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Abstract: By combining the telescoping method with an algebraic relation, four classes of binomial
moments are examined:

:EI(+1)k1( )km and :E](+1)kl[ 2”k]kM.

Several explicit summation formulae are established with most of them having not appeared previously
in the literature except for the first class corresponding to the “+” sign.

Keywords: binomial moment; central binomial coefficient; telescoping method

1. Introduction and outline

Let N := {1, 2,---} stand for the set of natural numbers. For n € N and an indeterminate x, define
the rising and falling factorials (cf. [1, §1.1] and [2, §1.4]) by (x)g = (x)p = 1 and

X =x(x+1)---(x+n-1),
X, =x(x=1---(x=n+1).

They are also defined for negative integers —n with n € N:

(x—=n) (=1
(X—I’l)n - (1 _x)n’
(x+n)y _ 1
(x+n), (1+x),

(X)-n =

(X)p =

There exist numerous binomial identities in the literature [3—9] and summation formulae of binomial
moments [10-14] for their wide applications in mathematics and computer sciences [2,15,16]. Inspired
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by a problem proposed by Bruckman [17], Tuenter [18] considered the binomial sums of the form

- 2
S (n) = Z (n fk)lklm,

k=-n

and showed that 5
Som(n) = Ppuy(m)2”™ and  Syii(n) = an(n)( n)
n

where P,,(n) and Q,,(n) are both polynomials of degree m with integer coefficients, satisfying certain
three-term recurrence relations. In this paper, we shall examine four classes of binomial moments
(where the first class is reducible from Tuenter’s, while the remaining three classes do not seem to
have been studied previously):

. 2 d 2
Z(ﬁ)’“( "k)km and Z(il)k_l[ " ]k
k=1 n- k=1 n—k

The former (nz_”k) is the usual binomial coefficient, closely related to the Catalan triangle Bﬁ = ﬁ(nz_”k),

2
introduced by Shapiro [7]. Instead, the latter [ " k] is defined through

n —
1
[m] = # for m,keZ;
k1 GGGk

that resembles heterogeneous Stirling number [19, 20] and the Gaussian binomial coefficient [1, §8].
However, one should pay attention to the boundary condition (different from the usual binomial
coefficient)

1 Ly (1 _1\k
[m]:%:(—l)k(zfm(z)" = D L0 for ke N and meZ.
R CYRIC) (Dt [m+k]
k

By combining the telescoping method [16, §5.8] with the next algebraic relation displayed in
Lemma 1, we shall establish several explicit formulae in the next four sections. Finally, an unresolved
problem will be proposed at the end of the paper.

Denote by [T"]¢(T) the coefficient [15, §1.2] of 7™ in the formal power series ¢(7T'). The following
algebraic relation with symmetric functions as connection coefficients is crucial in our computations.

Lemma 1 ([10], Egs (9) and (10)). Let m be a nonnegative integer and {x, y} two indeterminates. Then
the following algebraic equation holds

A= Y =D+ 0y = X ),

=0

where 0, ,(y) is a complete symmetric function
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¢
1
O-m, ()’) = [Tm—f] T s
g 1]:0[ =TG-

m—{

= > |lo-w2

0<k) <k <--<ky—¢<t 1=1
and admits the explicit expression

2(-1) 2y\(2€ -2y _ ~l42m
TmeY) = 2y)1s2e Z( i )( t—i )(y o

(2
2. Positive sums | A,,(n) := E ( nk)k’”
n—
k=1

The sums in the above title are equivalent to the binomial moments treated by Tuenter [18].
However, the resulting formulae that we found are explicit, substantially different from those by
Tuenter [18] via the recursive approach.

As a warm-up, we begin with three initial cases. First, it is almost trivial to evaluate

Ao(n)—zl;( ) ( ) 22"‘1—%(2:).

n+k n-k

Ain) = an;( Z_nk){n;-k_n;k}
_ (2n - (n2_n —_11)
NS

Then for m = 2, by writing | k* = n* — (n* — k%) |, we deduce the following simpler expression

Next for m = 1, by applying | k = and telescoping, we derive the closed formula

Ay(n) = n*Ag(n) — 2n)rAg(n — 1)

_ {zzn_l _ %(2:)} C2n@n-1) {22,1_3 _ % (2nn_—12)}

— 22’2_21’1.

