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Abstract: In this paper, we investigated the sensitivity and second-order perturbation expansions for
simple generalized eigenvalues of a parameter-dependent analytic complex matrix pair. Our findings
extended the perturbation analysis established by Sun (1985), which originally focused on simple
eigenvalues. These results provided a theoretical foundation for applying Newton-type methods to
generalized inverse eigenvalue problems.
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1. Introduction

Letq =(qi,...,qn)" € RY. Suppose that M(q) € H™", and N(q) € H™" are matrix-valued analytic
functions of q on a neighborhood #(0) of the origin, and that N(q) is positive definite for every
q € #(0). In this paper, we consider the sensitivity analysis of the generalized eigenvalue problems
as follows:

M(q)x(q) = A@QN(Qx(q), AqQeR, x(q)€C", qeHA0). (1.1)

Sensitivity analysis for eigenvalue problems plays a critical role in a variety of engineering
applications, including structural optimization [1, 2], model updating [3, 4], structural damage
detection [5], and many other fields [6]. Extensive research has already established mature
frameworks for sensitivity analysis across the eigenvalue problem [7, 8], generalized eigenvalue
problem [9-11], singular value problem [12], and generalized singular value problem [13, 14]. The
derivatives, with respect to a single parameter, of the eigenvalues and eigenvectors of a matrix or
matrix pencil have been examined by Lancaster [8]. The derivatives of simple eigenvalues and their
associated eigenvectors, with respect to several parameters, for a matrix or matrix pencil have been
examined by Sun [15]. The sensitivity, with respect to multiple parameters, of multiple eigenvalues of
a general matrix or symmetric matrix pencil has been examined by Sun [9, 10]. The sensitivity of
multiple eigenvalues and their corresponding generalized eigenvector matrices of nonsymmetric
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eigenproblems with respect to the parameters has been investigated by Xie and Dai [11]. However,
there is limited existing literature addressing the case of multi-parameter dependent complex matrix
pairs with simple eigenvalues. This article is concerned with the second-order perturbation
expansions and sensitivity analysis of simple generalized eigenvalues for such analytically
parameter-dependent complex matrix pairs. We derive explicit formulas for the first-order derivatives
of both the simple generalized eigenvalues and their corresponding generalized eigenvectors. We
further derive the second-order partial derivatives of simple generalized eigenvalues for the matrix
pair over the complex field, which are essential for constructing second-order Taylor expansions of
these eigenvalues. These results provide a theoretical foundation for applying Newton-type methods
to generalized inverse eigenvalue problems. Moreover, our analysis extends the classical perturbation
theory of Sun [15] from standard eigenvalues to the more general setting of generalized eigenvalues
under parameter dependence.

The structure of this paper is organized as follows: Section 2 conducts sensitivity analysis for simple
generalized eigenvalues and their corresponding generalized eigenvectors of the complex matrix pair.
In this section, we present the first-order derivatives of both the simple generalized eigenvalues and
their associated generalized eigenvectors, as well as the second-order partial derivatives of the simple
generalized eigenvalues. Section 3 derives Corollary 3.1, which provides a theoretical justification for
applying Newton’s method to solve the generalized inverse eigenvalue problem, defines the sensitivity
measure of simple generalized eigenvalues, and offers numerical examples to compute the sensitivity
and second-order expansions of these eigenvalues. Finally, the conclusions of this study, along with
possible future work, are given in Section 4.

Throughout this paper, we adopt the following notation conventions. C"™" and R™" denote the
spaces of all m X n complex and real matrices, respectively, and H”" and SR™" denote n X n complex
Hermitian and real symmetric matrices, respectively. Correspondingly, C" and R" represent the spaces
of all n-dimensional complex and real vectors. For an arbitrary matrix A, A indicates its transpose
and A" indicates its conjugate transpose. We set i := V-1, and use I, to denote the n-order identity
matrix. || - || denotes the Euclidean vector norm.

