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Abstract: We study a class of one-dimensional thermoelastic models combining second-gradient
effects, both in the mechanical displacement and the thermal component, as dissipation mechanisms.
While second-gradient elasticity is always assumed in the mechanical part, three alternative thermal
models are considered, involving different combinations of thermal displacement and temperature
gradients. For each system, we establish existence and uniqueness of solutions using semigroup theory
and analyze their long-time behavior. We show that exponential stability generally fails in most of the
cases and that all solutions exhibit polynomial decay toward equilibrium, with rate of order r~!/2. The
decay analysis relies on resolvent-based semigroup techniques and, in a degenerate case, on energy
methods. In addition, numerical approximations are investigated for two of the models. A priori error
estimates for a fully discrete scheme are derived, and numerical experiments are presented to illustrate
the accuracy of the method and to confirm the theoretical decay rates.

Keywords: second gradient; existence and uniqueness; polynomial energy decay; finite elements;
error estimates

1. Introduction and main results

Classical elasticity theory is based on the dependence of the stress tensor solely on the deformation
gradient. However, this hypothesis does not account for certain aspects such as dependence on the
microstructure, long-range deformation effects, or interactions in the case of mixtures. For this reason,
since the beginning of the twentieth century, several theories have been introduced to overcome these
limitations. In particular, the Cosserat brothers proposed (in [1]) the theory of micropolar materials,
in which material points are allowed to undergo independent rotations, introducing three additional
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independent variables to describe the material behavior. Eringen extended (and further developed)
these ideas by considering micromorphic materials (see [2]). Also, Iesan studied these materials in
depth (see [3,4]). In [5], Cowin and Nunziato defined materials with voids, whose governing equations
coincide with those of the microstretch theory. Finally, it is worth recalling second-gradient materials,
which aim to model long-range deformation effects (see [6,7]).

On the other hand, when describing the dynamic theory of heat conduction, it is common to work
with Fourier’s law, which relates the heat flux to the temperature gradient. This approach is also subject
to several criticisms. Without attempting to be exhaustive, one may recall that this theory is compatible
with the instantaneous propagation of thermal waves (which is incompatible with the principle of
causality; see [8]), it does not adequately describe heat conduction at low temperatures (see [9, 10]),
and nor does it properly account for long-range temperature effects (see [11,12]). In order to overcome
these limitations, several alternative models have been proposed. The earliest one is due to Cattaneo
(see [13]), who described heat dynamics by means of a dissipative hyperbolic second order in time
equation. Significant attention has also been given to the theory of Green and Naghdi (see [14—17]),
which comprises three models: type I, which coincides with Fourier’s theory; type II, also known
as the thermoelasticity without energy dissipation theory, which leads to a conservative hyperbolic
equation through the introduction of the thermal displacement variable; and type III, which includes the
previous two as limiting cases but once again leads to instantaneous propagation of thermal waves. This
limitation can be overcome in a manner similar to the Cattaneo—Maxwell approach, yielding the well-
known Moore—-Gibson—-Thompson equation. Finally, it is worth highlighting that Iesan (see [18, 19])
developed a series of contributions to heat conduction theory that incorporate the second gradient of
temperature, thereby allowing the description of long-range temperature effects.

In this work, we consider systems with a conservative mechanical part and dissipative heat
contribution through second-gradient terms. We would like to emphasize that, on one hand, the
introduction of second-gradient terms in the temperature equation represents an important innovation
in the usual thermoelasticity theories. These higher-order derivatives take into account the effect of
the temperature at large distances (see [3]). On the other hand, the equations introduced by lesan
should be rigurously studied from a mathematical point of view. This is the objective of the present
work. Also, as we will explain below, some of the problems considered in the present work have been
recently considered in a couple of papers by some of the present authors (see [20] and [21]), but not
completely studied. A new particular system (interesting from a mathematical and mechanical point
of view) is also studied. So, in some sense, the present work closes several open issues from
prior problems.