In order to handle the general case, we let x — kand y — n in Lemma 1:

m

K = Z(—I)QH +k)e(n = k)eome(n). 2.1)

=0
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In particular, o, ((n) can be expressed explicitly as

L 2(=1)F & (20\(26-20), o
() = <2n>1+%;(l.)( L )(n—z) , (2.2)

which is valid for n > m, avoiding zero factors in the denominator. However, the subsequent
expressions containing o, ¢(n) hold for all n since o, ((n) is a polynomial in .

2.1. Moments of even powers

By substitution, we can manipulate the double sum

_ C 2n 2m __ 1 C 2n 2m
AZm(n) - Z (n _ k)k - 2 k:Z_n (I’l _ k)k

k=1

I~ (2 u
=2 )y (n " k) D =D 0+ kyekn = k) e(n)
k=—n £=0

I v [ 2n =20
=3 ;<—1>f<2n>mm,f(n> kz (n . k)
= > (=122 2nY ().

=0

Therefore, we have established the formula as in the theorem below.
Theorem 2 (m,n € N).
Aon(m) = 3 (= 1) 22721 2y, ().

=0

Applying the explicit expression in (2.2) for o, ,(n), we can derive, from this theorem, several
concrete summation formulae for small values of m. The first five of them are highlighted below.

Example 3.
Asx(n) = 2% 2p,
As(n) =2*"3n(3n - 1),
Ae(n) = 22"*n(15n — 15n + 4),
As(n) = 2230(1051° = 210n* + 1470 - 34),
Ao(n) = 22"n(945n* — 31501 + 4095n% — 2370n + 496).

These formulae show that A,,,(n) equals “2?"~!n times a polynomial of degree m — 1 in n” with
the leading coefficient “(2m — 1)!!”.

2.2. Moments of odd powers

Analogously, we can deal with the case of odd powers

Electronic Research Archive Volume 34, Issue 9, 6542—-6557.
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_ C 2” 1+2m _ C 2” 2m
Avian(n) = ) (n ) k)k =) k(n _ k)k

k=1

& 2
_ Zk(n n )Z( D+ Ky — Ky orme ()

= -2t
Z( 1y <2n>2famf<n>z ( L k)
Evaluating the inner sum with respect to k
ik(2n—2€):i(2n—2€){n—€+k_n—f—k}
H\n—t-k] H\n-C-k 2 2
2n-20-1 2n-20-1
== K)Z{( ) (n—f—k—l)}

2n—-20-1\ n-¢(2n-2¢
n-¢-1] 2 \n=¢7/)

=(n - f)(

and then making substitution, we derive the following formula after slight simplifications.

Theorem 4 (m,n € N).

1{2n\ <
Ajiom(n) = 5( nn) Z(_1)£<n>€<n>{’+]0-m,€(n)-
=0

Replacing o, ((n) by (2.2) in this theorem, we establish the following simplified formulae.

Example S.
n(2n
Ai(n) = E(n)
n?(2n
A3(n) E n 9
2
2
As(n) = =T")@n - 1),
2\n
2
2
An) = =" 6n? - 8n + 3),
2\n
2
2
Ao(n) = ’% "24n® - 60n% + 54n - 17).
n

2
These examples show that for m > 1, the finite sum A,,,_;(n) is equal to %(2:) times a polynomial

of degree m — 2 in n”” with the leading coefficient “(m — 1)!”.
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- 2
3. Alternating sums | B,,(n) := Z(—l)k‘l( " k)k"’
n —
k=1

First, it is easy to compute
X 2n—1 2n -1 1(2n
B = —1 k_]{ + }:— .
oln) kZ::‘( ) (n—k) (n—k—l) 2\ n
Next for m = 1, we can evaluate the corresponding sum in the same manner as A;(n)
= 2n—-1 2n-1
OIS i N Sl
1) n;( i . (n—k—l)
. 2n-12 2n—-2
— _1 k—]{ _ }
”;( A | P (n—k—Z)
{2n—2 2n—2}
=n —_
n—1 n—2
3 n 2n\ (2n-2
22n-D\n) \n-1/

Then for m = 2, we have by writing |k* = n> — (n* — k)

1, n=1;

By(n) = n*By(n) — 2n),Bo(n — 1) = {
0, n#l.

3.1. Moments of even powers

By making use of (2.1), we can proceed with

n 2 1 n )
1< o 2n \
=5 N0 D s bt -

1 v - o 2n=2¢
=3 ;(—1)€<2n>250'm,5(n) D=1 1(,1 e k).

k=—n

Evaluating the rightmost binomial sum

o w220
Z( b (n—f—k)_( b (2n—€)’

and then simplifying the resulting expression, we establish the following formula.
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Theorem 6 (m,n € N).

