ERA, 34(9): 6614-6635.

E Elect . DOI: 10.3934/era.2026289
AIMS ectronic Received: 02 April 2026

@ Research Archive Revised: 20 June 2026

Accepted: 20 July 2026
http://www.aimspress.com/journal/era Published: 03 August 2026

Research article

Approximate calculation method of strong fuzzy solutions for fuzzy dual
number matrix equations based on Moore-Penrose weak core inverse

Hongjie Jiang', Jiaying Zhu' and Xianchun Meng?>*

' School of Mathematical Science, Guangxi Minzu University, Nanning 530006, Guangxi, China
2 School of Mathematics and Physics, Hechi University, Yizhou 546300, Guangxi, China

* Correspondence: Email: m13557694302@ 163.com.

Abstract: In this paper, we define fuzzy dual number matrix equations and investigate the Moore-
penrose weak core inverse (MPWC inverse) to solve fuzzy dual number matrix equations. First, we
define fuzzy dual number matrix equations based on the properties of fuzzy dual number. Second, we
obtain the block structure of the MPWC inverse corresponding to the coefficient matrix of fuzzy dual
number matrix equations by characterizing some properties of the MPWC inverse and use it to obtain
a strong fuzzy solution of a fuzzy dual number matrix equation. Third, we propose two methods to
derive the general strong fuzzy solution of fuzzy dual number matrix equations: one with an algorithm
starting from a representation matrix obtained via the MPWC inverse, and the other starting from a
representation matrix corresponding to a strong fuzzy solution. Lastly, some numerical examples are
presented to illustrate the main results.

Keywords: MPWC inverse; fuzzy dual number matrix equation; strong fuzzy solution; block
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1. Introduction

Fuzzy matrix equations are applied in multiple fields, including medicine [1] and circuits [2], and
are important tools to improve the analysis and design of fuzzy systems. In 1965, Zadeh [3], Dubois,
Prade [4] and Nahmias [5] first proposed and studied the concepts of fuzzy numbers and fuzzy
arithmetic operations. In the recent years, generalized inverse of dual matrices have received a great
deal of attention and many scholars have conducted extensive research on them, such as the dual
Moore-Penrose generalized inverses (DMPGI) [6, 7], the new dual MP inverse (NDMPI) [8], the
Moore-Penrose dual generalized inverse (MPDGI) [9], and the weighted Moore-Penrose dual inverse
(W-MP-D inverse) [10]. In recent decades, the theory and application of generalized inverses of dual
matrices have become more and more popular and been applied to various fields including
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kinematics [11], robotics [12, 13], and mechanisms [14]. Respondek et al. discussed the fast
calculation of matrices in [15]. The previous research and the above works highlight the importance
of researching the fuzzy dual number matrix equation (FDME).

Over the years, much research has focused on solving fuzzy systems. Friedman et al. introduced
a general model to solve the n X n fuzzy linear system AX = ¥ using the embedding method [16].
Inspired by Friedman, many scholars studied different fuzzy systems. In [17], Asady et al. investigated
the m X n consistent fuzzy linear system. In [18], Wang and Zheng investigated the m X n inconsistent
fuzzy linear system. Gong et al. defined X and Y as fuzzy matrices in [19], thereby studying such
generalized fuzzy matrix equations and their fuzzy least squares solutions. In [20], Allahviranloo et
al. proposed various approachs to solve n X n fuzzy linear systems based on the interval theory and the
concept “interval inclusion linear system”. In [21], Abbasi solved fully fuzzy linear systems using the
transmission-average-based fuzzy operations. Thus, it is significant to research the FDME.

Generalized inverses are an important research direction in computational mathematics, which is
applied in many fields [22-24]. Generalized inverses serve as powerful tools to solve fuzzy systems.
Among them are the Moore-Penrose inverse (MP inverse) P, the Drazin inverse PP, the group
inverse P¥, the weak group inverse P® [25], the core inverse, the weak core inverse
P®" = P®PPT [26], and the Core-EP inverse P® [27]. Building upon the MP inverse and the weak
core inverse, we introduce a new generalized inverse, termed the Moore-penrose weak core inverse
(MPWC inverse). Abbasbandy et al. [28] investigated the computation of minimal solutions for a
class of generalized fuzzy linear equations using the MP inverse. Mihailovi¢ et al. [29,30] developed
numerical algorithms for fuzzy linear systems based on the MP inverse and the group inverse,
respectively, and further studied fuzzy Stein matrix equations using the {1}-inverse [31]. Jiang and
Wang [32] proposed an analytical approach employing the core inverse to solve fuzzy linear systems,
and later solved fuzzy matrix equations via the Core-EP inverse of coeflicient matrices [33]. More
recently, Jiang [34] investigated general strong fuzzy solutions of fuzzy Sylvester matrix equations
involving the BT inverse.These developments naturally raise the question: what role does the MPWC
inverse play in solving the FDME?

The structure of this paper is as follows: in Section 2, the related basic concepts of generalized
inverses, fuzzy number, dual number, and fuzzy dual number are reviewed and the FDMEs are defined;
in Section 3, some characterizations of the MPWC inverse are given to obtain the block structure of
the MPWC inverse, based on which, a calculation method for a strong fuzzy solution of the FDME is
proposed; in Section 4, two solution methods for the general strong fuzzy dual number matrix solution
of the FDME calculated based on the MPWC inverse and a special solution, respectively, are discussed.
In addition, an algorithm to solve consistent FDMEs is presented; in Section 5, the effectiveness and
accuracy of the algorithm are illustrated through numerical examples.

2. Preliminary

Let R, be the set of m X n real matrices. The symbols P*, R(P) and rank(P) denote the conjugate
transpose, the range, and the rank of P, respectively. The smallest nonnegative integer k which
satisfies rank(P**') = rank(P*) is called the index of P € C,y, and is denoted by Ind(P).
The set of square matrices of order n whose index is less than or equal to 1 is denoted by

Electronic Research Archive Volume 34, Issue 9, 6614-6635.



6616

REM = (P € R, : tk(P?) = rk(P)}. Specifically, Ind(P) = 0 if P is nonsigular. Let

PXP=P (1), XPX=X (2), (PX)'=PX 3), (XP) = XP (4),
XPX =X (2, PX=XP (5, XP™VY=p 5y, (PYPX= (PP (6).

Definition 2.1 ( [25,27,35-38]). For any P € R,,, we define the set R{i, j,...h} as the collection of
all matrices X € R,,, which satisfy the matrix equations (i), (j), ..., (h). If X € T{i, j,...h}, then X is
called {i, j, ...h} inverse of P, denoted by P,
(i) We define X € R, as the Moore-Penrose inverse (MP inverse) of P € R,,,, denoted by P' or
PU-234 if and only if X satisfies matrix equations (1)—(4).
(if) We define X € R,, as the group inverse of P € R,y,, denoted by P* or P2 if and only if X
satisfies matrix equations (1), (2), and (5).
(iii) We define X € R,, as the Drazin inverse of P € R,,, with ind(P) = k , denoted by G¢ or G'>>",
if and only if X satisfies matrix equations (2), (5), and (5). If G € R¢™, G = G*.
(iv) We define X € R, as the Core-EP inverse of P € R, ,denoted by P® or P>*>}_if and only if X
satisfies matrix equations (2), (3), and (5)'.
(v) We define X € R,y, as the weak group inverse of P € R,y, with ind(P) = k, denoted by
P® or P9 _if and only if X satisfies matrix equations (2)’, (5)’, and (6). Meanwhile, P® = (P®)?P.
If P € RSM, then P® = P*.

