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Abstract: In this paper, we define fuzzy dual number matrix equations and investigate the Moore-
penrose weak core inverse (MPWC inverse) to solve fuzzy dual number matrix equations. First, we
define fuzzy dual number matrix equations based on the properties of fuzzy dual number. Second, we
obtain the block structure of the MPWC inverse corresponding to the coefficient matrix of fuzzy dual
number matrix equations by characterizing some properties of the MPWC inverse and use it to obtain
a strong fuzzy solution of a fuzzy dual number matrix equation. Third, we propose two methods to
derive the general strong fuzzy solution of fuzzy dual number matrix equations: one with an algorithm
starting from a representation matrix obtained via the MPWC inverse, and the other starting from a
representation matrix corresponding to a strong fuzzy solution. Lastly, some numerical examples are
presented to illustrate the main results.
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1. Introduction

Fuzzy matrix equations are applied in multiple fields, including medicine [1] and circuits [2], and
are important tools to improve the analysis and design of fuzzy systems. In 1965, Zadeh [3], Dubois,
Prade [4] and Nahmias [5] first proposed and studied the concepts of fuzzy numbers and fuzzy
arithmetic operations. In the recent years, generalized inverse of dual matrices have received a great
deal of attention and many scholars have conducted extensive research on them, such as the dual
Moore-Penrose generalized inverses (DMPGI) [6, 7], the new dual MP inverse (NDMPI) [8], the
Moore-Penrose dual generalized inverse (MPDGI) [9], and the weighted Moore-Penrose dual inverse
(W-MP-D inverse) [10]. In recent decades, the theory and application of generalized inverses of dual
matrices have become more and more popular and been applied to various fields including
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kinematics [11], robotics [12, 13], and mechanisms [14]. Respondek et al. discussed the fast
calculation of matrices in [15]. The previous research and the above works highlight the importance
of researching the fuzzy dual number matrix equation (FDME).

Over the years, much research has focused on solving fuzzy systems. Friedman et al. introduced
a general model to solve the n × n fuzzy linear system AX̃ = Ỹ using the embedding method [16].
Inspired by Friedman, many scholars studied different fuzzy systems. In [17], Asady et al. investigated
the m × n consistent fuzzy linear system. In [18], Wang and Zheng investigated the m × n inconsistent
fuzzy linear system. Gong et al. defined X and Y as fuzzy matrices in [19], thereby studying such
generalized fuzzy matrix equations and their fuzzy least squares solutions. In [20], Allahviranloo et
al. proposed various approachs to solve n× n fuzzy linear systems based on the interval theory and the
concept “interval inclusion linear system”. In [21], Abbasi solved fully fuzzy linear systems using the
transmission-average-based fuzzy operations. Thus, it is significant to research the FDME.

Generalized inverses are an important research direction in computational mathematics, which is
applied in many fields [22–24]. Generalized inverses serve as powerful tools to solve fuzzy systems.
Among them are the Moore-Penrose inverse (MP inverse) P†, the Drazin inverse PD, the group
inverse P♯, the weak group inverse PwO [25], the core inverse, the weak core inverse
PwO,† = PwOPP† [26], and the Core-EP inverse P †O [27]. Building upon the MP inverse and the weak
core inverse, we introduce a new generalized inverse, termed the Moore-penrose weak core inverse
(MPWC inverse). Abbasbandy et al. [28] investigated the computation of minimal solutions for a
class of generalized fuzzy linear equations using the MP inverse. Mihailović et al. [29, 30] developed
numerical algorithms for fuzzy linear systems based on the MP inverse and the group inverse,
respectively, and further studied fuzzy Stein matrix equations using the {1}-inverse [31]. Jiang and
Wang [32] proposed an analytical approach employing the core inverse to solve fuzzy linear systems,
and later solved fuzzy matrix equations via the Core-EP inverse of coefficient matrices [33]. More
recently, Jiang [34] investigated general strong fuzzy solutions of fuzzy Sylvester matrix equations
involving the BT inverse.These developments naturally raise the question: what role does the MPWC
inverse play in solving the FDME?

The structure of this paper is as follows: in Section 2, the related basic concepts of generalized
inverses, fuzzy number, dual number, and fuzzy dual number are reviewed and the FDMEs are defined;
in Section 3, some characterizations of the MPWC inverse are given to obtain the block structure of
the MPWC inverse, based on which, a calculation method for a strong fuzzy solution of the FDME is
proposed; in Section 4, two solution methods for the general strong fuzzy dual number matrix solution
of the FDME calculated based on the MPWC inverse and a special solution, respectively, are discussed.
In addition, an algorithm to solve consistent FDMEs is presented; in Section 5, the effectiveness and
accuracy of the algorithm are illustrated through numerical examples.

2. Preliminary

Let Rm×n be the set of m × n real matrices. The symbols P∗, R(P) and rank(P) denote the conjugate
transpose, the range, and the rank of P, respectively. The smallest nonnegative integer k which
satisfies rank(Pk+1) = rank(Pk) is called the index of P ∈ Cn×n and is denoted by Ind(P).
The set of square matrices of order n whose index is less than or equal to 1 is denoted by
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RCM
n = {P ∈ Rn×n : rk(P2) = rk(P)}. Specifically, Ind(P) = 0 if P is nonsigular. Let

PXP = P (1), XPX = X (2), (PX)∗ = PX (3), (XP)∗ = XP (4),
XPX = X (2)′, PX = XP (5), XP(k+1) = Pk (5)′, (Pk)∗P2X = (Pk)∗P (6).

Definition 2.1 ( [25, 27, 35–38]). For any P ∈ Rm×n, we define the set R{i, j, ...h} as the collection of
all matrices X ∈ Rn×m which satisfy the matrix equations (i), ( j), ..., (h). If X ∈ T{i, j, ...h}, then X is
called {i, j, ...h} inverse of P, denoted by P{i, j,...,h}.
(i) We define X ∈ Rm×n as the Moore-Penrose inverse (MP inverse) of P ∈ Rm×n, denoted by P† or
P{1,2,3,4}, if and only if X satisfies matrix equations (1)–(4).
(ii) We define X ∈ Rn×n as the group inverse of P ∈ Rn×n, denoted by P♯ or P{1,2,5}, if and only if X
satisfies matrix equations (1), (2), and (5).
(iii) We define X ∈ Rn×n as the Drazin inverse of P ∈ Rn×n with ind(P) = k , denoted by Gd or G{2,5,5

′},
if and only if X satisfies matrix equations (2), (5), and (5)′. If G ∈ RCM

n , Gd = G♯.
(iv) We define X ∈ Rn×n as the Core-EP inverse of P ∈ Rn×n ,denoted by P †O or P{2,3,5

′}, if and only if X
satisfies matrix equations (2), (3), and (5)′.
(v) We define X ∈ Rn×n as the weak group inverse of P ∈ Rn×n with ind(P) = k, denoted by
PwO or P{2

′,5′,6}, if and only if X satisfies matrix equations (2)′, (5)′, and (6). Meanwhile, PwO = (P †O)2P.
If P ∈ RCM

n , then PwO = P♯.
For any P = [pi j], P ∈ Rm×n, P is the nonnegative matrix if pi j ≥ 0 for each i and j.

Theorem 2.1. Let P ∈ Rn×n and Ind(P) = k; the system of equations

XPX = X, PX = CP†, XP = P†C (2.1)

has a unique solution X = P†PPwOPP†, where C = PPwOP .

Proof. XPX = P†PPwOPP†PP†PPwOPP† = P†PPwOPPwOPP† = PPwO, PX = PP†PPwOPP† = PPwOPP† =
CP†, and XP = P†PPwOPP†P = P†PPwOP = P†C. Thus, X = P†PPwOPP† is a solution of (2.1). The
proof of uniqueness is as follows.

Suppose X1 and X2 are solutions of (2.1), X1 = X1PX1 = P†CX1 = X2PX1 = X2CP† = X2PX2 = X2.
Thus, X = P†PPwOPP† is a unique solution of (2.1). □

Definition 2.2. Let P ∈ Rn×n and Ind(P) = k; we define the solution of (2.1) as the MPWC inverse of
P, denoted by the following:

P◦ = P†PPwOPP†. (2.2)

Theorem 2.2. Let P ∈ Rn×n and Ind(P) = k,

P◦ = P†Pk+1(Pk+2)†P2P†. (2.3)

Proof. Based on Theorem 2.1 of [39], PwO = Pk(Pk+2)†P. According to Definition 2.2, it follows that

P◦ = P†PPwOPP† = P†PPk(Pk+2)†PPP† = P†Pk+1(Pk+2)†P2P†.

□

Based on the above theorem, the following algorithm is established in MATLAB to solve the
MPWC inverse of a matrix.
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Algorithm 1. Computing the MPWC inverse of matrix P ∈ Rn×n using MATLAB
(1) Input matrix P ∈ Rn×n.

(2) Input k is the index o f matrix P.

