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Abstract: This paper proposes a parametric mixture cure model within the accelerated failure time
(AFT) framework for interval-censored data with competing risks. The model integrates multinomial
logistic regression for the incidence of various event types (including cure) and AFT models for the
latency among susceptible individuals. We consider three lifetime distributions (Weibull, lognormal,
loglogistic) and develop an expectation-maximization (EM) algorithm for estimation. The large-sample
properties of the proposed estimators are established and validated through comprehensive simulations,
which show minimal bias, well-aligned standard errors, and coverage probabilities reaching the nominal
level. In an empirical application to Lending Club personal loan data, our model, which accounts for
default and prepayment as competing risks, reveals distinct covariate mechanisms overlooked by models
ignoring competition: Annual income symmetrically “delays default while accelerating prepayment”,
while loan amount consistently accelerates only prepayment. Model comparison based on Akaike
information criterion (AIC) selects the Weibull distribution as optimal.

Keywords: mixture cure model; interval censoring data; competing risks; accelerated failure time;
EM algorithm

1. Introduction

In survival analysis, a substantial proportion of individuals may never experience the event of interest
despite extended follow-up periods. These individuals are typically characterized as a “cured fraction”,

https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026288


6574

representing a subpopulation inherently immune to the event. To analyze data containing such cured
individuals, the mixture cure model (MCM), pioneered by Boag [1] and subsequently developed by
Berkson and Gage [2], provides a robust analytical framework. The survival function in this model
is defined as S (t) = p + (1 − p)S 0(t), where p denotes the proportion of cured individuals, and S 0(t)
describes the survival probability of susceptible individuals. Subsequently, Kuk and Chen [3] proposed
a hybrid framework combining logistic regression with the Cox model. Building on this, Peng and
Dear [4] developed a nonparametric mixture cure model. Meanwhile, Sy and Taylor [5] incorporated
the Cox model into the latency component and provided standard error estimation, while Fang et al. [6]
further established the large-sample theory for this class of models. In addition, Zhang and Peng [7]
proposed a semiparametric estimation method for the accelerated failure time (AFT) mixture cure model.
These advances have progressively refined the methodological framework of mixture cure models from
various perspectives, greatly enriching both their methodology and applications.

Besides the population heterogeneity induced by cured individuals, practical survival studies
often encounter another layer of complexity arising from observational mechanism imperfections,
namely interval censoring, where the exact event time is unobserved but known to occur within a
specific time interval. Such data frequently arise in clinical trials, financial markets, social sciences,
and various other fields. Seminal work by Lindsey and Ryan [8] introduced systematic methods
for handling interval-censored data. Finkelstein [9] developed regression methods for proportional
hazards models with left-, right-, and interval-censored observations. Kooperberg and Clarkson [10]
extended hazard regression to address the non-concave likelihood and numerical challenges posed by
interval censoring. Additionally, Finkelstein and Wolfe [11] constructed semiparametric models for
interval-censored data, while Rabinowitz et al. [12] and Odell et al. [13] investigated AFT models in
this context. Betensky et al. [14] further developed computationally efficient methods for fitting AFT
models to interval-censored data.

The literature on cure-rate models for interval-censored data has grown considerably, reflecting
a sustained effort to address the complexities of this data type. The evolution of methodologies
ranges from early adaptations of approximate likelihood techniques by Kim and Jhun [15] to more
sophisticated approaches. These include models for clustered data by Xiang et al. [16], multiple-
imputation algorithms for efficient estimation by Zhou et al. [17], and flexible semiparametric extensions
that incorporate Bayesian methods and generalized accelerated-hazards structures to capture nonlinear
and time-dependent effects by Liu [18]. A recent innovation by Li and Ma [19] further tackles partly
interval-censored data using penalized likelihood and Gaussian basis functions. Collectively, these
works represent a nuanced and progressive refinement of statistical techniques, underscoring the field’s
focus on improving model accuracy and flexibility in the presence of a cured fraction.

In recent years, machine learning has been introduced into cure rate modeling for interval-censored
data to overcome the linearity restriction of the logistic function on the classification boundary. Specifi-
cally, Pal et al. [20] proposed a support vector machine (SVM) -based mixture cure model, using the
SVM to capture nonlinear effects of covariates on the cure probability while retaining a proportional
hazards structure for the latency part. On this basis, Pal and Aselisewine [21] extended the framework
to mixed-case interval-censored data and adopted Platt scaling to estimate the cure probability. Further-
more, Aselisewine and Pal [22] developed a more general two-component SVM framework, again for
mixed-case interval-censored data, and demonstrated its superiority over traditional logistic-link and
spline-based models. In addition to SVM-based modeling strategies, alternative frameworks combining

Electronic Research Archive Volume 34, Issue 9, 6573–6613.



6575

boosting algorithms and the AFT model have been developed to handle complex interval-censored
data. Chen and Qiu [23] proposed an AFT modeling approach for partly interval-censored survival data
with length-biased sampling and covariate measurement error, where the simulation and extrapolation
(SIMEX) method and boosting procedure are adopted for measurement error correction and variable
selection. Chen and Qiu [24] further developed the R package SIMEXBoost to implement the proposed
algorithms for analyzing high-dimensional error-prone data.

A further layer of complexity arises from competing risks, where each subject may experience an
event from one of several mutually exclusive causes. This setting introduces considerable complexity,
as the occurrence of any one event precludes observation of others, and each cause of failure constitutes
a competing risk. Methodological developments in this area include a class of tests proposed by
Gray [25] for comparing cumulative incidence functions across groups with right-censored competing
risks data. Fine and Gray [26] proposed a subdistribution proportional hazards model to directly assess
covariate effects on cumulative incidence. Coviello and Boggess [27] developed the Stata command
stcompet to estimate cumulative incidence with standard errors and confidence intervals. Klein and
Andersen [28] used pseudovalues and generalized estimating equations to model cumulative incidence
directly, applying their method to bone marrow transplant data. These studies advanced cumulative
incidence modeling in competing risks. Austin et al. [29] further explored the use of this function in
estimating crude incidence rates. Through illustrative examples and real-data applications, Huebner et
al. [30] compared standard survival approaches with methods designed for competing risks, highlighting
biases in the Kaplan-Meier estimator under such settings. Additionally, Beyersmann et al. [31] provided
a framework for simulating competing risks data using cause-specific hazards that may vary over time.

The integration of mixture cure models with competing risks frameworks provides a robust analytical
approach for time-to-event data, particularly in studies involving cured subpopulations and multiple
failure causes. This unified methodology enables more accurate estimation of cause-specific event
probabilities and enhances the evaluation of risk factors. Semiparametric estimation techniques have
been advanced through the works of Choi et al. [32] and Chen et al. [33], while Basu and Tiwari [34]
contributed a Bayesian perspective. Building on these developments, Choi et al. [35] proposed a
cure-mixture competing risks model that combines semiparametric AFT models for cause-specific
survival functions with a multinomial logistic incidence structure. Wang et al. [36] proposed a unified
proportional hazards mixture cure model for clustered survival data with incurable competing risks.

Most existing studies only address one or two of these data characteristics separately. In practical
observational research, interval censoring, competing risks, and cure heterogeneity frequently coexist,
creating compound statistical challenges that cannot be fully resolved by models designed for only one
or two features. Specifically, interval censoring results in unobserved exact failure times, competing
risks induce mutually exclusive event structures, and cure stratification partitions the population into
susceptible and immune subgroups. The superposition of these three features drastically complicates
likelihood construction and parameter estimation, forming a prevalent yet highly challenging data
structure in survival analysis. Current methodological developments for such complex data mainly
include nonparametric estimation and various semiparametric regression approaches, such as generalized
odds-rate models and methods for progressively censored data. Nevertheless, the existing literature is
dominated by semiparametric frameworks, and a unified, fully parametric AFT modeling system with
clear probabilistic interpretations remains absent. Such a framework would characterize the incidence
probabilities of distinct events among susceptible subjects via multinomial logistic regression while
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simultaneously fitting cause-specific latency distributions. This parametric framework offers high
computational efficiency, intuitive probabilistic interpretations, and superior finite-sample stability, thus
holding great practical value.

Motivated by these considerations, this study proposes a unified parametric mixture cure model for
interval-censored data with competing risks. Our model integrates a multinomial logistic regression
to estimate the incidence of uncured events with AFT models for the conditional latency distribution.
The AFT framework offers a direct link between latent failure times and covariates, ensuring intuitive
interpretability. Section 2 elaborates on the structure of the proposed multinomial logistic-AFT
mixture cure model. Section 3 outlines the maximum likelihood estimation methodology. Section 4
establishes the asymptotic properties of the estimators. Section 5 assesses the finite-sample perfor-
mance of the model through comprehensive simulations. Section 6 illustrates the model’s practical
utility in an analysis of Lending Club data. Finally, Section 7 provides concluding remarks and future
research directions.

2. Model

Consider a study where each individual may experience one of K mutually exclusive event types, or
remain event-free (i.e., “cured”). Let the discrete random variable U ∈ {0, 1, . . . ,K} denote the eventual
outcome, where U = k indicates the occurrence of the k-th event type, and U = 0 denotes a cured
individual who will never experience any event. In practice, K = 2 is the most common and practically
relevant scenario in competing risks analysis. Researchers typically focus on one specific event type,
while grouping all other competing events into a single “other” category. Therefore, for simplicity, we
assume two competing events (K = 2), with event 1 representing the outcome of primary interest and
event 2 encompassing all other failure types.