For any P = [p;;], P € R,x,, P is the nonnegative matrix if p;; > 0 for each i and j.

Theorem 2.1. Let P € Ry, and Ind(P) = k; the system of equations
XPX = X,PX =CP',XP=P'C (2.1)
has a unique solution X = P'PP®PP", where C = PP®P .

Proof. XPX = P'PP®°PP'PPTPP®PP" = PTPP®PP®PP' = PP® PX = PP'PP®PP’ = PP®PP' =
CP',and XP = PTPP°PP'P = P'PP®P = P'C. Thus, X = P'PP®PP" is a solution of (2.1). The
proof of uniqueness is as follows.

Suppose X; and X, are solutions of (2.1), X; = X, PX; = P'CX, = X,PX, = X,CP" = X,PX, = X,.
Thus, X = PTPP®PP' is a unique solution of (2.1). m]

Definition 2.2. Let P € R,, and Ind(P) = k; we define the solution of (2.1) as the MPWC inverse of
P, denoted by the following:

P° =P PP°PP'. (2.2)
Theorem 2.2. Let P € R,, and Ind(P) = k,
P° = P P (P PP (2.3)
Proof. Based on Theorem 2.1 of [39], P® = P¥(P**2)"P. According to Definition 2.2, it follows that
P° = PTPP®PP" = PTPPK(P*HTPPPT = PTP*1(P*)T P2 PT.
O

Based on the above theorem, the following algorithm is established in MATLAB to solve the
MPWC inverse of a matrix.
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Algorithm 1. Computing the MPWC inverse of matrix P € R, using MATLAB
(1) Input matrix P € R,,.

(2) Input k is the index of matrix P.
(3) L, = pinv(mpower(P, k + 2)).

(4) L, = mtimes(mpower(P, k + 1), Ly).
(5) P° = pinv(P) * L, * P*  pinv(P).

Lemma 2.1 ( [40]). Let P € R,x, with rank(P) = k > 0. Then, there exists a unitary matrix U € R,x,

such that
XK ZL|. .
P—U[0 O]U’ 2.4)
where ¥ = diag(o11,,,021,,,...,0.0,), 01 >0, > >0,>0, ri+rn+---+r,=r and K € R,
L € R,x,_,, satisfy KK* + LL* = I,. Then,
i Kz 0], . .. K*K(ZK)® 0f .
P = U[L*Z‘l O]U ,P° = U[L*K(ZK)@ 0 U”. (2.5

Lemma 2.2. Let P € R,y,. Then, P° = P' if and only if ind(P) < 1.
Proof. If ind(P) < 1, P® = P¥, then according to Definitions 2.1 and (2.2),

P° = P'PP°PP" = PTPPIPP" = PTPP" = PT,
Conversely, if P° = P', then according to (2.5), then K*X™! = K*K(ZK)® and L' = L*K(ZK)®.

Multiply both equations by K and L, respectively, and obtain K(ZK)® = X! using KK* + LL* = I,.
Then, XK is nonsingular and rank(P) = r. Additionally,

» o [EK? =k=L]., [5K 0 |[=K =L],.
P‘U[o o |Y Y0 1.llo oY

Thus, rank(P?) = rank(P) (i.e., Ind(P) < 1). o

Next, we present some basic concepts of fuzzy number, dual number, and fuzzy dual number and
define FDME.

Definition 2.3 ( [29]). Let 7 be a fuzzy set. A membership function Z : R — [0, 1] which satisfies the
following three conditions is called a fuzzy number:

(1) Z(x) = 0 outside of interval [a, b];

(2) 7 is the upper semi-consistent continuous function;

(3) There exists constants ¢ and d such thata < ¢ < d < b;

(3.1) Z(x) is monotonic increasing on [a, c],

(3.2) Z(x) is monotonic decreasing on [d, b],

B3)zZx)=1,c<x<d.
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Let ¢ denote the sets of all fuzzy numbers. Let [Z], = [z(a),Z(@)], @ € [0, 1] be a bounded closed
iterval, where z(a) = inf{x € R : 7 > «a}, Z(a) = sup{x € R : 7 > a}. Next, let a crisp function
iterval (z,Z) denote a fuzzy number Z. z : [0, 1] — R is a non-decreasing left-continuous function and
Z : [0, 1] = R is a non-increasing left-continuous function.

Definition 2.4 ( [30]). For any fuzzy number 7 = (z(@), Z(@)), &t = (u(a),#(@)), @ € [0, 1] and real
number k, the fuzzy number arithmetic is as follows:

(D) [Z + dle = [2(@) + (@), Z(@) + w(a)];

(2) [Z - la = [2(@) — u(@), Z(@) — w(@)];

~ lkz(), kz(@)], k=0,

“““h:{[wmx@mn; k<o,
(4) [z X it], = [min(?), max(?)], where 7 = {z(a) X w(@), (@) X i(@), Z(@) X w(@), Z(@) X U(@)};
5)z=i0 e z(a) = u(a) and Z(@) = u(a).

Definition 2.5 ( [14]). The dual number ¢ is defined as a number such that € = 0, & # 0. A dual
number is written as X = a + &b, where a,b € R, the symbol a represents the real part of the dual
number X, and the symbol b represents the dual component of the dual number .

Definition 2.6 ( [14]). For any two dual numbers X = a + €b and y = ¢ + &d, and real number k, the
dual number arithmetic is as follows:

(Hx+y=(a+c)+elb+d);

2Q)ixy=(a+eb)x(c+ed)y=axXc+elaxd+bxc),

(3) kx = ka + keb.

Definition 2.7 ( [41]). An arbitrary fuzzy dual number can be expressed in the form x = p + £, where
p = (p(a), p(a)) and g = (q(@), g(a)) for all 0 < @ < 1. In this case, the above equation can be
written as follows:

T = (p(e), p@)) + £(q(@), §(@)) = (p(@) + £q(a), p(@) + £q(a)).
Writing X = (X, X), we have x = p(@) + &q(@) and x = p(a) + gg(a).

Definition 2.8 ( [41]). For arbitrary two fuzzy dual numbers x = p + &g andy = ii + €V, where p, g, ii, V
are fuzzy numbers, their fuzzy dual number arithmetic is as follows:

(Dx+y=((p+i)+&@+7);

(2) kx = kp + €kg, k € R;

B)xXy=(PXia—gxXv)+e(pXV+gXxi).

Definition 2.9. Consider the following fuzzy matrix system:

i1 Ci2 o Cip| %11 212 2m wir Wiz 0 Wi
C1 €2 <+ C2p 221 AZ'ZZ ce 22;11 WZI sz T WZm

= , (2.6)
Cnl Cn2 e Cnn Znl Zn2 e Znm Wni Wi e Wanm

where the coefficient matrix C = [cy],1 < j,k < nis a n X n dual matrix, and Z = [Z;»] and w =
[Wirl,1 < j < n,1 < h < m are matrices of the fuzzy dual number. A fuzzy dual number matrix Z,
given by

Z=Z,Z,. . Zn),
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where Z;, = (Zuns Zons - - > 2un)*, and 1 < h < m, and 0 < a < 1, is called a solution of the fuzzy matrix
system (2.6). Fuzzy matrix system (2.6) is called an FDME, denoted by CZ=W.