(3) L1 = pinv(mpower(P, k + 2)).
(4) L2 = mtimes(mpower(P, k + 1), L1).
(5) P◦ = pinv(P) ∗ L2 ∗ P2 ∗ pinv(P).

Lemma 2.1 ( [40]). Let P ∈ Rn×n with rank(P) = k > 0. Then, there exists a unitary matrix U ∈ Rn×n

such that

P = U
[
ΣK ΣL
0 0

]
U∗, (2.4)

where Σ = diag(σ1Ir1 , σ2Ir2 , . . . , σtIrt), σ1 > σ2 > · · · > σt > 0, r1 + r2 + · · · + rt = r, and K ∈ Rn×n,
L ∈ Rn×n−r, satisfy KK∗ + LL∗ = Ir. Then,

P† = U
[
K∗Σ−1 0
L∗Σ−1 0

]
U∗, P◦ = U

[
K∗K(ΣK)wO 0
L∗K(ΣK)wO 0

]
U∗. (2.5)

Lemma 2.2. Let P ∈ Rn×n. Then, P◦ = P† if and only if ind(P) ≤ 1.

Proof. If ind(P) ≤ 1, PwO = P♯, then according to Definitions 2.1 and (2.2),

P◦ = P†PPwOPP† = P†PP♯PP† = P†PP† = P†.

Conversely, if P◦ = P†, then according to (2.5), then K∗Σ−1 = K∗K(ΣK)wO and L∗Σ−1 = L∗K(ΣK)wO.
Multiply both equations by K and L, respectively, and obtain K(ΣK)wO = Σ−1 using KK∗ + LL∗ = Ir.
Then, ΣK is nonsingular and rank(P) = r. Additionally,

P2 = U
[
(ΣK)2 ΣKΣL

0 0

]
U∗ = U

[
ΣK 0
0 In−r

] [
ΣK ΣL
0 0

]
U∗.

Thus, rank(P2) = rank(P) (i.e., Ind(P) ≤ 1). □

Next, we present some basic concepts of fuzzy number, dual number, and fuzzy dual number and
define FDME.

Definition 2.3 ( [29]). Let z̃ be a fuzzy set. A membership function z̃ : R → [0, 1] which satisfies the
following three conditions is called a fuzzy number:
(1) z̃(x) = 0 outside of interval [a, b];
(2) z̃ is the upper semi-consistent continuous function;
(3) There exists constants c and d such that a ≤ c ≤ d ≤ b;
(3.1) z̃(x) is monotonic increasing on [a, c],
(3.2) z̃(x) is monotonic decreasing on [d, b],
(3.3) z̃(x) = 1, c ≤ x ≤ d.
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Let ξ denote the sets of all fuzzy numbers. Let [z̃]α = [z
¯
(α), z̄(α)], α ∈ [0, 1] be a bounded closed

iterval, where z
¯
(α) = in f {x ∈ R : z̃ ≥ α}, z̄(α) = sup{x ∈ R : z̃ ≥ α}. Next, let a crisp function

iterval (z
¯
, z̄) denote a fuzzy number z̃. z

¯
: [0, 1] → R is a non-decreasing left-continuous function and

z̄ : [0, 1]→ R is a non-increasing left-continuous function.

Definition 2.4 ( [30]). For any fuzzy number z̃ = (z
¯
(α), z̄(α)), ũ = (u

¯
(α), ū(α)), α ∈ [0, 1] and real

number k, the fuzzy number arithmetic is as follows:
(1) [z̃ + ũ]α = [z

¯
(α) + u

¯
(α), z̄(α) + ū(α)];

(2) [z̃ − ũ]α = [z
¯
(α) − ū(α), z̄(α) − u

¯
(α)];

(3) [kz̃]α =
{

[kz
¯
(α), kz̄(α)], k ≥ 0,

[kz̄(α), kz
¯
(α)]; k < 0,

(4) [z̃ × ũ]α = [min(t),max(t)], where t = {z
¯
(α) × u

¯
(α), z

¯
(α) × ū(α), z̄(α) × u

¯
(α), z̄(α) × ū(α)};

(5) z̃ = ũ⇔ z
¯
(α) = u

¯
(α) and z̄(α) = ū(α).

Definition 2.5 ( [14]). The dual number ε is defined as a number such that ε2 = 0, ε , 0. A dual
number is written as x̂ = a + εb, where a, b ∈ R, the symbol a represents the real part of the dual
number x̂, and the symbol b represents the dual component of the dual number x̂.

Definition 2.6 ( [14]). For any two dual numbers x̂ = a + εb and ŷ = c + εd, and real number k, the
dual number arithmetic is as follows:

(1) x̂ + ŷ = (a + c) + ε(b + d);
(2) x̂ × ŷ = (a + εb) × (c + εd) = a × c + ε(a × d + b × c);
(3) kx̂ = ka + kεb.

Definition 2.7 ( [41]). An arbitrary fuzzy dual number can be expressed in the form x̃ = p̃+ εq̃, where
p̃ = (p

¯
(α), p̄(α)) and q̃ = (q

¯
(α), q̄(α)) for all 0 ≤ α ≤ 1. In this case, the above equation can be

written as follows:

x̃ = (p
¯
(α), p̄(α)) + ε(q

¯
(α), q̄(α)) = (p

¯
(α) + εq

¯
(α), p̄(α) + εq̄(α)).

Writing x̃ = (x
¯
, x̄), we have x

¯
= p

¯
(α) + εq

¯
(α) and x̄ = p̄(α) + εq̄(α).

Definition 2.8 ( [41]). For arbitrary two fuzzy dual numbers x̃ = p̃+ εq̃ and ỹ = ũ+ εṽ, where p̃, q̃, ũ, ṽ
are fuzzy numbers, their fuzzy dual number arithmetic is as follows:

(1) x̃ + ỹ = ( p̃ + ũ) + ε(q̃ + ṽ);
(2) kx̃ = kp̃ + εkq̃, k ∈ R;
(3) x̃ × ỹ = ( p̃ × ũ − q̃ × ṽ) + ε(p̃ × ṽ + q̃ × ũ).

Definition 2.9. Consider the following fuzzy matrix system:
c11 c12 · · · c1n

c21 c22 · · · c2n

· · · · · · · · · · · ·

cn1 cn2 · · · cnn



z̃11 z̃12 · · · z̃1m

z̃21 z̃22 · · · z̃2m

· · · · · · · · · · · ·

z̃n1 z̃n2 · · · z̃nm

 =

w̃11 w̃12 · · · w̃1m

w̃21 w̃22 · · · w̃2m

· · · · · · · · · · · ·

w̃n1 w̃n2 · · · w̃nm

, (2.6)

where the coefficient matrix C = [c jk], 1 ≤ j, k ≤ n is a n × n dual matrix, and Z̃ = [z̃ jh] and W̃ =

[w̃ jh], 1 ≤ j ≤ n, 1 ≤ h ≤ m are matrices of the fuzzy dual number. A fuzzy dual number matrix Z̃,
given by

Z̃ = (Z1,Z2, . . . ,Zm),
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where Zh = (̃z1h, z̃2h, . . . , z̃nh)∗, and 1 ≤ h ≤ m, and 0 ≤ α ≤ 1, is called a solution of the fuzzy matrix
system (2.6). Fuzzy matrix system (2.6) is called an FDME, denoted by CZ̃ = W̃.

The dual coefficient matrix C, unknown fuzzy dual number matrix Z̃, and the right-hand fuzzy dual
number matrix W̃ may be written as c jk = a jk + εb jk,

Z̃ = z̃kh = p̃kh + εq̃kh = (p
kh

(α), p̄kh(α)) + ε(q
kh

(α), q̄kh(α)),

and
W̃ = w̃ jh = ũ jh + εṽ jh = (u jh(α), ū jh(α)) + ε(v jh(α), v̄ jh(α)),

respectively.
The n × n FDME (2.6) is equivalent to a 2n × 2n general fuzzy matrix equation :

GX̃ = Ỹ , (2.7)

where

G =
[
A 0
B A

]
, X̃ =

[
p̃
q̃

]
, Ỹ =

[
ũ
ṽ

]
,

and A = [a jk], B = [b jk] ∈ Rn×n.

Then,  n∑
j=1

ai j p̃ j


α

= [ũi]α,

 n∑
j=1

bi j p̃ j


α

+

 n∑
j=1

ai jq̃ j


α

= [ṽi]α, i = 1, 2 · · · n.

Let a+i j = ai j ∨ 0 and a−i j = −ai j ∨ 0. Using the embedding approach (the specific method is referred
to [30]), we have the following:

n∑
j=1

a+i jp
¯ j

(α) −
n∑

j=1

a−i j p̄ j(α) = u
¯ i(α),

n∑
j=1

a+i j p̄ j(α) −
n∑

j=1

a−i jp
¯ j

(α) = ūi(α),

n∑
j=1

b+i jp
¯ j

(α) −
n∑

j=1

b−i j p̄ j(α) +
n∑

j=1

a+i jq
¯ j

(α) −
n∑

j=1

a−i jq̄ j(α) = v
¯ i(α),

n∑
j=1

b+i j p̄ j(α) −
n∑

j=1

b−i jp
¯ j

(α) +
n∑

j=1

a+i jq̄ j(α) −
n∑

j=1

a−i jq
¯ j

(α) = v̄i(α).