To model this complex structure, define Tk as the latent failure times for each event type k = 1, 2.
For a cured individual (U = 0), these latent times are conceptually infinite. For a susceptible individual
who ultimately fails from cause k (U = k), we only observe the failure time for the actual cause k. Thus,
the failure time T for each individual is defined by the equation:

T = T1 × I(U = 1) + T2 × I(U = 2) +∞× I(U = 0), (2.1)

where I(·) is the indicator function. In addition, the observed data may be subject to interval censoring
due to discrete observations. The exact failure time T cannot be observed; instead, only an interval
[L,R) in which the event occurred is observed, or the event is right-censored if it has not occurred by
the last observation time L. The censoring indicator is defined as

δ =

1, if the event is interval-censored (T ∈ [L,R)),
0, if the observation is right-censored (T ≥ L, R→ ∞).

Note that L = 0 if the subject is left-censored, so it belongs to a special interval censoring, that
is, T ∈ [0,R). Critically, for a right-censored individual (δ = 0), the true failure type U is naturally
unknown, as the event has not yet been observed.

For the latent failure times among susceptible individuals, we adopt the AFT model. The model
assumes a linear relationship between the log-transformed latent failure times and covariates X:

log(Tk) = β⊤k X + εk, for k = 1, 2, (2.2)
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where βk is a vector of regression parameters corresponding to event k, and εk represents the error term.
The distribution of εk determines the parametric family for Tk. The nomenclature of the AFT model
is determined by the distribution of Tk itself, rather than that of log Tk. Commonly used parametric
distributions in the AFT framework include the Weibull, log-normal, and log-logistic distributions; these
correspond to εk following Gumbel, normal, and logistic distributions, respectively. In each case, ak

and bk denote the location and scale parameters of the error distribution. The corresponding survival
functions S k(t; βk, ak, bk) are standard results and are omitted here.

Compared with the conventional Cox proportional hazards model, the AFT model offers several
distinct advantages that motivated its use in this study. First, the AFT model does not require the
proportional hazards assumption, which is often violated in practice; instead, it directly models the
effect of covariates on the survival time, providing a more intuitive interpretation. Second, the AFT
framework accommodates flexible parametric distributions, allowing a better fit to the underlying
survival process and more efficient estimation when the distribution is correctly specified. In contrast,
when the PH assumption is violated, the Cox model can produce biased estimates and less reliable
inferences. Therefore, the AFT model was selected as the primary analytical approach for its robustness,
interpretability, and appropriateness for the observed survival data.

In the incidence part, we consider a multinomial logistic regression model to formally characterize
the relationship between the discrete event probability πk and the covariate vector Z. Note that X and Z
may overlap or differ. Let γk denote the pz-dimensional regression coefficient vector corresponding to
the covariates Z in the incidence component, and let β denote the px-dimensional regression coefficient
vector corresponding to the covariates X in the latency component. The model is specified as follows:

πk = P(U = k | Z) =
exp(γ⊤k Z)

1 +
∑2

j=1 exp(γ⊤j Z)
, for k = 1, 2, (2.3)

π0 = 1 − π1 − π2 =
1

1 +
∑2

j=1 exp(γ⊤j Z)
, (2.4)

where γk is a vector of regression coefficients corresponding to event k. Under these model assumptions,
the overall survival function for T has the following mixture representation:

S T (t;Θ) ≡ P(T ≥ t | Z, X) = π0 + π1S 1(t; β1, a1, b1) + π2S 2(t; β2, a2, b2), (2.5)

where the full parameter vector is given by Θ = (γ1, γ2, β1, a1, b1, β2, a2, b2).

3. Estimation

The construction of the likelihood must account for the different types of observations. For an
interval-censored individual (δi = 1,Ui = k), we know the event occurred in [Li,Ri) and was of type
k. The likelihood contribution is the probability of this joint event: πk · [S k(Li) − S k(Ri)]. For a right-
censored individual (δi = 0), we only know that no event had occurred by time Li. This individual could
be cured, or susceptible, but their event time is beyond Li. Therefore, the likelihood contribution is the
probability of surviving beyond Li from all causes, which is π0 +

∑K
k=1 πkS k(Li).

Let Ui ∈ {0, 1, 2} denote the event indicator. The observed data for subject i are given by Oi =

{Li,Ri, δi, δiUi, Xi,Zi} for i = 1, . . . , n. Note that Ui is observable only when δi = 1. The likelihood
function takes the form:
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L(Θ) =
n∏

i=1

( 2∏
k=1

{
πk

[
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

]}δiI(Ui=k)

×
{
π0 + π1S 1(Li; β1, a1, b1) + π2S 2(Li; β2, a2, b2)

}(1−δi)
)
.

(3.1)

Direct maximization of the likelihood function (3.1) is computationally challenging due to the
complicated structure of the finite mixture cure model. Choi et al. [35] pointed out that the layered
mixture structure leads to poor convergence and numerical instability of maximum likelihood estimation
under right-censored competing risks. Different from their work restricted to right-censored observations,
this paper targets the more complex interval-censored competing risk data. The corresponding likelihood
function involves nested integrals and coupled parameters, which further increases the difficulty of
numerical optimization. To tackle this issue, we treat the event indicator Ui as a latent variable and adopt
the expectation maximization (EM) algorithm for iterative estimation to avoid computational defects of
direct likelihood maximization. The complete-data likelihood function is presented as follows:

L(Θ) =
n∏

i=1

( 2∏
k=1

{
πk

[
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

]}δiI(Ui=k)

×
[
πI(Ui=0)

0 {π1S 1(Li; β1, a1, b1)}I(Ui=1)
{π2S 2(Li; β2, a2, b2)}I(Ui=2)

](1−δi)
)
.

(3.2)

Taking the logarithm of (3.2) yields the complete-data log-likelihood:

ℓ(Θ) =
n∑

i=1

( 2∑
k=1

δiI(Ui = k) log
{
πk

[
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

]}
+ (1 − δi)

[
I(Ui = 0) log π0 + I(Ui = 1) log {π1S 1(Li; β1, a1, b1)}

+ I(Ui = 2) log {π2S 2(Li; β2, a2, b2)}
])
.

(3.3)

Then, we decompose the log-likelihood function (3.3) into three separate expressions that contain
only γ1, γ2, β1, a1, b1, and β2, a2, b2, respectively:

ℓ(Θ) = ℓγ1,γ2(Θ) + ℓβ1,a1,b1(Θ) + ℓβ2,a2,b2(Θ),

ℓγ1,γ2(Θ) =
n∑

i=1

[
(1 − δi)I(Ui = 0) log π0 + I(Ui = 1) log π1 + I(Ui = 2) log π2

]
, (3.4)

ℓβ1,a1,b1(Θ) =
n∑

i=1

[
δiI(Ui = 1) log {S 1(Li; β1, a1, b1) − S 1(Ri; β1, a1, b1)}

+ (1 − δi)I(Ui = 1) log S 1(Li; β1, a1, b1)
]
, (3.5)
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ℓβ2,a2,b2(Θ) =
n∑

i=1

[
δiI(Ui = 2) log {S 2(Li; β2, a2, b2) − S 2(Ri; β2, a2, b2)}

+ (1 − δi)I(Ui = 2) log S 2(Li; β2, a2, b2)
]
. (3.6)

The EM algorithm is employed to efficiently maximize the observed data log-likelihood. The
algorithm iterates between two key steps to progressively optimize model parameters.

E-step. Compute the conditional expectation of the latent event indicator I(Ui = k) given the
observed data and current parameter estimates Θ̂:

µ̂ki ≡ P(Ui = k | Oi, Θ̂) = δiI(Ui = k) + (1 − δi)ψk(ti; Θ̂), k = 0, 1, 2, (3.7)

where for k = 1, 2:

ψk(ti; Θ̂) = P(Ui = k | Oi, Θ̂, δi = 0) =
πkS k(ti; βk, ak, bk)

π0 + π1S 1(ti; β1, a1, b1) + π2S 2(ti; β2, a2, b2)
,

and ψ0(ti; Θ̂) = 1 − ψ1(ti; Θ̂) − ψ2(ti; Θ̂). Here, ψk(t) represents the posterior probability that a patient
belongs to event type k given survival up to time t. The conditional probabilities µ̂ki facilitate inference
about potential failure events when exact event types are unobserved.

M-step. Maximize the conditional expectation of the complete-data log-likelihood:

E[ℓ(Θ) | Oi, Θ̂] = E[ℓγ1,γ2(Θ) | Oi, Θ̂] + E[ℓβ1,a1,b1(Θ) | Oi, Θ̂] + E[ℓβ2,a2,b2(Θ) | Oi, Θ̂]. (3.8)

Let Θ̂(s) = {γ̂(s)
1 , γ̂

(s)
2 , β̂

(s)
1 , â

(s)
1 , b̂

(s)
1 , β̂

(s)
2 , â

(s)
2 , b̂

(s)
2 } denote the parameter estimates after the s-th iteration.

Convergence is assessed by comparing successive estimates; the algorithm terminates when ∥Θ(s+1) −

Θ(s)∥ < ε for a predefined threshold ε. The EM algorithm proceeds as follows:

Step 1. Initialize parameters:
Θ(0) =

{
γ(0)

1 , γ(0)
2 , β(0)

1 , a(0)
1 , b(0)

1 , β(0)
2 , a(0)

2 , b(0)
2

}
,

For the AFT latency parameters β(0)
k , a

(0)
k , b

(0)
k (k = 1, 2), we fitted a standard AFT model using

only the observations that we considered likely to be uncured and used those estimates as initial
values. For the cure fraction parameters γ(0)

1 and γ(0)
2 in the multinomial logistic part, we adopted a

simpler approach: we treated all right?censored observations as if they were cured and then fitted
a multinomial logistic regression based on that crude classification to obtain starting values. This
initialization strategy was applied consistently in both the simulation study and the real data analysis.

Step 2. At iteration s, maximize (3.8) to obtain updated estimates:

γ̂(s)
1 , γ̂

(s)
2 , β̂

(s)
1 , â

(s)
1 , b̂

(s)
1 , β̂

(s)
2 , â

(s)
2 , b̂

(s)
2 .