The dual coefficient matrix C, unknown fuzzy dual number matrix Z, and the right-hand fuzzy dual
number matrix W may be written as cj = aj + &b,

Z =2 = Pin + &qn = (P, (@), Pra(@)) + £(q, (@), Gun(@)),

and
W =W = itjn + 05 = (@), 15(@)) + £(v,, (@), ¥3(@)),
respectively.
The n x n FDME (2.6) is equivalent to a 2n X 2n general fuzzy matrix equation :
GX =7, (2.7)
where

and A = [ajk], B = [b.jk] € IRnxn-

[Z aijﬁj

J=1

n

Zaijglj] = [‘71'](1,1' = 1,271

J=1

+

= [ﬁ[](,,
@

Z bijp;
j=1

Let a:rj = a;; V 0 and a;; = —a;; v 0. Using the embedding approach (the specific method is referred
to [30]), we have the following:

3

Z a;}}_)j(a/) - Z a;;pj(@) = u(a), Z a;pi(@) - Z azp (@) = i),
j=1 j=1 j=1 j=1

Db @)= Y bppi@) + Y aja @ - Y a @) = vi(a),

J=1 =1 j=1 =1

D BBy = Y bip (@) + Y aig@) - ) ajq (@) = @)

J=1 J=1 j=1 =1

la;;], B = [bj], B~ = [b;], 1 <i <n,and 1 < j < n. Using the matrix

Let A" = [a])], A” =
notation, System GX = Y can be extended to a 4n X 4n crisp form as follows:

SX(a) = Y(a), @ €[0,1], (2.8)
where
A* 0 A 0
D F| [G* G| |B* A* B A"
S:[F D]:[G‘ G*]: A© 0 AY 0] 29)
B A~ B A*
p(@)
[x@]_| 9@ [ Y@
xor=| o= | Son 7= | Fw|
—-g(@)
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3. Characterization of the MPWC inverse of the coefficient matrix

The MPWC inverse of the coefficient matrix S is extremely vital for further research. In this section,
we first characterize several properties of the MPWC inverse of the coefficient matrix. Second, we
prove the existence of the nonnegative MPWC inverse using its block structure, and provide a strong
fuzzy solution of the FDME using the nonnegative MPWC inverse.

Lemma 3.1. Let matrix P € R, be the coefficient matrix of the consistent crisp matrix system PX =Y.
X = PWY is a solution of consistent PX = Y if and only if Y € R(P). If the solution of PX =Y satisfies
the further constraint X € R(P), then X = PWVY is the unique solution of PX =Y.

Theorem 3.1. Let matrix P € R, be the coefficient matrix of the consistent crisp matrix system PX =
Y. Xy = P°Y is a solution of consistent PX =Y if and only if Y € R(P*), where Ind(P) = k.

Proof. According to Definition 2.2,
PX = PP°Y = PP®PP'Y = PP®Y = P®PY.
Thus, Xy = P°Y is a solution of consistent PX = Y if and only if Y € R(P). O

Corollary 3.1. Let matrix P € R, be the coefficient matrix of consistent crisp matrix system PX =Y.
Xo = P°Y is the unique solution of consistent PX =Y if and only if X € R(PTP*) and Y € R(P*), where
Ind(P) = k.

Proof. According to Theorem 3.1, X, = P°Y is a solution of PX = Y if and only if Y € R(PF).
According to Definition 2.2,

X, = P°Y = P'PP®PP'Y = PTP®P*P'Y.
Then, X € R(PTP®) = R(P'P).
Conversely, let X be a solution of PX = Y. Since X € R(PTPY), there exists a matrix Z such that
X = P'P'Z:
X = P'P*Z = PTPP®P*Z = PTPP°PP'PP'P*Z = PTPP®PP'PX = P°PX = P°Y = X,.
The proof of uniqueness is completed. O

Lemma 3.2 ( [29]). Let matrix S € Ry,x4, be the coefficient matrix of consistent crisp matrix

D F
equation (2.8); then, the MP inverse of matrix S = [ ] is

F D
H, J
M Sy
St = [Jl HJ, (3.1

if and only if
H, = %((D + P +(D-F)), J, = %((D +F)' —(D - F)").
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Lemma 3.3 ( [33]). Let matrix S € Ry,xan be the coefficient matrix of consistent crisp matrix

F D

H, J,
®_
SY = [J2 Hz] , (3.2)

D F
equation (2.8); then, the Core-EP inverse of matrix S = [ ] is

if and only if
H, = %((D +F)°+(D-F)?), J, = %((D +F)® = (D = F)*).

Theorem 3.2. Let matrix S € Ry,x4, be the coefficient matrix of consistent crisp matrix equation (2.8);

then, the MPWC inverse of matrix S = [? g] is

C (= g
S _L'Hy (3.3)

if and only if
1 1
H= 5((D+ F)Y+(D-F)), J= E((D+ F) —(D - F)°).
Proof. Let S € Ry,xs, with Ind(S) = k be the coefficient matrix consistent of the crisp matrix
equation (2.8). Let Gy = D+ F, G, = D — F. According to (3.2),
2

bHh K>
K )

]% + Kg LKy + Ky Jh _
hKy+ Koy 2K |

H(GP? + (G L(GD? -G
H(GO? - (GD» LG + GDH|’

(S®)* =

and it can be calculated that

2
D>+ F?> DF+FD

DF +FD D?+F?

D F
F D

§* =

According to (3.1), it can be calculated that

i T ¥ ¥
gig — [H1 D}TZEGFﬁszﬁﬁ—QQ
Ji Hi||F D| 2|GiGi-GiG, GG +GiG|’
gagt _ | PP+ F? DF+FD||H )
~|pF+FD D*+F (|1 H

1

2

1

4

G+G G -G
2 2 2 2
G -G; Gi+G;

i i i i
G +G, G, -G,
i i i i
G, -G, G +G,

i i i i
G3G| + GG GG -GG}
2T 20T 2t 201
GG - G3G] GG+ GG}

According to Definition 2.1 and Definition 2.2, §° = STSS®SST = §7S(S®)252S". Based on
Lemmas 3.2 and 3.3, it can be calculated that

g 1F1h D F

F D

(GPY+(GDP (GPP-(GY)
GPP=(G) (GPP+(GDY

2T 2T 2T _ 2t
G3G|+GiG) GGI-GiG}

i i i i
G3G|-GIG) GXG|+GiG]

ZJ1 H,
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1

"2
1

2

G Gi(GPPG G +GIG(GPY GG G1TG(GPP’GEG | -GIGA(GPY GG
GiGI(GD)G3G -GGG G3G)  GiGI(GY) GG +GLGA(GY)*GAG]

_[H J

G +G; G)-G3
G -G, GI+G3

b

A

where H = (D + F)° + (D - F)°) and J = 3((D + F)° = (D - F)°). o

Theorem 3.3. Let S € Ryyuan be the coefficient matrix of crisp matrix equation SX = Y,Y € R(S%).
If the matrix S° of the form (3.3) is non-negative, then X° = S°Y is a strong fuzzy solution of SX =
Y,Y € R(S¥) and a respective fuzzy matrix solution of GX = Y. Then, the correlated fuzzy dual number
matrix Z is a strong fuzzy dual number matrix solution of (2.6).

Y

x° ) H
Y,XO:[ ].SmceXO:S"Y:[ !

J H

Y

Proof. LetY = it then

3 _x0 _

X'=|H J|Y, X*=|-J -H|Y.

Subtracting the two equations above, it can be obtained that
X-X'=|-J -H|Y-|H J|Y==|H+J H+J|Y=(H+IT-Y).
Thus,
X -X'=H+ NI -Y).

Since H + J is nonegative and ¥ > Y, X° > )_(0. Since H and J are nonegative, Y is non-increasing,
and Y is non-decreasing, we can obtain that X° and X° are non-increasing and non-decreasing,
respectively. The bounded left continuity of X° and X° are obvious since they are the linear
combinations of ¥ and Y, respectively.