Let A+ = [a+i j], A− = [a−i j], B+ = [b+i j], B− = [b−i j], 1 ≤ i ≤ n, and 1 ≤ j ≤ n. Using the matrix
notation, System GX̃ = Ỹ can be extended to a 4n × 4n crisp form as follows:

S X(α) = Y(α), α ∈ [0, 1], (2.8)

where

S =
[
D F
F D

]
=

[
G+ G−

G− G+

]
=


A+ 0 A− 0
B+ A+ B− A−

A− 0 A+ 0
B− A− B+ A+

 , (2.9)

X(α) =
[

X
¯

(α)
−X̄(α)

]
=


p
¯
(α)

q
¯
(α)
−p̄(α)
−q̄(α)

 , Y(α) =
[

Y
¯

(α)
−Ȳ(α)

]
.
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3. Characterization of the MPWC inverse of the coefficient matrix

The MPWC inverse of the coefficient matrix S is extremely vital for further research. In this section,
we first characterize several properties of the MPWC inverse of the coefficient matrix. Second, we
prove the existence of the nonnegative MPWC inverse using its block structure, and provide a strong
fuzzy solution of the FDME using the nonnegative MPWC inverse.

Lemma 3.1. Let matrix P ∈ Rn×n be the coefficient matrix of the consistent crisp matrix system PX = Y.
X = P(1)Y is a solution of consistent PX = Y if and only if Y ∈ R(P). If the solution of PX = Y satisfies
the further constraint X ∈ R(P), then X = P(1)Y is the unique solution of PX = Y.

Theorem 3.1. Let matrix P ∈ Rn×n be the coefficient matrix of the consistent crisp matrix system PX =
Y. X0 = P◦Y is a solution of consistent PX = Y if and only if Y ∈ R(Pk), where Ind(P) = k.

Proof. According to Definition 2.2,

PX = PP◦Y = PPwOPP†Y = PPwOY = P †OPY.

Thus, X0 = P◦Y is a solution of consistent PX = Y if and only if Y ∈ R(Pk). □

Corollary 3.1. Let matrix P ∈ Rn×n be the coefficient matrix of consistent crisp matrix system PX = Y.
X0 = P◦Y is the unique solution of consistent PX = Y if and only if X ∈ R(P†Pk) and Y ∈ R(Pk), where
Ind(P) = k.

Proof. According to Theorem 3.1, X0 = P◦Y is a solution of PX = Y if and only if Y ∈ R(Pk).
According to Definition 2.2,

X0 = P◦Y = P†PPwOPP†Y = P†P †OP2P†Y.

Then, X ∈ R(P†P †O) = R(P†Pk).
Conversely, let X be a solution of PX = Y . Since X ∈ R(P†Pk), there exists a matrix Z such that

X = P†PkZ:

X = P†PkZ = P†PPwOPkZ = P†PPwOPP†PP†PkZ = P†PPwOPP†PX = P◦PX = P◦Y = X0.

The proof of uniqueness is completed. □

Lemma 3.2 ( [29]). Let matrix S ∈ R4n×4n be the coefficient matrix of consistent crisp matrix

equation (2.8); then, the MP inverse of matrix S =
[
D F
F D

]
is

S † =
[
H1 J1

J1 H1

]
, (3.1)

if and only if

H1 =
1
2

((D + F)† + (D − F)†), J1 =
1
2

((D + F)† − (D − F)†).
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Lemma 3.3 ( [33]). Let matrix S ∈ R4n×4n be the coefficient matrix of consistent crisp matrix

equation (2.8); then, the Core-EP inverse of matrix S =
[
D F
F D

]
is

S †O =

[
H2 J2

J2 H2

]
, (3.2)

if and only if

H2 =
1
2

((D + F) †O + (D − F) †O), J2 =
1
2

((D + F) †O − (D − F) †O).

Theorem 3.2. Let matrix S ∈ R4n×4n be the coefficient matrix of consistent crisp matrix equation (2.8);

then, the MPWC inverse of matrix S =
[
D F
F D

]
is

S ◦ =
[
H J
J H

]
, (3.3)

if and only if

H =
1
2

((D + F)◦ + (D − F)◦), J =
1
2

((D + F)◦ − (D − F)◦).

Proof. Let S ∈ R4n×4n with Ind(S) = k be the coefficient matrix consistent of the crisp matrix
equation (2.8). Let G1 = D + F, G2 = D − F. According to (3.2),

(S †O)2 =

[
J2 K2

K2 J2

]2
=

[
J2

2 + K2
2 J2K2 + K2J2

J2K2 + K2J2 J2
2 + K2

2

]
=

[
1
2 ((G †O

1 )2 + (G †O
2 )2) 1

2 ((G †O
1 )2 − (G †O

2 )2)
1
2 ((G †O

1 )2 − (G †O
2 )2) 1

2 ((G †O
1 )2 + (G †O

2 )2)

]
,

and it can be calculated that

S 2 =

[
D F

F D

]2
=

[
D2 + F2 DF + FD

DF + FD D2 + F2

]
.

According to (3.1), it can be calculated that

S †S =
[
H1 J1

J1 H1

] [
D F

F D

]
=

1
2

[
G†1G1 +G†2G2 G†1G1 −G†2G2

G†1G1 −G†2G2 G†1G1 +G†2G2

]
,

S 2S † =
[

D2 + F2 DF + FD

DF + FD D2 + F2

] [
H1 J1

J1 H1

]
=

1
4

[
G2

1 +G2
2 G2

1 −G2
2

G2
1 −G2

2 G2
1 +G2

2

] [
G†1 +G†2 G†1 −G†2
G†1 −G†2 G†1 +G†2

]
=

1
2

[
G2

1G†1 +G2
2G†2 G2

1G†1 −G2
2G†2

G2
1G†1 −G2

2G†2 G2
1G†1 +G2

2G†2

]
.

According to Definition 2.1 and Definition 2.2, S ◦ = S †S S wOS S † = S †S (S †O)2S 2S †. Based on
Lemmas 3.2 and 3.3, it can be calculated that

S ◦=
1
4

[
H1 J1

J1 H1

][
D F

F D

][
(G †O

1 )2+(G †O
2 )2 (G †O

1 )2−(G †O
2 )2

(G †O
1 )2−(G †O

2 )2 (G †O
1 )2+(G †O

2 )2

][
G2

1G†1+G2
2G†2 G2

1G†1−G2
2G†2

G2
1G†1−G2

2G†2 G2
1G†1+G2

2G†2

]
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=
1
2

[
G†1G1(G †O

1 )2G2
1G†1+G†2G2(G †O

2 )2G2
2G†2 G1†G1(G †O

1 )2G2
1G†1−G†2G2(G †O

2 )2G2
2G†2

G†1G1(G †O
1 )2G2

1G†1−G†2G2(G †O
2 )2G2

2G†2 G†1G1(G †O
1 )2G2

1G†1+G†2G2(G †O
2 )2G2

2G†2

]
=

1
2

[
G◦1 +G◦2 G◦1 −G◦2
G◦1 −G◦2 G◦1 +G◦2

]
=

[
H J

J H

]
,

where H = 1
2 ((D + F)◦ + (D − F)◦) and J = 1

2 ((D + F)◦ − (D − F)◦). □

Theorem 3.3. Let S ∈ R4n×4n be the coefficient matrix of crisp matrix equation S X = Y,Y ∈ R(S k).
If the matrix S ◦ of the form (3.3) is non-negative, then X0 = S ◦Y is a strong fuzzy solution of S X =
Y,Y ∈ R(S k) and a respective fuzzy matrix solution of GX̃ = Ỹ. Then, the correlated fuzzy dual number
matrix Z̃ is a strong fuzzy dual number matrix solution of (2.6).

Proof. Let Y =
[

Y
¯
−Ȳ

]
, X0 =

[
X
¯

0

−X̄0

]
. Since X0 = S ◦Y =

[
H J

J H

] [
Y
¯
−Ȳ

]
, then

X
¯

0 =
[
H J

]
Y, X̄0 =

[
−J −H

]
Y.

Subtracting the two equations above, it can be obtained that

X̄0 − X
¯

0 =
[
−J −H

]
Y −
[
H J

]
Y = −

[
H + J H + J

]
Y = (H + J)(Ȳ − Y

¯
).

Thus,

X̄0 − X
¯

0 = (H + J)(Ȳ − Y
¯

).