Step 3. Update conditional probabilities µ̂ki using (3.7) for all i and k = 1, 2.
Step 4. Evaluate convergence criteria. The algorithm stops when both (i) the relative change in the

parameter vector satisfies ∥Θ(s+1) − Θ(s)∥/∥Θ(s)∥ < 10−4, and (ii) the absolute change in the log-
likelihood satisfies |ℓ(Θ(s+1)) − ℓ(Θ(s))| < 10−4. If convergence is not achieved, set s = s + 1 and
return to Step 2.
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It is worth noting that the maximum likelihood estimates θ̂ obtained solely via the EM algorithm
cannot be directly employed for cross-model comparisons, since increasing the number of model
parameters can mechanically inflate the likelihood value. To overcome this limitation, we further adopt
the Akaike information criterion (AIC) to conduct a comparative analysis of models under different
distributional assumptions. This criterion provides a quantitative assessment of statistical models’
relative performance by simultaneously balancing goodness-of-fit against parametric complexity [37].
Widely adopted in model selection, the AIC is founded on the principle that models with smaller values
achieve a superior trade-off between fitting accuracy and complexity.

The AIC is calculated as follows:

AIC = −2 log(L) + k · p, (3.9)

where L denotes the maximized value of the likelihood function obtained upon convergence of the EM
algorithm, p represents the number of estimated parameters, and k is a scaling constant (typically set to 2).

4. Asymptotic properties of the mixture cure AFT model

In this section, we establish the consistency of the maximum likelihood estimator for the proposed
model. We clarify that all asymptotic results in this section are derived under the standard fixed-
dimensional setting, where the overall parameter dimension d remains fixed and finite as the sample
size n→ ∞; accordingly, the asymptotic conclusions are independent of the specific value of d.

Let the true parameter vector be

Θ∗ =
(
γ∗1, γ

∗
2, β

∗
1, a∗1, b∗1, β

∗
2, a∗2, b∗2

)
∈ B,

where B ⊂ Rd is a compact parameter space. The observed data Oi = (Li,Ri, δi, δiUi, Xi,Zi), i = 1, . . . , n
are independent and identically distributed. Denote the likelihood contribution of a single observation by
ℓ(Oi;Θ) as defined in Eq (3.1), and let Q(Θ) = E[log ℓ(O1;Θ)] be the expected log-likelihood. The MLE
is defined as Θ̂n = arg maxΘ∈B

∏n
i=1 ℓ(Oi;Θ). If the EM algorithm converges to a stationary point of the

observed likelihood and the model is identifiable, Θ̂n is taken as that point. The following regularity
conditions are stated for the first.

Condition 1 (Compactness) B is compact, and Θ∗ lies in its interior.

Condition 2 (Identifiability) If Θ , Θ∗, then ℓ(O;Θ) , ℓ(O;Θ∗) almost surely. This implies that the
multinomial logistic coefficients (γ1, γ2) and the AFT parameters (βk, ak, bk) are uniquely determined,
e.g., by imposing a label constraint such as β11 > β21 or fixing γ1,1 = 0.

Condition 3 (Bounded covariates) The supports of X and Z are compact. The observed intervals
satisfy 0 ≤ L < R ≤ τ almost surely for some τ < ∞.

Condition 4 (Non-informative censoring) The censoring time C is independent of the true failure
time T and the event type U. Moreover, P(L < R) = 1.
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Condition 5 (Continuity and integrability) For almost every O, the map Θ 7→ log ℓ(O;Θ) is
continuous on B, and there exists an integrable dominating function M(O) such that | log ℓ(O;Θ)| ≤
M(O) for all Θ ∈ B.

Condition 6 (Uniform law of large numbers)

sup
Θ∈B

∣∣∣∣1n
n∑

i=1

log ℓ(Oi;Θ) − Q(Θ)
∣∣∣∣ P
−→ 0.

Condition 7 (Unique maximum) Q(Θ) attains a unique maximum at Θ∗; i.e., Q(Θ) < Q(Θ∗) for all
Θ , Θ∗.

Theorem 4.1 (Consistency of the MLE). Under Conditions 1–7, the MLE Θ̂n is weakly consistent:

Θ̂n
P
−→ Θ∗ (n→ ∞).

Theorem 4.2 (Asymptotic normality). We adopt the method suggested by Sy and Taylor [38] and
the conclusion of Louis [39] to express the observed information matrix as the difference between
the expected complete-data information and the missing information. For our model, the observed
information matrix is

−
∂2 log L(Θ; O)

∂Θ∂Θ⊤
= −

∂2

∂Θ∂Θ⊤
E
[
log Lc(Θ; O,U) | O, Θ̂

]
− Var

[ ∂
∂Θ

log Lc(Θ; O,U) | O, Θ̂
]
, (4.1)

where O = {Li,Ri, δi, δiUi, Xi,Zi}
n
i=1, Ui are the latent event indicators, and Θ̂ denotes the parameter

estimates after convergence of the EM algorithm. The complete-data log-likelihood log Lc is given in
Eq (3.3). Because it can be decomposed into three independent parts, the observed information matrix
has a block-diagonal structure:

Iobs(Θ) = diag
(
I(γ)
obs, I(ψ1)

obs , I(ψ2)
obs

)
,

where ψ1 = (β1, a1, b1) and ψ2 = (β2, a2, b2). We derive each block separately. The overall observed
information matrix is

Iobs(Θ̂) =


I(γ)
obs 0 0
0 I(ψ1)

obs 0
0 0 I(ψ2)

obs

 .
The asymptotic covariance matrix of Θ̂ is estimated by Ĉov(Θ̂) = Iobs(Θ̂)−1. Standard errors are the

square roots of the diagonal elements. All quantities πki, µ̂ki, Vki, and Wki are evaluated at the final EM
estimate Θ̂.

5. Simulation studies

5.1. Simulation settings

The simulation procedure generates interval-censored survival data with competing risks and a cure
fraction through the following steps. First, a multinomial logistic model with covariate vector Z classifies
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each subject into one of three groups: non-diseased (cured, U = 0), event type 1 (U = 1), or event
type 2 (U = 2). For each subject i, a visit/censoring time Ci is generated from a uniform distribution
U[0, 10], while the true survival time Ti is generated from a specified parametric distribution.

If Ti > Ci + 40, the observation is treated as right-censored, with Li = Ci + 40 and Ri = ∞.
Otherwise, the exact interval containing Ti is determined as follows: Given a fixed interval length d
and an initial endpoint e, if 0 < Ti ≤ e, the interval is set to [h, e], where h is a machine-precision
constant approximating zero. If Ti > e, we compute k = ⌊(Ti − e)/d⌋ + 1 and define the interval as
[e + (k − 1)d, e + kd].

The final dataset includes interval-censored event times, event indicators, true survival times, co-
variate vectors, and relevant summary statistics, providing a realistic foundation for analyzing cure
fraction models under interval censoring and competing risks. We vary the parameters γ1 and γ2 in
three distinct configurations to achieve the different right-censoring proportions reported in Table 1. For
each parameter scenario, we simulate 200 datasets with sample sizes n = 200, n = 500, n = 800, and
n = 1000 to evaluate finite-sample performance.

Table 1. Parameter values for three levels of right-censoring.

Scenario 1 Scenario 2 Scenario 3
Right-Censoring 20% 30% 40%
γ11 1 1 1
γ12 2 0.5 0.5
γ21 1.5 1.5 1
γ22 1.5 1.5 1

We generate covariates Zi = (Z1i,Z2i), where Z1i is from the standard normal distribution and Z2i

from the Bernoulli distribution with the same probability for 0 and 1. For the survival function part, we
specify the parameters as follows: a1 = 2, β1 = (1, 1.5)⊤, b1 = 1 and a2 = 1.5, β2 = (1, 1)⊤, b2 = 2. The
survival functions for the two events under the three distributions are given by the following formulas:

(a) Weibull distribution

S 1(ti, β1, a1, b1) = exp
{
−

(
ti

exp(X1i + 1.5X2i + 2)

)}
,

S 2(ti, β2, a2, b2) = exp

−
(

ti

exp(X1i + X2i + 1.5)

)1/2
 .

(b) Log-normal distribution

S 1(ti, β1, a1, b1) = 1 − Φ
(
log ti − (X1i + 1.5X2i + 2)

)
,

S 2(ti, β2, a2, b2) = 1 − Φ
(
log ti − (X1i + X2i + 1.5)

2

)
.

(c) Log-logistic distribution

S 1(ti, β1, a1, b1) =
[
1 +

(
ti

exp(X1i + 1.5X2i + 2)

)]−1

,
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S 2(ti, β2, a2, b2) =
1 + (

ti

exp(X1i + X2i + 1.5)

)1/2−1

.

where Xi = (X1i, X2i) and X1i ∼ N(0, 1) and X2i ∼ Binomial(1, 0.5) are independent.

5.2. Simulation results

A comprehensive simulation study was conducted to evaluate the performance of the proposed
estimation method using multiple metrics: bias, empirical standard error (ESE), average estimated
asymptotic standard error (ASE), mean square error (MSE), and the empirical coverage probability (CP)
of nominal 95% confidence intervals.

As summarized in Tables 2–4, the proposed estimators exhibit minimal finite-sample bias across all
parameters, indicating that the estimation procedure accurately recovers the true data-generating values.
The close agreement between the ESE and ASE suggests that the large-sample variance estimator
reliably reflects the actual variability of the estimates. Moreover, the empirical coverage probabilities
are consistently near the nominal 95% level, confirming that the Wald-type confidence intervals are well
calibrated. As expected, increases in sample size lead to systematic decreases in bias, standard errors,
and MSE, which aligns with the established asymptotic properties of the proposed estimators.