In this work, we aim to consider theories that incorporate both aspects. Namely, we focus on
second-gradient theories for both the mechanical and the thermal components. More precisely, we
always consider second-gradient displacement in the mechanical part, whereas for the thermal part, we
distinguish three different problems. In all of them, we denote by u(x, ¢) the (mechanical) displacement,
while a(x, ) and 6(x, 1) = a@(x, t) represent the thermal displacement and temperature, respectively. The
three problems we consider in the present work are the following ones.

In Problem 1 (see Section 2), we consider the most general case, which incorporates second-gradient
effects for both the thermal displacement and the temperature:

pbl = MUy — ﬂ*uxxxx + daxxx + ba’xa

(1.1)

COH = KUy + K'Uyy — K — K Q iy — dityry + Dty
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In this system, u is the displacement, @ = 8 is the thermal displacement, and 6 is the temperature. The
parameters are the following: p stands for the mass density, u represents the elasticity coefficient, u* is
the second-order elasticity coefficient, « is the rate of thermal conductivity, «* is the thermal
conductivity, c¢ is the thermal capacity, K and K* are the second-order coeflicients for the heat
conduction, and d, 8 are the coupling terms constants.

As we will see, the same system was recently considered in [21] by some of the authors with a
different physical meaning, although mathematically is the same problem upon exchanging u and «.
We include this problem in the present work because [21] studied its well-posedness and decay, but it
was not treated from a numerical point of view: This will be done in Sections 4 and 5 below.

Problem 2 can be seen as a particular case of the previous one, with d = k = K = 0 (see system (2.3)
in Section 2.1). This second problem considers a second gradient for the temperature, while retaining
the usual formulation for the thermal displacement. This system does not depend (explicitly) on the
thermal displacement and, hence, can be written only in terms of u and 6.

Finally, we consider Problem 3 (see system (3.1) in Section 3), the case in which only second-
gradient effects for the temperature are taken into account, with no (direct) dependence on the thermal
displacement. This can be obtained from Problem 1 with K = 0 but, as we will see, different techniques
will have to be considered in its theoretical analysis. The boundary and initial conditions for each of
the problems will be given in the corresponding sections. We mention that Problem 3, although with
different boundary conditions, is studied in [20]. There, the existence and uniqueness of the solution
(using semigroup techniques), the lack of exponential decay (but not the polynomial decay), and the
numerical analysis of the problem can be seen.

In all the cases, the constitutive parameters are the following ones: p is the mass density, c is
the thermal capacity, u is the elastic coefficient, u* is an elasticity coefficient corresponding to strain
gradient-type theories, « is a parameter from the Green and Naghdi theories (usually called rate thermal
conductivity), «* represents the thermal conductivity, K and K* are two parameters appearing in the
Iesan theory, and b and d are the thermal coupling coefficients. The particular conditions that these
coefficients must fulfill in each problem will be given in Sections 2, 2.1, and 3 below.

The aim of the present work is to understand the dynamics arising from these different
combinations. To this end, we study both analytical and numerical aspects of the corresponding
problems. In particular, we focus on the one-dimensional setting and prove the existence, uniqueness,
and temporal decay toward the equilibrium state in all three cases. We show that exponential decay
cannot, in general, be expected and that only polynomial decay holds. In particular, we will see that,
in the three problems, the solutions tend to zero as 1/ V.

From a mathematical point of view, we first employ semigroup theory to establish the existence and
uniqueness of solutions. Moreover, we use the semigroup arguments of Borichev and Tomilov ( [22])
to study the decay of solutions in the first and second problems. However, in the third problem, this
approach is not applicable, since zero belongs to the spectrum of the operator generating the semigroup
(see Section 3.2). Consequently, we use energy-based arguments. This is done in Sections 2, 2.1, and 3
for Problems 1, 2, and 3, respectively, with the corresponding boundary conditions in each case, as we
will see.