(D (f)
Bau(n) = (2n) ().
2 D) ; 2¢ - ¢ l

2n—{¢

) ) ) ¢ ) ) )
When n > m, the binomial coefficient ( ) =0]since 0 < ¢ < m. From this, we arrive at the

simplest value below.

Example 7.
By,(n) =0 for n>m.

3.2. Moments of odd powers

Now, we examine the case of odd powers:
_ 1kl 14+2m k=1 2m
&mw—;<n( Jk Z(Dk(ky

:EZeﬂf14ﬂf9}je4ﬁm+k»m—k»mwm>

2L
—ZUMMww@Z(N{ ggk

The rightmost sum can be evaluated in closed form
= 2n—-2¢ - n—{+k n-0-k\[(2n-2¢
kzz;( ) (n—f—k) Z( ) 2 2 n—€—k
2n—-2¢-1 2n—-2¢-1
— k=1
= - f)z( D {( . k) (n—f—k—l)}
2n—-26-2 2n—-26-2
— 1k1{ }
== Z)Z( ) ( - k) (n—f—k—z)
—(n—é’){ 2n—2€—2 B 2n—2£—2}_ 2n—-26-2
- n-t-1 n-t-2J "\n-¢-1)

By substitution, we arrive at the following summation formula.

Theorem 8 (m,n € N).

&WW—ZUMMN

=0

2n—-20-2
n—¢-1

)O-m g(ﬂ)

Recalling further (2.2) for o, ((n), we have the five initial identities as below.
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Example 9 (n € N).

By(n) = 2n n
=0 2 -1y
2n (=n?)
B -
=\ - e =3y
2n n*(4n - 1)
B —
s =\ an - Dan=3)@n =35’
2n (-n?)(34n® — 24n + 5)
By(n) = ,
nl22n-1)2n—-3)2n—-5)2n-17)
Bo(n) = 2n n*(496n° — 672n* + 344n — 63)
oV = n)22n-1)2n-3)2n-502n-72n-9)
2
These identities show that for m > 1, the finite sum B,,,_;(n) is expressed as “(Zn'l)n— times a

(% - n)m
polynomial of degree m —2 in n”.

n 2
4. Alternating sums | C,,(n) := Z(_l)k_l[ nk]km
n—
=1

According to the recurrence relation
IR T |
n—kl 2n-1Un-k!l ln-k-11
we can evaluate the initial sum in closed form by telescoping
2n-1 ¢ 2n—-1 2n—-1
e =g 2 e L2 )
o) 2n—1;( N | PO PR

s

_ 2n — %[Zn— 1] +(_1)n4n—1(%)2n—1
2n—-1ln-1 2n—14(1),,

C1[2n] (=1y

=3t s

Next for m = 1, applying | k = _

7 , we can proceed with

n+k—% n—k-
2

cim =0 > Je
k=1

D e e
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=<n—i>i<—l>k-l{[2::;]—[,f_";_l]}

- 14” 425( kl“ ] [J?{fzﬂ

= (n- i)iZ‘i{[ii"_‘f]—[i”_}]—<—1>"[2”_12]+<—1>"[2”_;2]}
-2 e

Then for m = 2, we have by writing | k* = (n — 1)2 — {(n - %)2 - kz}

Can) = (n - %) Co(n) = (2n - %)(2'1 - E){Com -D-C [2': 2]}

= (=550 ]+ ) o
e i T
= -1y 2'1(2"”7:13))

In order to treat the general case, we rewrite the equations in Lemma 1 by making replacements x
—kandy > n-1:

= Y (=DXn =1+ kykn = L = Ky (n - 3). (4.1)
(=0
In particular, o, /(n — %) can be expressed explicitly as
21 & (2n-1\[20-2n+1 Lezm
me(n—3) = —————— —i—3 , 4.2

which is valid for n > m, avoiding zero factors in the denominator.

4.1. Moments of even powers

By means of linear relation (4.1), we reformulate the double sum

Canln) = Z( | 2 Jer
=Z(—1)k—1[n2_”k y

Z(—lﬂn — L+ Rn = % = Ko (n = 3)
< - [ 2n—=2¢
- ZO< D@ = Do -5 Y -0 7

k=1

Electronic Research Archive Volume 34, Issue 9, 6542-6557.
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The rightmost sum with respect to k can be evaluated as

Z< L 1[,1 Pt

=1
m-20-1 Z( b* 1{[ ?f—_kl] i [nzigffk_—ll]}

2n — 25——{[271 2€—1]_(_1)n[2n—2€—1]}

2n—2€—1 n—¢-1 -1
_1{[2}1 ] -1y 4n - 26 + 1[2n—2€]}
2l n-¢ 2n-20-11-¢-11)
By substitution, we deduce the following expression
1 < 2n—-2¢ 4n-20+1[2n-2¢
=3 Sjerron |- s
Cann) 2;; I R O et I | AV (R

Furthermore, we have the following unexpected identity

Y,
Z( 1){(2n - ->25[ " ]am,g(n ~1)=0 for mneN.