Figures 1–9 depict the estimated survival functions for the overall survival function (S T ), super-
imposed on their true counterparts and accompanied by pointwise 95% confidence intervals. The
estimated survival curves show excellent agreement with the true functions across all scenarios. The
observed discrepancies diminish as the sample size increases, further underscoring the consistency
of the estimators. These results collectively indicate that the proposed method performs reliably and
satisfactorily across the range of sample sizes considered in this study.

Simulation results under 20% right-censoring (Table 2) indicate that the proposed estimator performs
satisfactorily across all sample sizes (n = 200, 500, 800, 1000) for the Weibull, log-normal, and log-
logistic distributions. As the sample size increases, the bias, ESE, and MSE decrease uniformly across
parameters, demonstrating the consistency and efficiency of the estimator. Moreover, the empirical
CPs of the 95% confidence intervals remain close to the nominal 0.95 level, confirming that interval
estimation is well calibrated under moderate censoring.

These findings are visually supported by Figures 1–3, where the estimated survival curves align
closely with the true functions across all distributions. The 95% pointwise confidence intervals tightly
envelope the true curves, further validating the reliability of the proposed method.

Similar trends are observed under 30% right-censoring (Table 3), though a slight increase in ESE and
MSE reflects the expected loss of information under heavier censoring. Despite this, CP values remain
near the nominal level for larger sample sizes (n ≥ 500), and estimated survival functions (Figures 4–6)
continue to track the true curves accurately, with only minor instability in the distribution tails.

Under a 40% right-censoring rate (Table 4), the estimator remains consistent across distributions
and sample sizes, with bias, ESE, and MSE decreasing as n increases. However, the higher censoring
proportion leads to noticeably larger standard errors and MSEs compared to lighter censoring scenarios,
reflecting the increased estimation difficulty under substantial information loss. At small sample sizes
(n = 200), certain parameters (e.g., b1 and b2 in the Weibull model) exhibit under-coverage, which is
largely remedied when n ≥ 500.
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Survival function estimates (Figures 7–9) show good overall fit but increased variability in the
tails, particularly for longer survival times. Nevertheless, the pointwise confidence intervals maintain
reasonable coverage, supporting the methods usability even under high censoring, provided the sample
size is sufficient.

(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 1. Under a censoring rate of 20%, the overall survival function (S T ) estimated based
on the Weibull distribution (red dashed line), with 95% pointwise confidence intervals (long
dashed and dotted lines), and the corresponding true survival function (blue solid line).

Table 5 presents the simulation results of model misspecification under 20% right-censoring with
a sample size of 500. All simulated datasets are generated from the Weibull distribution, and three
distributions (Weibull, lognormal, and log-logistic) are employed as working models for estimation
respectively. When the working model matches the true data-generating distribution, the estimation
biases of all parameters remain at a low level, the ESEs align well with the ASEs, and the empirical
CPs of the 95% confidence intervals are close to the nominal level, showing estimation performance
consistent with correctly specified settings. Under model misspecification, the multinomial logistic
regression parameters γ and the regression coefficients β of the AFT model exhibit certain robustness,
with relatively limited increases in estimation bias, and the CPs of confidence intervals for most
parameters remain within an acceptable range.

Meanwhile, Figure 10 presents the estimated overall survival functions under different model
specifications. As can be seen from the figure, even under distributional misspecification, there
is no apparent deviation between the estimated and true survival functions, further indicating that
the misspecification considered herein has only a negligible impact on the estimation of the overall
survival function.

The proposed estimator demonstrates strong robustness across varying censoring rates (20%–40%),
sample sizes, and lifetime distributions. Performance is excellent under light to moderate censoring

Electronic Research Archive Volume 34, Issue 9, 6573–6613.
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(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 2. The overall survival function (S T ) estimated based on the lognormal distribution
(red dashed line), with 95% pointwise confidence intervals (long dashed and dotted lines), and
the corresponding true survival function (blue solid line).

(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 3. Under a censoring rate of 20%, the overall survival function (S T ) estimated based
on the loglogistic distribution (red dashed line), with 95% pointwise confidence intervals
(long dashed and dotted lines), and the corresponding true survival function (blue solid line).
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(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 4. Under a censoring rate of 30%, the overall survival function (S T ) estimated based
on the Weibull distribution (red dashed line), with 95% pointwise confidence intervals (long
dashed and dotted lines), and the corresponding true survival function (blue solid line).

(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 5. Under a censoring rate of 30%, the overall survival function (S T ) estimated based
on the lognormal distribution (red dashed line), with 95% pointwise confidence intervals (long
dashed and dotted lines), and the corresponding true survival function (blue solid line).
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(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 6. Under a censoring rate of 30%, the overall survival function (S T ) estimated based
on the loglogistic distribution (red dashed line), with 95% pointwise confidence intervals
(long dashed and dotted lines), and the corresponding true survival function (blue solid line).

(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 7. Under a censoring rate of 40%, the overall survival function (S T ) estimated based
on the Weibull distribution (red dashed line), with 95% pointwise confidence intervals (long
dashed and dotted lines), and the corresponding true survival function (blue solid line).
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(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 8. Under a censoring rate of 40%, the overall survival function (S T ) estimated based
on the lognormal distribution (red dashed line), with 95% pointwise confidence intervals (long
dashed and dotted lines), and the corresponding true survival function (blue solid line).

(a) n = 200, S T (b) n = 500, S T

(c) n = 800, S T (d) n = 1000, S T

Figure 9. Under a censoring rate of 40%, the overall survival function (S T ) estimated based
on the loglogistic distribution (red dashed line), with 95% pointwise confidence intervals
(long dashed and dotted lines), and the corresponding true survival function (blue solid line).
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Table 5. Model misspecification simulation results with 20% right-censoring (Weibull true
distribution, n = 500).

Par. Bias ESE ASE MSE CP
Weibull
γ11 0.0032 0.1553 0.1540 0.0241 0.950
γ12 -0.0025 0.2472 0.2421 0.0611 0.935
γ21 -0.0061 0.1764 0.1658 0.0311 0.945
γ22 0.0112 0.2713 0.2569 0.0737 0.935
a1 -0.0226 0.1358 0.1269 0.0190 0.930
β11 -0.0001 0.0859 0.0831 0.0074 0.935
β12 0.0298 0.1578 0.1541 0.0258 0.930
b1 -0.0105 0.0774 0.0714 0.0061 0.925
a2 -0.0204 0.2802 0.2764 0.0789 0.955
β21 0.0266 0.1783 0.1755 0.0325 0.955
β22 0.0406 0.3304 0.3241 0.1108 0.930
b2 -0.0584 0.1763 0.1844 0.0345 0.935

Lognormal
γ11 0.0091 0.1623 0.1552 0.0264 0.930
γ12 0.0458 0.2446 0.2457 0.0619 0.955
γ21 0.0100 0.1735 0.1670 0.0302 0.945
γ22 0.0480 0.2612 0.2607 0.0705 0.935
a1 -0.4812 0.1446 0.1482 0.2525 0.040
β11 -0.0063 0.1012 0.0959 0.0103 0.935
β12 -0.0049 0.1731 0.1789 0.0300 0.960
b1 0.0491 0.0765 0.0721 0.0083 0.920
a2 -0.7038 0.3113 0.3067 0.5923 0.330
β21 -0.0304 0.1886 0.1881 0.0365 0.955
β22 -0.0051 0.3470 0.3519 0.1205 0.940
b2 -0.1858 0.1528 0.1729 0.0578 0.770

Loglogistic
γ11 0.0255 0.1526 0.1550 0.0239 0.960
γ12 0.0282 0.2310 0.2440 0.0541 0.960
γ21 0.0260 0.1718 0.1672 0.0302 0.960
γ22 0.0205 0.2362 0.2593 0.0562 0.960
a1 -0.4284 0.1500 0.1479 0.2061 0.140
β11 0.0103 0.1045 0.0984 0.0110 0.955
β12 -0.0136 0.1768 0.1804 0.0315 0.965
b1 -0.3906 0.0454 0.0472 0.1546 0.000
a2 -0.6162 0.3136 0.3029 0.4780 0.485
β21 -0.0286 0.2118 0.1953 0.0457 0.925
β22 -0.0916 0.3716 0.3580 0.1464 0.935
b2 -0.9486 0.1014 0.1109 0.9101 0.000

Bias: empirical bias; ESE: empirical standard error; ASE: the average of the estimated asymptotic standard error; MSE:
mean square error; CP: 95% coverage probability.
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(a) Weibull, S T (b) Lognormal, S T (c) Loglogistic, S T

Figure 10. Estimated overall survival function S T under different distributional assumptions
with a 20% censoring rate. The Weibull distribution is correctly specified, while the
lognormal and loglogistic distributions are misspecified. The blue solid line represents the
true survival function.

and remains reliable under heavy censoring when sample sizes are adequate. The method provides
accurate point and interval estimates, making it suitable for practical applications where censoring is
non-negligible.

6. Empirical application: P2P lending data

6.1. Data source and context

Fixed-rate peer-to-peer (P2P) lending provides an ideal setting for validating the proposed mixture
cure model with competing risks. This study utilizes data from Lending Club, one of the world’s largest
P2P lending platforms, which offers loan products with standard terms of 36 and 60 months.We focus
specifically on 36-month loans issued in 2017, and restrict our analysis to borrowers within credit grade
E—a segment characterized by lower credit scores and elevated default risk, thus representing a typical
high-risk population in consumer lending.

Throughout the loan term, borrowers are obligated to make fixed monthly payments. A loan is
classified as a right-censored observation if the borrower completes all 36 scheduled payments without
any early termination. Conversely, early termination occurs if the borrower either defaults or fully
prepays the loan before the maturity date.