Regarding the numerical part, in Section 4, we provide an a priori error analysis for a fully discrete
approximation for both Problems 1 and 2, although with slightly different boundary conditions (see
Remark 13). The discrete stability is shown, and the linear convergence is concluded for a suitable
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additional regularity of the continuous solution. Finally, in Section 5, we present the numerical scheme
for solving the fully discrete problem corresponding to Problem 1 (for the sake of generality, we have
restricted only to this more general problem), together with two numerical examples, to demonstrate
the accuracy of the approximations and of the energy decay.

We recall that the first contribution on the decay of second-gradient materials was obtained in [23].
There, the authors showed that exponential decay can be achieved when the heat conduction is of
parabolic type. This means that introducing a second-gradient effect in the thermal component as a new
dissipation mechanism may lead to a slower decay of the solutions. This overdamping phenomenon is
somewhat surprising, since the introduction of second-gradient effects in heat conduction suggests, a
priori, a stronger dissipation. Also, similar studies to other thermoelastic problems can be found, for
instance, in the recent papers [20] and [24], among others. Some of the results and techniques of these
papers will be also used in the present one.

2. Second gradient for thermal displacement and temperature

We start with Problem 1, that is, system (1.1), where the type III heat conduction and conservative
displacement are introduced. We consider it defined for x € [0,7] and with the following
boundary conditions:

Uy = Uy =@ =Q,, =0 when x=0,7 2.1

and the following initial conditions:
u(x,0) = u(x), v(x,0)=1"(x), ax0)=a’x), 6x0) =6"x). (2.2)

We assume p, c, i, u*, k", K > 0, u*k > d?, and b> + d*> # 0. These assumptions are consistent with
the usual hypotheses, which arise from routine experimental studies on thermoelasticity. This problem
represents the more general situation, as second-gradient terms (dissipative mechanisms) appear both
in the mechanical and thermal part, and both in the the thermal displacement « and the temperature 6.
Its complete derivation can be found in [25], where a more general three-dimensional problem (with
more dissipative mechanisms) is derived (see also [3]).

As mentioned above, the same system has recently been studied in [21] by one of the authors. More
precisely, the system considered in [21] is physically different but mathematically identical, since it
coincides with the present one upon exchanging u and « (see Section 6 of [21]). Consequently, the
same results can be obtained. We summarize them here for the sake of completeness of the paper.

e Problems (1.1)—(2.2) are a well-posed problem: The corresponding operator generates a
Cy-semigroup of contractions in a convenient space H,, and therefore there exists a unique
solution for it (see Theorem 3.2 of [21]). More concretely, we consider the following
Hilbert space:

H, = H2(0,m) x L0, m) x (H*(0,m) N Hy(0, 1)) x L*(0, )

and the inner product associated to the norm
T
2 2 2 * 2 2 2 2
e, v, . O)]} = f (PP + ptlu? + 7l = 2 + cl6P + Kl + Kler ) dx,
0
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which is equivalent to the natural inner product of H;. We recall that H?, Hé, L? are the usual
Sobolev spaces and

L2(0,7) = { fel*0,n); f " f(x)dx = 0}, H?(0,7) = H*(0,7) N L*(0, 7).
0

e When K* > 0, the solutions cannot exponentially decay, but polynomially. Moreover, if d # 0,
the solutions decay as ¢!, and this decay cannot be faster. If d = 0 and b # 0, the solutions decay
at least as t~1/2.

As we said, the numerical analysis of this problem is not included in the previous work [21] and
will be done in Sections 4 and 5 below.
2.1. A particular case: Second gradient for the temperature only

In this subsection, we consider Problem 2, which represents a limit situation of the problem
discussed previously. It is given by the following system:

Pl = iy, — ﬂ*uxxxx + b0,

el = K0y — K* Oy + bil,y, 2-3)
defined for x € [0, xr], with the following boundary conditions:
Uy = Uy =0=0,=0 when x=0,7 2.4)
and the following initial conditions:
u(x,0) = u®(x), (x,0) =1°(x), 6(x,0) = 6°(x). (2.5)

We assume p, ¢, u, u*, «* > 0, and b # 0. Recall that 6 = a.