Since H + J is nonegative and Ȳ ≥ Y
¯

, X̄0 ≥ X
¯

0. Since H and J are nonegative, Ȳ is non-increasing,
and Y

¯
is non-decreasing, we can obtain that X̄0 and X

¯
0 are non-increasing and non-decreasing,

respectively. The bounded left continuity of X̄0 and X
¯

0 are obvious since they are the linear
combinations of Ȳ and Y

¯
, respectively.

Therefore, X̃ = (x̃0
1, . . . , x̃

0
n)∗ is a strong fuzzy solution of GX̃ = Ỹ and is a respective fuzzy matrix

solution of the DFME, where each x̃0
i = (x

¯
0
i , x̄0

i ), i = 1, . . . , n, is a fuzzy vector. □

Theorem 3.4. S ◦ ≥ 0 if and only if

S ◦ =
[
ED∗ EF∗

EF∗ ED∗

]
, (3.4)

where E ∈ Rn×n is a nonegative diagonal matrix. At the same time, (D + F)◦ = E(D + F)∗, (D − F)◦ =
E(D − F)∗.

Proof. Based on the literature [42], S ◦ ≥ 0 if and only if S ◦ = E•S ∗, where the nonegative matrix

E• =
[
E1 0
0 E2

]
. Using the above matrix form, it can be obtained that

[
1
2 ((D + F)◦ + (D − F)◦) 1

2 ((D + F)◦ − (D − F)◦)
1
2 ((D + F)◦ − (D − F)◦) 1

2 ((D + F)◦ + (D − F)◦)

]
=

[
E1D∗ E1F∗

E2F∗ E2D∗

]
.
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Let E1 = Diag(e11, e12, . . . , e1n), E2 = Diag(e21, e22, . . . , e2n), D = [di j] ∈ Rn×n, and F = [ fi j] ∈ Rn×n.
Then,

E1D∗ =

 e11d11 e11d21 ··· e11dn1
e12d12 e12d22 ··· e12dn2

...
...
...
...

e1nd1n e1nd2n ··· e1ndnn

 =
 e21d11 e21d21 ··· e21dn1

e22d12 e22d22 ··· e22dn2

...
...
...
...

e2nd1n e2nd2n ··· e2ndnn

 = E2D∗,

E1F∗ =

 e11 f11 e11 f21 ··· e11 fn1
e12 f12 e12 f22 ··· e12 fn2

...
...
...
...

e1n f1n e1n f2n ··· e1n fnn

 =
 e21 f11 e21 f21 ··· e21 fn1

e22 f12 e22 f22 ··· e22 fn2

...
...
...
...

e2n f1n e2n f2n ··· e2n fnn

 = E2F∗.

According to the form of (2.9), it can be known that not all elements of d1i, · · · , dni, f1i, · · · , fni (i =
1, ..., n) are 0. Let dni , 0, e1idni = e2idni. Then, e1i = e2i (i = 1, ..., n) . Thus, E1 = E2 = E. At the
same time, [

1
2 ((D + F)◦ + (D − F)◦) 1

2 ((D + F)◦ − (D − F)◦)
1
2 ((D + F)◦ − (D − F)◦) 1

2 ((D + F)◦ + (D − F)◦)

]
=

[
ED∗ EF∗

EF∗ ED∗

]
= S ◦.

Using the above equations, we have (D + F)◦ = E(D + F)∗, (D − F)◦ = E(D − F)∗. □

4. Calculate the general solutions of FDME using the MPWC inverse

The section studies the strong fuzzy general solutions of the FDME CZ̃ = W̃ using the MPWC
inverse of cofficient matrix of GX̃ = Ỹ (2.7). Let K = G◦ ∈ R2n×2n, and |K| = [|ki j|] be a nonnegative
matrix. Let

S K =

[
K+ K−

K− K+

]
, (4.1)

where K+ = [k+i j] and K− = [k−i j] are nonegative matrixs. Let Y be an arbitrary representative matrix
such that Xı = S KY .

Theorem 4.1. Any G ∈ R2n×2n is the cofficient matrix of consistent (2.7) corresponding to the
FDME (2.6), Ỹ is a fuzzy matrix and k = Ind(G). If Xı = S KY, K = G◦, and |K| = [|ki j|], where S K is
in the form (4.1), then the following hold:
(i) If (Y

¯
+ Ȳ) ∈ R(Gk), then G(X̄ı + X

¯
ı) = Ȳ + Y

¯
;

(ii) If |K| is the MPWC inverse of |G| and (Y
¯
− Ȳ) ∈ R(|G|k), then |G|(X̄ı − X

¯
ı) = Ȳ − Y

¯
and X̃ı is the

fuzzy matrix solution to CX̃ = Ỹ (2.7) corresponding to the FDME (2.6).

Proof. (i) Let Y =
[

Y
¯
−Ȳ

]
. Since Xı = S KY =

[
K+ K−

K− K+

] [
Y
¯
−Ȳ

]
,

X
¯
ı =
[
K+ K−

]
Y, (4.2)

X̄ı =
[
−K− −K+

]
Y. (4.3)

Combining the two equations, it can be obtained that

X̄ı+ X
¯
ı=
[
−K− −K+

]
Y+
[
K+ K−

]
Y=
[
(K+ − K−) −(K+ − K−)

]
Y=
[
K −K

]
Y.
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Thus, X̄ı + X
¯
ı = K(Ȳ + Y

¯
).

Because of (Y
¯
+ Ȳ) ∈ R(Gk),

G(X̄ı + X
¯
ı) = Ȳ + Y

¯
. (4.4)

(ii) Subtracting (4.2) and (4.3) together, it can be obtained that

X̄ı − X
¯
ı = |K|(Ȳ − Y

¯
).

Since |K| is the MPWC inverse of |G|, |G|◦ = |G◦| = |K|. Based on Theorem 3.1, since (Y
¯
− Ȳ) ∈

R(|G|k), it can be obtained that

|G|(X̄ı − X
¯
ı) = Ȳ − Y

¯
. (4.5)

For any matrix G ∈ R2n×2n, G+ = 1
2 (|G| + G) and G− = 1

2 (|G| − G). By adding and
subtracting (4.4) and (4.5), respectively, we can obtian the following:

Ȳ = G+X̄ı −G−X
¯
ı =
[
−G− −G+

]
Xı, Y

¯
= −G−X̄ı +G+X

¯
ı =
[
G+ G−

]
Xı.

The conclusion is proven. □

Theorem 4.2. Let G ∈ R2n×2n be the coefficient matrix of the consistent GX̃ = Ỹ, where (Y
¯
+ Ȳ) ∈ R(Gk)

and (Y
¯
− Ȳ) ∈ R(|G|k), corresponding to FDME (2.6). If Xı = S KY , then G(X̄ı + X

¯
ı) = Ȳ + Y

¯
. Define

W = Y
¯
− (G+ G−)Xı, and denote W =

[ w11(α) ··· w1m(α)
...

...
w2n,1(α) ··· w2n,m(α)

]
. Define Λ=

[ λ11(α) ··· λ1m(α)
...

...
λ2n,1(α) ··· λ2n,m(α)

]
, Θ=

[ θ11(α) ··· θ1m(α)
...

...
θ2n,1(α) ··· θ2n,m(α)

]
,

where Λ and Θ are solutions of GΛ= 0 and |G|Θ = W, respectively. The general solutions of the fuzzy
matrix equation GX̃ = Ỹ are as follows:

X̃ = {X
¯
ı +

1
2
Λ + Θ, X̄ı +

1
2
Λ − Θ}.

Thus, the general solutions of the fuzzy dual number matrix equation FDME are as follows:

z̃ = [p(α), p̄(α)] + ε[q(α), q̄(α)], 0 ≤ α ≤ 1,

where X
¯

(α) =
p(α)
q(α)

 and X̄(α) =
[
p̄(α)
q̄(α)

]
.

Proof. The proof is similar to the proof of [29, Theorem 8]. □

Corollary 4.1. Let G ∈ R2n×2n be the coefficient matrix of the consistent GX̃ = Ỹ, (Y
¯
+ Ȳ) ∈ R(Gk),

corresponding to the FDME (2.6). Let X̃ı be a solution of GX̃ = Ỹ. Define Λ =
[ λ11(α) ··· λ1m(α)
...

...
λ2n,1(α) ··· λ2n,m(α)

]
,

Θ=

[ θ11(α) ··· θ1m(α)
...

...
θ2n,1(α) ··· θ2n,m(α)

]
, where Λ and Θ are solutions of GΛ= 0 and |G|Θ = 0, respectively. The general

solutions of the fuzzy matrix equation GX̃ = Ỹ are as follows:

X̃ = {X
¯
ı +

1
2
Λ + Θ, X̄ı +

1
2
Λ − Θ}.
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Thus, the general solutions of the fuzzy dual number matrix equation FDME are as follows:

z̃ = [p(α), p̄(α)] + ε[q(α), q̄(α)], 0 ≤ α ≤ 1,

where X
¯

(α) =
[

p(α)

q(α)

]
and X̄(α) =

[
p̄(α)
q̄(α)

]
.