Therefore, X = (%9,...,X9)" is a strong fuzzy solution of GX = ¥ and is a respective fuzzy matrix
solution of the DFME, where each 0 = (x%, &), i = 1,...,n, is a fuzzy vector. O

Theorem 3.4. S° > 0 if and only if

o o [ED* EF*]’ (3.4)

EF* ED*

where E € R, is a nonegative diagonal matrix. At the same time, (D + F)° = E(D + F)*, (D — F)° =
ED - F)".

Proof. Based on the literature [42], S° > 0 if and only if §° = E*S”, where the nonegative matrix

E* = 01 0 ] Using the above matrix form, it can be obtained that
2
S(D+FyY+(D-F)°) 3(D+F)°—(D-F))| _|ED* EF*
D+ FY —=(D-Fy) Y(D+F°+D-F)| |EF* ED|

Electronic Research Archive Volume 34, Issue 9, 6614-6635.
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Let E| = Diag(eyy,e12,...,e1,), Ey = Diag(esi, exn, ..., ey), D = [d;] € R,,, and F = [f;] € Ryx,.
Then,

[ endu enda ~ endnm eadyy endayy - exdn
N enndpy endy -+ endn endpy endy - endn "
E.D" = = =E,D",
L e1ndin €indan - €1ndmn exndin €ndan - €ndun
[ enfin enfor = enfur exfir exfar = eafu
N enfi2 ennfn - enfn enfir enfn - enfn "
EF' = - = E,F".
L e1nfin €infon = €infun e fin €nfon = €nfun

According to the form of (2.9), it can be known that not all elements of dy;,- -+ ,du, fiis-* fui (i =
1,...,n) are 0. Letd,; # 0, ey;d,; = exd,;. Then, ey; = ey, (i = 1,...,n) . Thus, E; = E, = E. At the
same time,

(D+FyY+(D-F)°) Y(D+F°-(D-F))| _|ED* EF*| _ g0
D+Fr-D-Fy) Y(D+F°+DO-F®)| |EF ED*| =
Using the above equations, we have (D + F)° = E(D + F)*,(D—-F)° = E(D - F)". O

4. Calculate the general solutions of FDME using the MPWC inverse

The section studies the strong fuzzy general solutions of the FDME CZ=W using the MPWC
inverse of cofficient matrix of GX = ¥ (2.7). Let K = G° € Ryuan, and |K| = [k; ;ll be a nonnegative
matrix. Let

K" K~
SK—[K_ K*]’ “.1)
where K* = [kjj] and K- = [ki‘l.] are nonegative matrixs. Let Y be an arbitrary representative matrix

such that X' = SxY.

Theorem 4.1. Any G € Ry, is the cofficient matrix of consistent (2.7) corresponding to the
FDME (2.6), Y is a fuzzy matrix and k = Ind(G). If X' = S¢Y, K = G°, and |K| = [|k;|], where Sk is
in the form (4.1), then the following hold:

Q) If(Y+7Y) € RG"), then GXX' +X)=Y + Y;

(i) If |K| is the MPWC inverse of |G| and (Y — Y) € R(G["), then |G|(X' = X') = ¥ — Y and X' is the
fuzzy matrix solution to CX = Y (2.7) corresponding to the FDME (2.6).

, Y| . L |k k|| Y
Proof. (1) LetY = [—Y]' Since X' = SgY = Pt
X' =|K* K°|¥, (4.2)
X = [—K— —K+] Y. (4.3)

Combining the two equations, it can be obtained that
X'+ X'=|-K~ -K*|Y+|K* K7|Y=|(K*-K") —(K*-K)|Y=|K -K|¥.
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Thus, X' + X' = K(Y +Y).
Because of (Y + Y) € R(GY),

GX'+X)=Y+Y. 4.4)
(i1) Subtracting (4.2) and (4.3) together, it can be obtained that
X' -X'=[K|(Y-Y).

Since |K| is the MPWC inverse of |G|, |G|° = |G°| = |K|. Based on Theorem 3.1, since (Y — Y) €
R(IG["), it can be obtained that

IGI(X' -X) =Y -Y. (4.5)

For any matrix G € Ry, G7 = %(IGI + G) and G- = %(lGl — G). By adding and
subtracting (4.4) and (4.5), respectively, we can obtian the following:

Y=G'X-GX=[-G -G'|X.Y=-GX+G'X =[G" G|xX
The conclusion is proven. O

Theorem 4.2. Let G € Ry, be the coefficient matrix of the consistent GX = Y, where (Y +Y) € R(GX)

and (Y - Y) € R(G["), corresponding to FDME (2.6). If X' =S kY , then G(X' + X') = Y + Y. Define
wi(@) - wim(@) (@) - (@) On(@) -~ Oim(@)

W=Y-(G* G‘)X’,anddenoteW:[ : ; ] DeﬁneA:[ : ; ],@z[ : : ],

W1 (@) =+ Wonm(@) Ao 1 (@) -+ Aopm(@) 021 (@) -+ Oy (@)

where A and © are solutions of GA= 0 and |G|® = W, respectively. The general solutions of the fuzzy
matrix equation GX = Y are as follows:

- 1 -1
X={X+-A+0, X'+ -A —0}.
2 2
Thus, the general solutions of the fuzzy dual number matrix equation FDME are as follows:

2= [p(@), p(@)] + lg(a), g(@)], 0 < @ < 1,

p(@) . ﬁ(a)]
where X(a) = |— and X(a) = |- .
X(e) L_](a)] @ [q(a)
Proof. The proof is similar to the proof of [29, Theorem 8§]. |

Corollary 4.1. Let G € Ry, be the coefficient matrix of the consistent GX = Y, (Y + Y) € R(G"),
(@) -+ (@) ]

corresponding to the FDME (2.6). Let X' be a solution of GX = Y. Define A =

1201(@)  Dogm(@)

Oi(@) - Oiu(a)

0= [ ; : ] where A and © are solutions of GA = 0 and |G|® = 0, respectively. The general
O, 1 (@) =+ Oy m(@) 5 5

solutions of the fuzzy matrix equation GX =Y are as follows:

- 1 _o 1
X:{X’+§A+®, X’+§A—(~)}.

Electronic Research Archive Volume 34, Issue 9, 6614-6635.



6625

Thus, the general solutions of the fuzzy dual number matrix equation FDME are as follows:

Z2=[p(@), p(@)] + €[g(a), g(@)], 0 < @ < 1,

where X(a) = P g X(@) = l?(a) )
g9(@) (@)

Proof. Since X' is a solution of GX = ¥, we have G(X' + X') = (Y + V) and |G|(X' = X") = (Y - V).

Then, we have
- 1 _ 1 _ _
GX+X)=GX"+ §A+®+X’+§A—®) =GX'+X)+GA=(Y +7),

and

- 1 -1 - _ _
IGIX - X)=GI(X' oA +@—X’—§A +0)=IG|(X' - X) + 2|G|0=|G|(X' - X)=(Y - ).

Thus, X = {X' + 1A + @, X' + 1A — ©} is the solution of GX = Y.

O

Remark: The above corollary shows that the general solutions of the FDME (2.6) can be derived
from a particular fuzzy solution. Then, the following question arises: how can such a particular solution
be obtained? Depending on the structural features of different fuzzy equations, one may select an
appropriate generalized inverse and solve the corresponding explicit equation to obtain the particular
solution. For detailed implementation, please refer to Example 4.3, where we obtain a fuzzy solution

of the FDME (2.6) by the MPWC inverse.

