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Abstract:  Integrated learning and optimization (ILO), an emerging paradigm for contextual
optimization also known as “smart predict-then-optimize” or “end-to-end optimization”, typically
presents major challenges for practical applications in the community of operations research
and management science (OR/MS). This study developed a general evaluation framework that
systematically assesses the difficulty of implementing ILO for contextual optimization problems. It
distinguishes between computationally tractable and challenging problems, offering the corresponding
exact and approximate solution strategies to obtain the final prescriptions, respectively. Our main
contributions are threefold. First, we identified conceptual ambiguities in traditional definitions
of parameters and hyperparameters in machine learning (ML) models, proposing new complexity-
based definitions that strengthen the theoretical foundations. Second, building on this, we developed
optimization frameworks to identify the optimal ML models and prescriptions under sequential
learning and optimization (SLO) and ILO, respectively. The ILO evaluation framework was then
established, which is structured around several key questions regarding the specific characteristics of
the ML model and the downstream optimization problem. Third, we illustrated the applicability of
the proposed evaluation framework through a numerical case study on a stochastic binary decision-
making problem and provided a cautious discussion of the observed numerical comparison. Moreover,
we analyzed and compared the efficacy and efficiency of SLO and ILO. This study provides valuable
insights and practical guidance for implementing ILO in solving real-world problems in OR/MS.
Furthermore, it enriches the literature on the comparative effectiveness of SLO and ILO.

Keywords: machine learning; contextual optimization; sequential learning and optimization;
integrated learning and optimization; evaluation framework



https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026293

6703

1. Introduction

In the fields of operations research and management science (OR/MS), the combination of
machine learning (ML) and optimization techniques is commonly used to solve decision-making
problems under uncertainty [1, 2]. Although the underlying probability distribution of uncertain
parameters is unknown, historical data on these parameters and their associated covariates (features or
contextual information) are typically available. In this situation, the contextual stochastic
optimization (CSO) problem is introduced [3], where ML techniques are often used, based on
available historical data, to predict/estimate relevant statistics of uncertain parameters, while the
downstream optimization problem aims to prescribe actions/decisions for new feature observations.

In CSO problems, there are typically two primary paradigms for prescribing decisions, namely,
sequential learning and optimization (SLO) and integrated learning and optimization (ILO). The SLO
paradigm is also referred to as the “predict-then-optimize” framework [4], while the ILO paradigm is
also described as the “smart predict-then-optimize” framework [5] or “end-to-end optimization”. Both
paradigms include a predictive component (where an ML model is first trained) and an optimization
component (where a prescription is then made). However, SLO and ILO differ significantly in terms
of how the ML model is trained on historical data. Specifically, the loss functions used in the training
process for these two paradigms are distinct.

In SLO, the “predictive loss”, often represented by the mean squared error (MSE), is used as the loss
function, which is completely independent of the downstream optimization model. As a result, SLO
is relatively straightforward to implement for real-world CSO problems. Despite its computational
efficiency and widespread applications [6], SLO fails to capture the potential relationship between
predictions and decisions. That is, ML models trained under SLO do not adequately consider the
impact that predictions will have on the downstream optimization problem. Consequently, for a new
observation, even a small predictive error can lead to significant deviations in the final prescription.

In contrast, in ILO, the “decision loss” serves as the loss function, which incorporates the
downstream optimization model and associated decision costs, thereby addressing some of the
limitations of SLO. This allows ILO to consider the underlying relationship between predictions and
decisions, with the goal of maximizing the final prescriptive performance. = However, the
implementation of ILO faces several potential challenges, such as the discontinuity and non-convexity
of the loss function [7] and the need to repeatedly solve the downstream optimization model during
the ML model training process. These challenges limit the practical application of ILO. Existing ILO
studies mainly focus on how to train a selected predictive model with a decision-aware loss, for
example, by constructing differentiable surrogates or differentiating through an optimizer. Before
such training is attempted, however, a practitioner still needs to know whether the candidate ML
method and the downstream optimization model make the resulting ILO problem computationally
tractable. Therefore, we primarily focus on how to evaluate the difficulty of implementing ILO for a
specific CSO problem. This framework allows us to analyze in which scenarios resolving CSO
problems with ILO is relatively straightforward and in which scenarios it becomes more difficult,
while identifying the specific challenges. Furthermore, we present an outline scheme for handling
both straightforward and difficult scenarios.

A fundamental aspect of our paper is to revisit and redefine the concepts of parameters and
hyperparameters in ML models, particularly in the context of supervised learning. As mentioned
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above, both SLO and ILO involve a predictive component, where an appropriate ML model must be
determined. For a given ML method (e.g., decision trees), the process of determining a specific ML
model is essentially the process of selecting appropriate values for the parameters and
hyperparameters. Different values for parameters and hyperparameters result in different ML models.
Therefore, from an anatomical perspective, for a specific CSO problem and dataset, the differences
between ML models trained under SLO and ILO for a certain ML method are mainly the differences
in parameters and hyperparameters.

Recognizing the critical role of parameters and hyperparameters, it is essential to first clarify their
definitions in order to thoroughly analyze the optimality of ML models under SLO and ILO.
Specifically, this analysis involves determining whether the parameters and hyperparameters achieve
their optimal values under a specified loss function.  Traditional perspectives suggest that
hyperparameter values must be set prior to training, while parameter values are then learned from the
training data (see Section 3.1 for details). However, we find that this definition, which seems to
distinguish between parameters and hyperparameters based on the order of value assignment, is
somewhat ambiguous, leading to an unclear and imprecise theoretical boundary between the two
concepts. For ILO, this ambiguity is not merely terminological: it affects whether a configuration
element should be treated as part of a complexity-realization search, a parameter-calibration search,
or a learner-specific implementation choice. Consequently, it affects the structure of the optimization
model used to identify the decision-aware ML model and the assessment of whether exact
enumeration is feasible. As a result, the optimality of ML models under SLO and ILO is not
supported by a clear and rigorous theoretical basis.

Therefore, we revisit parameters and hyperparameters, proposing more precise and rigorous
definitions of these concepts from the perspective of model complexity. Broadly, model complexity
refers to the extent to which an ML model can represent complex problems (see Section 3.2 for
details). We propose that hyperparameters are the variables that govern the complexity of an ML
model, while the remaining variables are parameters (see Section 3.3 for details). These refined
definitions clarify the essential distinctions between parameters and hyperparameters. On this basis,
we then establish optimization frameworks to identify the optimal ML models and prescriptions under
SLO and ILO, respectively. Moreover, we establish our evaluation framework for ILO based on these
new definitions.

1.1. Contributions

Our main contributions can be summarized as follows. First, we propose that the traditional
definitions of parameters and hyperparameters (Definition 2) in ML models are somewhat ambiguous.
To address this issue, we introduce novel definitions of these terms (Definition 4), which are based on
the concept of model complexity (Definition 3). Building on these new definitions, we present
optimization frameworks to identify the optimal ML models under SLO (Section 4.1) and ILO
(Section 4.2).

Second, we propose a novel general evaluation framework (see Figure 1 for the flowchart) that
systematically assesses the difficulty of implementing ILO in solving CSO problems. Unlike
hyperparameter optimization methods that search for good configurations within a chosen training
routine, our framework diagnoses the computational role of configuration elements before solving the
ILO problem and indicates whether exact enumeration, restricted enumeration, or approximate search
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is appropriate. This framework establishes an outline scheme to distinguish between computationally
tractable and challenging problems under ILO, offering the corresponding exact and approximate
solution approaches, respectively. Moreover, we demonstrate the use of the proposed framework
through a numerical case study and confirm its applicability in the studied setting. This framework
therefore offers valuable insights into the practical application of ILO to solve CSO problems.

Third, through numerical experiments in Section 6, we analyze and compare the prescriptive
performance and solution efficiency of SLO and ILO in the context of a stochastic binary
decision-making problem using synthetic data.  Our findings indicate that the prescriptive
effectiveness of SLO and ILO varies with different ML methods and training sample sizes, while the
solution efficiency of SLO is superior to that of ILO in our experiments. The numerical study is
intended to illustrate the framework and provide empirical evidence for the studied problem rather
than to claim universal dominance of either paradigm. This contributes to the literature by enriching
the discussion on the efficacy of SLO and ILO.

1.2. Related literature

This study is primarily related to the literature on two issues: (i) parameters and hyperparameters of
ML models in supervised learning, and (ii) methodologies and applications of SLO and ILO to solve
CSO problems.