2. Computing partial derivatives

This section is devoted to the investigation of the sensitivity properties of simple generalized
eigenvalues and their corresponding generalized eigenvectors.

For q = (q1,...,qy)" € RY, we suppose that M(q) € H™" and N(q) € H™" are analytic matrix-
valued functions of q defined on a neighborhood Z(0) of the origin and N(q) > 0, Vq € #(0).

Applying the implicit function theorem, we obtain the following main result:

Theorem 2.1. Letq = (q1,...,qn)" € RY and M(q) € H™", and N(q) € H>". Suppose that Re[M(q)],
Re[N(q)], Im[M(q)], and Im[N(q)] are all real analytic matrix-valued functions of q defined on a
neighborhood %(0) of the origin of RY, in which N(q) > 0, Yq € Z(0). If A, is a simple generalized
eigenvalue of {M(0), N(0)} and there exists a nonsingular matrix X = (x1, Xp) € C™" satisfying

A0

H _
X M(O)X_( 0 A

) and XHN(O)X:((I) 1(: ) 2.1)

where A1 & A,, then
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1) there exists a simple generalized eigenvalue 1,(q) of {M(q), N(q)} such that A,(q) is a real analytic
function of q defined on a neighborhood %y, C B(0) of the origin and 1,(0) = A;.

2) there exists a complex function X;(q) € C" such that Re[x,(q)] and Im[x,(q)] are all analytic real
Sfunctions of q on By and x,(q) is a generalized eigenvector of {M(q), N(q)} corresponding to the
generalized eigenvalue 1,(q), i.e.,

M(q)xi(q) = L(@QN(Qxi(q), q € A(0),

where x1(0) = x;.

Proof. Let
= 5 H
i =t =T T ) =
=~ ~ H
v == T )

where m1(q), 7111(q) € R, m1(0) = Ay, and 7;;(0) = 1. We next introduce the functions g and h
as follows:

g(z, W, q) = i (q) + mxn(Q)z + Wit 1(q) + Wi (q) 'z, (2.4)
h(z, w,q) = 7i1(q) + i (Q)Z + Wit 1(q) + Wity (q) 'z, (2.5)
in which
g= Q.. g1, h=(,.. ko),
2=, 00" eC w=(w,...,w,)  €eC™!, qeR.
Let

gj =@+, (j=&i+in, hj=8;+ iy,
w =&+, j=1....n—1,
s= (... &) R t=(, . me) €RT
5=, &) R, T=@n, . ) €RTL
Clearly, ¢;(s,t,5,t,q), ¢ (s, t,5,t,q), §;(s,t,5,t,q), and (s, t,5,t,q) are all functions that are real
analytic with respect to real variables s, t,§,t € R and q € £(0), and for j=1,...,n—1,

‘10](0’ 07 07 07 0) = 07 lp](oa 07 0’ 07 0) = 07 SZ](O’ 07 07 0’ 0) = Oa lz’_](oa 0’ 0’ 07 0) = 0' (2"6)

Note that all gy,..., 8,1, A1, ..., h,_; are functions that are complex analytic with respect to complex
variables (1, .. .,{,-1, W1, ..., W, for any q € Z(0). Thus, we have ( [16, Theorem 8])

ta(‘)017"'7(pn—]’wl"'"wn—l7¢17""‘)_0l’l—]7'72/17"'?l/_/}’l—l)
a(-fl’- --’é‘:n—l’ ms,. --’nn—l’é‘:l’---’é‘:n—l’ ﬁl’---’ﬁn—l)

a(gl""’gl’l—l’hl?"'?hn—l) 2
a(gl""’{n—l’wl""’wn—l) ’