Proof. Since X̃ı is a solution of GX̃ = Ỹ , we have G(X
¯
ı + X̄ı) = (Y

¯
+ Ȳ) and |G|(X

¯
ı
− X̄ı) = (Y

¯
− Ȳ).

Then, we have

G(X
¯
+ X̄) = G(X

¯
ı +

1
2
Λ + Θ + X̄ı +

1
2
Λ − Θ) = G(X

¯
ı + X̄ı) +GΛ= (Y

¯
+ Ȳ),

and

|G|(X
¯
− X̄)= |G|(X

¯
ı +

1
2
Λ +Θ−X̄ı−

1
2
Λ +Θ)= |G|(X

¯
ı − X̄ı) + 2|G|Θ= |G|(X

¯
ı − X̄ı)= (Y

¯
− Ȳ).

Thus, X̃ = {X
¯
ı + 1

2Λ + Θ, X̄ı + 1
2Λ − Θ} is the solution of GX̃ = Ỹ . □

Remark: The above corollary shows that the general solutions of the FDME (2.6) can be derived
from a particular fuzzy solution. Then, the following question arises: how can such a particular solution
be obtained? Depending on the structural features of different fuzzy equations, one may select an
appropriate generalized inverse and solve the corresponding explicit equation to obtain the particular
solution. For detailed implementation, please refer to Example 4.3, where we obtain a fuzzy solution
of the FDME (2.6) by the MPWC inverse.

The coefficient matrix of the GFME (2.7) corresponding to the FDME (2.6) is G = [gi j]. The
matrix S K is given by Formula (4.1), and K is the MPWC inverse of the matrix G. Based on the above
theorem, we design the following algorithm to solve the consistent FDME (2.6).

Algorithm 2
(1) Calculate Xı = S KY; i f equation G(X̄ı + X

¯
ı) = Ȳ + Y

¯
is satis f ied,

then proceed to the next step.

(2) Let Λ =
[ λ1,1(α) ··· λ1,m(α)
...

...
λ2n,1(α) ··· λ2n,m(α)

]
, α ∈ [0, 1] satis f y the homogeneous equation GΛ = 0.

Then, X
¯
ıΛ = X

¯
ı +

1
2
Λ and X̄ıΛ = X̄ı +

1
2
Λ.

(3) Calculate W =
[ ω1,1(α) ··· ω1,m(α)
...

...
ω2n,1(α) ··· ω2n,m(α)

]
, α ∈ [0, 1], using W = Y

¯
− S

¯
Xı,

where S
¯
= [G+ G−] is an 2n × 4n matrix.

(4) I f the f amily o f classical systems |G|Θ = W, where W =
[ ω1,1(α) ··· ω1,m(α)
...

...
ω2n,1(α) ··· ω2n,m(α)

]
, have

a solution Θ =
[ Θ1,1(α) ··· Θ1,m(α)
...

...
Θ2n,1(α) ··· Θ2n,m(α)

]
, α ∈ [0, 1], then X

¯
= X

¯
ıΛ + Θ, X̄ = X̄ıΛ − Θ.

(5) From all determined Θ, Λ and f or each α ∈ [0, 1], we have θi j(α) ≤
x̄ıi j(α) − x

¯
ı
i j(α)

2
,
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i = 1, . . . , 2n, j = 1, . . . ,m, where x
¯
ı
i j(α) +

1
2
λi j(α) + θi j(α) (x̄ıi j(α) +

1
2
λi j(α) − θi j(α)) is

a monotonic bounded non − decreasing (monotonic bounded non − increasing)
le f t continuous f unction.

(6) We obtain the f ollowing f uzzy dual number solutions : z̃ = [p(α), p̄(α)] + ε[q(α), q̄(α)],

0 ≤ α ≤ 1, where X
¯

(α) =
[

p(α)

q(α)

]
= X

¯
ıΛ + Θ, X̄(α) =

[
p̄(α)
q̄(α)

]
= X̄ıΛ − Θ.

We will explain our previous Theorems, Definitions, and validity of Algorithm 2 through some
examples. Example 4.1 is a 2 × 2 order consistent FDME. In Example 4.1, C and G are singular. In
Example 4.2, we consider a consistent FDME with a 4 × 4 order coefficient matrix satisfying C = C∗

and K = G◦ ≥ 0 such that S ◦ ≥ 0. Then, we will get a strong fuzzy dual number solution by the
solution matrix Xı = S ◦Y and obtain the general strong fuzzy dual number solution. We can give the
general strong fuzzy dual number solution of Example 4.1 through above Algorithm 2. Moreover, we
present plots of the results to show the efficiency of the proposed method. Example 4.3 is a consistent
FDME with a 3 × 3 order dual coefficient matrix.
Example 4.1. Consider the following 2 × 2 order consistent FDME:[

1 2
−1 −2

] [̃
z11 z̃12

z̃21 z̃22

]
=
[

(−10+9α, 17−18α)+ε(−13+15α, 14−12α) (−11+8α, 13−16α)+ε(−9+10α, 15−14α)
(−17+18α, 10−9α)+ε(−14+12α, 13−15α) (−13+16α, 11−8α)+ε(−15+14α, 9−10α)

]
.

The consistent FDME can be extended to the general fuzzy matrix equation GX̃ = Ỹ as follows:[
1 2 0 0
−1 −2 0 0
0 0 1 2
0 0 −1 −2

] [ p̃11 p̃12
p̃21 p̃22
q̃11 q̃12
q̃21 q̃22

]
=

 (−10+9α, 17−18α) (−11+8α, 13−16α)
(−17+18α, 10−9α) (−13+16α, 11−8α)
(−13+15α, 14−12α) (−9+10α, 15−14α)
(−14+12α, 13−15α) (−15+14α, 9−10α)

 .
According to Theorem 4.2, by calculating Xı = S KY , K =G◦=

[ 0.1000 −0.1000 0 0
0.2000 −0.2000 0 0

0 0 0.1000 −0.1000
0 0 0.2000 −0.2000

]
, we have the

following:

Xı =


−2.0000+1.8000α −2.2000+1.6000α
−4.0000+3.6000α −4.4000+3.2000α
−2.6000+3.0000α −1.8000+2.0000α
−5.2000+6.0000α −3.6000+4.0000α
−3.4000+3.6000α −2.6000+3.2000α
−6.8000+7.2000α −5.2000+6.4000α
−2.8000+2.4000α −3.0000+2.8000α
−5.6000+4.8000α −6.0000+5.6000α

 .
Then,

X̃ı =
 (−2.0000+1.8000α,3.4000−3.6000α) (−2.2000+1.6000α,2.6000−3.2000α)

(−4.0000+3.6000α,6.8000−7.2000α) (−4.4000+3.2000α,5.2000−6.4000α)
(−2.6000+3.0000α,2.8000−2.4000α) (−1.8000+2.0000α,3.0000−2.8000α)
(−5.2000+6.0000α,5.6000−4.8000α) (−3.6000+4.0000α,6.0000−5.6000α)

 .
The solution matrix for equation GΛ = 0 is

 −2 f (α) −2 f (α)
f (α) f (α)
−2 f (α) −2 f (α)

f (α) f (α)

. Let f (α) ∈ F ı, where F ı (depends on

X̃ı) denotes the class of functions on the unite interval y = f (α) such that the adequate functions of X̃ıΛ

is monotonic and continuous:

X̃ıΛ =

 (−2.0000+1.8000α− f (α),3.4000−3.6000α− f (α)) (−2.2000+1.6000α− f (α),2.6000−3.2000α− f (α))
(−4.0000+3.6000α+ 1

2 f (α),6.8000−7.2000α+ 1
2 f (α)) (−4.4000+3.2000α+ 1

2 f (α),5.2000−6.4000α+ 1
2 f (α))

(−2.6000+3.0000α− f (α),2.8000−2.4000α− f (α)) (−1.8000+2.0000α− f (α),3.0000−2.8000α− f (α))
(−5.2000+6.0000α+ 1

2 f (α),5.6000−4.8000α+ 1
2 f (α)) (−3.6000+4.0000α+ 1

2 f (α),6.0000−5.6000α+ 1
2 f (α))

 .
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Through calculation, W = Y
¯
− S

¯
Xı =

[
0 0
0 0
0 0
0 0

]
. By formula |G|Θ = W, we have Θ=

 −2g1(α) −2g1(α)
g1(α) g1(α)
−2g2(α) −2g2(α)

g2(α) g2(α)

.
Thus,

X̃ıΛ,Θ=

 (−2.0000+1.8000α− f (α)−2g1(α),3.4000−3.6000α− f (α)+2g1(α)) (−2.2000+1.6000α− f (α)−2g1(α),2.6000−3.2000α− f (α)+2g1(α))
(−4.0000+3.6000α+ 1