1.2.1. Parameters and hyperparameters

As two essential concepts of supervised learning, parameters and hyperparameters not only form
the basis of ML models in traditional predictive analytics but also influence prescriptive analytics
research, which typically involves decision-making problems. As noted by Bischl et al. [8], the values
of hyperparameters considerably affect the performance of ML models and must be carefully chosen.
Most of the literature has focused on hyperparameter optimization and tuning [9-11]. This stream of
literature provides powerful search strategies, such as grid search, random search [12], Bayesian
optimization [13, 14], and multi-fidelity schemes [15], but usually takes the set of hyperparameters as
given. A broader view of this stream shows several complementary research directions. For
conventional regression and classification tasks, automated model selection and algorithm
configuration frameworks, such as auto-WEKA and auto-sklearn, jointly search over learning
algorithms and their hyperparameters [16, 17], and broad methodological reviews summarize the
empirical behavior of hyperparameter optimization (HPO) methods across common ML
algorithms [18]. Bayesian and surrogate-assisted HPO has been developed through sequential
model-based optimization and related acquisition strategies [19-21], and it is often combined with
bandit or multi-fidelity mechanisms for expensive learning pipelines [22]. Evolutionary and
metaheuristic approaches have also been used to explore large or structured hyperparameter and
architecture spaces [23]. For settings in which several criteria must be balanced simultaneously,
multi-objective Bayesian optimization provides tools for recovering or targeting Pareto-efficient
configurations [24, 25]. In deep learning, HPO is closely related to neural architecture search,
including reinforcement-learning-based search and systematic surveys of architecture-search
methods [26,27]. Recent studies further show how rapidly this area is developing. Recent surveys and
monographs provide updated views of AutoML and HPO foundations, systems, and open
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challenges [28,29]. Recent benchmarking work evaluates AutoML systems across many regression
and classification tasks [30], while new algorithmic studies investigate simple yet competitive
AutoML baselines [31], prior-guided HPO for deep learning [32], and in-context surrogate modeling
for Bayesian optimization [33]. However, to the best of our knowledge, a clear and rigorous
theoretical distinction between parameters and hyperparameters has rarely been discussed in the
literature. Kuhn and Johnson [34] suggest that hyperparameter values must be set before training,
while parameter values are learned from the training data. Similar viewpoints are presented in Probst
et al. [35], Kumar and Garg [36], and Mishra and Silakari [37].

By examining these traditional definitions, we identify persistent ambiguities when distinguishing
between parameters and hyperparameters. Therefore, we revisit and redefine parameters and
hyperparameters from the perspective of model complexity. Model complexity concerns the capacity
of an ML model to express complex problems [38]. Classical statistical learning theory uses
complexity notions such as Vapnik-Chervonenkis (VC) dimension and Rademacher complexity to
quantify the richness of a hypothesis class and to study generalization behavior [39,40]. Our purpose
is different: We use complexity as an operational criterion to classify configuration elements
according to whether changing their values leads to ML models with different complexity levels. In
this paper, we suggest that the concept of model complexity can enhance our understanding of the
distinction between parameters and hyperparameters. The model complexity of several common ML
methods has been extensively explored in the literature, including decision trees [41], logistic
regression [39,42], and deep learning models [43]. Notably, the definition and measurement of model
complexity are typically contingent on the particular ML method of interest [44].

1.2.2. SLO and ILO

SLO has been widely investigated in the literature to solve CSO problems, primarily due to its
computational efficiency [45]. Notable SLO methodologies include Kannan et al. [46], Bertsimas and
Van Parys [47], and Ban and Rudin [48], among others. Furthermore, SLO has demonstrated significant
real-world applications in diverse fields, such as logistics [49], power systems [50], healthcare [51],
and production [52].

In contrast, the application of ILO faces limitations mainly due to the discontinuous and
non-convex nature of the loss function [7], which poses major challenges in training ML models
under ILO. The literature has proposed several approaches to address this issue, including training by
unrolling [53], implicit differentiation [54], surrogate differentiable loss functions [5], and
differentiable optimizers [55]. Nevertheless, real-world applications of ILO remain somewhat
constrained to relatively straightforward problem contexts [56], with practical cases observed in
domains such as last-mile delivery [57], maritime transportation [58], and ship inspection [59]. These
studies typically start from a prespecified model class and then design a training mechanism for the
decision-aware objective. Less attention has been paid to a prior diagnostic question [60]: For a given
ML method, dataset, and downstream optimization model, which part of the ILO problem creates the
computational bottleneck, and should the practitioner expect an exact or approximate prescription?

Although ILO mitigates certain limitations of SLO by incorporating the downstream optimization
model, the efficacy of SLO versus ILO depends on the characteristics of both the studied problem and
the available dataset [61,62]. In other words, the final prescriptive performance (i.e., decision costs)
of SLO and ILO should be analyzed and compared in the context of a specific CSO problem and a
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specific dataset. Hu et al. [63] showed that SLO actually achieves faster regret convergence rates than
ILO for contextual linear optimization. Elmachtoub et al. [64] demonstrated that ILO outperforms SLO
when the ML model class is misspecified, while SLO tends to outperform ILO asymptotically when
the ML model class is well-specified and data are sufficient. Vanderschueren et al. [65] compared
SLO and ILO in the context of a cost-sensitive classification problem using real-world data, and the
findings indicated that SLO is generally more effective than ILO. In this paper, we extend the literature
by comparing SLO and ILO in the context of a stochastic binary decision-making problem (where, for
ILO, we use our proposed evaluation framework). Our results reveal that their prescriptive effectiveness
varies depending on the ML methods used and the size of the training samples.

1.3. Organization of the paper

The remainder of this paper is organized as follows. Section 2 outlines the basic concepts of
supervised learning and provides a detailed description of SLO and ILO. Section 3 revisits and
redefines parameters and hyperparameters. Section 4 establishes optimization frameworks to identify
the optimal ML models under SLO and ILO. Section 5 proposes a novel general evaluation
framework for ILO. Section 6 presents a numerical case study to illustrate the proposed evaluation
framework. Finally, Section 7 concludes the paper.

2. Preliminaries

In this section, we first introduce several fundamental concepts of supervised learning in
Section 2.1. We then formulate the CSO problem, along with two solution paradigms (i.e., SLO and
ILO) in Section 2.2.

2.1. Supervised learning

Supervised learning primarily focuses on two essential components: (i) the target vector ¥ € Y C
R% where dy € Z,, denotes the dimension of Y, and the historical observed data {yj, ..., yy}, where
N € Z,,; and (ii) the associated feature vector X € X C R%, where dy denotes the dimension of
X, along with the corresponding data {x, ..., xy}, where x; is observed simultaneously with y; (i €
{1,....,N}). Let sy = {(x1,¥1), ..., (xn,¥n)} be a set of N independent and identically distributed (i.i.d.)
samples of the random pair (X, Y), and let Sy be the set of all such datasets of size N, so that sy € Sy.
Given a new observation x,, the aim of supervised learning is to estimate the expected value of Y and
provide a point prediction ¥, based on the dataset sy. To ensure clarity in subsequent discussions, we
formally define several fundamental concepts of supervised learning as follows.

Definition 1 (ML method, ML model, and learner). Let M be the set of all ML methods, i.e., M =
{linear regression (LR), k-nearest neighbor (kNN), decision tree (DT), neural network (NN), ...}. For a
given ML method M € M, let fy; be a specific ML model (e.g., a function), and let Fy; be the hypothesis
class of all possible ML models, such that fy € Fy. An ML model fy, also called a hypothesis, is a
function that maps a feature observation xy to a point prediction Y, formally expressed as fy : X —
Y, xo & Yo. For a given ML method M € M, let Ly, be a specific learner (e.g., a learning/model-
fitting algorithm), and let Ly be the set of all potential learners, such that Ly, € Ly. A learner Ly is
an algorithm that maps a dataset sy to a specific ML model fy, in the hypothesis class Fy, formally
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written as Ly : Sy — Fuy, Sy - fu-

For the definitions presented above, we provide the following additional clarifications. First, several
ML methods serve as general terms that encompass a wide range of more specific methods. For
example, DTs can be further divided into classification trees and regression trees, while NNs can
be categorized into various types such as feedforward NNs, recurrent NNs, and convolutional NNs.
Second, the term “optimal ML model” under method M € M refers to the ML model that satisfies a
predefined optimality criterion on a given dataset sy, such as the lowest MSE on sy. The term “optimal
learner” under method M € M refers to the learner that maps an arbitrary dataset sy to a corresponding
optimal ML model. In this paper, the optimal ML model is defined with respect to a given dataset sy.
Third, the concepts of “ML model” and “learner” presented in Definition 1 are further illustrated in
Example 1.

Example 1 (LR). For LR, the hypothesis class of all ML models is denoted by Fig = {§} = a"x +
b | (a,b) € R}, where a and b denote the regression coefficients, and d (d € Z,,) denotes the
dimension of the feature vector x (here, we consider a one-dimensional target for convenience). The
set of all potential learners is denoted by £;r = {least squares, ...}. A learner in £; g maps a dataset sy
in Sy to a specific ML model in Fig. For example, the least squares algorithm maps sy to a specific
ML model fﬁfsmqums : 9 = (a")"x + b*, where a* and b* denote the optimal regression coeflicients
determined by the least squares algorithm. As the f;%*" %" model achieves the lowest MSE on sy,
it is referred to as the optimal ML model under the MSE criterion, and the least squares algorithm is

referred to as the optimal learner.

2.2. CSO

In this study, we focus on CSO problems with a linear objective, where uncertainty (i.e., the target
Y) appears linearly in the objective function. Let z be the decision variable constrained in Z C R%,
where d, denotes the dimension of z, with the objective of minimizing the expected cost E[Y 7] (here,
dy = d;). We assume that the feasible region Z is a non-empty and compact (i.e., closed and bounded)
set and that E[Y"z] is well-defined and finite for all z € Z. Let D,, be the underlying true conditional
distribution of Y given X = x,. The CSO problem of interest is then formulated as

minEy.p, [¥7z] = min(By-p, [Y)=, 2.1)

where the optimal objective value represents the full-information optimum with full knowledge of
Dy, [4]. However, the underlying true conditional distribution D, is generally unknown, and only the
historical dataset sy is available.