de

det
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This, together with

det(a(glw--,gn—lahl’-u’hn—l)) _ det( L®Mn0) 1 ® N»(0)
&t G, W1, s Wn1) ) g g0 i (0)® Loy 711(0) @1,
_ Ay Ly
= det( N ) =det(A, — A;1,_1) # 0,
implies that . )
a(QO]’""‘)DI’l—l"JIl,"',170”—17@1""’@’l—l’wl"'"wn—l) ¢()
a(éjl,"',§H—19n17"',nn—lvé‘:17'"agn—l,ﬁla"'af]n—l)

where ® denotes the Kronecker product (see [17]). Thus, by the implicit function theorem ( [16,
Theorem 8]), for j =1,...,n— 1, one has

det

2

QOJ(S’ t’ §7 E, q) = 07 l//](s5t’ §’ i7 q) = 0, @j(s’ ta §7 E, q) = 07 'Z/](sa t’ §7 i7 q) = 0

1.e.,
g(z,w,q) =0
2.7)
h(z,w,q) =0
has a unique real-analytic solution
s=s(q), t=tq, 5=5(q), t=tq), ie, z=1z(q), w=w(q)
in some neighborhood %, c #(0) of the origin, in which
s0)=0, t0)=0, 50)=0, t0)=0 (2.8)
and
det(l,_, — w(qQ)z(q)”) # 0 Vq € %,. (2.9)

Next, we construct a simple generalized eigenvalue of {M(q), N(q)} and an associated generalized
eigenvector. From Eq (2.9), one sees

( 1 W(Q)H)
Z((I) In—l
is invertible for all q € %,. Thus, for any q € %, by (2.2) and (2.3), one has
1w\ ( 1 w(q)H)_(ml(q) 0 )
(z(q) I ) MO\ g 1. )7 0 m@ (210
and u
1 ow@ )\ - 1w~ )_(m(Q) 0 )
(z(q) I ) N(“)( 2@ Lo )"\ 0 M) @11
where
mi(q) = (x;+Xz2(q)"M(q)(x; + X>2(q))

(2.12)

mn(Q) + 2(q)"ma (q) + o (@72(q) + 2(q)" i (@)z(q)
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and
n(q) = X +X2(q)"Nq)x; + X,2(q)) 2.13)
= i (qQ) + 2(q) 7121 () + i () 2(q) + 2(q) i (q)2(q) '
with m(0) = 4, and n;(0) = 1. We observe that for sufficiently small %,
ni(q) >0, Vqe %.
Hence, we can obtain a real valued function A, : %, — R given by
(@ =m(@m(@~ Vqe A (2.14)
In addition, from Eqs (2.10) and (2.11), one sees
M()( 1 )—N()( 1 )m<)n<>-‘ (2.15)
q Z(q) - q Z(q) 1(@n(q . .
Let
1
X =X , 2.16
1(q) ( 2(q) ) ( )

and from Eqgs (2.2)-(2.16), we easily know that Re[x;(q)] and Im[x,(q)] are both real-analytic on
A, satisfying
M(@)xi(q) = L(@QN(@xi(q), qe€ H0) (2.17)

and
x1(0) = x;. (2.18)

By using the perturbation theorem for generalized eigenvalues (see, for instance, [6]), it is easy to see
that, if the neighborhood %, is small enough, the generalized eigenvalue is 4,(q) of {M(q), N(q)},
which is simple and a real analytic function of q in %, and 1,(0) = A;. m|

Theorem 2.2. With the same hypotheses as in Theorem 2.1, the following expressions for the simple
generalized eigenvalue A,(q) and the generalized eigenvector X,(q) defined in Eqs (2.12)—(2.16) hold:

6ﬂl(q)) _ H((?M(q)) . H(aN(‘l)) 2.19

( 0 ), x! 54, q:0x1 1X] 24, q:oXI’ (2.19)