2 f (α)+g1(α),6.8000−7.2000α+ 1
2 f (α)−g1(α)) (−4.4000+3.2000α+ 1

2 f (α)+g1(α),5.2000−6.4000α+ 1
2 f (α)−g1(α))

(−2.6000+3.0000α− f (α)−2g2(α),2.8000−2.4000α− f (α)+2g2(α)) (−1.8000+2.0000α− f (α)−2g2(α),3.0000−2.8000α− f (α)+2g2(α))
(−5.2000+6.0000α+ 1

2 f (α)+g2(α),5.6000−4.8000α+ 1
2 f (α)−g2(α)) (−3.6000+4.0000α+ 1

2 f (α)+g2(α),6.0000−5.6000α+ 1
2 f (α)−g2(α))

 .
From all determined Θ, Λ and for each α ∈ [0, 1], we have θi j(α) ≤

x̄i j(α)−x
¯ i j(α)

2 , i = 1, ..., 8,
j = 1, ..., 8, where x

¯
ı
i j(α) + 1

2λi j(α) + θi j(α) (x̄ıi j(α) + 1
2λi j(α) − θi j(α)) is a monotonic bounded non-

decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the
general strong fuzzy dual number matrix solution as follows:

z̃ =
[

z̃11 z̃12
z̃21 z̃22

]
,

where
z̃11=(−2.0000+1.8000α− f (α)−2g1(α),3.4000−3.6000α− f (α)+2g1(α))+ε(−2.6000+3.0000α− f (α)−2g2(α),2.8000−2.4000α− f (α)+2g2(α)),
z̃12=(−2.2000+1.6000α− f (α)−2g1(α),2.6000−3.2000α− f (α)+2g1(α))+ε(−1.8000+2.0000α− f (α)−2g2(α),3.0000−2.8000α− f (α)+2g2(α)),
z̃21=(−4.0000+3.6000α+ 1

2 f (α)+g1(α),6.8000−7.2000α+ 1
2 f (α)−g1(α))+ε(−5.2000+6.0000α+ 1

2 f (α)+g2(α),5.6000−4.8000α+ 1
2 f (α)−g2(α)),

z̃22=(−4.4000+3.2000α+ 1
2 f (α)+g1(α),5.2000−6.4000α+ 1

2 f (α)−g1(α))+ε(−3.6000+4.0000α+ 1
2 f (α)+g2(α),6.0000−5.6000α+ 1

2 f (α)−g2(α)).

Let f (α) = g1(α)) = g2(α)) = 1 − α; we have

z̃0 =

[
z̃0

11 z̃0
12

z̃0
21 z̃0

22

]
,

where

z̃0
11 =
(
−5.0000+4.8000α, 4.4000−4.6000α

)
+ε
(
−5.6000+6.0000α, 3.8000−3.4000α

)
,

z̃0
12 =
(
−5.2000+4.6000α, 3.6000−4.2000α

)
+ε
(
−4.8000+5.0000α, 4.0000−3.8000α

)
,

z̃0
21 =
(
−2.5000+2.1000α, 6.3000−6.7000α

)
+ε
(
−3.7000+4.5000α, 5.1000−4.3000α

)
,

z̃0
22 =
(
−2.9000+1.7000α, 4.7000−5.9000α

)
+ε
(
−2.1000+2.5000α, 5.5000−5.1000α

)
.

It satisfies[
1 2
−1 −2

] [ z̃0
11 z̃0

12
z̃0

21 z̃0
22

]
=
[

(−10+9α, 17−18α)+ε(−13+15α, 14−12α) (−11+8α, 13−16α)+ε(−9+10α, 15−14α)
(−17+18α, 10−9α)+ε(−14+12α, 13−15α) (−13+16α, 11−8α)+ε(−15+14α, 9−10α)

]
.

Plots for the real and dual parts of z̃11, z̃12, z̃21, and z̃22 are depicted in Figures 1 and 2.

Example 4.2. Consider the following consistent FDME:[
1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1

]  z̃11 z̃12
z̃21 z̃22
z̃31 z̃32
z̃41 z̃42

 =  (−8+6α, 6−6α)+ε(−4+6α, 6−4α) (−8+6α, 10−12α)+ε(−10+8α, 6−8α)
(−10+8α, 8−6α)+ε(−6+6α, 7−7α) (−6+6α, 12−12α)+ε(−6+8α, 10−8α)
(−8+6α, 6−6α)+ε(−4+6α, 6−4α) (−8+6α, 10−12α)+ε(−10+8α, 6−8α)

(−10+8α, 8−6α)+ε(−6+6α, 7−7α) (−6+6α, 12−12α)+ε(−6+8α, 10−8α)

 .
The consistent FDME can be extended to the general fuzzy matrix equation GX̃ = Ỹ as follows:

1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1




p̃11 p̃12
p̃21 p̃22
p̃31 p̃32
p̃41 p̃42
q̃11 q̃12
q̃21 q̃22
q̃31 q̃32
q̃41 q̃42

 =


(−8+6α, 6−6α) (−8+6α, 10−12α)
(−10+8α, 8−6α) (−6+6α, 12−12α)
(−8+6α, 6−6α) (−8+6α, 10−12α)
(−10+8α, 8−6α) (−6+6α, 12−12α)
(−4+6α, 6−4α) (−10+8α, 6−8α)
(−6+6α, 7−7α) (−6+8α, 10−8α)
(−4+6α, 6−4α) (−10+8α, 6−8α)
(−6+6α, 7−7α) (−6+8α, 10−8α)

 .
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Figure 1. Plots for the real and dual parts of z̃0
11 and z̃0

12 for Example 4.1.

Figure 2. Plots for the real and dual parts of z̃0
21 and z̃0

22 for Example 4.1.

Since rank(G) = rank(G|Ỹ) = 4, then the matrix equation is consistent.
According to Algorithm 1, we have the following:

K = G◦ =


0.2500 0 0.2500 0 0 0 0 0

0 0.2500 0 0.2500 0 0 0 0
0.2500 0 0.2500 0 0 0 0 0

0 0.2500 0 0.2500 0 0 0 0
0 0 0 0 0.2500 0 0.2500
0 0 0 0 0 0.2500 0 0.2500
0 0 0 0 0.2500 0 0.2500
0 0 0 0 0 0.2500 0 0.2500

 .
By embedding approach, we have the consistent S X = Y , where S =

[
G+ G−
G− G+

]
.

Since G is non-negative, according to Theorem 3.2,

S ◦ =
[
K 0
0 K

]
=



0.2500 0 0.2500 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0.2500 0 0.2500 0 0 0 0 0 0 0 0 0 0 0 0

0.2500 0 0.2500 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0.2500 0 0.2500 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.2500 0 0.2500 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0.2500 0 0.2500 0 0 0 0 0 0 0 0
0 0 0 0 0.2500 0 0.2500 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0.2500 0 0.2500 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.2500 0 0.2500 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.2500 0 0.2500 0 0 0 0
0 0 0 0 0 0 0 0 0.2500 0 0.2500 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.2500 0 0.2500 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0.2500 0 0.2500 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0.2500 0 0.2500
0 0 0 0 0 0 0 0 0 0 0 0 0.2500 0 0.2500 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0.2500 0 0.2500


≥ 0.

Based on Theorem 3.4, we have S ◦=
[

ED∗ EF∗
EF∗ ED∗

]
, E=


0.2500 0 0 0 0 0 0 0

0 0.2500 0 0 0 0 0 0
0 0 0.2500 0 0 0 0 0
0 0 0 0.2500 0 0 0 0
0 0 0 0 0.2500 0 0 0
0 0 0 0 0 0.2500 0 0
0 0 0 0 0 0 0.2500 0
0 0 0 0 0 0 0 0.2500

 .
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Based on Theorem 3.1, Xı = S ◦Y , we obtain the following matrix:

Xı =



−4.0000+3.0000α −4.0000+3.0000α
−5.0000+4.0000α −3.0000+3.0000α
−4.0000+3.0000α −4.0000+3.0000α
−5.0000+4.0000α −3.0000+3.0000α
−2.0000+3.0000α −5.0000+4.0000α
−3.0000+3.0000α −3.0000+4.0000α
−2.0000+3.0000α −5.0000+4.0000α
−3.0000+3.0000α −3.0000+4.0000α
−3.0000+3.0000α −5.0000+6.0000α
−4.0000+3.0000α −6.0000+6.0000α
−3.0000+3.0000α −5.0000+6.0000α
−4.0000+3.0000α −6.0000+6.0000α
−3.0000+2.0000α −3.0000+4.0000α
−3.5000+3.5000α −5.0000+4.0000α
−3.0000+2.0000α −3.0000+4.0000α
−3.5000+3.5000α −5.0000+4.0000α


.