Based on sy, both SLO and ILO aim to prescribe decisions for optimization problem (2.1), each
comprising a predictive component and an optimization component. The predictive component
typically consists of an ML model f trained on sy, which maps a new feature observation x; to a
point prediction f(xg). f(xo), which approximates EYNDXO[Y], serves as input to the optimization
component. The optimization component typically involves a downstream optimization model
[Mds] :

Vvi(y) =miny'z, (2.2)
z€Z
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where y denotes the vector of target values. The prediction f(x;), derived from the predictive
component, serves as input to solve the corresponding instance of model My, (i.e., optimization
problem (2.2)), resulting in a final output prescription/decision z*(f(xy)) for observation x:

Z(f(x0)) € Z7(f(xo)) = arg rélin[f (x0)]"z. (2.3)

In fact, if the ML model f could accurately predict the conditional expected value of Y, i.e.,
f(xo) = EYNDXO [Y], then the decision cost of the final data-driven prescription would be equal to the
full-information optimum, i.e., (Ey.p, [YDTz*(f(xp)) = min, z(Ey.p, (YD z.

Let f(x;) be the point prediction for x; in sy (i € {1, ..., N}), and let I(-, -) be a loss function that maps
the pair (f(x;),y;) to a non-negative real number, formally expressed as I(:,-) : JJ X Y — R,. Then, the
loss functions and final prescriptions under SLO and ILO are formulated in Sections 2.2.1 and 2.2.2,
respectively.

2.2.1. SLO

In SLO, the “predictive loss” is used as the loss function for an ML model f, denoted by Ig1o(:, -),
and is typically formulated as

1
IsLo(f(xi),yi) = E”f(xi) —yill3, i€{l,...N}. (2.4)

Notably, Is o(-, ) is completely independent of the downstream optimization model. That is, the
structure of model My, does not influence the loss function and thus has no impact on the training of
the ML model [66]. Based on [5;o(-,-) in Formula (2.4), an optimal ML model fg; , under method
M € M can be identified by solving the following optimization problem (recall that ), denotes a
hypothesis class of ML models under method M € M):

| &
fsio € ar}g min N Z IsLo(f (x:), yi)- (2.5)

eFm i=1

Note that unless specified otherwise, fg; , corresponds to a given method M € M. Given an optimal
model f§ , and a new observation xp, SLO provides a final prescription z*(fg 5(xo)) by solving the
optimization problem as follows:

Z'(fsLo(X0)) € 2" (fsr0(%0)) = arg min[ f; o(x0)]" z. (2.6)
€Z
In this study, z"(fg o(x0)) 18 referred to as an optimal prescription under SLO.

2.2.2. ILO

In ILO, the “decision loss” is used as the loss function for an ML model f, denoted by /j; (-, ), and
is typically formulated as

l ), v) = max {y'z} —v(y), i€{l,.. N} 2.7
o (f(x:), i) Z€Z*(f(x[)){Y, =V, i€ } (2.7)
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where Z*(f(x;)) = argmin, ;[ f(x;)]"z and v*(y;) = min,cz yz [5]. As multiple optimal solutions can
exist in Z*(f(x;)), the term “max,{-}”’ indicates the selection of the solution that exhibits the worst-
case performance, corresponding to the highest decision cost with respect to y;. Notably, /jo(:,-)
incorporates the downstream decision cost. Based on Formula (2.7), an optimal ML model f;; , under
method M € M can be identified by solving the following optimization problem:

E]:M

. 1
fiio € argmin — D ho(f (), yi). 2.8)
! i=1

Note that unless specified otherwise, fjj , corresponds to a given method M € M. Given an optimal
model f;, and a new observation xy, ILO provides a final prescription z*(f;; ,(xo)) by solving the
optimization problem as follows:

Z(fiLo(x0)) € Z7(fio(x0)) = arg I;in[ﬂio(xO)]TZ- (2.9)

Remark 1 (An ILO problem and the optimal prescription). In this study, Formulas (2.7)—(2.9) are
collectively referred to as “an ILO problem”. An ILO problem is considered to be exactly solved only
when the optimal solutions to optimization problems (2.8) and (2.9) are obtained, with z*(fj ;,(x0))
being called an optimal prescription under ILO. Otherwise, the ILO problem is considered to be
approximately solved, leading to a suboptimal prescription.

Although ILO considers the underlying relationship between prediction and decision, solving an
ILO problem primarily involves two potential challenges: (i) the loss function Iy o(+, -) in Formula (2.7)
is generally discontinuous, which makes it indifferentiable and often non-convex in f(x;) [7], thus
preventing the derivation of the optimal model fj ,; and (ii) the training process under ILO may be
computationally challenging, as the downstream optimization model My, needs to be solved multiple
times for each data sample in sy. Therefore, the practical application of ILO is relatively limited.

3. Revisiting parameters and hyperparameters

In this section, we first introduce the traditional definitions of parameters and hyperparameters in
Section 3.1. Next, we present the concept of model complexity in Section 3.2 and redefine parameters
and hyperparameters in Section 3.3.

3.1. Traditional definitions of parameters and hyperparameters

For ML models, two key concepts are parameters and hyperparameters, with different parameters
or hyperparameters leading to different ML models. Specifically, for a given ML method M € M,
ML model f}, in the hypothesis class F differs from ML model f7 in F in that the values of the
parameters and hyperparameters associated with the two ML models are not identical. An (optimal)
learner L), (where L), € L)) maps a dataset sy to a set of (optimal) parameter and hyperparameter
values, thereby determining a specific (optimal) ML model in F),.

Furthermore, determining the values of parameters and hyperparameters in ML models
involves different procedures. In the classical ML literature, parameter values are typically estimated
using a learning algorithm (i.e., a learner), which performs an efficient search over possible parameter
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values [34]. These algorithms can be exact (e.g., least squares for LR) or heuristic (e.g., greedy
top-down construction for DTs). In contrast, determining hyperparameter values often entails
applying rules of thumb, adopting values used in similar problems, or tuning hyperparameters by trial
and error. The tuning process typically involves splitting the dataset sy into a training subset st and
a validation subset s} according to a specified ratio, ensuring that sy = s%" U s}, In general, the
optimal hyperparameter values for an ML model on a given dataset remain unknown, because it is not
practical to exhaustively search all possible combinations of hyperparameters. Consequently, we can
typically only identify a relatively good (suboptimal) set of hyperparameters.

Despite their importance, the precise definitions of parameters and hyperparameters, as well as their

distinctions, remain ambiguous. The traditional definitions are provided in Definition 2.

Definition 2 (Traditional definitions of parameters and hyperparameters [34,35]). A model parameter
is a variable that is internal to the model and whose value is estimated/learned from the given data
through the training process (i.e., fitting the model to the given data). A model hyperparameter is a
variable that is external to the model and whose value is predetermined manually and empirically (i.e.,
independent of the given data) before the training/model-fitting process.

However, the definitions presented above lack the necessary clarity and rigor, failing to theoretically
emphasize the fundamental distinctions between parameters and hyperparameters. This therefore leads
to several common misunderstandings and confusions, as listed below. The first confusion is how to
distinguish between internal and external variables of an ML model. Parallels could be drawn with
concepts from econometrics or statistics [67], such as endogenous variables (those influenced by other
variables within the model) and exogenous variables (those determined by external factors). However,
these concepts become considerably ambiguous when applied to the context of supervised learning.
For the second confusion, Definition 2 seems to imply that the variable of an ML model whose value
is learned from the data is definitively a parameter, and that the variable whose value is empirically
determined before the training process is definitively a hyperparameter. However, this distinction is
not always true, as illustrated in Example 2.

Example 2 (LR). As mentioned in Example 1, for LR, we have Fig = {§ = a"x + b | (a,b) € R*!}.
If the least squares algorithm is used to calibrate the values of a and b based on sy, it is clear that,
according to Definition 2, a and b are model parameters, with no hyperparameters involved. However,
in a scenario where both a and b are constrained to integer values, determining their optimal values
on sy requires solving a complex integer programming problem, which can be difficult. To address
this, one could search for the best values of (a, b) in the set {ay, ay, ..., a0} X {b1, ba, ..., bio} (Cartesian
product) using sy, where the integer values a; and b; (i = 1,2,...,10) are determined empirically
based on rules of thumb or domain knowledge. In this case, a and b appear to be hyperparameters
according to Definition 2, because their values are manually and empirically predetermined before the
training/model-fitting process. Therefore, Definition 2 is somewhat confusing.

To clarify the essential distinctions between parameters and hyperparameters, we propose novel
definitions of parameters and hyperparameters from the perspective of model complexity.

3.2. Model complexity

Model complexity is a fundamental concept in ML. A thorough understanding of the complexity
of ML models is essential to comprehensively evaluate their capabilities and limitations. A general
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definition of model complexity in the context of ML is provided in Definition 3.

Definition 3 (Model complexity in ML [44]). In the context of ML, model complexity is a measure of
an ML model’s ability to capture underlying patterns in the given data, which is often associated with
its ability to both fit training data and generalize to unseen data.