A strict criterion for default is adopted: Any loan with a delinquency status (including “current”
loans with a recorded delinquency amount) is classified as a default event. Prepayment is defined as the
full repayment of outstanding principal before contractual maturity. To capture the temporal uncertainty
of these events, both default and prepayment are treated as interval-censored data—specifically, we
can only ascertain that each event occurred within a one-month interval around the observed payment
failure or early settlement date. The rationale for this monthly interval specification is that in credit
risk management practice, key post-loan decisions—such as risk alerting, collection scheduling, and
provisioning—are all made on a monthly cycle; aggregating event times to the monthly level aligns
model output with operational decision frequency, enhancing practical deployability. This approach
provides a solid foundation for the subsequent survival models that explicitly account for temporal
uncertainty in event occurrence.

Since default and prepayment are mutually exclusive events, and both lead to the early termination
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of loans, it is methodologically reasonable to adopt a competing risks model for empirical analysis.
After data cleaning, the final sample consists of 2067 loan records in the default group and 3709
loan records in the prepayment group. Further Schoenfeld residual tests indicate that both the default
and prepayment events significantly violate the Cox proportional hazards assumption, rendering the
traditional Cox model inappropriate. Therefore, this paper adopts the AFT model, which does not
require the proportional hazards constraint, for modeling within the competing risks framework. For
empirical analysis, we select three core risk factors: loan amount, annual income, and interest rate.
These variables capture distinct dimensions of borrower risk:

• Loan amount directly reflects the borrower’s debt leverage level. Higher amounts imply greater
monthly payment obligations, increasing the probability of future cash flow shortfall.
• Annual income serves as a key indicator of repayment capacity. Higher income provides a larger

buffer against financial shocks, thereby reducing relative default risk.
• Interest rate embodies the platform’s pricing of the borrower’s credit risk. Higher rates not only

increase the repayment burden but also signal potential credit deficiencies.

Collectively, these variables form a foundational framework for modeling the incidence of default
and prepayment.

6.2. Model specifications

We develop three mixture cure model variants to capture different immune mechanisms:

(A) Model A: Fully competing risk mixture cure model Accommodates loans susceptible to both
default and prepayment, plus an “immune” fraction never at risk of either event. The survival
function is given by

S T (t|Z, X) = π0(Z) + π1(Z)S 1(t|X) + π2(Z)S 2(t|X).

(B) Model B: Default-specific mixture cure model Assumes a subpopulation immune to default and
considers default as the sole risk. The survival function is given by

S T (t|Z, X) = π0(Z) + [1 − π0(Z)] S 1(t|X).

(C) Model C: Prepayment-specific mixture cure model Assumes a subpopulation immune to
prepayment and considers prepayment as the sole risk. The survival function is given by

S T (t|Z, X) = π0(Z) + [1 − π0(Z)] S 2(t|X).

The standardized covariates Z = (z1, z2, z3) (loan amount, annual income, interest rate) determine event
timing, while X = (z1, z2) influences classification probabilities.

Figure 11 illustrates monthly proportions of defaulted and prepaid loans, where an event in month i
corresponds to ti ∈ (i − 1, i]. These models enable financial institutions to predict borrower behavior
more accurately and inform differentiated credit policies. Based on this data structure, we first obtain the
overall survival curve via the Turnbull nonparametric estimator (Figure 12). The results show that the
curve exhibits a stable plateau, indicating that a subset of borrowers never experienced any competing
events throughout the observation period, which reflects a clear cure characteristic in the data.
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Figure 11. Proportions of defaulted and prepaid loans.

Figure 12. Turnbull survival curve for P2P lending data.
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6.3. Distributional performance and model selection

Based on the comprehensive regression results (Tables 6–8) and the corresponding survival curves
(Figures 13–15), the Weibull distribution consistently demonstrates superior performance across all
models above.

In the competing risks (Model A) framework (Table 6), the Weibull specification exhibits exceptional
estimation precision, with all standard errors confined within the narrow range of 0.010–0.037. Notably,
11 out of 14 parameters are statistically significant, ensuring reliable inference. In contrast, both
the lognormal and log-logistic distributions show substantially higher standard errors and critical
significance issues in key parameters (e.g., β11 and β12 in lognormal, p > 0.7), undermining their
practical utility.

This superiority persists in the mixture cure models (Models B and C). For default risk (Table 7), all
cure model covariates (γ11, γ12, γ13) under the Weibull distribution are highly significant. Although β11

is non-significant across distributions, β12 remains significant (p = 0.0138) with a substantially lower
standard error (0.0112) compared to lognormal (0.0832), indicating superior precision. For prepayment
risk (Table 8), the Weibull distribution again shows the lowest standard errors and high significance for
β22 (p < 0.0001), while the lognormal distribution performs poorest with non-significant parameters
and abnormally high standard errors (e.g., 0.0903 for β21). The significant differences in scale parameter
estimates (e.g., b2 values: 0.7367, 0.9910, 0.5612) further reflect fundamental differences in how these
distributions capture risk timing dynamics.

Figures 13–15 demonstrate that the Weibull-based survival curves closely follow the empirical
pattern across all models. The narrow confidence bands are consistent with the low standard errors,
confirming the distribution’s precision and stability. In contrast, alternative distributions (e.g., log-
normal) exhibit visible deviations and wider confidence bands. These results collectively validate the
Weibull distribution’s superior performance in characterizing risk duration dynamics.

6.4. Influence mechanisms of covariates under the AFT framework

The AFT model results elucidate distinct influence mechanisms of covariates on the timing of loan
default and prepayment.

Loan amount exhibits divergent effects: It shows no significant impact on default timing (β11) but
a consistent positive trend on prepayment timing (β21), suggesting borrowers with larger loans may
delay prepayment.

Annual income demonstrates a particularly revealing pattern, similar as [40, 41]. It exerts a sym-
metrically opposing influence: The coefficient is significantly positive for default risk (β12), indicating
higher income delays default due to stronger repayment capacity, while being significantly negative
for prepayment risk (β22), reflecting that higher-income borrowers prepay earlier based on capital
opportunity cost considerations. This “high income late default, early prepayment” duality robustly
captures the variable’s dual regulatory effect on credit behavior.

6.5. Necessity of the competing risks mixture cure framework

The parameter estimates underscore the critical necessity of employing a mixture cure model that
incorporates both default and prepayment as competing risks. The results reveal fundamentally different
data-generating processes for each risk, which would be obscured in separate, single-risk models.
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Table 6. Parameter estimates and bootstrap (200 replications) inference results for Model A.
Estimate SE CI lower CI upper z value p value

Weibull
γ11 0.1773 0.0265 0.1240 0.2317 6.4954 0.0000
γ12 -0.0741 0.0358 -0.1434 -0.0020 -2.4852 0.0129
γ13 0.1147 0.0288 0.0630 0.1729 3.4607 0.0005
γ21 -0.1077 0.0356 -0.1821 -0.0426 -2.9502 0.0032
γ22 0.0853 0.0308 0.0326 0.1458 2.3850 0.0171
γ23 0.0531 0.0352 -0.0101 0.1275 1.2430 0.2139
a1 2.7162 0.0144 2.6921 2.7442 188.6906 0.0000
β11 -0.0104 0.0139 -0.0379 0.0164 -0.7011 0.4833
β12 0.0264 0.0135 0.0005 0.0549 2.0436 0.0410
b1 0.6183 0.0103 0.5962 0.6362 60.1232 0.0000
a2 2.7647 0.0124 2.7404 2.7889 223.2815 0.0000
β21 0.0128 0.0107 -0.0088 0.0323 1.1933 0.2328
β22 -0.0507 0.0115 -0.0730 -0.0306 -4.2969 0.0000
b2 0.7362 0.0113 0.7134 0.7566 65.1074 0.0000

Lognormal
γ11 0.1773 0.0265 0.1240 0.2317 6.5101 0.0000
γ12 -0.0740 0.0358 -0.1434 -0.0021 -2.4868 0.0129
γ13 0.1146 0.0287 0.0630 0.1728 3.4677 0.0005
γ21 -0.1076 0.0356 -0.1821 -0.0427 -2.9507 0.0032
γ22 0.0853 0.0307 0.0327 0.1457 2.3908 0.0168
γ23 0.0531 0.0351 -0.0100 0.1274 1.2457 0.2129
a1 2.3627 0.0263 2.3322 2.4000 89.7528 0.0000
β11 -0.0045 0.0322 -0.0401 0.0313 -0.1981 0.8429
β12 0.0381 0.0847 -0.0069 0.0738 0.3769 0.7062
b1 0.7632 0.0270 0.7350 0.7860 28.2809 0.0000
a2 2.3326 0.0167 2.2994 2.3631 139.4221 0.0000
β21 0.0278 0.0168 -0.0048 0.0601 1.6651 0.0959
β22 -0.0730 0.0182 -0.1104 -0.0436 -3.9054 0.0001
b2 0.9836 0.0143 0.9569 1.0135 69.0766 0.0000

Loglogistic
γ11 0.1773 0.0265 0.1240 0.2317 6.5101 0.0000
γ12 -0.0740 0.0358 -0.1434 -0.0021 -2.4868 0.0129
γ13 0.1146 0.0287 0.0630 0.1728 3.4677 0.0005
γ21 -0.1076 0.0356 -0.1821 -0.0427 -2.9507 0.0032
γ22 0.0853 0.0307 0.0327 0.1457 2.3908 0.0168
γ23 0.0531 0.0351 -0.0100 0.1274 1.2457 0.2129
a1 2.4236 0.0190 2.3900 2.4629 127.8287 0.0000
β11 -0.0073 0.0195 -0.0414 0.0327 -0.3343 0.7381
β12 0.0337 0.0178 0.0004 0.0637 1.9890 0.0467
b1 0.4399 0.0079 0.4241 0.4555 56.1842 0.0000
a2 2.4453 0.0168 2.4113 2.4771 145.7577 0.0000
β21 0.0270 0.0167 -0.0045 0.0580 1.6228 0.1046
β22 -0.0786 0.0191 -0.1197 -0.0484 -3.9736 0.0001
b2 0.5607 0.0091 0.5431 0.5786 61.7167 0.0000

Estimate: point estimate of the parameter; SE: standard error;
CI lower/CI upper: 95% confidence interval bounds;
z value: Wald test statistic; p value: significance of the null hypothesis
test.
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Table 7. Parameter estimates and bootstrap (200 replications) inference results for Model B.