Indeed, this system represents a second-gradient problem for the temperature and is the same as
system (1.1)—(2.2) but with d = k = K = 0. This makes that the thermal part of the system does not
depend (explicitly) on the temperature displacement a but only on the temperature 6.

2.1.1. Functional setting

As we consider this problem as a particular situation of (1.1)—(2.2), we will see that some of the
results given in Section 2 also apply. However, a particular functional setting is required.
We consider the following Hilbert space:

H, = H*(0, ) x L*(0, 7) x L*(0, )

and the inner product associated with the norm

I, v, O)I = f (P + el + 'l + 1) dix. (2.6)
0

Observe that (2.6) is equivalent to the natural inner product of H,. Problems (2.3)—(2.5) can be written
in an abstract form as the following Cauchy problem:
du

= = AU, U©) = u®,1°, %7,
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where U = (u,v,6)" and A, is the following operator:

u 1%
A v|= p_l(/luxx - ,u*uxxxx + bex) .
0 Cil(K*Hxx - K*Qxxxx + bvx)

The domain D(A,) of A, is defined as those (u, v, 0) € H, such that
v € HX(0, ),
/l*uxxxx - ng € LZ(O’ ﬂ.)a
K*Hxx - K*exxxx € LZ(O’ ﬂ)’

Uy = Uy =0 Inx =0, x = 7.

Proposition 1. The operator ‘A, generates a strongly linear continuous semigroup of contractions
S,(t) on the Hilbert space H..

Proof. We follow the same ideas as in [21] or as in the analogous result of [20]. We first observe that
D(A,) is a dense subset of H, and that A, is a dissipative operator because

R (AU, U, = f (—1"16:* = K*16,,) dx < 0. (2.7)
0

This can be seen integrating by parts and using (2.3) and (2.4). Observe that the dissipativeness of
this problem is due to the thermal part only, as the mechanical part is conservative (see first equation
of (2.3)).

As A, is a closed operator, proving that 0 € p(A,) is equivalent to proving that

Range(A,) = H,. (2.8)
So, we want to see that, for a given F = (fi, f>, f3) € H,, we can find U = (u, v, 0) € D(A,) such that
AU = F.
By density, we assume that

fi= Z fincos(nx), fo= Z foncos(nx), f3= Z S3n sin(nx),

n>1 n>1 n>1

and, as F € H,, it is fulfilled that
Dontiful <o, Y il <oo, DIl < oo, (2.9)

n>1 n>1 n>1

We assume

u= Z u,cos(nx), v= Z v,cos(nx), 6= Z 6, sin(nx).

n>1 n>1 n>1
Writing (2.8) with the previous functions forms, we arrive at the following system:

Vp = fln’
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:unzun - #*n4un + bnb, = pfon,
K*n’6, — K*n*6, + bnv, = cfs,.

Substituting the first and third equations into the other ones, we arrive at a system of equations for
u,, 6,. Solving it, we obtain

Ofom —bnb, ~=bn fi, +dfs,
un =07, n - .
l’lz(/.l _ ,Ll*l’lz) nZ(K* _ K*nZ)

For most values of the parameters, these quantities are well defined. In order to see that U € D(A,),
we observe that

Su B fo S f

— 6, .
n®  nt A’ n  nt

Uy

Hence, and also using (2.9), we can conclude U € D(A,). So, A, is a maximal monotone operator
and generates a Cp-semigroup of contractions in H.

As a consequence of the previous proposition, we have the following result:

Theorem 2. For any U, € D(A,), there exists a unique solution U(t) = S,(1)Uy of (2.3)—(2.5)
satisfying that U(t) € C°([0, 00), D(A,)) N C ([0, 00)), H,) (strong solution). Also, for any Uy € H,,
there also exists a unique U(t) € C°([0,00)),H,), which satisfies (2.3)-(2.5) in a weak sense
(mild solution).