In fact, we can rewrite the sum A(m, n) on the left according to Lemma 1

Admm) = 3 1) - "~ X oatn - 1
S (3)an T*
€Z=(; (3 [Tl ~T(n— -2}
For the sequence A, defined below
()2 T*

/lg!

G2 Ml =T — =
we can compute the sum of two consecutive terms
(%)Zn Tf
G2 Mol =T =y = 32

A+ Agy1 =

Thus, we can further evaluate for m,n € N
_ m (%)Zn -z Ry
A(m,n) = [T ]{(%)3{1 T %)2} + ;( DA, +/lc+l}}
_ m (%)Zn
- ]{@)z{l =T~ 37

- 4+ D Al

Electronic Research Archive Volume 34, Issue 9, 6542—-6557.



6552

(%)Zn T(%)Zn
= Tm -
| ]{(%)3{1 ~T(n-3% G {1-Th- %)2}}
2
S HE

Consequently, we establish the following formula.

Theorem 10 (m, n € N).

N dn—-20+1 (2n— 3
Conlm) = (=1)° Z 45—2[2n—€+1]

t+1
(=1’ Z ( )€( )£+1 [Zn] m,g(n—%).

According to (4.2), we can reduce the above formulae further for small values of m that gives rise
to the following five identities.

O-m,t’(n - %)

Example 11.
_(=D'n(n+1)
=3
(-D)"n(n+1) 3 ’
= 2 —n? —5n+ 1),
G = S —yan =5y 2~ ol
(=D"n(n + 1) 6 5 4 3 2
= 4n® —8n® =2 3 4401 - 31
Ce(n) 22n =3 - 5)(2n—7){ n’ —8n 5n" +30n° + 40n° — 31n + 5},
Co(n) = (=D)'n(n+1) 8n’ —36n® — 62n’ +301n° + 2311°
S 3 2n = 3)(2n = 5)(2n = T)2n - 9) | -847n* — 1751 + 8551 — 443n + 63 |
-1)Y'n(n+1
Cro(n) = (=1)"n( )

22n-3)2n-52n-72n-92n - 11)
16n'2 — 128n'" — 8n'% + 1680n° — 7351n® — 9348n” + 4368n°
+23466n° — 17070n* — 19460n° + 28666n* — 12077n + 1575 [

These examples indicate that for m > 1, the finite sum C,,,(n) is expressed as *

polynomial of degree 3m — 3 in n”.

4.2. Moments of odd powers

We can deal with the case of odd powers similarly:

k1+2m

Crizn(n) = Z( |

-k

] 2n e ’
= ;(_l)k 1k[n _ k] ;(_l)fo’l - % + k)[(l/l - % - k>[0-m,[(n - %)

Electronic Research Archive Volume 34, Issue 9, 6542-6557.
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Evaluating the above sum with respect to k

S| 22 S| 2

R e Rhreml

1 — _ — —
:(2 2(2n —)(22€n 2?5 2 Z( b* 1{[ - ig— kz] - [nzﬁ { Egk —22]}
Qn—=20—-5)Q2n—-20-3)([2n-20-2] [2n—20-2
- 22n - 20-2) {[n—t’—l ]_[n—f—Z]
vt K sy
e S

we obtain the following explicit formula.

Theorem 12 (n > m + 1 with m,n € N).

Croant) =g D=0 Cn= b = | |
=0

L+ 2n)(1+20)[2n—2¢
D [ ¢ ]}U””"’(n_%)

DR MEE: S Ea )
(1+ 2n)(1 +20)[2n—¢
-1 [ 4

By substituting (4.2) into the above sums and then simplifying the resulting expressions, we find
the following five summation formulae.

+( )n+f

] }O—m’[(n - %).

Example 13.