The coeflicient matrix of the GFME (2.7) corresponding to the FDME (2.6) is G = [g;;]. The
matrix S ¢ 1s given by Formula (4.1), and K is the MPWC inverse of the matrix G. Based on the above

theorem, we design the following algorithm to solve the consistent FDME (2.6).

Algorithm 2

(1) Calculate X' = SxY; if equation G(X' + X') = Y + Y is satisfied,

then proceed to the next step.
Ani(@) - Aym(@)

(2) Let A = [ ] , @ € [0, 1] satisfy the homogeneous equation GA = 0.

2201(@)  Daym(@)
1 _ _ 1
Then, X = X' + 5A and X = X' + 5A.

wi(@) -~ W)

(3) Calculate W = , a €[0,1], using W =Y — sX,

Wam1(@) - wZu.;n(a/)
where S = [G* G™]is an 2n X 4n matrix.
wr (@) -~ wim(a)

(4) If the family of classical systems |G|® = W, where W = [ ] , have

“)anl (@) - a)g,,y;,,(a)
Op1(@) = (@)

a solution © = [ : ] @ €[0,1], then X =x" +0, X = X" - 0.
©21 (@) Opy(@)

X

2

| ' (@) - xi,(@)
(5) From all determined ®, A and for each a € [0, 1], we have 6;j(a) £ ——F——

b
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i=1,...,2n, j=1,...,m, where )_(ﬁj(cy) + %/lij(oz) +6;i(@) (X§j(cy) + %/lij(a) - 0;j(@)) is
a monotonic bounded non — decreasing (monotonic bounded non — increasing)
left continuous function.

(6) We obtain the following fuzzy dual number solutions : 7 = [E(a), pla)] + s[g(a), g(a)],

p(a@)

0<a<l, where X(a) = [
q(a@)

=X+ 0, X(a) =" =30,
g(a)

We will explain our previous Theorems, Definitions, and validity of Algorithm 2 through some
examples. Example 4.1 is a 2 X 2 order consistent FDME. In Example 4.1, C and G are singular. In
Example 4.2, we consider a consistent FDME with a 4 X 4 order coefficient matrix satisfying C = C*
and K = G° > O such that S° > 0. Then, we will get a strong fuzzy dual number solution by the
solution matrix X' = S°Y and obtain the general strong fuzzy dual number solution. We can give the
general strong fuzzy dual number solution of Example 4.1 through above Algorithm 2. Moreover, we
present plots of the results to show the efficiency of the proposed method. Example 4.3 is a consistent
FDME with a 3 x 3 order dual coefficient matrix.

Example 4.1. Consider the following 2 X 2 order consistent FDME:

1 2 211 212 _ [ (~1049a, 17-18a)+e(~13+15a, 14-12a) (~11+8a, 13-16a)+£(-9+10a, 15-14a)
-1 =2 ’2’21 ’2’22 (-17+18c, 10-9a)+&(-14+12¢, 13-15a) (-13+16e, 11-8a)+&(-15+14e, 9-10a) | *

The consistent FDME can be extended to the general fuzzy matrix equation GX = Y as follows:

1 2 0 0 P11 P12 (-10+9a, 17-18a) (—11+8«, 13-16a)
-1-20 0 pa P | _ | (=17+18a, 10-9a) (-13+16a, 11-8a)

[ 1 2 ] [én 51|2] - [(—13+15(z, 14-12a) (-9+10«, 15—14(1)] :
21 422 (-14+12a, 13-15a@) (—15+14a, 9-10a)

—_

0 0
0 0 -1-2

[ 0.1000 —=0.1000 0 0

According to Theorem 4.2, by calculating X' = SxY, K=G°= 0'28000 ‘O'éooo 8%%88 _8'2888]’ we have the

following:

—2.0000+1.8000er —2.2000+1.6000c 7
—4.0000+3.6000cr —4.4000+3.2000a
—2.6000+3.0000cr —1.8000+2.0000a

X = —5.2000+6.0000cr —3.6000+4.0000a
— | -3.4000+3.6000a —2.6000+3.2000c
—6.8000+7.2000cr —5.2000+6.4000c
—2.8000+2.4000a —3.0000+2.8000a
-5.6000+4.8000cr —6.0000+5.6000« -

Then,

Xl _ | (~4.0000+3.6000c,6.8000—7.2000a) (—4.4000+3.2000c,5.2000-6.4000cr)
| (=2.6000+3.0000c,2.8000-2.4000a) (—1.8000+2.0000a,3.0000-2.8000cr)

(-=2.0000+1.8000a,3.4000-3.6000) (-2.2000+1.6000a,2.6000—-3.2000a) :l
(=5.2000+6.0000a,5.6000-4.8000r) (—3.6000+4.00002,6.0000—5.6000a)

-2f(a) -2f(a)
The solution matrix for equation GA = 0 is {_gf&) _’2”;‘;;) l Let f(@) € ', where #' (depends on
B fl@  flo) 5
X") denotes the class of functions on the unite interval y = f(«) such that the adequate functions of X'*
is monotonic and continuous:

(~2.0000+1.80000— f(a),3.4000-3.6000a— f(@))  (~2.2000+1.6000a—f(a),2.6000-3.2000a f(a))

FiA — | (-4000043.60000+ 3 £(2),6.8000-7.2000a+ 3 f(@)) (~4:4000+3.20000+  £(),5.2000-6.4000a-+ 5 f (@)
= | (=2.6000+3.0000a~ f(),2.8000-2.40000—f(@))  (~1.8000+2.0000a~ f(a),3.0000-2.8000a f(a))

(~5.2000+6.0000a+ 1 f(@),5.6000-4.8000a+ 1 £(@)) (~3.6000+4.0000a+ 1 £(),6.0000-5.6000a+1 f(@))
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—Zg(l(gr) —2g1(;V)
— - &@ sil@
]. By formula |G|® = W, we have ©@=| 5, ¢ 5. %)

Through calculation, W =Y — SX' = [
&)  g@

[=l=lelw]
Sooo

Thus,

(~2.0000+1.8000a— f()~2g1(@),3.4000-3.6000a— £(@)+2g1 (@) (~2.2000+1.6000a~ f(a)~2g1(@),2.6000~3.2000a— f(a)+2¢1 (@)
F1A©_| (-40000+3.60000+ 3 f(2)+81(2),6.8000-7.20000+ 3 /(@) ~g1(@)) (~4.4000+3.20000+ 3 £(2)+81(2),5.2000-6.4000a+ /(@) g1 ()
= (=2.600043.00000— f()~2¢>(),2.8000-2.40000— f(@)+2g2(@)) (~1.8000+2.0000a—f(a)~2g2(),3.0000-2.8000a— f (a)+2¢>(a))
(~5.2000+6.00000+ 1 f()+42(),5.6000~4.8000a+ 1 f(a)—g2(@)) (~3.6000+4.0000a+1 f(a)+g2(),6.0000~5.6000a+1 f(a)-g2(a))
. Bj@)-X, (@)
From all determined ®, A and for each « € [0,1], we have 6;j(@) < ]T_J’ i =1,..,8,
J = 1,..,8, where x! j(cx) + %ﬂij(a) + 0;j(a@) (X j(a) + %ﬂij(a) — 6;;(@)) 1s a monotonic bounded non-
decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the

general strong fuzzy dual number matrix solution as follows:

7= [zn 512],

221 222

where

Z11=(=2.0000+1.8000a— f(@)~2g1 ().3.4000~3.6000a— f(a)+2g1 (@))+&(~2.6000+3.0000a— f (@)~ 2g>(cr),2.8000—2.4000a— f(a)+2g>(a)),
Z12=(=2.2000+1.6000a~ f(@)-2g1 (@),2.6000~3.2000a— f(a)+2g1 (@))+&(~ 1.8000+2.0000a— f (@)~ 2g>(e),3.0000-2.8000a— f(a)+2g2(a)),
Z21=(~4.0000+3.6000a-+ L f(a)+£1(2),6.8000~7.2000a+ L £(@)~g1(@))+&(~5.2000+6.0000a+ 1 f(@)+82(a),5.6000-4.8000a+ L f(a)-g2(a)),

Z22=(~4.4000+3.2000a+ 1 f(a)+£1(@),5.2000-6.4000a+ L (@)~ g1 (@))+&(~3.6000+4.0000a+ 1 f()+82(2),6.0000-5.6000a+ L f(a)-g2(a)).

|

2, =(=5.0000+4.8000a, 4.4000-4.6000a)-+&(~5.6000+6.0000e, 3.8000-3.4000a ),
7, =(~5.2000+4.6000a, 3.60004.2000c)+£( ~4.8000+5.0000a, 4.0000-3.80002),
2, =(~2.5000+2.1000a, 6.3000-6.7000a)+5(~3.7000+4.5000a, 5.1000-4.30002),

7, =(~2.9000+1.7000a, 4.7000-5.9000a)+&(~2.1000+2.5000a, 5.5000-5.10002).

Let f(a) = g1(@)) = g2(@)) = 1 — a; we have

$5od

LY

where

It satisfies

]|

Plots for the real and dual parts of 7,1, 12, 221, and 7, are depicted in Figures 1 and 2.

_ | (-1049¢, 17-18a)+&(-13+15a, 14—12a) (-11+8a, 13—16a)+&(—9+10a, 15—-14a)
| (-17+18a, 10-9a)+&(—14+12a, 13—15a) (-13+16a, 11-8a)+&(—15+14a, 9-10a) |*

Example 4.2. Consider the following consistent FDME:

10107z zi2 (—8+6a, 6—6a)+s(—4+6a, 6-4a) (—8+6a, 10—12a)+&(—10+8a, 6—8a)
0101112122 | _ | (~10+8a, 8-6a)+e(-6+6a, 7-7a) (~6+6a, 12—12a)+e(~6+8a, 10-8a)
[ 101 O] 31 | T (-8+6a, 6—6a)+e(—4+6a, 6—4a) (—8+6a, 10—12a)+&(—10+8a, 6—8a)
010111z Zp (-10+8a, 8—6a)+e(—6+6a, 7-Ta) (—6+6a, 12—12a)+s(—6+8, 10—8a)

The consistent FDME can be extended to the general fuzzy matrix equation GX = Y as follows:

10100000 P11 P12 (-8+6a, 6-6a) (—-8+6a, 10—12a)
01010000 [:721 [?22 (—-10+8a, 8-6a) (—6+6a, 12—-12a)
10100000 P31 Px (-8+6a, 6-6a) (-8+6a, 10—12a)
01010000 Pa1 Pax | _ | (-10+8«a, 8—6a) (—6+6a, 12—-12a)
8 8 8 8 (1) (1) (1) (1) g1 g2 | T | (-4+6a, 6-4a) (—10+8a, 6-8a)

421 422 (-6+6a, 7-Ta) (—6+8a, 10-8a)
00008989 g3 g5 (—4+6a, 6-4a) (~10+8a, 6-8a)

Ga1 Gaz (-6+6a, 7-Ta) (—6+8a, 10-8a)
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Figure 1. Plots for the real and dual parts of ¥, and Z%, for Example 4.1.
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Figure 2. Plots for the real and dual parts of 5, and z5, for Example 4.1.

Since rank(G) = rank(G|Y) = 4, then the matrix equation is consistent.

According to Algorithm 1, we have the following:

0.2500 0 0.2500 0 0 0 0
0 0250 0 02500 0 0 0 0
0.2500 0 0.2500 0 0 0 0
K=G° = 0 0250 0 2500 O 0 0 0
- - 0 0 0 0250 0 0.2500
0 0 0 0 02500 0 0.2500
0 0 0 0 0250 0 0.25
0 0 0 0 0 02500 0 0.2500

By embedding approach, we have the consistent S X = Y, where § = [gf g ]

Since G is non-negative, according to Theorem 3.2,

r 02500 0 0.2500 O 0 0 0 0 0 0 0
0 0250 0 02500 0 0 0 0 0 0 0
0.2500 0 0.2500 O 0 0 0 0 0 0 0
0 0250 0 .2500 0 0 0 0 0 0 0
0 0 0 0 0o 0 030 0 0 0
K O 0 0 0 0 02500 0 .2500 0 0 0 0
S ° — — 0 0 0 0 0 0250 0 02500 0 0 0
0 K 0 0 0 0 0 0 0 0 0250 0 0.2500
0 0 0 0 0 0 0 0 0 0.250 0
0 0 0 0 0 0 0 0 0250 0 .2500
0 0 0 0 0 0 0 0 0 02500 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
-0 0 0 0 0 0 0 0 0 0 0
02500 0 0
0 0250 0
0 0 02500
o_| ED* EF* — 0 0 0
Based on Theorem 3.4, we have § _[ P BD* ], E={ ¢ ¢ ¢
0 0 0
00 0
00 0
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0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 2 0
0.2500 0 0 0 0

0 0 0 0 0
.2500 0 0 0 0

0 0250 0 02500 0

0 0 02500 0 0.2500

0 0250 0 2500 0

0 0 02500 0 0.2500 -

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
0.2500 O 0 0 0

0 02500 0 0 0

0 0 02500 0 0

0 0 0 02500 0

0 0 0 0 0.2500
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Based on Theorem 3.1, X' = §°Y, we obtain the following matrix:

r —4.0000+3.0000a
-5.0000+4.0000c
—4.0000+3.0000cr
—5.0000+4.0000c
—2.0000+3.0000c
—3.0000+3.0000c
—2.0000+3.0000
-3.0000+3.0000c
—3.0000+3.0000c
—4.0000+3.0000c
—3.0000+3.0000c
—4.0000+3.0000c
-3.0000+2.0000cr
-3.5000+3.5000c
—3.0000+2.0000c

L —3.5000+3.5000

—4.0000+3.0000¢ 7
-3.0000+3.0000a
—4.0000+3.0000c
—-3.0000+3.0000c
-5.0000+4.0000c
—3.0000+4.0000a
—5.0000+4.0000c
-3.0000+4.0000c
-5.0000+6.0000c
—6.0000+6.0000c
—5.0000+6.0000a
—6.0000+6.0000a
—-3.0000+4.0000c
-5.0000+4.0000c
—3.0000+4.0000c

—5.0000+4.0000¢ -

Then, we obtain a strong fuzzy matrix of GX = ¥ as follows:

fl@)
fla)
—f(@)
—f(@)

The solution matrix for equation GA = 0is | 7

fl@)
-fl@)
—fl@)