Specifically, simple models, which exhibit low complexity, often struggle to capture underlying
patterns in the given data, leading to underfitting. In this case, models tend to perform poorly on both
training data and unseen data. In contrast, complex models, characterized by high complexity, can
capture more complex relationships in the given data. Although complex models can perform well
on training data, they are prone to overfitting and typically generalize poorly. Therefore, achieving
a balance between simplicity and complexity is essential to ensure robust generalization of an ML
model. To ensure clarity in subsequent discussions of factors affecting model complexity, we introduce
the term “configuration elements” for supervised learning in Remark 2.

Remark 2 (Configuration elements). In this study, the term ‘“configuration elements” is used to
denote all elements that need to be determined when a conceptualized model/hypothesis under an ML
method is instantiated into a predictive function. For a given ML method M € M, let £, be the set of
all associated configuration elements. For example, for  NNs, we  have
Enn = {Weights, Biases, Activation Function, Number of Hidden Layers, ...}. Configuration elements
encompass a wide range of entities, including functions (e.g., activation functions for NNs, kernel
functions for support vector machines) and coeflicients (e.g., slope a and intercept b for LR,
regularization coefficient 1 for the least absolute shrinkage and selection operator (LASSO)).
Therefore, when we refer to “the value of a configuration element”, we may indicate a specific
function, a specific numeric value, or something else.

Model complexity in supervised learning is mainly governed by three key factors. The first is the
type of ML method. The variety of ML methods influences, to some extent, the types and quantities
of associated configuration elements. Consequently, different methods can result in models of varying
complexity, with more sophisticated methods typically yielding more complex models. For example,
models generated by NN tend to exhibit higher complexity than those produced by LR. The second is
the type of learner. Different learners map the given dataset to ML models of varying complexity. More
complex learners typically generate models with higher complexity. For example, when considering
classification trees, models derived from the C4.5 algorithm (which uses the gain ratio for splitting and
performs post-pruning) are generally more complex than those derived from the ID3 algorithm (which
uses the information gain for splitting and does not perform pruning) [68]. The third is the value of
configuration elements. The specific values assigned to configuration elements can significantly affect
model complexity. For example, in NN, the selection of activation functions and the number of hidden
layers can influence model complexity, while in DTs, the maximum depth of the tree and the minimum
number of samples in a leaf node are essential to determine model complexity.

Therefore, in supervised learning, the complexity of ML models is typically model-specific, with
both definitions and measures of complexity closely related to model-specific characteristics.
Consequently, complexity measures between different ML models are generally not directly
comparable [44].

Remark 3. In this study, we discuss model complexity with respect to a given dataset sy, as specified
in Definition 3. Under identical conditions, model complexity is of course influenced by data
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characteristics.  Key factors that affect model complexity include data dimensionality, data
distribution, and information volume as measured by Kolmogorov complexity [69], among others.
For example, the complexity of an ML model typically increases with the number of features
it considers.

3.3. New definitions of parameters and hyperparameters

Based on the concept of model complexity, we propose the following new definitions of parameters
and hyperparameters for ML models.

Definition 4 (Parameters and hyperparameters based on model complexity). Given an ML method
M € M, an associated learner Ly € Ly, and the hypothesis class Fy:

(1) If all ML models in F); exhibit the same complexity, then all associated configuration elements
in Ey are defined as the parameters of the models.

(2) If the ML models in JFy; differ in complexity, then the associated configuration elements that
govern the complexity of an ML model are defined as the hyperparameters of the models, while
the remaining configuration elements are defined as the parameters of the models.

Let Py and Hy, be the sets of all parameters and hyperparameters of ML models for method M,
respectively, so that £y = Py U Hy.

Definition 4 is not intended to replace quantitative complexity measures such as VC dimension,
Rademacher complexity, norm-based complexity, or architecture-specific capacity measures. Instead,
it uses the effect of configuration elements on model complexity to determine their computational
roles in the SLO/ILO optimization models. If a configuration element changes the admissible
complexity level or capacity pattern of the induced hypothesis class, it is treated as a hyperparameter
in our framework; if it only selects a model within a fixed complexity realization, it is treated as a
parameter. This distinction is particularly useful for ILO because it determines whether the element
appears in the uppermost complexity-realization search or in the middle/upper
parameter-calibration search.

Based on Definition 4, Example 3 demonstrates the differences between parameters and
hyperparameters for LASSO. Examples for other common ML methods are given in Appendix A.

Example 3 (LASSO). For LASSO, the optimal regression coefficients (a*, b*) on sy are determined
by solving the following optimization problem (here, we consider a one-dimensional target
for convenience):
PR . 1 o T 2

(a ,b)eir,l%arg}g{ﬁ ;(a Xi+b—yi) +ﬂ||a||1}, (3.1
where A € R, denotes the regularization coefficient. Therefore, the hypothesis class of all ML models
is denoted by Fiasso = {§ = a"x + b | (a,b) € R¥*!}. The set of all configuration elements is denoted
by &L asso = {4, a, b}, where A governs the model complexity. When A is close to zero, LASSO behaves
similarly to LR, where the coefficients of a can take larger values and the model is more complex,
fitting the training data closely. This can lead to overfitting, especially when there are many features or
noise in the given data. As A increases, the regularization becomes stronger, forcing more coeflicients
of a to shrink toward zero. This results in a simpler model, with fewer features contributing to the
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prediction. In the extreme case, large values of A can force a to be a zero vector, leading to a model
that predicts just the mean (or intercept) of the given data, which is a very simple model. Therefore,
A should be considered as a hyperparameter, while the remaining elements should be considered as
parameters, 1.e., Hyasso = {4} and Prasso = {a, b}.

Therefore, the concept of model complexity discussed in Section 3.2 and Definition 4 provide a
theoretical clarification of the essential distinctions between parameters and hyperparameters. The
practical implication is that, once P, and H,, are identified, the implementation difficulty of ILO can
be traced to three concrete sources: the cost of computing the decision loss, the size of the parameter-
induced model set for each fixed complexity realization, and the size of the complexity-realization set.
These three sources provide the basis for formulating the SLO/ILO optimization models in Section 4
and, through those formulations, for developing the evaluation framework in Section 5.

4. Optimal ML models under SLO and ILO

Based on our proposed definitions of parameters and hyperparameters in Section 3.3, we establish
optimization frameworks to identify the optimal ML models under SLO and ILO in Sections 4.1
and 4.2, respectively. The predictive and decision losses have been introduced in Section 2.2;
therefore, this section does not aim to redefine SLO or ILO, but instead shows how the previously
defined losses lead to different optimization structures once parameters and hyperparameters are
distinguished by model complexity.

4.1. A framework for identifying the optimal ML model under SLO

Traditional predictive analytics is primarily concerned with predictive accuracy using “predictive
loss” as described in Section 2.2.1. In this section, we propose a general optimization framework,
aiming to identify the optimal ML model under SLO, along with the optimal values of both parameters
and hyperparameters.

4.1.1. ML models with both parameters and hyperparameters

train

In this case, the dataset sy is typically divided into sy™" (containing U data samples, where U €
{1,...,N—1}) and s}*¢ (containing N — U data samples). Meanwhile, the “optimal ML model” depends
on both a specific subset sﬁ{,ai“ and a specific subset sXﬁ‘“d. To ensure clarity in subsequent discussions,

we introduce the term “complexity realization” in Remark 4.

Remark 4 (Complexity realization). In Definition 4, we define the configuration elements that govern
the complexity of an ML model as hyperparameters. This implies that each combination of
hyperparameter values corresponds to a specific level of model complexity. In this study, we
introduce the term “complexity realization”, denoted as cy, to refer to a specific combination of
hyperparameter values for models under method M € M. Moreover, let Cy, be the set of all possible
complexity realizations for models under method M € M, so that c); € Cy,. Moreover, for ¢y, € Cy,
let f.,, be a corresponding ML model, and let /., be the set of all possible ML models, such that
fen € Fep and Fyr = Ue,ecy, Feu- Consider LASSO as an example where Hiasso = {4} and
PLasso = {a,b}. Each value of A corresponds to a specific level of model complexity. For instance, a
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complexity realization could be cpasso = 4 = 0.1, where A € CLasso = Ry, and f; € Fp denotes a
corresponding ML model.

Based on the concept of complexity realization, for a given ML method M € M, the optimal ML
model fg o in Fy, along with its corresponding parameter and hyperparameter values, is determined
as follows: (i) For each complexity realization cj, € Cy, the parameter values of f,, are calibrated in
terms of MSE and irregularity on s%*", yielding the optimal ML model fo, in Fe,,. (i1) To identify the
global optimal model, all f; for ¢y € Cy are compared in terms of MSE on sVEllld and the model with
the lowest MSE is selected as the global optimal ML model fg; ;. The above process can be formulated
as a bi-level optimization model:

[M5i 1 Upper-level:

fito € argmin Z 15, (i) = yill. (4.1)

Sy (emeCu) i—U+1

Lower-level (for each complexity realization ¢y, € Cy):

. 1<
[, € argmin {5 ; [ fer () = yill3 + Q(fcM)} ; (4.2)

Jer€F ey

where the regularization term €Q(f, ) controls the complexity of model f.,. The lower-level
optimization problem (4.2) aims to identify the optimal solution f? , along with the optimal parameter
values, for each ¢y, € Cy, while the upper-level optimization problem (4.1) aims to identify the global
optimal solution fg ,, along with the optimal hyperparameter values.