(6x1(q)) g l(aM(q)) A (éW(q)) lxl’ (2.20)
99 Jqe 0d; Jg=0 ;gm0

21 M ’N
(8 1(q)) _ X?(G (q)) Xl_ﬂlx?(ﬁ (q)) .
&ljan q=0 3%3% q=0 aq]a% q=0

+2Re[xf(m) de)XZH(M) xl}
aC]j q=0 aqk q=0

M
0 q=0 q=0

J
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M
L an q=0 aqk q=0

+23Re |x! (6N(q)) X,0x% (ON(q)) xl}
L aqi q=0 86[" q=0

+24, x4 (9N(q)) xlx?(aN(q)) X
aqk q=0 an q=0

H(OM(q)) H(ON(q))
X |——— X)X, X
6q] q:() aqk q:()

—x{' (—aM(q)) x;x (aN(q)) X1, 2.21)
- 94 ) q-0

for j,k=1,...,N, where
O =il — A7

Proof. 1) By Theorem 2.1 (see Eq (2.17)), one has

x1(q)"M(q)x(q)
x1 () N(q)x;(q)

A1(q) = Vq € Zo. (2.22)

By Egs (2.16) and (2.22), we obtain
o _ ¥@"EEx(@) - W @xi@" G (@

0q; xi1 () N(q@)x;(q) ’

for Vq € #y and j = 1,---, N, which together with Eqs (2.1) and (2.17) and 4,(0) = A, gives the
Eq (2.19).
2) By Theorem 2.1 (see Eq (2.17)), we get

(2.23)

(L(@QN(q) — M(q))

M A
5X1(<1) [3 (@ 0 1((1) N(Q) - 4(q) ON(q)
0q; dq

j dq;

] X1 (q). (2.24)

J

Combining with Egs (2.1), (2.17) and (2.23) and z(0) = 0, we obtain

(o 0 ) , 0

0 A4l — Ay ( ;‘(I(;)>q:0

_ wul|(OM@)  [ON(qQ) 1 u [ON(Q)
- [( 9q; )q:O /11( dq, )qzolXI +( 0 )[/llxl( 9q; )q:OXl

() x| (225)
q=0

0q;

Since A ¢ A, it follows from Eq (2.25) that

(az(q)) = (MLt — As)' XY l(aM(q)) —Al(aN(q)) }xl. (2.26)
aqj q=0 aj q=0 an q=0
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Substituting Eq (2.26) into (_"’glq(fl))
3) By Eq (2.23), we have

(6211(q)) _ XH(GZM(q)) XI_AIXH(f?zN(q)) .
5%3% q=0 ! 5611'5% q=0 : (961]'3% q=0

XH(aM(Q)) (5X1(‘I)) ]
005 Jgg\ 00k oo

ON(q) 0x,(q)
aure () (50 )
1 C{X] 8% - 6qk .

_ H 9x1(q) u (9M(q)
2Re [xl N(O)( s )q_o} X) ( 94, )q 0X1

M
99 )40 9k Jq=o

+2/11X11L] (%) XIX{;((?N((])) X,
9k q=0 aq! q=0

_X{{(ﬁM(q)) XIX?(aN(q)) %
99 g0 04k Jg=o

M
—xf (—(9 (q)) Xle’ (8N(q)) X.
aqk q—() 8q/ q:ﬂ

= X, (%2)  we have the Eq (2.20).
q=0

q=0 6q]

+2Re

Combining it with Egs (2.19) and (2.20) and xfl N(0)X; = 0 yields the Eq (2.21). O

We note that, following the approach in [9, 15], our sensitivity analysis is derived from the
generalized eigenvalue problem’s decomposition, along with the implicit function theorem. Moreover,
if M(q),N(q) € SR™", under the assumption that the generalized eigenvalue A, of {M(0), N(0)} is
simple, the partial derivatives of first order associated with the simple generalized eigenvalue 4,(q)
and the generalized eigenvector X;(q) in Theorem 2.2 are identical to those in [9, Theorem 2.1].