Then, we obtain a strong fuzzy matrix of GX̃ = Ỹ as follows:

X̃ı =


(−4.0000+3.0000α, 3.0000−3.0000α) (−4.0000+3.0000α, 5.0000−6.0000α)
(−5.0000+4.0000α, 4.0000−3.0000α) (−3.0000+3.0000α, 6.0000−6.0000α)
(−4.0000+3.0000α, 3.0000−3.0000α) (−4.0000+3.0000α, 5.0000−6.0000α)
(−5.0000+4.0000α, 4.0000−3.0000α) (−3.0000+3.0000α, 6.0000−6.0000α)
(−2.0000+3.0000α, 3.0000−2.0000α) (−5.0000+4.0000α, 3.0000−4.0000α)
(−3.0000+3.0000α, 3.5000−3.5000α) (−3.0000+4.0000α, 5.0000−4.0000α)
(−2.0000+3.0000α, 3.0000−2.0000α) (−5.0000+4.0000α, 3.0000−4.0000α)
(−3.0000+3.0000α, 3.5000−3.5000α) (−3.0000+4.0000α, 5.0000−4.0000α)

 .

The solution matrix for equation GΛ = 0 is


f (α) f (α)
f (α) f (α)
− f (α) − f (α)
− f (α) − f (α)
f (α) f (α)
f (α) f (α)
− f (α) − f (α)
− f (α) − f (α)

. Let f (α) ∈ F ı, where F ı (depends on X̃ı)

denotes the class of functions on the unite interval y = f (α) such that the adequate functions X̃ıΛ is
monotonic and continuous:

X̃ıΛ =



(−4.0000+3.0000α+ 1
2 f (α), 3.0000−3.0000α+ 1

2 f (α)) (−4.0000+3.0000α+ 1
2 f (α), 5.0000−6.0000α+ 1

2 f (α))
(−5.0000+4.0000α+ 1

2 f (α), 4.0000−3.0000α+ 1
2 f (α)) (−3.0000+3.0000α+ 1

2 f (α), 6.0000−6.0000α+ 1
2 f (α))

(−4.0000+3.0000α− 1
2 f (α), 3.0000−3.0000α− 1

2 f (α)) (−4.0000+3.0000α− 1
2 f (α), 5.0000−6.0000α− 1

2 f (α))
(−5.0000+4.0000α− 1

2 f (α), 4.0000−3.0000α− 1
2 f (α)) (−3.0000+3.0000α− 1

2 f (α), 6.0000−6.0000α− 1
2 f (α))

(−2.0000+3.0000α+ 1
2 f (α), 3.0000−2.0000α+ 1

2 f (α)) (−5.0000+4.0000α+ 1
2 f (α), 3.0000−4.0000α+ 1

2 f (α))
(−3.0000+3.0000α+ 1

2 f (α), 3.5000−3.5000α+ 1
2 f (α)) (−3.0000+4.0000α+ 1

2 f (α), 5.0000−4.0000α+ 1
2 f (α))

(−2.0000+3.0000α− 1
2 f (α), 3.0000−2.0000α− 1

2 f (α)) (−5.0000+4.0000α− 1
2 f (α), 3.0000−4.0000α− 1

2 f (α))
(−3.0000+3.0000α− 1

2 f (α), 3.5000−3.5000α− 1
2 f (α)) (−3.0000+4.0000α− 1

2 f (α), 5.0000−4.0000α− 1
2 f (α))


.

By formula |G|Θ = W= 0, we have Θ =


g1(α) g1(α)
g2(α) g2(α)
−g1(α) −g1(α)
−g2(α) −g2(α)
g1(α) g1(α)
g2(α) g2(α)
−g1(α) −g1(α)
−g2(α) −g2(α)

 .
Then, we obtain the general strong fuzzy matrix solutions X̃ = X̃ıΛ,Θ of GX̃ = Ỹ as follows:

X̃=



(−4.0000+3.0000α+ 1
2 f (α)+g1(α),3.0000−3.0000α+ 1

2 f (α)−g1(α)) (−4.0000+3.0000α+ 1
2 f (α)+g1(α),5.0000−6.0000α+ 1

2 f (α)−g1(α))
(−5.0000+4.0000α+ 1

2 f (α)+g2(α),4.0000−3.0000α+ 1
2 f (α)−g2(α)) (−3.0000+3.0000α+ 1

2 f (α)+g2(α),6.0000−6.0000α+ 1
2 f (α)−g2(α))

(−4.0000+3.0000α− 1
2 f (α)−g1(α),3.0000−3.0000α− 1

2 f (α)+g1(α)) (−4.0000+3.0000α− 1
2 f (α)−g1(α),5.0000−6.0000α− 1

2 f (α)+g1(α))
(−5.0000+4.0000α− 1

2 f (α)−g2(α),4.0000−3.0000α− 1
2 f (α)+g2(α)) (−3.0000+3.0000α− 1

2 f (α)−g2(α),6.0000−6.0000α− 1
2 f (α)+g2(α))

(−2.0000+3.0000α+ 1
2 f (α)+g1(α),3.0000−2.0000α+ 1

2 f (α)−g1(α)) (−5.0000+4.0000α+ 1
2 f (α)+g1(α),3.0000−4.0000α+ 1

2 f (α)−g1(α))
(−3.0000+3.0000α+ 1

2 f (α)+g2(α),3.5000−3.5000α+ 1
2 f (α)−g2(α)) (−3.0000+4.0000α+ 1

2 f (α)+g2(α),5.0000−4.0000α+ 1
2 f (α)−g2(α))

(−2.0000+3.0000α− 1
2 f (α)−g1(α),3.0000−2.0000α− 1

2 f (α)+g1(α)) (−5.0000+4.0000α− 1
2 f (α)−g1(α),3.0000−4.0000α− 1

2 f (α)+g1(α))
(−3.0000+3.0000α− 1

2 f (α)−g2(α),3.5000−3.5000α− 1
2 f (α)+g2(α)) (−3.0000+4.0000α− 1

2 f (α)−g2(α),5.0000−4.0000α− 1
2 f (α)+g2(α))


.
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From all determined Θ, Λ and for each α ∈ [0, 1], we have θi j(α) ≤
x̄i j(α)−x

¯ i j(α)

2 , i = 1, ..., 8,
j = 1, ..., 8, where x

¯
ı
i j(α) + 1

2λi j(α) + θi j(α) (x̄ıi j(α) + 1
2λi j(α) − θi j(α)) is a monotonic bounded non-

decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the
general strong fuzzy dual number matrix solution as follows:

z̃ =
 z̃11 z̃12

z̃21 z̃22
z̃31 z̃32
z̃41 z̃42

 ,
where

z̃11=(−4.0000+3.0000α+ 1
2 f (α)+g1(α), 3.0000−3.0000α+ 1

2 f (α)−g1(α))+ε(−2.0000+3.0000α+ 1
2 f (α)+g1(α), 3.0000−2.0000α+ 1

2 f (α)−g1(α)),
z̃12=(−4.0000+3.0000α+ 1

2 f (α)+g1(α), 5.0000−6.0000α+ 1
2 f (α)−g1(α))+ε(−5.0000+4.0000α+ 1

2 f (α)+g1(α), 3.0000−4.0000α+ 1
2 f (α)−g1(α)),

z̃21=(−5.0000+4.0000α+ 1
2 f (α)+g2(α), 4.0000−3.0000α+ 1

2 f (α)−g2(α))+ε(−3.0000+3.0000α+ 1
2 f (α)+g2(α), 3.5000−3.5000α+ 1

2 f (α)−g2(α)),
z̃22=(−3.0000+3.0000α+ 1

2 f (α)+g2(α), 6.0000−6.0000α+ 1
2 f (α)−g2(α))+ε(−3.0000+4.0000α+ 1

2 f (α)+g2(α), 5.0000−4.0000α+ 1
2 f (α)−g2(α)),

z̃31=(−4.0000+3.0000α− 1
2 f (α)−g1(α), 3.0000−3.0000α− 1

2 f (α)+g1(α))+ε(−2.0000+3.0000α− 1
2 f (α)−g1(α), 3.0000−2.0000α− 1

2 f (α)+g1(α)),
z̃32=(−4.0000+3.0000α− 1

2 f (α)−g1(α), 5.0000−6.0000α− 1
2 f (α)+g1(α))+ε(−5.0000+4.0000α− 1

2 f (α)−g1(α), 3.0000−4.0000α− 1
2 f (α)+g1(α)),

z̃41=(−5.0000+4.0000α− 1
2 f (α)−g2(α), 4.0000−3.0000α− 1

2 f (α)+g2(α))+ε(−3.0000+3.0000α− 1
2 f (α)−g2(α), 3.5000−3.5000α− 1

2 f (α)+g2(α)),
z̃42=(−3.0000+3.0000α− 1

2 f (α)−g2(α), 6.0000−6.0000α− 1
2 f (α)+g2(α))+ε(−3.0000+4.0000α− 1

2 f (α)−g2(α), 5.0000−4.0000α− 1
2 f (α)+g2(α)).