However, the global optimal ML model fg; , is generally difficult to identify for two main reasons:
(i) Model Mts"LO, as a bi-level optimization model, is typically NP-hard [70]; and (ii) the ML models
under different complexity realizations are independent of each other, without forming a cohesive and
interconnected structure for optimization problem (4.1). Consequently, we are typically confined to
enumerating all possible complexity realizations. However, the cardinality |Cy,| is often large or even
infinite (e.g., [CrLassol = |R,] is infinite). As a result, the typical and practical approach involves (i)
empirically selecting a small subset C32* C Cy, where |C°| is finite and relatively small, and (ii)
approximately solving model M , based on C3*, which probably employs techniques such as grid
search, random search, and cross-validation. Th1s approach results in a suboptimal ML model fssﬁl(’),
with corresponding suboptimal parameter and hyperparameter values. For example, we commonly

select a small subset CE‘X’SSO {0.0001, 0.001,0.01, 0.1, 1, 10} for LASSO. Note that a suboptimal ML

model f5% also leads to a suboptimal prescription z*(f§'> (xo)) under SLO:
2 (fito (o)) € Z°(fiio(x0)) = arg min[ /5o (x0)] . 4.3)
Z€

Additionally, the adoption of a small subset Cs* further explains why hyperparameter values are
typically determined through empirical methods before the training process, as stated in Definition 2.

4.1.2. ML models with only parameters

In this case, there is no need for a validation subset, and all data in sy are used for training to
calibrate the parameter values. For a given ML method M € M, the optimal ML model fg  in
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Fu, along with its optimal parameter values, can be identified by solving the following single-level
optimization model
M)

fito € argmin Z £ (xi) = il (4.4)

E]'-M i=1

As optimization problem (4.4) is generally convex, it is possible to identify effective and exact solution
algorithms, such as the least squares algorithm for LR.

4.2. A framework for identifying the optimal ML model under ILO

As discussed in Section 2.2.2, two potential challenges hinder the identification of an optimal ML
model under ILO, which makes it difficult to solve the ILO problem, thus limiting its practical
applications. In this section, we propose a general optimization framework to identify the optimal ML
model under ILO, along with the optimal values of both parameters and hyperparameters. Moreover,
we further investigate the potential computational challenges in identifying the optimal ML model
under ILO.

4.2.1. ML models with both parameters and hyperparameters

First, the dataset sy is typically divided into strdln (containing U data samples) and s”hd (containing
N — U data samples). Then, for a given ML method M € M and a downstream optlmlzation model
My, the optimal ML model f] , in Fy, along with its corresponding parameter and hyperparameter
values, is determined as follows: (i) Given an ML model f in F), and a data sample (x;,y;) in sy, a
point prediction f(x;) is first provided, followed by solving model My, to obtain the “decision loss”
Io(f(x;),y;) using Formula (2.7). (ii) For each complexity realization c); € Cy, the parameter values
of model f,,, are calibrated in terms of the “decision loss” on s“am yielding the optimal ML model f7
in F.,. (iii) To identify the global optimal model, all f; for ¢y € Cy are compared in terms of the
“dec1s10n loss” on 53214, and the model with the lowest loss is selected as the global optimal ML model
fii.o- The above process can be formulated as a tri-level optimization model:
[Mi¥ ] Uppermost level:

fio € argmin Z luo(f, (X0, ). 4.5)

f;M(CMecM) i=U+1

Middle level (for each complexity realization ¢y, € Cy):

€ arg min — Z 0 feyy (%), Y2): (4.6)

Jey €F ey

Lowest level (for an ML model f and a downstream model Mg;):

Z*(f(x;)) = argmin[f(x;))]"z, i€{l,..,N}, 4.7)
7€Z
ho(f(x),yi) = _max v)){y, - miny/z), i€ {l,...N}. (4.8)
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The lowest-level optimization problems (4.7) and (4.8) aim to predict and then solve model My, to
obtain Iy o(f(x;), y;), which is subsequently used by both the middle-level and uppermost-level models.
The middle-level optimization problem (4.6) aims to identify the optimal solution f; , along with the
optimal parameter values, for each ¢y € Cy. The uppermost-level optimization problem (4.5) aims to
identify the global optimal solution f; ,, along with the optimal hyperparameter values. From model
M}fo, we further investigate the potential computational challenges involved in identifying an optimal
ML model under ILO, as detailed below.

In the lowest-level problem, it may be computationally challenging to obtain the “decision loss”.
The downstream optimization model must be solved multiple times for each data sample in sy.
Specifically, model My, must be solved |Cy| X |F,,| times for each sample in s}{,ai“ and |Cy,| times for
each sample in s'Y. Only when the optimization model is relatively straightforward to solve, such as
in the case of a simple linear programming model, can the computation of the “decision loss” be
considered comparatively easy.

In the middle-level problem, it may be computationally challenging to solve when considering
the set F., that incorporates all possible ML models for ¢y, € Cj. optimization problem (4.6) is
generally discontinuous, making it indifferentiable and often non-convex in f.,(x;). Consequently,
we are typically confined to enumerating all possible ML models. However, for each complexity
realization ¢y, € Cy, the cardinality of the set of all possible ML models, i.e., |F, |, is generally large,
even infinite. Only when |F,,| is relatively small to allow enumeration, or when considering a small
subset ]-"j;b Cc F., (leading to a suboptimal ML model fi‘g), can the solution of the middle-level
problem be considered comparatively easy.

In the uppermost-level problem, it may be computationally challenging to solve when considering
the set Cy that incorporates all possible complexity realizations. The ML models under different
complexity realizations are independent of each other, without forming a cohesive and interconnected
structure for optimization problem (4.5). Consequently, we are typically confined to enumerating all
possible complexity realizations. However, the cardinality of the set of all possible complexity
realizations, i.e., |Cyl, is generally large, even infinite. Only when |Cy| is relatively small to allow
enumeration, or when considering a small subset C3s* € Cy, (leading to a suboptimal ML model
can the solution of the uppermost-level problem be considered comparatively easy.

sub
1LO/>

4.2.2. ML models with only parameters

In this case, there is no need for a validation subset, and all data in sy are used for training to
calibrate the parameter values. For a given ML method M € M and a downstream optimization model
My, the optimal ML model f; , in Fy,, along with its optimal parameter values, can be determined
through a bi-level optimization model:

[M® ] Upper level:

1 N
T~ € arg min — [ X)), V). 49
fio € argmin Zl Lo (f(x). y:) (4.9)
Lower level (for an ML model f and a downstream model My;):

Formulas (4.7) and (4.8).

In this case, the first potential computational challenge discussed above persists. Moreover, in the
upper-level problem, it may be computationally challenging when considering the set F,, that
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incorporates all possible ML models, because optimization problem (4.9) is generally discontinuous
and non-convex in f(x;). Only when |Fj| is relatively small to allow enumeration, or when
considering a small subset F3i* C Fy, (leading to a suboptimal ML model f3), can the solution of
the upper-level problem be considered comparatively easy.

5. A general evaluation framework for ILO

In this section, we propose a general evaluation framework for assessing the difficulty of solving
ILO problems. These problems are classified into two categories: (i) computationally tractable
problems, where identifying an optimal ML model f; , for an optimal prescription is generally easy,
indicated by “it is EASY”; or (ii) computationally challenging problems, where identifying an
optimal ML model is generally hard, and a suboptimal ML model fISL“g is often obtained, leading to a
suboptimal prescription, indicated by “it is HARD”. This framework is structured around several key
questions, as detailed below.

To make the terms “easy” and “small” operational, we interpret them relative to a computational
budget specified by the practitioner. Let B.y, denote the maximum number of model/loss evaluations
that can be performed, and let T}, denote the maximum acceptable running time. Let 74 be an
estimated upper bound on the time required to solve one instance of the downstream optimization
model My to the required accuracy. For an ML method with only parameters, exact enumeration is
regarded as computationally tractable only if |F),| is finite and

N " = NIFul < Bovas - TasNog < Thim. .1

eval eval

For an ML method with both parameters and hyperparameters, exact enumeration is regarded as
computationally tractable only if |Cy| and |.F,,,| are finite and

Np_h =U Z |FCM| + (N - U)chl < Beval, 7-ds]vp_h < Tlim- (52)

eval * eval
cm€eCu
Thus, “small” does not refer to a universal numerical threshold; it means that the relevant set is finite
and enumerable under the problem-specific budget and required solver accuracy. If these inequalities
are not satisfied, the framework classifies the ILO implementation as computationally challenging and
recommends restricted enumeration or approximate search over subsets such as Fj}‘b, Cﬁb, and ]—'ﬁ;‘lb.
Given a dataset sy, an ML method M € M, a downstream optimization model My, and a new
observation x, the first step is to address Question 1: Is computing the “decision loss” easy? (i) If
NO, “it is HARD”. In this case, approximation algorithms, such as heuristics, can be considered to
efficiently solve model My;. Consequently, the ILO problem will also be solved approximately. (i1) If
YES, proceed to Question 2: Does the ML model to be used include hyperparameters? This leads to
the following two scenarios.
Scenario 1: ML models with only parameters. Question 3: Is the cardinality of the set of all possible

ML models, i.e., |Fy|, small?

e If YES, “itis EASY”. In this case, model MY | (comprising Formulas (4.9), (4.7), and (4.8)) can
be exactly solved for an optimal ML model f; ,, leading to an optimal prescription z*(f; 5(xo0))
(see Formula (2.9)).

e If NO, “it is HARD”. In this case, we can consider a small subset F}* C Fy,, and approximately
solve model MY ' for a suboptimal ML model £, leading to a suboptimal prescription
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(5 (x0)):
(5 (x0)) € Z°(f35(x0)) = arg min[ £35(x0)] "z. (5.3)

7€Z

Scenario 2: ML models with both parameters and hyperparameters. Question 4: Is the cardinality
of the set of all possible complexity realizations, i.e., |Cy|, small?

e If NO, “it is HARD”. In this case, we can consider a small subset Ci}‘b C Cy, and approximately
solve model M;‘];io (comprising Formulas (4.5)—(4.8)) for a suboptimal ML model leading to
a suboptimal prescription.

e If YES, proceed to Question 5: Is the cardinality of the set of all possible ML models, i.e., | F,,,|,

small for each ¢y, € Cy,?