Estimate SE CI lower CI upper z value p value

Weibull

γ11 0.3164 0.0405 0.2400 0.3888 7.7956 0.0000
γ12 -0.1467 0.0619 -0.2764 -0.0385 -2.2974 0.0216
γ13 0.1996 0.0427 0.1170 0.2816 4.7567 0.0000
a1 2.7159 0.0144 2.6897 2.7470 188.0237 0.0000
β11 -0.0110 0.0135 -0.0393 0.0138 -0.7226 0.4699
β12 0.0291 0.0112 0.0082 0.0504 2.4630 0.0138
b1 0.6188 0.0099 0.6011 0.6369 62.4897 0.0000

Lognormal

γ11 0.3164 0.0405 0.2400 0.3888 7.7956 0.0000
γ12 -0.1467 0.0619 -0.2764 -0.0385 -2.2974 0.0216
γ13 0.1996 0.0427 0.1170 0.2816 4.7567 0.0000
a1 2.3619 0.0276 2.3313 2.4007 85.6535 0.0000
β11 -0.0047 0.0320 -0.0420 0.0346 -0.1992 0.8421
β12 0.0426 0.0832 0.0035 0.0662 0.3839 0.7011
b1 0.7638 0.0272 0.7371 0.7900 28.0609 0.0000

Loglogistic

γ11 0.3164 0.0405 0.2400 0.3888 7.7956 0.0000
γ12 -0.1467 0.0619 -0.2764 -0.0385 -2.2974 0.0216
γ13 0.1996 0.0427 0.1170 0.2816 4.7567 0.0000
a1 2.4229 0.0181 2.3913 2.4597 134.1842 0.0000
β11 -0.0078 0.0194 -0.0430 0.0269 -0.3247 0.7454
β12 0.0378 0.0148 0.0070 0.0638 2.3959 0.0166
b1 0.4403 0.0079 0.4258 0.4559 55.9791 0.0000

Estimate: point estimate of the parameter; SE: standard error;
CI lower/CI upper: 95% confidence interval bounds;
z value: Wald test statistic; p value: significance of the null hypothesis
test.
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Table 8. Parameter estimates and bootstrap (200 replications) inference results for Model C.

Estimate SE CI lower CI upper z value p value

Weibull

γ21 -0.1381 0.0368 -0.2043 -0.0689 -4.0468 0.0001
γ22 0.0828 0.0295 0.0240 0.1345 3.1175 0.0018
γ23 0.0022 0.0317 -0.0522 0.0591 -0.2593 0.7954
a2 2.7647 0.0122 2.7393 2.7868 226.1526 0.0000
β21 0.0132 0.0113 -0.0061 0.0354 1.1283 0.2592
β22 -0.0503 0.0108 -0.0735 -0.0308 -4.5663 0.0000
b2 0.7367 0.0106 0.7175 0.7586 69.3028 0.0000

Lognormal

γ21 -0.1384 0.0366 -0.2040 -0.0689 -4.0665 0.0000
γ22 0.0831 0.0294 0.0242 0.1345 3.1306 0.0017
γ23 0.0020 0.0318 -0.0578 0.0591 -0.2582 0.7963
a2 2.3361 0.0302 2.2988 2.3716 77.2007 0.0000
β21 0.0166 0.0903 0.0171 0.0599 0.3093 0.7571
β22 -0.0818 0.0729 0.1124 -0.0409 -0.9725 0.3308
b2 0.9910 0.0489 0.9565 1.0199 20.1657 0.0000

Loglogistic

γ21 -0.1384 0.0366 -0.2040 -0.0689 -4.0665 0.0000
γ22 0.0831 0.0294 0.0242 0.1345 3.1306 0.0017
γ23 0.0020 0.0318 -0.0578 0.0591 -0.2582 0.7963
a2 2.4455 0.0162 2.4104 2.4745 151.2089 0.0000
β21 0.0281 0.0179 -0.0056 0.0630 1.5141 0.1300
β22 -0.0771 0.0171 -0.1109 -0.0481 -4.4464 0.0000
b2 0.5612 0.0088 0.5447 0.5796 64.1981 0.0000

Estimate: point estimate of the parameter; SE: standard error;
CI lower/CI upper: 95% confidence interval bounds;
z value: Wald test statistic; p value: significance of the null hypothesis
test.
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(a) Weibull,S T (b) Weibull,S 1 (c) Weibull,S 2

(d) Lognormal,S T (e) Lognormal,S 1 (f) Lognormal,S 2

(g) Loglogistic,S T (h) Loglogistic,S 1 (i) Loglogoistic,S 2

Figure 13. The overall survival function (S T ) and the survival functions for the two event
types (S 1 and S 2) estimates (red dashed line) with 95% pointwise confidence intervals (long
dashed and dotted lines) for Model A.

Electronic Research Archive Volume 34, Issue 9, 6573–6613.



6601

(a) Weibull,S T (b) Weibull,S 1

(c) Lognormal,S T (d) Lognormal,S 1

(e) Loglogistic,S T (f) Loglogistic,S 1

Figure 14. The overall survival function (S T ) and the survival functions for default (S 1)
estimates (red dashed line) with 95% pointwise confidence intervals (long dashed and dotted
lines) for Model B.
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(a) Weibull,S T (b) Weibull,S 2

(c) Lognormal,S T (d) Lognormal,S 2

(e) Loglogistic,S T (f) Loglogistic,S 2

Figure 15. The overall survival function (S T ) and the survival functions for prepayment (S 2)
estimates (red dashed line) with 95% pointwise confidence intervals (long dashed and dotted
lines) for Model C.
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The cure model components show distinct significance patterns between covariates affecting default
probability (γ11, γ12, γ13 are all significant) and those influencing prepayment probability (γ23 is
consistently insignificant). This indicates essential differences in the factors determining the “cure” or
immune status for each risk.

Furthermore, the latency models capture opposing temporal dynamics. As detailed above, annual
income has diametrically opposite effects on the timing of each risk. Developing separate models would
fail to incorporate the competitive relationship between these risks, leading to biased estimates of event
timing. The competing risks mixture cure model successfully captures the dynamic characteristics of
default and prepayment as interdependent events, providing a more faithful representation of true credit
risk structure and offering superior reliability for risk management decision-making.

6.6. Comparative results

Table 9 presents the AIC values for the candidate models based on the Weibull, lognormal, and
log-logistic distributions. According to the results, the model based on the Weibull distribution yields the
lowest AIC value (46732.24), which is substantially smaller than those of the lognormal (48013.68) and
log-logistic (47993.16) distributions. This significant difference underscores the pronounced advantage
of the Weibull distribution according to the AIC metric.

Table 9. Akaike information criterion (AIC) values for the compared models.

Distribution Log-Likelihood Number of Parameters AIC

Weibull -23352.12 14 46732.24
Lognormal -23992.84 14 48013.68
Log-logistic -23983.58 14 47993.16

Following the conventional interpretation of the AIC in model selection [37], the competing risks
mixture cure model constructed using the Weibull distribution is identified as the optimal choice
among the candidates. This conclusion is not isolated; it corroborates findings from earlier analyses
concerning parameter estimation stability and economic significance. The consistency across these
diverse evaluation metrics reinforces the reliability and persuasiveness of selecting the Weibull-based
model, thereby providing a robust foundation for subsequent analytical inferences and conclusions.

7. Conclusions

This paper introduces a novel mixture cure model that integrates multinomial logistic regression
with the AFT framework, specifically designed for interval-censored competing-risk data. The model
provides an analytically transparent structure with clear physical interpretations, addressing complex
censoring mechanisms commonly encountered in practical applications.

We systematically evaluate three prevalent lifetime distributions-Weibull, log-normal, and log-
logistic—to encompass diverse risk patterns including early failure, random failure, and wear-out failure
scenarios. A comprehensive simulation study examines model performance under constrained sample
sizes and intricate censoring mechanisms, incorporating right-censoring rates of 20%, 30%, and 40%
alongside sample sizes of 200, 500, and 800 observations.

The results demonstrate that parameter estimation bias, confidence-interval CP, and convergence
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speed remain within statistically acceptable ranges, confirming the method’s robustness and validity.
During empirical analysis, we utilize Lending Club personal loan data to compare mixture cure models
incorporating competing risks against their single-risk counterparts.

Future research can be extended along several complementary directions. One natural avenue is to
relax the parametric error distribution assumption by introducing semi-parametric or non-parametric
specifications, thereby enhancing model robustness and applicability. Although existing methods that
leave the error distribution unspecified have not yet simultaneously accommodated interval censoring,
cure fraction, and competing risks, extending our framework toward such flexible settings remains
a worthwhile pursuit. In addition, when the number of competing event types grows, parameter
estimation becomes more challenging; penalized estimation techniques could be adopted to regularize
the parameters and achieve stable estimation with effective event-type selection. Moreover, adapting the
model to handle reliability data such as [42], would further broaden its applicability.
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Appendix

Proof of Theorem 4.1

By Condition 5, Q(Θ) is continuous. Conditions 2 and 7 together with the information inequality
imply that Θ∗ is the unique maximizer of Q on B. Condition 6 provides uniform convergence of the
empirical log-likelihood to Q. For any ε > 0, define

Bε = {Θ ∈ B : ∥Θ − Θ∗∥ ≥ ε}.