Example 4.3. Consider the following consistent FDME:
1 2 0
−1 −2 0
0 0 ε



z̃11 z̃12

z̃21 z̃22

z̃31 z̃32

 = [ (−10+9α,8−9α)+ε(−10+13α,17−14α) (−18+21α,21−18α)+ε(−19+21α,26−24α)
(−8+9α,10−9α)+ε(−17+14α,10−13α) (−21+18α,18−21α)+ε(−26+24α,19−21α)

0 0

]
.

The consistent FDME can be extended to the general fuzzy matrix equation GX̃ = Ỹ as follows:
1 2 0 0 0 0
−1 −2 0 0 0 0
0 0 0 0 0 0
0 0 0 1 2 0
0 0 0 −1 −2 0
0 0 1 0 0 0




p̃11 p̃12
p̃21 p̃22
p̃31 p̃32
q̃11 q̃12
q̃21 q̃22
q̃31 q̃32

 =


(−10+9α,8−9α) (−18+21α,21−18α)
(−8+9α,10−9α) (−21+18α,18−21α)

(0,0) (0,0)
(−10+13α,17−14α) (−19+21α,26−24α)
(−17+14α,10−13α) (−26+24α,19−21α)

(0,0) (0,0)

 .
By calculating, we have S X = Y as follows:



1 2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 2 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 2 0 0 0 0
1 2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 2 0
0 0 0 1 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0





p
¯ 11

p
¯ 12

p
¯ 21

p
¯ 22

p
¯ 31

p
¯ 32

q
¯ 11

q
¯ 12

q
¯ 21

q
¯ 22

q
¯ 31

q
¯ 32

− p̄11 −p̄12
−p̄21 −p̄22
−p̄31 −p̄32
−q̄11 −q̄12
−q̄21 −q̄22
−q̄31 −q̄32


=



−10+9α −18+21α
−8+9α −21+18α

0 0
−10+13α −19+21α
−17+14α −26+24α

0 0
−8+9α −21+18α
−10+9α −18+21α

0 0
−17+14α −26+24α
−10+13α −19+21α

0 0


.

Then, we have Xı = S ◦Y as follows:

Xı =



−2.0000+1.8000α −3.6000+4.2000α
−4.0000+3.6000α −7.2000+8.4000α

0.0000 0.0000
−2.0000+2.6000α −3.8000+4.2000α
−4.0000+5.2000α −7.6000+8.4000α

0.0000 0.0000
−1.6000+1.8000α −4.2000+3.6000α
−3.2000+3.6000α −8.4000+7.2000α

0.0000 0.0000
−3.4000+2.8000α −5.2000+4.8000α
−6.8000+5.6000α −10.4000+9.6000α

0.0000 0.0000


.
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Then,

X̃ =


(−2.0000+1.8000α,1.6000−1.8000α) (−3.6000+4.2000α,4.2000−3.6000α)
(−4.0000+3.6000α,3.2000−3.6000α) (−7.2000+8.4000α,8.4000−7.2000α)

0 0
(−2.0000+2.6000α,3.4000−2.8000α) (−3.8000+4.2000α,5.2000−4.8000α)
(−4.0000+5.2000α,6.8000−5.6000α) (−7.6000+8.4000α,10.4000−9.6000α)

0 0

 .
Thus, we have a strong fuzzy dual number matrix solution of the FDME as follows:

Z̃=

[
(−2.0000+1.8000α,1.6000−1.8000α)+ε(−2.0000+2.6000α,3.4000−2.8000α) (−3.6000+4.2000α,4.2000−3.6000α)+ε(−3.8000+4.2000α,5.2000−4.8000α)
(−4.0000+3.6000α,3.2000−3.6000α)+ε(−4.0000+5.2000α,6.8000−5.6000α) (−7.2000+8.4000α,8.4000−7.2000α)+ε(−7.6000+8.4000α,10.4000−9.6000α)

(0,0) (0,0)

]
.

The solution matrix for equation GΛ = 0 is


−2 f (α) −2 f (α)

f (α) f (α)
0 0

−2 f (α) −2 f (α)
f (α) f (α)
f (α) f (α)

. Let f (α) ∈ F , where F (depends on X̃)

denotes the class of functions on the unite interval y = f (α) such that the adequate functions X̃Λ is
monotonic and continuous:

X̃Λ =


(−2.0000+1.8000α− f (α),1.6000−1.8000α− f (α)) (−3.6000+4.2000α− f (α),4.2000−3.6000α− f (α))

(−4.0000+3.6000α+ 1
2 f (α),3.2000−3.6000α+ 1

2 f (α)) (−7.2000+8.4000α+ 1
2 f (α),8.4000−7.2000α+ 1

2 f (α))
0 0

(−2.0000+2.6000α− f (α),3.4000−2.8000α− f (α)) (−3.8000+4.2000α− f (α),5.2000−4.8000α− f (α))
(−4.0000+5.2000α+ 1

2 f (α),6.8000−5.6000α+ 1
2 f (α)) (−7.6000+8.4000α+ 1

2 f (α),10.4000−9.6000α+ 1
2 f (α))

( 1
2 f (α), 12 f (α)) ( 1

2 f (α), 12 f (α))

 .

By formula |G|Θ = 0, we have Θ =


−2g1(α) −2g1(α)

g1(α) g1(α)
0 0

−2g2(α) −2g2(α)
g2(α) g2(α)
g3(α) g3(α)

 .
Thus,

X̃Λ,Θ=


(−2.0000+1.8000α− f (α)−2g1(α),1.6000−1.8000α− f (α)+2g1(α)) (−3.6000+4.2000α− f (α)−2g1(α),4.2000−3.6000α− f (α)+2g1(α))
(−4.0000+3.6000α+ 1

2 f (α)+g1(α),3.2000−3.6000α+ 1
2 f (α)−g1(α)) (−7.2000+8.4000α+ 1

2 f (α)+g1(α),8.4000−7.2000α+ 1
2 f (α)−g1(α))

0 0
(−2.0000+2.6000α− f (α)−2g2(α),3.4000−2.8000α− f (α)+2g2(α)) (−3.8000+4.2000α− f (α)−2g2(α),5.2000−4.8000α− f (α)+2g2(α))
(−4.0000+5.2000α+ 1

2 f (α)+g2(α),6.8000−5.6000α+ 1
2 f (α)−g2(α)) (−7.6000+8.4000α+ 1

2 f (α)+g2(α),10.4000−9.6000α+ 1
2 f (α)−g2(α))

(1
2 f (α)+g3(α), 12 f (α)−g3(α)) (1

2 f (α)+g3(α), 12 f (α)−g3(α))

.
From all determined Θ, Λ and for each α ∈ [0, 1], we have θi j(α) ≤

x̄i j(α)−x
¯ i j(α)

2 , i = 1, ..., 8,
j = 1, ..., 8, where x

¯
ı
i j(α) + 1

2λi j(α) + θi j(α) (x̄ıi j(α) + 1
2λi j(α) − θi j(α)) is a monotonic bounded non-

decreasing (monotonic bounded non-increasing) left continuous function. Therefore, we obtain the
general strong fuzzy dual number matrix solution as follows:

Z̃ =
[ z̃11 z̃12

z̃21 z̃22
z̃31 z̃32

]
,

where

z̃11=(−2.0000+1.8000α− f (α)−2g1(α),1.6000−1.8000α− f (α)+2g1(α))+ε(−2.0000+2.6000α− f (α)−2g2(α),3.4000−2.8000α− f (α)+2g2(α)),
z̃12=(−3.6000+4.2000α− f (α)−2g1(α),4.2000−3.6000α− f (α)+2g1(α))+ε(−3.8000+4.2000α− f (α)−2g2(α),5.2000−4.8000α− f (α)+2g2(α)),
z̃21=(−4.0000+3.6000α+ 1

2 f (α)+g1(α),3.2000−3.6000α+ 1
2 f (α)−g1(α))+ε(−4.0000+5.2000α+ 1

2 f (α)+g2(α),6.8000−5.6000α+ 1
2 f (α)−g2(α)),

z̃22=(−7.2000+8.4000α+ 1
2 f (α)+g1(α),8.4000−7.2000α+ 1

2 f (α)−g1(α))+ε(−7.6000+8.4000α+ 1
2 f (α)+g2(α),10.4000−9.6000α+ 1

2 f (α)−g2(α)),
z̃31=(0,0)+ε( 1

2 f (α)+g3(α), 12 f (α)−g3(α)),̃z32=(0,0)+ε( 1
2 f (α)+g3(α), 12 f (α)−g3(α)).
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5. Conclusions

In this paper, we defined the FDME, built the numerical Algorithm 1 to compute the MPWC inverse,
and established the algebraic characterization of any solution of FDME based on the MPWC inverse or
a strong fuzzy solution of FDME. We proposed the numerical Algorithm 2 to solve fuzzy dual matrix
equation (2.6). Additionally, the method is connected to the original Allahviranloo approach from [43]
and [29]. For future work, we will try to solve “inconsistent FDME (2.6)” and discuss their general
least squares solution sets.
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