Alternatively, assume that N(q) = I, for all q € R". Then, from Eq (2.1), there exists a nonsingular
matrix X = (x1, X,) € C™" satisfying

4 0 1 0
H _ 1 H _ vH _
X M(O)X_( 0 A, ) and X"'N0)X =X X_( 0 I, ) (2.27)
A2
A2 — . e R(n—l)x(n—l)’
Ay
where, for j = 2,...,n, 41 # A;. Namely, 4, is a simple eigenvalue of M(0), and x; € C" is an

associated unit eigenvector.
Therefore, by applying Theorems (2.1) and (2.2), one can readily obtain results that are identical to
those of [15] concerning simple eigenvalues that depend analytically on several parameters.
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Corollary 2.3. Let q € RN and M(q) € H™". Assume that the matrix-valued functions Re[M(q)]
and Im[M(q)] are real analytic in q on a neighborhood 9(0) of the origin. It is further assumed that
Ay is a simple eigenvalue of M(0) and that there exists a unit vector X, € C" which is an associated

eigenvector; that is, there exists a nonsingular matrix X = (x1, X,) € C™" such that the first equality in
Eq (2.27) holds. Then,

1) there exists a simple eigenvalue 1,(q) of M(q), defined for q in a neighborhood %, C 9(0) of the
origin, such that A,(q) is a real analytic function of q and satisfies 1,(0) = A;.

2) there exists a unit vector X,(q) € C" such that Re[x,(q)] and Im[x;(q)] are all analytic real-valued
functions of q in By and x,(q) is the eigenvector of M(q) corresponding to the simple eigenvalue
/11 (q), . e.,

M(q)xi(q) = 4 (q)xi(q),

where X;(0) = x,.

Moreover, the simple eigenvalue A,(q) is given by

A1(q) = iy (q) + i (@) z(q), (2.28)

for all q € Py, where iny1(q) and iy (q) are given by

mn(q)  ma(q)”

H o
X M@X = ( ma(q)  7n(q)

) Vq € %,

and z(q) € R"" is the analytic real-valued solution to g(z, -z, q) = 0 in By, where g(z, w, q) is given by
Eq (2.4), det(I,_, + z(q)z(q)") # 0, Yq € By, and 2(0) = 0. Moreover; the associated unit eigenvector
x(q) is given by

1
xi(q) = X( @) ) (2.29)

Finally, the following formulas for the simple eigenvalue A,(q) and the associated eigenvector X,(q)
defined by Eqs (2.28) and (2.29) hold:

c%(q)) _ H((?M(q)) 530
( aqj 4=0 Xl 6q] o X1, ( . )
(3"‘(“)) = Xy — As) ' XY [(‘W(q)) ]xl, 231)
8Qj q=0 aq] q=0
a%(q)) H(OZM«D) [H (8M<q>) (axmq)) l
—_— = 2R ) 2.32
(aqjaqk 4=0 X 8q,;0qx qzoxl TR 0q; oo\ Oarc )i 2.32)

3. Applications
In this section, we present Corollary 3.1, which justifies the Newton’s method for solving the
generalized inverse eigenvalue problem [18, 19]. We also introduce the definition of sensitivity for

simple generalized eigenvalues, and supply several examples for computing the sensitivity as well as
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second-order expansions of simple generalized eigenvalues. First, we recall the symmetric
generalized inverse eigenvalue problem [20,21] as follows:
Problem generalized inverse eigenvalue problem (GIEP): The GIEP is defined as follows: Suppose that

{AYY (B}, € SR™, and ¢ = (¢1,¢2,. .., ¢,)" € R". We define

A(C) := Ag + Z ciA;,  B(c) = By + Z ciB; > 0,
i=1 i=1
with B(¢) > 0, and assume that the eigenvalues {1,(A(c), B(¢c))}:_, of the generalized eigenvalue
problem A(c)x = AB(c)x with the order 4,(A(c), B(c)) < A>(A(c), B(e)) < --- < 4,(A(c), B(c)). Given
real numbers {A;}7_, such that A7 < A7 < --- < 4, the aim of solving the GIEP is to find ¢* € R”
such that
Ai(A(€"),B(e))=24;, i=12,...,n.