Because Bε is compact,
δ = Q(Θ∗) −max

Θ∈Bε
Q(Θ) > 0.

Uniform convergence then guarantees that, with probability tending to one, the empirical log-
likelihood at Θ∗ exceeds its value on Bε by at least δ/2. Hence the maximizer Θ̂n must fall inside the
ε-neighborhood of Θ∗, yielding ∥Θ̂n − Θ

∗∥ < ε with probability approaching one. Since ε is arbitrary,

Θ̂n
P
−→ Θ∗.
Under the same regularity conditions, the EM algorithm used for computation is guaranteed to

converge to a stationary point of the observed likelihood [43]. If the likelihood has a unique maximum
(as implied by Condition 7) and the algorithm is started from a suitable initial value, the EM sequence
converges to the MLE, and hence inherits the consistency property. In practice, multiple random
initializations are recommended to assess global convergence.

Proof of Theorem 4.2

This appendix provides the explicit analytic expressions for the observed Fisher information matrix
J(Θ) under the AFT model. All quantities are evaluated at the final EM estimate Θ̂, and the posterior
probabilities µ̂ki = P(Ui = k | Oi, Θ̂) are obtained from the E-step (Eq (3.7)). The matrix is block-
diagonal due to the independence structure of the complete-data log-likelihood; all cross-parameter
blocks are zero.

Block structure.

J(Θ) =


J(γ) 0 0
0 J(ψ1) 0
0 0 J(ψ2)

 ,
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https://dx.doi.org/https://doi.org/10.1080/1540496X.2025.2563152
https://dx.doi.org/https://doi.org/10.1109/TR.2026.3674703
https://dx.doi.org/https://doi.org/10.1214/aos/1176346060


6608

with ψ1 = (β1, a1, b1) and ψ2 = (β2, a2, b2). The detailed non-zero entries are given below.
Information for the incidence parameters (γ1, γ2)
Let γ = (γ⊤1 , γ

⊤
2 )⊤. The contribution of a single individual to the incidence part of the complete-data

log-likelihood is

ℓγ,i = I(Ui = 1) log π1i + I(Ui = 2) log π2i + I(Ui = 0) log π0i,

where πki = πk(Zi; γ) as defined in Eq (2.3). The first and second derivatives are standard for multinomial
logistic regression.

The conditional expectations in Eq (4.1) rely on the posterior distribution of Ui. Denote

µ̂1i = P(Ui = 1 | Oi, Θ̂), µ̂2i = P(Ui = 2 | Oi, Θ̂), µ̂0i = 1 − µ̂1i − µ̂2i.

For interval-censored individuals (δi = 1), the event type is observed, so µ̂1i = I(Ui = 1), µ̂2i =

I(Ui = 2). For right-censored individuals (δi = 0),

µ̂1i =
π1iS 1(ti; β1, a1, b1)

π0i + π1iS 1(ti; β1, a1, b1) + π2iS 2(ti; β2, a2, b2)
,

µ̂2i =
π2iS 2(ti; β2, a2, b2)

π0i + π1iS 1(ti; β1, a1, b1) + π2iS 2(ti; β2, a2, b2)
,

µ̂0i = 1 − µ̂1i − µ̂2i.

where ti = Li (the last observation time). The expected complete-data information matrix is

I(γ)
com =

n∑
i=1

(
π1i(1 − π1i) −π1iπ2i

−π1iπ2i π2i(1 − π2i)

)
⊗ (ZiZ⊤i ).

The missing information is the conditional variance of the score:

I(γ)
mis =

n∑
i=1

(
µ̂1i(1 − µ̂1i) −µ̂1iµ̂2i

−µ̂1iµ̂2i µ̂2i(1 − µ̂2i)

)
⊗ (ZiZ⊤i ).

Hence,

I(γ)
obs = I(γ)

com − I(γ)
mis.

A.1 Incidence part (parameters γ1, γ2)

The matrices Jγ1γ1 , Jγ1γ2 , and Jγ2γ2 are expressed in terms of the model probabilities πki and the posterior
probabilities µ̂ki. For right-censored individuals (δi = 0), the posterior probabilities are computed as

µ̂1i =
π1iS 1(ti)

π0i + π1iS 1(ti) + π2iS 2(ti)
, µ̂2i =

π2iS 2(ti)
π0i + π1iS 1(ti) + π2iS 2(ti)

, µ̂0i = 1 − µ̂1i − µ̂2i,

where ti = Li is the last observation time. The expressions are:

Jγ1,γ1 =

n∑
i=1

[
− {(1 − δi)µ̂0i + µ̂1i + µ̂2i} π1(π0 + π2)

]
zi · zT

i ,

Electronic Research Archive Volume 34, Issue 9, 6573–6613.
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Jγ1γ2 =

n∑
i=1

[
{(1 − δi)µ̂0i + µ̂1i + µ̂2i} π1π2

]
zi · zT

i ,

Jγ2γ2 =

n∑
i=1

[
− {(1 − δi)µ̂0i + µ̂1i + µ̂2i} π2(π0 + π1)

]
zi · zT

i .

Information for the survival parameters ψk = (βk, ak, bk) (k = 1, 2)
For each event type k = 1, 2, the contribution of a single individual to the corresponding part of the

complete-data log-likelihood is

ℓψk ,i = δiI(Ui = k) log
(
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

)
+ (1 − δi)I(Ui = k) log S k(Li; βk, ak, bk).

Define the first-derivative vector

Vki = δi
∂

∂ψk
log

(
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

)
+ (1 − δi)

∂

∂ψk
log S k(Li; βk, ak, bk),

and the second-derivative matrix

Wki = δi
∂2

∂ψk∂ψ
⊤
k

log
(
S k(Li; βk, ak, bk) − S k(Ri; βk, ak, bk)

)
+ (1 − δi)

∂2

∂ψk∂ψ
⊤
k

log S k(Li; βk, ak, bk).

In Eq (4.1), the expected complete-data information part becomes

−E
[∂2ℓψk

∂ψ2
k

∣∣∣∣O]
= −

n∑
i=1

µ̂kiWki,

where µ̂ki = P(Ui = k | Oi, Θ̂) are the posterior probabilities obtained from the E-step. The missing
information part is the conditional variance of the score:

Var
[∂ℓψk

∂ψk

∣∣∣∣O]
=

n∑
i=1

µ̂ki(1 − µ̂ki)VkiV⊤ki .

Therefore, the observed information block for ψk is

I(ψk)
obs = −

n∑
i=1

µ̂kiWki −

n∑
i=1

µ̂ki(1 − µ̂ki)VkiV⊤ki .

For interval-censored individuals (δi = 1), if Ui = k, then µ̂ki = 1 and the second term vanishes; if
Ui , k, then the whole contribution is zero. For right-censored individuals, the posterior probabilities
µ̂ki are used as given by the E-step.

The blocks for k = 1 and k = 2 are computed separately, using the respective survival functions S 1, S 2

and the corresponding posterior probabilities µ̂1i, µ̂2i. For a specific AFT distribution (e.g., Weibull,
lognormal, loglogistic), explicit expressions for Vki and Wki can be derived; in practice, numerical
differentiation (e.g., using the numDeriv package in R) may be employed instead.
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A.2 Survival part for event type 1 (ψ1 = (β1, a1, b1))

Define the standardized log-time variables

ϕ1(Li) =
log(Li) − βT

1 Xi

b1
, ϕ1(Ri) =

log(Ri) − βT
1 Xi

b1
.

Using the chain rule, the following intermediate quantities are introduced to simplify the second
derivatives. They are evaluated at the final estimate Θ̂ and multiplied by the posterior probability µ̂1i.

dβ1β1 =

{
a1

b1
S 1(Li)ϕ1(Li)2a1−2 −

a1 − 1
b1

S 1(Li)ϕ1(Li)a1−2
}

−

{
a1

b1
S 1(Ri)ϕ1(Ri)2a1−2 −

a1 − 1
b1

S 1(Ri)ϕ1(Ri)a1−2
}
,

gβ1β1 =
a1

b1
S 1(Li)ϕ1(Li)a1−1 −

a1

b1
S 1(Ri)ϕ1(Ri)a1−1,

Jβ1β1 =

n∑
i=1

δi

dβ1β1 {S 1(Li) − S 1(Ri)} −
{
S 1(Li)ϕ1(Li)a1−1 − S 1(Ri)ϕ1(Ri)a1−1

}
gβ1β1

{S 1(Li) − S 1(Ri)}2

−(1 − δi)
a1 − 1

b1
ϕ1(Li)a1−2

]
a1

b1
µ̂1iXi · XT

i .

dβ1a1 = S 1(Li)ϕ1(Li)a1−1 {1 − ϕ1(Li)a1} log ϕ1(Li) − S 1(Ri)ϕ1(Ri)a1−1 {1 − ϕ1(Ri)a1} log ϕ1(Ri),
gβ1a1 = S 1(Ri)ϕ1(Ri)a1 log ϕ1(Ri) − S 1(Li)ϕ1(Li)a1 log ϕ1(Li),

Jβ1a1 =

n∑
i=1

[
δi

dβ1a1 {S 1(Li) − S 1(Ri)} −
{
S 1(Li)ϕ1(Li)a1−1 − S 1(Ri)ϕ1(Ri)a1−1

}
gβ1a1

{S 1(Li) − S 1(Ri)}2

+ (1 − δi)ϕ1(Li)a1−1 log ϕ1(Li)
]a1

b1
µ̂1iXi.