(—4.0000+3.0000a, 3.0000—3.0000a) (—4.0000+3.0000c, 5.0000—6.0000a)
(=5.0000+4.0000a, 4.0000-3.0000r) (—3.0000+3.0000r, 6.0000—6.0000c)
(—4.0000+3.0000a, 3.0000—3.0000a) (—4.0000+3.0000c, 5.0000—6.0000a)
(=5.0000+4.0000a, 4.0000-3.0000r) (—3.0000+3.0000, 6.0000—6.0000c)
(—=2.0000+3.0000a, 3.0000—2.0000a) (—5.0000+4.0000c, 3.0000—4.0000a)
(=3.0000+3.0000a, 3.5000—-3.5000a) (—3.0000+4.0000c, 5.0000—4.0000a)
(—=2.0000+3.0000a, 3.0000—2.0000a) (—5.0000+4.0000c, 3.0000—4.0000a)
(=3.0000+3.0000a, 3.5000—-3.5000a) (—3.0000+4.0000c, 5.0000—4.0000a)

fla@)
fla)
—-fl@)

79 1. Let f(a) € F', where F' (depends on X")

fla)
-fl@)

-fl@)

denotes the class of functions on the unite interval y = f(e) such that the adequate functions X" is

monotonic and continuous:

By formula |G|® = W= 0, we have O =

Then, we obtain the general strong fuzzy matrix solutions X = X'*® of GX = ¥ as follows:
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[ (—4.0000+3.00000+ 3 f(a), 3.0000-3.0000a+1 f(a)) (~4.0000+3.0000a+3 f(@), 5.0000-6.0000a+3 f()) ]
(~5.0000+4.0000a+ f(a), 4.0000-3.0000a+1 f(@)) (~3.0000+3.0000a+3} f(a), 6.0000-6.0000a+3} f(ar))
(~4.0000+3.0000a— 1 f(a), 3.0000-3.0000a—1 f(@)) (~4.0000+3.0000a— 1} f(a), 5.0000-6.0000a— 1} f(a))
(~5.0000+4.0000a— 1 f(a), 4.0000-3.0000a—1 f(@)) (~3.0000+3.0000a— 1} f(a), 6.0000-6.0000a— 1 f(a))
(~2.0000+3.0000a+ 5 f(a), 3.0000-2.0000a+1 f(@)) (~5.0000+4.0000a+1 f(a), 3.0000-4.0000a+1 f(a))
(~3.0000+3.0000a+ 1 f(@), 3.5000-3.5000a+4 f()) (~3.0000+4.0000a+1 f(a), 5.0000-4.0000a+1 f(e))
(=2.0000+3.0000— 1 f(@), 3.0000~2.0000a-1 f(a)) (~5.0000+4.0000a-1 f(a), 3.0000-4.0000a— 1 f(e))

[ (—3.0000+3.0000— 4 f(a), 3.5000-3.5000a—1 f(a)) (~3.0000+4.0000a—3 f(a), 5.0000-4.0000a—3 f(a)) ]

1@ gi(@)
g(@ g()
-gi(@) —gi(a)

-g2(@) —ga2(a@)
gi1@ gi(@)

$(@ g()
-gi(@) —gi(a)
-g2(@) —ga(a@)

[ (—4.0000+3.0000a+ 3 () +g1(),3.0000-3.0000a+ L f(@)-g1 (@) (~4.0000+3.0000a+ 1 f(@)+g1(),5.0000-6.0000a+ 1 f(@)-g1(@)) T
(~5.0000+4.0000a+ § f()+82(),4.0000-3.0000a+ } f(@)—g2(a)) (~3.0000+3.0000a+ % f(a)+82(@),6.0000-6.0000a+ 1 f(@)—g2(a))
(~4.0000+3.0000— 1 f(@)—g1(),3.0000-3.0000— £ f(@)+g1 () (~4.0000+3.0000— 1§ f(@)—g1 (),5.0000-6.0000a— 1 f(a)+g) (@)

& | (=5.0000+4.0000a— 3 f(a)—g2(a),4.0000-3.0000a—§ f(@)+g2(@)) (~3.0000+3.0000a— 1 f(a)-g(a),6.0000-6.0000a— } f(a)+g2(a))
(=2.0000+3.0000a+ 5 f(@)+g1(a),3.0000-2.0000a+ 1 f(@)—g1()) (~5.0000+4.0000a+ 3 f(@)+g1(),3.0000-4.0000a+ § f(a)—g1(@)) |
(~3.0000+3.0000a+ 1 f(@)+g2(),3.5000-3.5000a+ 5 f(@)—g2(@)) (=3.0000+4.0000a+ 3 f(e)+g2(),5.0000—4.0000a+ 3 f(@)—ga ()
(~2.0000+3.0000a— § f(@)—g1(),3.0000-2.0000a—} f(a)+g1(a)) (5.0000+4.0000a— % f(a)—g1(a),3.0000-4.0000a— 1 f(@)+g1(@))

| (~3.0000+3.0000a— 1 f()-g2(a),3.5000~3.5000a~ L f(@)+g2(a)) (~3.0000+4.0000a~1 f(@)-g2(a),5.0000-4.0000a~ 1 f(a)+g2(a)) ]
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From all determined ®, A and for each a € [0,1], we have 6;j(a) < , 1 =1,..,8,
J = 1,..,8, where x} (@) + 1i(@) + 6;() (%;(@) + 1Aij(@) — 6;5(@)) is a monotonic bounded non-
decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the
general strong fuzzy dual number matrix solution as follows:

xij(a)_)_(,'j(a)
2

211 212
21 2
31 32
1

7=

where

Z11=(—4.0000+3.0000a+ 1 f(@)+g1 (@), 3.0000-3.0000a+ 3 f(@)—g1 (@) +&(—2.0000+3.0000a+ 1 f(@)+g1 (@), 3.0000-2.0000a+ 3 f(@)—g1 (@),
Z12=(-4.0000+3.0000a+ 1 f(@)+g1 (@), 5.0000-6.0000a+} f(a)—g1(@))+&(=5.0000+4.0000a+ } f(a)+g1 (@), 3.0000-4.0000a+ ] f(a)—g1(a)),
Z21=(=5.0000+4.0000a+ § f(@)+g2(), 4.0000-3.0000a+ 3 f(r)—g2(e))+&(—3.0000+3.0000a+ § f(@)+g2(), 3.5000-3.5000e+ 3 f(e)—g2()),
Z22=(—3.0000+3.0000a+ 1 f(@)+g2(e), 6.0000-6.0000c+ 3 f()—g2(e))+&(—3.0000+4.0000a+ 1 (@) +g2(), 5.0000-4.0000a+ 3 f(@)—g2()),
Z31=(~4.0000+3.00000— 1 f(@)-g1 (@), 3.0000-3.0000a— } f(a)+g1(a))+&(~2.0000+3.0000a— } f(a)—g1(a), 3.0000-2.0000a- 1 f(a)+g1(a)),
Z32=(—4.0000+3.00000— § f(@)—g1 (@), 5.0000-6.0000— 1 f()+g1())+&(—5.0000+4.0000— § f()—g1 (@), 3.0000-4.0000e— § f()+g1 (),
Z41=(=5.0000+4.0000— § f(@)—g2(), 4.0000-3.0000— 3 f(a)+g2(e))+&(—3.0000+3.0000— 1 f(@)—g2(), 3.5000-3.5000a— 1 f(@)+g2(e)),
Z42=(=3.0000+3.0000— } f(@)—g2(e), 6.0000-6.0000a— § f(e)+g2(@))+&(-3.0000+4.0000a— } f(@)—g2(a), 5.0000-4.0000a- 1 f(a)+g2(a)).