From Theorems 2.1 and 2.2, we can present the following Corollary 3.1, which justifies the
Newton’s method for solving the above-mentioned problem GIEP.

Corollary 3.1. Suppose that {A;}Y {Bi}.,, € SR™", M{Ag, Bo} = {A)"_,, Ak # A fork # land 1 < k,1 <

i=0° s=1°
n, and X, are the eigenvectors of {Ag, By} corresponding to A, and under the normalization Xf Box, =1,

we define

SDS = ”XS”’ X € Rna s = 1725 Y (X (31)
Let
Xo= (X1, X1, Xgi1s 05 Xp), &5 = [IXGl, (3.2)
0, = min |4, — A4, 3.3)
1<t<n,t#s
fors=1,2,--- ,nand
a;=Ajll,j=1,2,---,N and pBi=|Bll,k=1,2,---,N. (3.4)

Then, the matrix pair

N N
A@=Ac+ Y qA, B@=Bo+ Y qB >0, forqq. - .qveR

=1 t=1

has analytic eigenvalues {A,(q)}_, and corresponding analytic eigenvectors {X,(q)}:_, defined on a
neighborhood 9(0) of the origin, and satisfy A,(0) = A; and x,(0) = x; for s = 1,2,--- ,n, and

a/ls(q) 2 . .
( 0q; )q=0 = el Ah) o
(axx(q)) PR CTRUTEN (3.6)
aqj q=0 - Os , |
2 12 . R
(Go)) | 200 POV o i+ sl by G
an'GQk q=0 5f |

inwhichl < jk<Nands=1,2,---,n.
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Proof. Let
X =(X1,X,-,X,) and A =diag(d;, Az, , 4,).

Then, from the hypotheses, we known that X is nonsingular, and

4 1
X"ApX = and X" BoX =
Ay 1
Thus, by Theorem 2.1, there exist analytic eigenvalues {A,(q)}"_, and correspondlng analytic

eigenvectors {x,(q)}_,, and it satisfies 4,(0) = A, and x,(0) = x, for s = 1,2,---,n. Moreover, by
Theorem 2.2, one has

(ﬁxls(q)) :XT(aA(q)) . “T(@B(q)) . (3.8)
8q]‘ q=0 ’ 6q] q=0 ’ 66]1 q=0
(5XS(Q)) _ Xs(/lsln—l _[~\2)—1)~(ST l(@A(Q)) Y (3B(Q)) }Xs, (3.9)
aqj q=0 aq] q=0 an q=0
(8%((1)) _ XT(GZA(q)) . Axr(f?zB(q)) .
99041 ] 4=¢ "\0Gi0qi ) o~ T\ )y
+2x§(‘9A(q)) XX (M) .
94 /g0 G )0
A . _..(0B
—2/lsxsT 9@ XS(DXST 9B(q) X,
99 g0 Ik ) g=o
B . .. [0A
o (B@) g g (AW
6Qj q=0 aqk q=0
ok (B g g7 (2B@)
3G ) 4eo Ik ) g0
B B
+2/1SXST 9B XX ((9 (q)) X,
Oqx 6% q=0
T (OA(q)) (aB(q))
—Xg
99; qeo Ik ) g=o
X7 (c?A(q)) (0B(q)) (3.10)
6gk q=0

for j,k =1,...,N, where X, is defined by (3.2) and
(D = (/Lvln—l _1~\2)_1’ AS = (/119”. ,/13_1,/154_1,"' »/ln)'
From the Eqgs (3.8)—(3.10) we get the Eqs (3.5)—(3.7) at once. |