- If YES, “it is EASY”. In this case, model M}rLio can be exactly solved for an optimal ML
model fj ,, leading to an optimal prescription.

— If NO, “it is HARD”. In this case, we can consider a small subset F3'** c F,, and
approximately solve model M}rLio for a suboptimal ML model f3*°, leading to a suboptimal

ILO’
prescription.

sub
1LO?

The flowchart of the above evaluation framework for ILO is shown in Figure 1.

Example 4 demonstrates the difficulty of solving an ILO problem with LASSO, assuming that
the downstream optimization model is relatively easy to solve. More illustrative examples for other
common ML methods are given in Appendix B.

The proposed framework should be interpreted as a diagnostic and implementation-guidance tool
rather than as a guarantee that every approximate subset search will be successful. When the full set
Fu or Cy is replaced by a subset, poor prescriptions may arise if the subset misses regions with low
decision loss, if the validation subset is too small to distinguish competing models, if the decision loss
has large flat or discontinuous regions, or if approximate solutions of the downstream problems
introduce non-negligible errors. In such cases, the practitioner should enlarge the candidate subset,
use multiple initializations, compare several subset-generation rules, or report the resulting
prescription as an explicitly suboptimal one. These limitations are important because the workflow
helps identify where computational difficulty arises and what type of exact or approximate solution
strategy is reasonable before implementation.

Example 4 (LASSO). As mentioned in Example 3, the hypothesis class of all ML models is F1 asso =
) =a"x+b | (a,b) € R™!'}, and we have Hyasso = {4} and Prasso = {a,b}. It is clear that the
cardinality of the set of all possible complexity realizations, i.e., |CpLassol, i infinite as 4 € R, ; hence
“it is HARD”. Additionally, for each 1 € Cpasso, the cardinality of the set of all possible ML models
|F,| is also infinite. An approximate solution approach is described as follows. First, we select a
small subset of Cjsss0, €.2., Clsj)sso = {0.0001,0.001,0.01,0.1, 1, 10}, and for each A € ClillAl)SSO’ we
predetermine a set of initial parameter values (a}", b)) under ILO. These initial values can be set
empirically, or the optimal parameter values under SLO can be selected as the initial values. Then, for
each A € C/'%.,, we conduct a finite number of searches in specific neighborhoods of @™ and b™™,
which corresponds to a small subset Fj”b C F,, and identify the best parameter values a, and b,, and
the corresponding suboptimal ML model f3** in F3*® under ILO by approximately solving the middle-

/1 .
level optimization problem (4.6) in model M ;. Finally, based on C{%.,, wWe approximately solve

ILO*

the uppermost-level optimization problem (4.5) in model M |, and identify the best (suboptimal) ML
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under ILO among all f3*° for A € C}*,

sub
model 7 s0 LASSO’

value A°"° and parameter values @ s and b .

along with the corresponding hyperparameter

Input: a dataset sy,
an ML method M € M,
a downstream model M gs,
and a new observation z,

Q1:
The “decision loss” is easy to
compute?
Yes
ML models with
No Qzl; The ML motdelqhas Yes—»{both parameters and
yperparameters hyperparameters
No
A 4
ML models with
only parameters
No
Yes
A
It is HARD It is HARD Itis EASY Itis EASY It is HARD It is HARD
Consider Consider Consider
Fib C Fu F5b C Fey Cab C Cur
Y i A Y I
Approximately Approximately Exactly solve Exactly solve Approximately
solve model Myy; |[solve model M} model M | model M, solve model Mz
| —— |
v v
A suboptimal An optimal

ML model fISI‘j(l._’)

v

ML model f

v

Output: A suboptimal Output: An optimal
prescription z* (3% (z)) prescription z*(ff; o (o))

Figure 1. The flowchart of the evaluation framework for ILO.
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6. Case study: A stochastic binary decision-making problem

In this section, we first describe a stochastic binary decision-making problem in Section 6.1, and
then compare the prescriptive performance under SLO and ILO, demonstrating our proposed evaluation
framework for ILO in Section 6.2.

6.1. Problem description

Consider an enterprise that needs to make a decision z € {0, 1} between two production plans for
a product, with the objective of minimizing the expected production cost. Plan A (z = 0) incurs a
deterministic per-unit cost of p,, while Plan B (z = 1) incurs an uncertain per-unit cost ¥ € ) C R,.
Two associated feature variables are considered: the fluctuating market prices of two raw materials,
denoted by X and X®, respectively. Thus, the feature vector is X = (X, X®) € X c R2.

Suppose that the enterprise can observe the market prices of the two raw materials at the beginning
of each month. The enterprise must then decide on the production plan for the month, a decision that
cannot be changed once made. If Plan B is adopted, a one-time procurement of the two raw materials
must be made at the beginning of the month. Let D,, be the underlying true conditional distribution of
Y given X = xj, which is assumed to have a bounded first moment, thereby ensuring that the expected
cost is well-defined. The CSO problem is then formulated as

min By_p, [pa(l =2)+ Yz] = min {pa(l = 2) + By, [V}, (6.1)

Suppose that the enterprise has a set of N i.i.d. historical data samples sy = {(x1,y1), ..., (X, Yn)},
where y; is the realized per-unit cost under Plan B for market prices x; (i € {1,..., N}). Based on sy,
the enterprise aims to prescribe a decision that minimizes the corresponding decision cost as much as
possible for a new observation xj.

6.2. Numerical experiments

To solve the aforementioned stochastic binary decision-making problem, we conduct numerical
experiments with synthetic data to prescribe decisions using three ML methods (i.e., kNN, LR, and
LASSO) under the SLO and ILO paradigms, respectively. Moreover, we demonstrate our proposed
evaluation framework for ILO.

6.2.1. Experimental settings

The settings for the cost parameters and distributions are detailed below. The per-unit cost of Plan
A is py = 100. The synthetic data samples are independently drawn from the following assumed
joint distribution of (X, Y): (i) the random market prices follow truncated normal distributions X" ~
N(40,2) and X® ~ N(60,2), with truncated intervals of [0, 80] and [0, 120], respectively, ensuring
positive numbers for the prices; and (ii) the random per-unit cost of Plan B follows a truncated normal
distribution ¥ ~ N (XU + X 5), with a truncated interval of [0, 2(X" + X®)], ensuring that the cost
1S positive.

To investigate the impact of different sizes of sy on decision-making, the training sample size N
ranges from 10 to 10°, following a logarithmic scale, with specific values selected from the set N, =
{10,22,46,100,215,464,1000}. Let 5, = {(x1,y1),...,(X;,9,)} be the test dataset. To mitigate the
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impact of random variability, ten training datasets of sy are randomly generated for each N in Ny,
and ten test datasets of §, are randomly generated, each containing J = 100 samples. Under the SLO
and ILO paradigms, three ML methods (i.e., kNN, LR, and LASSO) are employed, each being trained
on sy. Decisions are subsequently prescribed for each x; (j € {1, ..., J}) in §;, and the corresponding
decision losses are calculated. Note that our downstream optimization model is relatively simple to
solve, so the decision loss is easy to compute under ILO (i.e., the answer to Q1 is YES for the proposed
evaluation framework). For kNN and LASSO, the dataset sy is randomly divided into a training subset
train valid

sy and a validation subset sy with a 4:1 ratio. The computational processes for the three ML
methods are presented below.

kNN. First, the feature data of each sy are normalized. Then, for each sy, considering Ciny =
{1,2,..., U} (recall that U is the size of s}f,ai“, and here we consider all possible complexity realizations)
and the Euclidean distance metric, the optimal ML models under SLO and ILO, i.e., f}c*NN,SLO and
JinniLo» can be identified by exactly solving model MgiLO (comprising Formulas (4.1) and (4.2)) and
model M (comprising Formulas (4.5)-(4.8)), respectively. Here, using the proposed evaluation
framework for ILO, the answers to Q2, Q4, and Q5 are all YES, and therefore “it is EASY”. Finally,
the optimal prescriptions for x; under SLO and ILO can be made using Formulas (2.6) and (2.9),

respectively, with the corresponding decision losses calculated using Formula (2.7).