Example 4.3. Consider the following consistent FDME:

I 2 Ol|lzu zn
- (=10492,8-9a)+&(~10+13a, 17— 14a) (~18+21a,21-18a)+e(~19+21a,26-24a)
-1 =2 0||Z1 Zoo| = (-8+9.10-9a)+e(~17+140,10-13a) (~21+18a,18-21a)+&(~26+24a,19-210) | .
0 0
0 0 &flzz1 73

The consistent FDME can be extended to the general fuzzy matrix equation GX = ¥ as follows:

L 200 0 o0q[Pn b0 (~10492,8-9a) (~18+21a,21-18a)

“1-200 00 ]?21 ]:)22 (-8+9a,10-9a) (-21+18a,18-21a)
0 000 O0O]]|P31P2]|_ 0,0) 0,0)
0 001 20]|]|an an (=10+13a,17—14a) (=19+21a,26-240)
0 00-1-20]]a; g» (=17+14a,10-13) (-26+24a,19-21a)
0010 0041z, gy, (0,0) (0,0)

By calculating, we have S X = Y as follows:

I Ii’ll I312 ]
—120000000000- EZI I222 —10+9«a —18+21(¥
000000120000 10D 18421
T T I B O
—10+13a —19+21
000000000120]|| 3" 32 Z17+14a 264240
001000000000 || S S | _ 0 0
000000120000 L4 | T 8o 21+se
120000000000 || 57, ~1049e -18+2la
L 1 R
—p31 —P3x2 —10+13a —19+21«
000120000000 |7 22" s s
L0000000010004) 22" ~2"
L —G31 —g32 1

Then, we have X' = §°Y as follows:

[ —2.0000+1.8000a —3.6000+4.2000a 7
—4.0000+3.6000 —7.2000+8.4000c
0.0000 0.0000
—2.0000+2.6000 —3.8000+4.2000c
—4.0000+5.2000a —7.6000+8.4000c

— 0.0000 0.0000
—1.6000+1.8000 —4.2000+3.6000c
—3.2000+3.6000 —8.4000+7.2000c
0.0000 0.0000
—3.4000+2.8000 —5.2000+4.8000c
—6.8000+5.6000a —10.4000+9.6000cr
L 0.0000 0.0000 B

Xl
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Then,

(-=2.0000+1.8000a,1.6000-1.8000) (-3.6000+4.2000cr,4.2000-3.6000)
(—4.0000+3.6000a,3.2000-3.6000c) (—7.2000+8.4000c,8.4000—7.2000)

<t
Il

0 0
(=2.0000+2.6000c,3.4000-2.8000) (—3.8000+4.2000c,5.2000—4.8000c)
(=4.0000+5.2000a,6.8000-5.6000a) (—7.6000+8.4000a,10.4000-9.6000c)

0 0

Thus, we have a strong fuzzy dual number matrix solution of the FDME as follows:

(=2.0000+1.8000a,1.6000-1.8000a)+&(=2.0000+2.6000a,3.4000-2.8000a) (-3.6000+4.2000a,4.2000—3.60000)+e(-3.8000+4.2000,5.2000-4.80000)
7=| (=4.000043.6000a,3.2000—3.6000e)+£(-4.0000+5.2000c,6.8000-5.6000a) (-7.2000+8.4000a,8.4000—7.2000a)+s(-7.6000+8.4000a,10.4000-9.6000a) |,
(0,0) (0,0)

—-2f(a) -2f(a)
fl@) fla)

The solution matrix for equation GA = 0is | %) 2% |- Let f(a) € F, where F (depends on X)

fl@  flo)
fla)  fl@)

denotes the class of functions on the unite interval y = f(a) such that the adequate functions X is
monotonic and continuous:

(=2.0000+1.8000c— f(a),1.6000-1.8000a— f(a))  (~3.6000+4.2000a— f(),4.2000-3.6000c— f ()
(~4.0000+3.6000a+ 1 f(2),3.2000-3.6000a+ 4 f(@)) (~7.2000+8.4000a+ 1 f(a),8.4000~7.2000a+ 1 f(a))

oA 0 0
X% =1 (=2.0000+2.6000a— f(a),3.4000-2.8000a— f(@))  (~3.8000+4.2000a f(a),5.2000-4.8000a~ f(a))
(~4.0000+5.2000a+ } f(),6.8000-5.6000a+ % () (~7.6000+8.4000a+ % f(a),10.4000-9.6000a+ 1 f ()
(3 f(@).} f(@)) (3 f(@). 3 f(@)
-2g1() —2g1(a)
gi(@ gi(@
— _ 0 0
By formula |G|® = 0, we have © = —2g>(@) —2g2(@)

(@) g(@)
(@) g(@)

Thus,

2.0000+1.8000a— f(a)—2g1 (@),1.6000—1.8000a— f(a)+2g () 3.6000+4.2000a— f(a)-2g (a),4.2000-3.6000a— f(a)+2g) ()
(4.0000+3.6000a+ 1 f(a)+g1(@),3.2000-3.6000a+ 1 f(@)—gi(a) 7.2000+8.4000a+ 1 f(@)+g1(2),8.4000~7.2000a+ 1} f(@)—gi(a)

- 0 0
XA0 3 (£2.0000+2.6000a— f(a)-2g2(@),3.4000-2.8000a— f(a)+2g2(@) (3.8000+4.2000a— f(a)—2g>(),5.2000~4.8000a— f(a)+2g>(e)
(+4.0000+5.20000+ 1 f()+£2(2),6.8000-5.6000a+ 1 f(@)~g2(a) 7.6000+8.4000a+ L £(@)+g2(),10.4000-9.6000a+ 1 f(@)~g2(a)
G f(@)+g3(), 3 f(@)-g3(a) G f@)+g3(a), 3 f@)-g3(@)

From all determined ©, A and for each & € [0,1], we have 6;j(@) < w =1,..8,
J = 1,..,8, where x! (@) + 1ii(@) + 6(e) (%;(@) + 12;(@) - 6;(@)) is a monotonic bounded non-
decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the
general strong fuzzy dual number matrix solution as follows:

= [zunze
Z=|212 |,

31 232

where

Z11=(=2.0000+1.8000a— f(@)~2g1 (), 1.6000— 1.8000a— f(e)+2g1 (a))+£(~2.0000+2.60000— f () —2g2(),3.4000-2.80000— f () +2g2 (@),
Z12=(=3.6000-+4.20000— f (@) ~2g1 (),4.2000~3.60000— f () +2g1 (@) +£(~3.8000+4.20000— f () ~2g2(),5.2000-4.80000— f () +2g2(a)),
Z21=(=4.0000+3.6000a+ 1 £(@)+1(),3.2000-3.6000a-+ L f(a)—g1 (@))+&(~4.0000+5.2000a-+ 1 f(a)+g2(),6.8000-5.6000a+ 1 f(a)-g2(a)),
Z2=(~7.2000+8.40000+ 1 £(@)+g1(),8.4000-7.2000a-+ ! f(a)—gi (@))+&(~7.6000+8.4000a-+ ! f(a)+g2(a),10.4000-9.6000a+ 1 f(a)-g:(a)),

Z1=(0,0)+5(3 f(@)+83(@), 5 f(@)—g3(2)) Z2=(0.0)+5(5 f(@)+83(). 3 f(@)-g3(@)).
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5. Conclusions

In this paper, we defined the FDME, built the numerical Algorithm 1 to compute the MPWC inverse,
and established the algebraic characterization of any solution of FDME based on the MPWC inverse or
a strong fuzzy solution of FDME. We proposed the numerical Algorithm 2 to solve fuzzy dual matrix
equation (2.6). Additionally, the method is connected to the original Allahviranloo approach from [43]
and [29]. For future work, we will try to solve “inconsistent FDME (2.6)” and discuss their general
least squares solution sets.
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