Second, on the basis of Theorems 2.1 and 2.2, we begin by defining the sensitivity of simple
generalized eigenvalues as given below [9].
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Definition 3.2. Letq = (q1,...,qn)" € RY and M(q) € H™", and N(q) € H™". Assume that Re[M(q)],
Re[N(q)], Im[M(q)], and Im[N(q)] are real analytic in q on a neighborhood (0) of the origin in RY,
in which N(q) > 0Vq € A(0). If A, is a simple generalized eigenvalue of {M(0), N(0)} and there exists
a nonsingular matrix X = (x1, Xp) € C™" satisfying

X"M0)X = ( 0 A, and X'N(0)X = 01|
where A1 & A,, then the formula
o1
%pm:(jgﬁ) (3.11)
qf q=0

is defined as the sensitivity of the simple generalized eigenvalue A, with associate with the parameter
qj; the formula

m

Sttt A1) = 4| D 53, (A1) (3.12)

k=1
is defined as the sensitivity of the simple generalized eigenvalue A, with associate with the parameter
Qir> Girs - - - » qi,; the formula
N

s = 4| D82, (3.13)

=1
is defined as the sensitivity of the simple generalized eigenvalue A;.

Example 3.3. Let

3+2q +4q, q - iq> q1
M(q) = q1 +iq 2+q 783 (3.14)
q1 9> 2+q
and
1 _iq2 0
N =|ig 1+q¢  —igp |, (3.15)
0 iq1 2+q+q;
where q = (q1,¢2)" € R~
We observe that
300 1 00
MO)=[0 2 0|, NO=[0 1 0 [,
00 2 0 0 1

where A; = 3 is a simple generalized eigenvalue of {M(0), N(0)} and
x; = (1,0,0)".

From Egs (3.14) and (3.15), one sees

2 1 1 4 — 0
@Mmu 100 @Mmu | fl
0q1 /4o 1 0 1 ’ 992 Jo=o | o 1 o0 ’
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00 0 0 —i 0
(aN(q)) {00 -i], (aN(q)) —|i 0 0]
001 Joo |0 i 0 92 g |0 0 0

l

By Egs (2.19), (3.11), and (3.13), one has
503 =2, 5,03)=4, s5,3)=2V5.

We next supply an example that illustrates the perturbation expansions of second order for simple
nonzero finite generalized eigenvalues.

Example 3.4. Let

14 o 5 o
p 391—392 and N(q) — ) i qll q2 ,

—_— 3 .
L+igi+1igai L+ (qi+q)i

M(q) =

where q = (q1,¢2)" € R%.
Clearly, the matrix pair {M(0), N(0)} is defined as

14 6

5 2
6 3) and N(O):(2 1),

M(0) = (
which has the following generalized eigenvalue decomposition:
20 1 0
H _ H _
XM(O)X—(0 3), XN(O)X—(O 1),

where

Thus, one has

(82M(q)) :( 0 —13—6) (BZN(q)) _
8Q% q=0 _%6 0 , 861% q=0
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Using Eqs (2.19) and (2.21), a simple calculation yields

8/11((1)) (3/11 (Q))
——=| =3 [|=—| =0,
( aCII q=0 aQZ q=0

and

(M(q)) __y (8%@) _5 (6%@) __u
q=0 q=0 q=0 .

g 8 \0q0q, 2’ 0q> 8

Therefore, 1,(q) has the expansion

5

47 11
(@) =2+ 3q1 = 1041 = 50192 = 642 + OlalP).

These examples demonstrate that our results can be effectively applied to evaluate the sensitivity
and the Taylor expansions of second order for simple generalized eigenvalues.

4. Conclusions

This paper is concerned with the sensitivity and perturbation expansions of second-order for
simple generalized eigenvalues, with respect to several parameters. These results provide a basis for
investigating the robustness of Newton-type methods for generalized inverse eigenvalue problems. An
issue worth investigating is the sensitivity analysis and the perturbation expansions of second order
for nondegenerate but not simple generalized eigenvalues, and degenerate generalized eigenvalues
with respect to several parameters. This is in need of further exploration.
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