically operating in two states:
normal and fault. The two states are represented by a binary variable, where 0 denotes normal and 1
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denotes fault. Therefore, a power system can be abstracted as a set of vectors characterized by normal
and fault states. Power system reliability assessment is an important area of study in the field of power
systems. Billinton [34] proposed the Roy Billinton Test System (RBTS), which has been widely used
in power system reliability assessment testing. The RBTS system consists of 11 generators, 9
transmission lines, and 6 buses, with generators and transmission lines labeled as 20 system
components in order, as shown in Table 1. Therein, the second and third components of (Gi,−,−)
represent the maximum generation capacity and the bus location of the i-th generator, respectively.
The second and third components of (Li,−,−) represent the maximum transmission capacity and the
bus location of the i-th transmission line, respectively.

Table 1. Component order of the RBTS power system reliability
evaluation test system.

Index 1 2 3
Component (G1, 40MW, B1) (G2, 40MW, B1) (G3, 40MW, B2)

Index 4 5 6
Component (G4, 20MW, B1) (G5, 20MW, B2) (G6, 20MW, B2)

Index 7 8 9
Component (G7, 20MW, B2) (G8, 20MW, B2) (G9, 10MW, B1)

Index 10 11 12
Component (G10, 5MW, B2) (G11, 5MW, B2) (L1, 195.5MW, B1 − B3)

Index 13 14 15
Component (L2, 195.5MW, B1 − B3) (L3, 163.3MW, B1 − B2) (L4, 163.3MW, B2 − B4)

Index 16 17 18
Component (L5, 163.3MW, B2 − B4) (L6, 163.3MW, B3 − B4) (L7, 163.3MW, B3 − B5)

Index 19 20
Component (L8, 163.3MW, B4 − B5) (L9, 163.3MW, B5 − B6)

The state space of the RBTS can be represented by Y , that is,

Y =
{
y = (y1, y2, · · · , y20)⊤ ∈ R20 | yi = 0 or 1, i ∈ [20]

}
.

The i-th element of the state vector y corresponds to the operational state of the i-th system component.

We use {k1, k2, · · · , kl} to represent a vector y ∈ Y , which satisfies the following conditions:
20∑

k=1

yk = l

and ykm = 1 for any m ∈ [l]. For example, {14, 17, 19} represents

(0, · · · , 0, 1
↑

14

, 0, 0, 1
↑

17

, 0, 1
↑

19

, 0)⊤.

Furthermore, let YF denote the set of all fault states of the RBTS system. The set YF is obtained by
solving an optimal load shedding model based on DC power flow in [35], and it contains 1,033,302
elements with 509,756 of them having the first component as 0. Taking YF as the image set under
consideration, we compute its Pareto weakly nondominated set and Pareto strictly nondominated set,
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which contain 1,033,302 and 62 points, respectively. Table 2 presents seven cases of the weight
vector. For these seven cases, we compute the weakly (strictly) nondominated sets of YF with respect
to both the weighted aggregation preference relations and the proposed preference relations. The
corresponding results are shown in Table 3 and Table 4, and the worst-case computational
complexities for calculating the weakly (strictly) nondominated sets with respect to these three types
of preference relations are all O(n2).

Table 2. Weight vector settings.

Instance β⊤

Case 1 (0.006, 0.084, 0.094, 0.072, 0.079, 0.074, 0.043, 0.065, 0.022, 0.070, 0.005,
0.030, 0.007, 0.012, 0.082, 0.073, 0.034, 0.095, 0.004, 0.047)

Case 2 (0.004, 0.048, 0.054, 0.042, 0.046, 0.043, 0.025, 0.038, 0.125, 0.040, 0.003,
0.017, 0.004, 0.071, 0.047, 0.042, 0.020, 0.055, 0.002, 0.274)

Case 3 (0.001, 0.015, 0.016, 0.013, 0.014, 0.013, 0.008, 0.011, 0.004, 0.012, 0.001,
0.005, 0.001, 0.002, 0.014, 0.013, 0.006, 0.017, 0.001, 0.833)