2.1.2. Time decay of the solutions

In this subsection, we prove the polynomial decay of solutions to problems (2.3)—(2.5). More
concretely, we show that exponential decay is impossible and that a decay of order #~'/?> can be
achieved, although the best we can expect is a polynomial decay of order t~!. This is the same result
obtained in [21] for problems (1.1) and (2.2). Although the proof is similar, but withd = x = K = 0,
we include it here to keep the present work self-contained. As in [21] (see also [20]), we employ
semigroup techniques (see [22]). As we will see, this is a different method than the one used in
Section 3.2 for Problem 3.

Theorem 3. The semigroup corresponding to problems (2.3)—(2.5) is polynomially stable of order 1/2.
That is, for every U(0) € D(A,), there exists a constant C > 0 (independent of the initial data)
such that

IS2(0Ull2 < ClIAUO) 1772,

Proof. From [22], we have to prove that
iR C o(A) (2.10)

and

1imyye0d 2| AT — A)” < oo, (2.11)

.

We provide a unified argument that proves conditions (2.10) and (2.11) simultaneously. We will use
a contradiction argument. So, we assume the existence of a sequence 4, — A%, where we consider
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either A* < oo (for (2.10)) or 4* = co (for (2.11)), and a unit norm sequence U" = (u",V",6") € D(A,)

such that
22 (i2,1d = A) U" — 0in H,. (2.12)
That is,
2 (id,u" — V") — 0 in H*(0, 1), (2.13)
22 (ipA,V" = (uu — p'u” .+ b6")) — 0in L*(0, 7), (2.14)
2 (icd,0" — (k6" — K*6" .+ bV")) — 0in L*(0, 7). (2.15)

Multiplying (2.12) by U", taking its real part, and using dissipation inequality (2.7), we obtain

R (22 (id,1d = A U") = 23 (G212, + K1) -

Now, applying Holder’s inequality to the left-hand side, using that U” is a unit sequence and also the

limit given in (2.12), we derive

2 (k17 + K1) — 0.
Hence, also using the Poincaré inequality, we can say

0", 1,0", 2,6". — 0in L*(0, 7).
Both for 4, - A" < o or 4, — o0, (2.16) implies that

@' — 0in H*(0, 7).

Using (2.13) and (2.16) in (2.15), we can say

K*0" ... — bidu" — 0in L*(0, ).
Taking the inner product of (2.18) with u’, we arrive at

K" ., u"y — bid,|lu"||* — 0in L*(0, ).

Using the first equation of (2.3) and (2.13), we have

(ot = =) N, —idapV" + gt + b,

By Holder’s inequality and (2.16),

@, id,pv"y = —(4,0%, ipv") — 0,
@, uy) — 0,

@, 67y — 0.

Hence,
CA

n
XXX° u}(> - 0'

Electronic Research Archive
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So, by (2.19), we arrive at
bid,|lu"||> = 0in L*(0, x).

Therefore, both for A4, —» A" < oo or A,, — oo, we have
u' — 0in L*(0, 7) (2.20)

and also v} — 0O1in L*(0, ) (using (2.13) too). By Poincaré-type inequalities, ", v* — 0 in L*(0, )
too. Multiplying now (2.14) by «" and using (2.13), integration by parts, (2.20), and (2.17), we can say
that " — 0 in L*(0, ). Hence,

u" — 0in H2(0,7) and v" — 0in H'(0, 7). 2.21)

To conclude, observe that (2.17) and (2.21) imply that U" — 0 in H,, with ||[U"||, = 1, which is clearly
a contradiction. As the same argument can be applied either when 4, — A* < oo or 4,, — oo, we have
proved (2.10) and (2.11), respectively.

Proposition 4. The semigroup corresponding to problems (2.3)—(2.5) is not exponentially stable.
Moreover, the decay of the corresponding solution cannot be faster than t".

Remark 5. The fact that the semigroup is not exponentially stable, that is, the norm of the semigroup
cannot decay exponentially, is expected in second-gradient thermal law problems (see [24] or [21],
for instance). Therefore, a polynomial decay result like the one of Theorem 3 is the best we can expect.
Observe that, although the previous result says that the decay cannot be faster than t™", in Theorem 3,
we have only been able to prove that solutions of (2.3)—(2.5) decay at least as t/2.