LR. First, for each sy, the optimal ML model under SLO, i.e., ffR,SLo’ along with the
corresponding optimal parameter values aj, a3, and b* (where a] and a; denote the optimal regression
coefficients for features X" and X®, respectively), can be identified by exactly solving model M;iﬁéle
(i.e., Formula (4.4)). Then, the optimal prescription for X; under SLO can be made using
Formula (2.6). Next, we conduct a finite number of searches in specific neighborhoods of a7, a3, and
b*, and identify the best (suboptimal) parameter values a}™, a5, and b*" and the corresponding

bi

suboptimal ML model ffgfILo under ILO by approximately solving model My, (comprising

Formulas (4.9), (4.7), and (4.8)). Specifically, (a}**,a5™,b*") can be identified in the set
{0.85a7,0.90a7,0.95a], aj, 1.05a7, 1.10a7, 1.15a7}  x  {0.85a;, ...,1.15a5} x  {0.85b%,...,1.15b"}
(Cartesian product). Here, using the proposed evaluation framework for ILO, the answers to Q2 and
Q3 are all NO, and therefore “it is HARD”. Then, the suboptimal prescription for Xx; under ILO can be
made using Formula (5.3). Finally, the decision losses for these prescriptions under SLO and ILO can

be calculated using Formula (2.7).

LASSO. First, for each sy, considering Cil;\bsso = {0.0001,0.001,0.01, 0.1, 1, 10}, the suboptimal ML.
models under SLO and ILO, i.e., f]juAbSSO,SLO and f]ijSSO,ILO’ can be identified by approximately solving
model MY} , (comprising Formulas (4.1) and (4.2)) and model M} | (comprising Formulas (4.5)—(4.8)),
respectively. Here, using the proposed evaluation framework for ILO, the answers to Q2 and Q4 are
YES and NO, respectively, and therefore “it is HARD”. The determination of the suboptimal parameter
values under ILO is similar to that of LR. Then, the suboptimal prescriptions for X; under SLO and
ILO can be made using Formulas (4.3) and (5.3), respectively, with the corresponding decision losses

calculated using Formula (2.7).

6.2.2. Results

The means and variances of the decision losses of the test datasets across different training sample
sizes are shown in Tables 1 and 2, with line charts shown in Figure 2(a),(b), respectively.
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Table 1. The mean of decision losses for kNN, LR, and LASSO.

N (training sample size)

Method = Paradigm =0y 46 100 215 464 1000 verage
SLO 1.803 1580 1.756 1338 1310 1311 1250 1.478
NN 110 1.866 1.576 1.665 1371 1287 1312 1241 1474
SLO 1.598 1361 1309 1227 1208 1209 1.196 1.301
LR ILO 1.690 1493 1383 1261 1243 1224 1223 1.360
SLO 1.699 1489 1.525 1333 1201 1213 1201 1.380
LASSO 110 1.699 1.648 1.569 1254 1250 1223 1227 1.410
Table 2. The variance of decision losses for kNN, LR, and LASSO.
N (training sample size)
Method  Paradigm ="y s 100 215 464 1000 ‘Veraee
SLO 0233 0214 0.167 0.067 0079 0.057 0062 0.126
NN 110 0.183 0.155 0.124 0.068 0.073 0.056 0.068 0.104
SLO 0323 0.157 0.062 0.042 0043 0.042 0.044 0.102
LR ILO 0337 0.172 0.085 0.054 0.057 0.042 0043 0.113
SLO 0294 0262 0239 0.161 0.042 0.042 0.043 0.155
LASSO 110 0419 0241 0.179 0.055 0.062 0.043 0.040 0.148
-~ kNN_SLO 0.40 -=+- kNN_SLO
1.8 —e— KNN_ILO —e— KkNN_ILO
LR_SLO 0.35 LR_SLO
~1.7 LR_ILO v LR_ILO
g -~ LASSO_SLO 20309 « %= LASSO_SLO
c1.6 LASSO_ILO S - —— LASSO_ILO
:% § 0.25
s 15 %o.zo
§1_4 % 0.15
>
1.34 TN\ L T 0.10
12 S ¥rry 0.05
10t 102 103 10t 102 103
N N
(a) Mean (b) Variance

Figure 2. The mean and variance of decision losses for kNN, LR, and LASSO.

The results show that, overall, as the training sample size N increases, the means and variances of
decision losses for kNN, LR, and LASSO under both SLO and ILO tend to decrease. This pattern is
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consistent with the intuition that larger training datasets generally improve the stability of the
learned prescriptions.

For kNN, SLO has a lower average decision cost than ILO when N = 10 and N = 100, whereas
ILO has a lower average decision cost when N = 46,215, and 1000; for N = 22 and N = 464, the
average decision costs are nearly the same. The variance results are similarly mixed: SLO is more
stable when N = 1000, ILO is more stable when N = 10, 22,46, and 215, and the two paradigms are
nearly the same when N = 100 and N = 464. Across all training sample sizes, the average values of
the mean and variance of decision losses under ILO are 0.27% and 17.46% lower, respectively, than
those under SLO. Because the mean-loss difference is very small, we interpret this result as evidence
that kANN under SLO and ILO has comparable average decision costs in this case study, while ILO
shows somewhat lower average variability.

For LR, SLO consistently yields a lower average decision cost than ILO across all training sample
sizes in Ng,.. SLO also has lower variance for N = 10, 22,46, 100, and 215, while the stability of
SLO and ILO is nearly the same for N = 464 and N = 1000. Across the training sample sizes,
the average values of the mean and variance of decision losses under SLO are 4.34% and 9.73%
lower, respectively, than those under ILO. These observed results suggest that LR under SLO is more
favorable than LR under ILO for the studied stochastic binary decision-making problem, while the
conclusion should be understood as case-specific evidence illustrating the framework rather than as a
general dominance claim.

For LASSO, SLO has a lower average decision cost than [LO when N = 22,46,215,464, and 1000,
whereas ILO has a lower average decision cost when N = 100, and the two paradigms are nearly the
same when N = 10. Regarding variance, SLO is more stable when N = 10 and N = 215, ILO is
more stable when N = 22,46, and 100, and the two paradigms are nearly the same when N = 464 and
N = 1000. Across all training sample sizes, the average mean decision loss under SLO is 2.13% lower
than that under ILO, while the average variance under ILO is 4.52% lower than that under SLO. Thus,
for LASSO, the observed comparison does not support a uniform dominance claim: SLO has a modest
advantage in average decision cost, whereas ILO has a modest advantage in average stability.

Comparing ML methods within each paradigm, LR has the lowest average values of both mean
and variance of decision losses under SLO. Specifically, LR’s average mean decision loss is 11.98%
and 5.72% lower than those of kNN and LASSO, respectively, while its average variance is 19.05%
and 34.19% lower than those of kNN and LASSO, respectively. Under ILO, LR achieves the lowest
average mean decision loss, which is 7.73% and 3.55% lower than those of kNN and LASSO,
respectively. However, kNN has the lowest average variance under ILO, which is 7.96% and 29.73%
lower than those of LR and LASSO, respectively. These findings reinforce that the relative
effectiveness of SLO and ILO is method- and data-size-dependent, rather than universally favoring
one paradigm.

Furthermore, to analyze the solution efficiency of SLO and ILO, we compute the means of running
times to identify the optimal or suboptimal ML models for kNN, LR, and LASSO under SLO and ILO.
The results are presented in Table 3 and Figure 3. Overall, as the training sample size N increases, the
mean running times to identify the optimal or suboptimal ML models show an increasing trend. For
kNN, the mean running times under SLO and ILO are nearly the same across all training sample sizes,
with the average mean time under SLO being 2.61% lower than that under ILO. For LR and LASSO,
the mean running times to identify the suboptimal ML models under SLO are nearly zero across all
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training sample size s, and the average mean times under SLO are 99.63% and 99.57% lower than
those under ILO, respectively. This efficiency comparison is consistent with the evaluation framework:
LR and LASSO require approximate searches under ILO, whereas their SLO counterparts are much
easier to solve in the present setting.

Table 3. The mean of running times for identifying the optimal or suboptimal ML models
for kNN, LR, and LASSO (unit: seconds).

N (training sample size)

Method  Paradigm ="y 4 100 215 464 1000 Veraee
SLO 0.009 0016 0.035 0080 0208 0833 7.177 1.194
NN 110 0.006 0.012 0.028 0066 0.190 0847 7.435 1.226
SLO 0.001 0.001 0.001 0.001 0.001 0001 0.001 0.001
LR ILO 0.040 0.051 0.073 0121 0225 0444 0923 0.268
SLO 0.005 0.003 0.004 0006 0.005 0005 0.004 0.005
LASSO 10 0.198 0248 0345 0551 0985 1.920 3.955 1.172

-+- kNN_SLO
KNN_ILO
LR_SLO
LR_ILO

-%- LASSO_SLO
LASSO_ILO

Time (seconds)
N w H u (o)) ~

=
L

Figure 3. The mean of running times for identifying the optimal or suboptimal ML models
for kNN, LR, and LASSO.