Case 4 (0.032, 0.053, 0.075, 0.021, 0.032, 0.053, 0.032, 0.053, 0.021, 0.075, 0.032,
0.021, 0.075, 0.097, 0.053, 0.021, 0.032, 0.075, 0.097, 0.053)

Case 5 (0.021, 0.035, 0.009, 0.008, 0.004, 0.016, 0.007, 0.047, 0.038, 0.093, 0.042,
0.061, 0.072, 0.069, 0.076, 0.077, 0.085, 0.090, 0.096, 0.053)

Case 6 (0.014, 0.023, 0.006, 0.006, 0.003, 0.011, 0.005, 0.032, 0.026, 0.063, 0.028,
0.041, 0.049, 0.047, 0.052, 0.052, 0.057, 0.061, 0.065, 0.359)

Case 7 (0.013, 0.048, 0.057, 0.045, 0.044, 0.043, 0.029, 0.038, 0.026, 0.059, 0.006,
0.021, 0.003, 0.010, 0.052, 0.047, 0.023, 0.056, 0.051, 0.328)

Table 3. The numbers of weakly nondominated points of YF

with respect to three preference relations.

Instance WN(YF) WN(YF , <ws)
Time

(s)
WN(YF , <∥·∥

∞,β, f ∗
)

Time
(s)

Case 1

YF : 1,033,302

509,756 83.0 509,916 35.4

Case 2 509,766 139.9 510,128 43.3

Case 3 509,757 94.0 510,548 46.1

Case 4 509,757 91.5 513,788 56.3

Case 5 509,756 65.0 509,756 49.3

Case 6 509,756 155.9 509,756 42.3

Case 7 509,756 133.0 510,030 27.8
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Table 4. The strictly nondominated sets of YF with respect to three
preference relations.

Instance S N(YF) S N(YF ,≦ws)
Time

(s)
S N(YF ,≦∥·∥

∞,β, f ∗
)

Time
(s)

Case 1 {20}, {18, 19}, {3, 8}, {3, 7}, {3,
6}, {3, 5}, {3, 4}, {2, 8}, {2, 7},
{2, 6}, {2, 5}, {2, 4}, {2, 3}, {1,
8}, {1, 7}, {1, 6}, {1, 5}, {1, 4}, {1,
3}, {1, 2}, {14, 17, 19}, {14, 15,
16}, {12, 13, 16}, {12, 13, 15},
{12, 13, 14}, {6, 7, 8}, {5, 7, 8},
{5, 6, 8}, {5, 6, 7}, {4, 7, 8}, {4, 6,
8}, {4, 6, 7}, {4, 5, 8}, {4, 5, 7},
{4, 5, 6}, {15, 16, 17, 19}, {15,
16, 17, 18}, {12, 13, 17, 19}, {12,
13, 17, 18}, {3, 14, 17, 18}, {3,
9, 10, 11}, {2, 14, 17, 18}, {2, 9,
10, 11}, {1, 14, 17, 18}, {1, 9, 10,
11}, {7, 8, 14, 17, 18}, {7, 8, 9,
10, 11}, {6, 8, 14, 17, 18}, {6, 8,
9, 10, 11}, {6, 7, 14, 17, 18}, {6,
7, 9, 10, 11}, {5, 8, 14, 17, 18},
{5, 8, 9, 10, 11}, {5, 7, 14, 17,
18}, {5, 7, 9, 10, 11}, {5, 6, 14,
17, 18}, {5, 6, 9, 10, 11}, {4, 9,
14, 17, 18}, {4, 8, 9, 10, 11}, {4,
7, 9, 10, 11}, {4, 6, 9, 10, 11}, {4,
5, 9, 10, 11}

{20} 6.4 {20}, {14, 17, 19} 4.8e-3

Case 2 {20}, {18, 19},
{12, 13, 17, 19},
{1, 8}, {1, 7}

9.9 {20}, {18, 19},
{15, 16, 17, 19},
{12, 13, 17, 19}

4.5e-3

Case 3 {20}, {18, 19},
{14, 17, 19}, {12,
13, 14}

6.8 {20}, {18, 19},
{15, 16, 17, 19},
{14, 17, 19}

3.7e-3

Case 4 {20}, {1, 4} 8.2 {20} 1.1e-2

Case 5 {20}, {5, 6, 7}, {4,
5, 7}, {3, 7}, {3, 5}

7.2 {20}, {5, 6, 7}, {4,
5, 7}

4.9e-2

Case 6 {20}, {18, 19}, {6,
7, 8}, {5, 7, 9, 10,
11}, {5, 7, 8}, {5,
6, 7}, {4, 5, 7}, {3,
9, 10, 11}, {3, 8},
{3, 7}, {3, 5}