Proof. We recall that an operator A generates an exponentially stable semigroup if it generates a Cy-
semigroup of contractions, iR C p(A), and

limyyo||GAT = A7 ) < oo

Recall that A, fulfills the first two conditions (see Proposition 1 and formula (2.10)). And, as we want
to see that the decay cannot be faster than !, and following [22] as in (2.11), we are indeed going to
see that there exist sequences A4, — oo and F"' = (f{', f;, f3) € H, with ||[F"||; = 1 such that

A0 ((d,1d — Ay) " F”

, = 00 (2.22)

for @ < 1. This simultaneously proves the impossibility of the generation of an exponentially stable
semigroup and of having a decay faster than ¢~!.
We choose

F" = (0, cos(nx),0) € H,, (2.23a)
U" =" v", 0" = (A, cos(nx), id,A, cos(nx), B, sin(nx)) € D(A,) (2.23b)

with A,,, B, such that (id,,Id — A,)U" = F", that is

A8 (@du" = V") = f], (2.24)
A (ip V" = (il = 'l + b)) = pf (2.25)
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A, (icA,0" — (K0, — K0, + DVY)) = cfy. (2.26)

XXXX

The expressions (2.23) of U", F" satisfy (2.24). Inspired in the uncoupled mechanical equation (2.3),
we take A, such that
pA2 = u'n* + un? (2.27)

and substitute the expressions (2.23) of U", F" into (2.25) and (2.26), obtaining
P (ic/ln + K'n? + K*n4) A

P
, A
ib%n2a,

— A

An: Bn:

As A, ~ n? (see (2.27)), we have A, = O(n 2% and B, = O(m~>*""). Therefore, |u"| = O(n~>%),
V' = Om*1=9), and |6"| = O(n~2*""). Observe that if @ < 1, || = oo as n — oco. This means that we
have found particular sequences such that (2.22) is fulfilled when @ < 1. Hence, A, does not generate
an exponentially stable semigroup nor cannot decay faster than 7.

3. Second gradient for temperature with local thermal displacement

Finally, we consider Problem 3, given by the following system of equations, which comes from
system (1.1)—(2.1) with K = 0O:

PU = MHUyx — /l*uxxxx + da’xxx + ba’x’

CO = KQyy + K Qyy — K Oy — dilyry + bil, G-
defined for x € [0, ] with the following boundary conditions:
Uy = Uy =@ =a,, =0 when x=0,7 (3.2)
and the following initial conditions:
u(x,0) = u’(x), v(x,00=1"(x), ax,0) =a(x), 6x,0) =6"). (3.3)

We assume p, ¢, d, u, u*, k", K* > 0, u"x > d?, and b > 0 (otherwise, change the sign of its coeflicient
in the functionals below (see Remark 11)). These hypotheses are consistent with the thermoelasticity
empirical usual experiments. In this problem, the second-gradient terms appear in the mechanical part
and in the temperature term only. While the system also depends on the thermal displacement, there is
no second-gradient in a.

We recall that the same system under different boundary conditions has been recently studied
in [20]. There, the well-posedness of the problem (using semigroup techniques) and its strong
stability (that is, the solutions decay to zero) are shown. But the order of the decay was not studied. In
this section, we are going to study these things for the present system.

3.1. Functional setting

Following the same ideas as in the second problem of [20] and of the previous problems of the
present work, we consider the following Hilbert space:

H; = H*(0, ) X L*(0, ) x Hy(0, ) x L*(0, )

Electronic Research Archive Volume 34, Issue 9, 6483-6512.