Ci(n) = (=1)"

2n+1) [2n12n-1)

8 —1) +[ ]S(n— %

2n+ D@n’ —6n+1) [2n] @2n—1)?
2= 1n-2) NM-Dn-2)

S N
\Y \Y%
[\) —

Cs(n) = (=1)"

_ 1 2n+1)(8n°—8n° —40n* +20n> +40n%-22n+3)
n>3| Csn)= (-1 64—1)(n-2)(n=3)

2] n1P@n-3)
n |64 0=Dn-2)n=3)’

n>4| Cin)= (—1)" (2n+1)(32n° 9618 —272n" +616n°+840n° —1288n* —532n3 +1068n2—422n+51)
256(n—1)(n-2)(n-3)(n—4)

Electronic Research Archive Volume 34, Issue 9, 6542-6557.
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B [211] (2n — 1)*(68n* — 116n + 51)
256(n— 1)(n —2)(n —3)(n—4)’

n

yopy 32012 = 192011 = 224710 + 2208° + 864n° — 9744n” — 840n°
e ){ +187921 — 7224n* — 125321 + 12576n% — 4178n + 465 }
Co(n) = (=1) 256(n—1)(n—2)(n=3)(n—4)(n—5)
N [2n](2n — 1)%(496n° — 1416n° + 1388n — 465)

256(n— 1D(n—2)(n—-3)n—-4(n->5)

n

These identities show that for m > 1, the finite sum C,,,_;(n) is expressed as “[ times a

(2n + DPs,3(n),,
(n—1),

2n](2n - 1)
<I’l - 1>m

, where P,,(n) 1s a polynomial of degree m.

n
polynomial of degree m — 2 in n”, plus *

n

5. Positive sums | D,,(n) := Z [
k=1

2n
km
n-— k]

First for m = 1, by writing
n+k—% n—k
2 2
we can calculate the corresponding sum as follows:
1 2n 1 I’l+k—% 2n I’l—k—%
Dl(n):;k[n—k]:;{ 2 [n—k]_ 2
1y ([2n -1 2n—1
( _Z);{[n—k]_[n—k—l]}
I\([2n -1 2n—1
(n_é_l){[n—l]_[ -1 ]}
2n-1
T

|

1 [2}1
=— 4+
n

Then we turn to examine, in general, the corresponding sums to the case for odd powers:

_ C 2” 1+2m _ C 2” 2m
Draat = 5[ e = 0k,
k=1 k=1
4 2
DI
— n—k

D D=L+ n = = ) = 1)
=0

S |l

2n—2€]

= n—-¢—k

(D@m= o -H Y
k=1

The sum with respect to k can be evaluated as follows:

Electronic Research Archive Volume 34, Issue 9, 6542—-6557.
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ank 2n—2€]zz”: 2n—2€]{n—€+k—§_n—€—k—%}
— n—{—k — n—+{—k 2 2
_4n—4£—1z”1{[2n—2£—1]_[2n—2{3—1]}

4 sln-t-k !l ln-t-k-1

:w{[Zn—%—l]_[Zn—%—l]}

4 n—-¢-1 -1
_n—f—%[zn—2€]+€+%[2n—2€]
- 2 n—+¢ 2 -t I

By substitution, we obtain the following summation formula.

Theorem 14 (m,n € N).

I —20—1[2n—-201 1+2€[2n— €7 1
4(=1) [n—f] 1 [ ¢ ]}U’"’f(”_?)'

Taking into account (4.2), we can further show, from this theorem, the five identities below.

Dian = o - b
=0

Example 15.
2n12n—-1 1
Di(n) = -
1(n) P +4,
2n12n—-1)?% 1
Ds(n) = n|@n= 17 +—(2n* +4n - 1),
| n | 8 8
2n1(2n — 1) 1
Dy = [P 1= oy s Lt v a4 32— snw 1),
[ n | 4 4
2n1(2n — 1)
Dy = | | E = (10,2 — 28 4 17)
[ n | 16
1
+1—6(4n6+24n5+42n4—28n3 —108n* + 96n — 17),
2n1(2n — 1)
Do(n) = [ ”]%(12113 _ 487 + 661 — 31)
n

1
+ Z(ng +8n' +22n° +2n° — 98n* — 52n° + 2831 — 190n + 31).

2
These formulae suggest that for m > 1, the finite sum D,,,_;(n) is expressed as “[ n] times a
n

polynomial of degree m in n”, plus “a polynomial of degree 2m — 2 in n”.
6. Concluding comments and problems

Summing up, we have succeeded in showing explicit summation formulae for four classes of
binomial moments. However, for the sums D,,(n) corresponding to the cases of even powers, the

2
authors fail to determine related explicit formulae in terms of [ n]’ like those in Theorem 14 and

n
Example 15. Any attempt to resolve this problem is enthusiastically encouraged.
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