12.4 {20}, {18, 19},
{15, 16, 17, 19},
{15, 16, 17, 18},
{14, 17, 19}, {14,
15, 16}, {12, 13,
14}, {6, 7, 14, 17,
18}, {5, 7, 14, 17,
18}, {5, 6, 7}, {4,
5, 7}

9.2e-2

Case 7 {20}, {18, 19},
{14, 17, 19}, {12,
13, 16}, {12, 13,
14}

6.0 {20}, {18, 19},
{15, 16, 17, 19},
{14, 17, 19}, {12,
13, 14}

2.9e-3

From Tables 3 and 4, we can find that the number of WT weakly (strictly) nondominated points
is smaller than that of Pareto weakly (strictly) nondominated points. Moreover, the number of WT
weakly (strictly) nondominated points is comparable to weakly (strictly) nondominated points with
respect to the weighted aggregation preference relations, but the time required for the former is less.
Moreover, since there are 509,756 elements with the first component being 0 in YF , then by using the
definitions of the weakly nondominated points with respect to the weighted aggregation preference
relations and the preference relations proposed in this paper, we can obtain that both sets WN(YF , <ws)
and WN(YF , <∥·∥

∞,β, f ∗
) contain at least 509,756 elements.

To investigate the impact of the weight vector β on the number of WT weakly (strictly)
nondominated points, we perform a sensitivity analysis with respect to β. To ensure that β ∈ Rp

≥ with
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p∑
i=1

βi = 1, and to examine the impact of each βi, for any l ∈ [20] \ {i}, we let

βl∑
k∈[20]\{i}

βk

=
β̄l∑

k∈[20]\{i}

β̄k

and
∑

k∈[20]\{i}

βk = 1 − βi,

where βi ∈ [0, 1] and

β̄1 = 0.006, β̄2 = 0.084, β̄3 = 0.094, β̄4 = 0.072, β̄5 = 0.079,
β̄6 = 0.074, β̄7 = 0.043, β̄8 = 0.065, β̄9 = 0.022, β̄10 = 0.070,
β̄11 = 0.005, β̄12 = 0.030, β̄13 = 0.007, β̄14 = 0.012, β̄15 = 0.082,
β̄16 = 0.073, β̄17 = 0.034, β̄18 = 0.095, β̄19 = 0.004, β̄20 = 0.047.

For any i ∈ [20], when βi varies from 0 to 1 in steps of 0.05, the trends of the numbers of WT weakly
nondominated points and WT strictly nondominated points with respect to βi are shown in Figure 3
and Figure 4, respectively.
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Figure 3. The variation trend of the number of WT weakly nondominated points
of YF with respect to each βi.
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Figure 4. The variation trend of the number of WT strictly nondominated points
of YF with respect to each βi.

As shown in Figures 3 and 4, β1 induces the greatest fluctuations in the number of WT weakly
nondominated points, and β20 induces the greatest fluctuations in the number of WT strictly
nondominated points.

6. Conclusions

We propose a class of weighted Tchebycheff preference relations and establish some related
properties in the objective space. Moreover, WT (weakly, strictly) efficient solutions of the (MOP) are
defined with respect to the preference relations presented in this paper. The relationships of these
solutions with Pareto solutions and the optimal solutions of the weighted Tchebycheff scalarization
model are also analyzed. Finally, two numerical examples are employed to further illustrate the
significance of the proposed preference relations. Unfortunately, we find that the computational
complexity of WT weakly (strictly) nondominated points in solving the power system reliability
evaluation test system is O(n2). Thus, how to propose an algorithm for solving WT weakly (strictly)
nondominated points in such problems to reduce computational complexity stands as a crucial topic
for future research.
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