dβ1b1 =

{
a1

b1
S 1(Li)ϕ1(Li)2a1−1 −

a1 − 1
b1

S 1(Li)ϕ1(Li)a1−1
}

−

{
a1

b1
S 1(Ri)ϕ1(Ri)2a1−1 −

a1 − 1
b1

S 1(Ri)ϕ1(Ri)a1−1
}
,

gβ1b1 =
a1

b1
S 1(Li)ϕ1(Li)a1 −

a1

b1
S 1(Ri)ϕ1(Ri)a1 ,

Jβ1b1 =

n∑
i=1

δi

dβ1b1 {S 1(Li) − S 1(Ri)} −
{
S 1(Li)ϕ1(Li)a1−1 − S 1(Ri)ϕ1(Ri)a1−1

}
gβ1b1

{S 1(Li) − S 1(Ri)}2

−(1 − δi)
a1 − 1

b1
ϕ1(Li)a1−1

]
a1

b1
µ̂1iXi.

db1b1 =

{
a1

b1
S 1(Li)ϕ1(Li)2a1−1 −

a1 − 1
b1

S 1(Li)ϕ1(Li)a1−1
}
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−

{
a1

b1
S 1(Ri)ϕ1(Ri)2a1−1 −

a1 − 1
b1

S 1(Ri)ϕ1(Ri)a1−1
}
,

gb1b1 =
a1

b1
S 1(Li)ϕ1(Li)a1 −

a1

b1
S 1(Ri)ϕ1(Ri)a1 ,

Jb1b1 =

n∑
i=1

[
δi

db1b1 {S 1(Li) − S 1(Ri)} − {S 1(Li)ϕ1(Li)a1 − S 1(Ri)ϕ1(Ri)a1} gb1b1

{S 1(Li) − S 1(Ri)}2

− (1 − δi)
a1 − 1

b1
ϕ1(Li)a1

]a1

b1
µ̂1i.

da1b1 =
{
S 1(Li)ϕ1(Li)a1 log ϕ1(Li) − S 1(Li)ϕ1(Li)2a1 log ϕ1(Li)

}
−

{
S 1(Ri)ϕ1(Ri)a1 log ϕ1(Ri) − S 1(Ri)ϕ1(Ri)2a1 log ϕ1(Ri)

}
,

ga1b1 = S 1(Ri)ϕ1(Ri)a1 log ϕ1(Ri) − S 1(Li)ϕ1(Li)a1 log ϕ1(Li),

Ja1b1 =

n∑
i=1

[
δi

da1b1 {S 1(Li) − S 1(Ri)} − {S 1(Li)ϕ1(Li)a1 − S 1(Ri)ϕ1(Ri)a1} ga1b1

{S 1(Li) − S 1(Ri)}2

+ (1 − δi)ϕ1(Li)a1 log ϕ1(Li)
]a1

b1
µ̂1i.

da1a1 = S 1(Ri)ϕ1(Ri)a1
{
log ϕ1(Ri)

}2
{1 − ϕ1(Ri)a1} − S 1(Li)ϕ1(Li)a1

{
log ϕ1(Li)

}2
{1 − ϕ1(Li)a1} ,

ga1a1 = S 1(Ri)ϕ1(Ri)a1 log ϕ1(Ri) − S 1(Li)ϕ1(Li)a1 log ϕ1(Li),

Ja1a1 =

n∑
i=1

[
δi

da1a1 {S 1(Li) − S 1(Ri)} −
{
S 1(Li)ϕ1(Li)a1 log ϕ1(Li) − S 1(Ri)ϕ1(Ri)a1 log ϕ1(Ri)

}
ga1a1

{S 1(Li) − S 1(Ri)}2

− (1 − δi)ϕ1(Li)a1
{
log ϕ1(Li)

}2
]
µ̂1i.

A.3 Survival part for event type 2 (ψ2 = (β2, a2, b2))

Analogously, define

ϕ2(Li) =
log(Li) − βT

2 Xi

b2
, ϕ2(Ri) =

log(Ri) − βT
2 Xi

b2
.

The expressions are obtained by replacing subscript 1 with 2 and multiplying by µ̂2i:

dβ2β2 =

{
a2

b2
S 2(Li)ϕ2(Li)2a2−2 −

a2 − 1
b2

S 2(Li)ϕ2(Li)a2−2
}

−

{
a2

b2
S 2(Ri)ϕ2(Ri)2a2−2 −

a2 − 1
b2

S 2(Ri)ϕ2(Ri)a2−2
}
,

gβ2β2 =
a2

b2
S 2(Li)ϕ2(Li)a2−1 −

a2

b2
S 2(Ri)ϕ2(Ri)a2−1,
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Jβ2β2 =

n∑
i=1

[
δi

dβ2β2 {S 2(Li) − S 2(Ri)} −
{
S 2(Li)ϕ2(Li)a2−1 − S 2(Ri)ϕ2(Ri)a2−1

}
gβ2β2

{S 2(Li) − S 2(Ri)}2

− (1 − δi)
a2 − 1

b2
ϕ2(Li)a2−2

]a2

b2
µ̂2iXi · XT

i .

dβ2a2 = S 2(Li)ϕ2(Li)a2−1 {1 − ϕ2(Li)a2} log ϕ2(Li) − S 2(Ri)ϕ2(Ri)a2−1 {1 − ϕ2(Ri)a2} log ϕ2(Ri),
gβ2a2 = S 2(Ri)ϕ2(Ri)a2 log ϕ2(Ri) − S 2(Li)ϕ2(Li)a2 log ϕ2(Li),

Jβ2a2 =

n∑
i=1

[
δi

dβ2a2 {S 2(Li) − S 2(Ri)} −
{
S 2(Li)ϕ2(Li)a2−1 − S 2(Ri)ϕ2(Ri)a2−1

}
gβ2a2

{S 2(Li) − S 2(Ri)}2

+ (1 − δi)ϕ2(Li)a2−1 log ϕ2(Li)
]a2

b2
µ̂2iXi.

dβ2b2 =

{
a2

b2
S 2(Li)ϕ2(Li)2a2−1 −

a2 − 1
b2

S 2(Li)ϕ2(Li)a2−1
}

−

{
a2

b2
S 2(Ri)ϕ2(Ri)2a2−1 −

a2 − 1
b2

S 2(Ri)ϕ2(Ri)a2−1
}
,

gβ2b2 =
a2

b2
S 2(Li)ϕ2(Li)a2 −

a2

b2
S 2(Ri)ϕ2(Ri)a2 ,

Jβ2b2 =

n∑
i=1

[
δi

dβ2b2 {S 2(Li) − S 2(Ri)} −
{
S 2(Li)ϕ2(Li)a2−1 − S 2(Ri)ϕ2(Ri)a2−1

}
gβ2b2

{S 2(Li) − S 2(Ri)}2

−(1 − δi)
a2 − 1

b2
ϕ2(Li)a2−1

]
a2

b2
µ̂2iXi.

db2b2 =

{
a2

b2
S 2(Li)ϕ2(Li)2a2−1 −

a2 − 1
b2

S 2(Li)ϕ2(Li)a2−1
}

−

{
a2

b2
S 2(Ri)ϕ2(Ri)2a2−1 −

a2 − 1
b2

S 2(Ri)ϕ2(Ri)a2−1
}
,

gb2b2 =
a2

b2
S 2(Li)ϕ2(Li)a2 −

a2

b2
S 2(Ri)ϕ2(Ri)a2 ,

Jb2b2 =

n∑
i=1

[
δi

db2b2 {S 2(Li) − S 2(Ri)} − {S 2(Li)ϕ2(Li)a2 − S 2(Ri)ϕ2(Ri)a2} gb2b2

{S 2(Li) − S 2(Ri)}2

− (1 − δi)
a2 − 1

b2
ϕ2(Li)a2

]a2

b2
µ̂2i.

da2b2 =
{
S 2(Li)ϕ2(Li)a2 log ϕ2(Li) − S 2(Li)ϕ2(Li)2a2 log ϕ2(Li)

}
−

{
S 2(Ri)ϕ2(Ri)a2 log ϕ2(Ri) − S 2(Ri)ϕ2(Ri)2a2 log ϕ2(Ri)

}
,
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ga2b2 = S 2(Ri)ϕ2(Ri)a2 log ϕ2(Ri) − S 2(Li)ϕ2(Li)a2 log ϕ2(Li),

Ja2b2 =

n∑
i=1

[
δi

da2b2 {S 2(Li) − S 2(Ri)} − {S 2(Li)ϕ2(Li)a2 − S 2(Ri)ϕ2(Ri)a2} ga2b2

{S 2(Li) − S 2(Ri)}2

+ (1 − δi)ϕ2(Li)a2 log ϕ2(Li)
]a2

b2
µ̂2i.

da2a2 = S 2(Ri)ϕ2(Ri)a2
{
log ϕ2(Ri)

}2
{1 − ϕ2(Ri)a2}

− S 2(Li)ϕ2(Li)a2
{
log ϕ2(Li)

}2
{1 − ϕ2(Li)a2} ,

ga2a2 = S 2(Ri)ϕ2(Ri)a2 log ϕ2(Ri) − S 2(Li)ϕ2(Li)a2 log ϕ2(Li),

Ja2a2 =

n∑
i=1

[
δi

da2a2 {S 2(Li) − S 2(Ri)} −
{
S 2(Li)ϕ2(Li)a2 log ϕ2(Li) − S 2(Ri)ϕ2(Ri)a2 log ϕ2(Ri)

}
ga2a2

{S 2(Li) − S 2(Ri)}2

− (1 − δi)ϕ2(Li)a2
{
log ϕ2(Li)

}2
]
µ̂2i.

All other elements of J(Θ) are zero. The expressions above are directly programmable and, when
evaluated at the final EM estimate Θ̂, give the observed Fisher information matrix. Its inverse provides
the estimated asymptotic covariance matrix of Θ̂, and standard errors are obtained as the square roots of
the diagonal elements.
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