In summary, we conduct a numerical case study to demonstrate our proposed evaluation framework
for ILO. Moreover, we analyze and compare the prescriptive performance and solution efficiency of
SLO and ILO, concluding that although SLO achieves higher solution efficiency than ILO in most
scenarios, their prescriptive effectiveness is dependent on the specific ML methods and training sample
sizes. These numerical observations should be interpreted as case-specific evidence that illustrates the
framework. This evaluation framework, therefore, offers valuable insights for the practical applications
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of ILO in solving real-world CSO problems.
7. Conclusions

In this paper, we primarily propose a general evaluation framework for ILO in solving CSO
problems. This framework allows us to classify ILO problems into those that are relatively easy to
solve, enabling the exact determination of optimal prescriptions, and those that are more challenging,
for which approximate approaches are required to obtain suboptimal prescriptions.

We first propose new definitions of parameters and hyperparameters based on the concept of model
complexity, aiming to clarify existing ambiguities in traditional definitions. This leads to the
development of optimization frameworks for identifying the optimal ML models under SLO and ILO,
respectively. Subsequently, we introduce our evaluation framework that assesses the difficulty of
implementing ILO for solving CSO problems, distinguishing between computationally tractable and
challenging cases. Finally, we present a numerical case study that (i) illustrates how the proposed
evaluation framework can be applied to an ILO implementation, and (ii) compares the efficacy and
efficiency of SLO and ILO in solving a stochastic binary decision-making problem. Our results show
that their prescriptive effectiveness varies across different ML methods and training sample sizes, and
the solution efficiency of SLO exceeds that of ILO.

In summary, our study provides both valuable insights and practical guidance for implementing
the ILO paradigm in solving real-world CSO problems in OR/MS. In addition, it contributes to the
literature on the comparative effectiveness of SLO and ILO.

This study has several limitations. The numerical study focuses on one stochastic binary
decision-making problem and three representative ML methods, so the empirical findings should not
be interpreted as a universal ranking of SLO and ILO. Moreover, when the framework classifies a
problem as computationally challenging, the quality of the resulting suboptimal prescription depends
on how the restricted subsets Cﬁb and ]—'ﬁ;‘lb are constructed. Future research may extend the empirical
evaluation to additional real-world datasets and downstream optimization problems, develop adaptive
subset-generation strategies, and derive problem-specific bounds for the loss incurred by approximate
ILO implementations.
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Appendix
A. Exemplifications of the differences between parameters and hyperparameters

LR. As mentioned in Example 1, the hypothesis class of all ML models is Fig = {§J = a'x +
b | (a,b) € R¥*!'} and the set of all configuration elements is denoted by & g = {a, b}. It is clear that all
ML models in F g exhibit the same complexity. Therefore, a and b should be considered as parameters
and there are no hyperparameters, i.e., Hi g = @ and Prr = {a, b}.

kNN. The set of all configuration elements is denoted by &nn = {k}, where k € Z,, denotes the
number of neighbors, governing the model complexity. When k is small (e.g., k = 1), the model
tends to be more complex because it closely fits the training data. In this case, the model can be highly
sensitive to noise and outliers, which leads to overfitting. Essentially, the model memorizes the training
data rather than generalizing well to unseen data. When k is large, the model becomes simpler and tends
to underfit. A larger k means that predictions are based on a broader neighborhood, which smooths
out noise and outliers, but may also lead to poor model performance if the given data have complex
patterns. Therefore, k should be considered as a hyperparameter, i.e., Hinn = {k} and Piny = @. kNN
is a non-parametric ML method, which means that it does not explicitly learn parameters. Instead, the
model “remembers” the training data and uses them when making predictions. As such, kNN does not
have traditional model parameters.

DT. The set of all configuration elements is denoted by
Ept = {Feature Selections, Split Points, Max Depth, Min Samples Split, Min Samples Leaf, ...}.
“Feature Selections” denote which features to use at each node for splitting. “Split Points” denote the
specific threshold values that define the splits for features. “Max Depth” denotes the maximum depth
of the tree, where limiting the depth helps control overfitting by preventing the tree from growing too
complex. “Min Samples Split” denotes the minimum number of samples required to split an internal
node, where higher values prevent the model from creating small, deep branches that may overfit the
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training data. “Min Samples Leaf”” denotes the minimum number of samples required in a leaf node,
where higher values can help smooth the model and avoid overfitting. Therefore, “Max Depth”, “Min
Samples Split”, and “Min Samples Leaf”, which govern the model complexity, should be considered

as hyperparameters, i.e., Hpr = {Max Depth, Min Samples Split, Min Samples Leaf, ...} and
Ppr = {Feature Selections, Split Points}.
NN. The set of all configuration elements is denoted by

Enn = {Weights, Biases, Activation Function, Number of Hidden Layers, ...}. “Activation Function”
determines the output of a neuron for a given input, which introduces non-linearity into the model,
allowing it to capture complex patterns in the given data. Different activation functions influence the
model complexity. For example, ReLU is widely used in deep networks due to its simplicity and
ability to mitigate the vanishing gradient problem, while Sigmoid and Tanh are commonly used in
shallow networks, but they can suffer from the vanishing gradient problem. “Number of Hidden
Layers” also influences the model complexity. With a greater number of hidden layers, the network
typically becomes capable of learning more complex patterns, which also increases its likelihood of
overfitting. Therefore, “Activation Function” and “Number of Hidden Layers” should be considered
as hyperparameters, 1i.e., Hnn =  {Activation Function, Number of Hidden Layers, ...} and
Pan = {Weights, Biases}.

B. Exemplifications for the evaluation framework for ILO

LR. Consider LR with a one-dimensional target and feature variables for convenience. The
hypothesis class of all ML models is denoted by Fig = {§ = ax + b | (a,b) € R?}, and there are no
hyperparameters, i.e., Hi g = @ and P r = {a, b}. It is clear that | F | is infinite; hence “it is HARD”.
An approximate solution approach is described as follows. First, we predetermine two initial values
(@™, ") under ILO. For example, we can exactly and efficiently solve model M;i]‘jgole (i.e.,
Formula (4.4)) using the least squares algorithm and select the optimal parameter values under SLO
as the initial values. Then, we conduct a finite number of searches in specific neighborhoods of g™t
and ™', which corresponds to a small subset Fﬁﬂ’ C JFir, and identify the best parameter values a**
and b™°, and the corresponding suboptimal ML model £ in 7:% under ILO by approximately
solving model MY J (comprising Formulas (4.9), (4.7), and (4.8)). Specifically, let ¢, € R, and
€ € R, be small numbers with respect to a™' and H™!, respectively, let § € Z, be a counting
coefficient, and let n € Z, be the maximum value of §. Then, a small subset ]-"E‘f{’ to be considered

may have the form

F¥ =9 =ax+b|a=d™+de, b=>b"+06, €,6€R,, §=0,1,2,...n, and n € Z,}.

b

For example, with (@™, b"') = (1.5,20), €, = 0.1, & = 1, and n = 3, the corresponding small subset is
given by ﬁﬁlﬁb ={y=ax+blac{l.2,1.3,14,15,1.6,1.7,1.8}, b € {17,18,19,20,21,22,23}}.

kNN. There are no traditional model parameters for kNN, and thus we have H;ny = {k} and
Pinn = @. For a given dataset sy, it is clear that the cardinality of the set of all possible complexity
realizations, i.e., |Cinnl, Which equals N, is finite and relatively small. Furthermore, for each
k € Cinn = {1, ..., N}, the cardinality of the set of all possible ML models is 1, i.e., |F;| = 1. Thus, we
have |Cinn| = |Finnl = N. Hence, “it is EASY”. Therefore, based on CynyN, We can exactly solve model
M}rio (comprising Formulas (4.5)—(4.8)), identifying the optimal hyperparameter value k* and the

L
corresponding optimal ML model f;\ in Fixy under ILO. In this case, the middle-level optimization
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problem (4.6) is unnecessary and does not need to be solved, as |F;| = 1 for all k € Cinn-

DT. We consider a commonly used DT method with the set of all configuration elements denoted
by &t = ({Feature Selections, Split Points, Max Depth, Min Samples Split, Min Samples Leaf}.
Accordingly, we have Hpr = {Max Depth, Min Samples Split, Min Samples Leaf} and
Ppr = {Feature Selections, Split Points}. For a given dataset sy, it is clear that the cardinality of the
set of all possible complexity realizations, i.e., |Cprl|, is finite and relatively small. Specifically, we
have |Cpr| < N, as the possible values for “Max Depth”, “Min Samples Split”, and “Min Samples
Leaf” are all in the set {1,...,N}. Thus, the complexity realizations in Cpr can be enumerated.
However, for each complexity realization cpr € Cpr, the cardinality of the set of all possible ML
models, i.e., |F.,[, is generally infinite, making it impossible to enumerate all potential ML models.
Hence, “it is HARD”. An approximate solution approach is described as follows. First, for each
cpr € Cpr, we select a small subset F** ¢ F. . and then approximately solve the middle-level

CDT pT?
optimization problem (4.6) in model MY, identifying a suboptimal ML model fgf in ]—"j]‘;f under

L0
ILO, along with the corresponding parameter values. Then, based on Cpr, we exactly solve the
uppermost-level optimization problem (4.5) in model M}rLiO, identifying the best (suboptimal) ML

model fg‘%b under ILO among all ﬁ[l;f for cpr € Cpr, along with the corresponding parameter values.
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