6493

and the inner product associated with the norm
T
I, v, @, O)II5 = f (o + it + e = 2duear, + clOF + Kla ) dx. (3.4)
0

Observe that the inner product associated to the norm (3.4) is equivalent to the natural inner product of
‘H;, although it is slightly different than the energy defined in [20] for their second problem.
Problems (3.1)—(3.3) can be written in an abstract form as the following Cauchy problem:
dU

= =T, U©) = v, a°,6°7,

where U = (u,v, @, )" and As is the following operator:

u v

v p_l(/"uxx - ﬂ*uxxxx + ng + da’xxx)
ﬂ3 =

a 0

0 N kayy + K0y — K*Oix + by — dityry)
The domain D(As) of Ajs is defined as those (u, v, a, 0) € H; such that

v e HX(0,n),

6 € Hy(0, ),

[ Uy — Ay € LP(0, ),

Ky + KOy = K Oxxx — dityex € L2(0, 70),

Uy = Uy =0 inx =0, x=m.

Proposition 6. The operator Aj generates a strongly linear continuous semigroup of contractions
S3(t) on the Hilbert space Hs.

As we said, the same result for system (3.1) but with different boundary conditions has been
recently proven in [20]. We have included here the proof for the same system but with boundary
conditions (3.2).

Proof. First, observe that D(Aj3) is a dense subset of 3. Second, we can see that
R (AU, U, = f (—«716. = K*16.%) dx < 0. (3.5)
0

Finally, following the same idea as in [20], we can prove that
Range(Id — Aj3) = H;. (3.6)
That is, for a given F = (fi, f>, f3, f4) € H3, we have to find U = (u, v, a, ) € D(Aj3) such that
U-AU =F.
By density, we can assume that

fi= D fncos(nx), fr= ) fucosnn), fi= Y fusin(a), fi = ) funsin(n),

n>1 n>1 n>1 n>1

Electronic Research Archive Volume 34, Issue 9, 6483-6512.



6494

with

4 2 2 2 2 2
D nllful <00, Y 1fal <00, DT ntlfult <00, Y Iful < o0

n>1 n>1 n>1 n>1

(so, F € H3). We want to find

U= Z u, cos(nx), v = Z v, cos(nx), a = Z a, sin(nx), 0 = Z 6, sin(nx),

n>1 n>1 n>1 n>1
with
4 2 2 2 2 2
D onti <00, Y Il < oo, 3 ntlayl < o0, 16, < oo,
n>1 n>1 nx1 nx1

Proceeding in the same way as in Section 3.1 of [20], we arrive at the same solution for the
coeflicients u,, v,, @,, 0, as in there, and we can see that, then, U € D(A;). Hence, we obtain the
desired equality (3.6).

Formulas (3.5) and (3.6) mean that A3 is a maximal monotone operator. Hence, by the well-known
Lumer—Phillips (see Theorem 4.3 of [26], for instance), we can conclude that the operator generates a
Cy-semigroup of contractions in Hs;.

As a consequence of the previous proposition, we have the following result:

Theorem 7. For any Uy € D(A3), there exists a unique solution U(t) = S;3(1)Uy of (3.1)—(3.3)
satisfying that U(t) € C°([0, o), D(A;3)) N C'([0, ), H3) (strong solution). Also, for any Uy € Hs,
there also exists a unique U(t) € C°([0, o)), H3), which satisfies (3.1)~(3.3) in a weak sense (mild
solution).

3.2. Time decay of the solutions

In this subsection, we will prove the polynomial decay of the solutions of problems (3.1)—(3.3). For
that purpose, we will use the energy method. We are not using semigroup techniques as in Section 2
because the fact that some elements in the spectrum of Aj; tend to 0 makes impossible to fulfill the
condition iR C p(Aj3), which is needed in this approach (see [24]). In particular, this fact implies that
the time decay cannot be of exponential type.

Consider the functional

E(t) = E\(1) + Ex(1),

where E (), E,(t) are defined as
1 T
El(t) = 5 f (plulz + Mluxlz + ,U*|uxx|2 - 2duxxa')c + C|d|2 + Kla'x|2) dx’ (37)
1 0”
EZ(I) = 5 f (P|ux|2 + /Jluxxl2 + ,U*|uxxx|2 - 2duxxxa'xx + Cldf’)cl2 + Kla'xxlz) dx-
0

Remark 8. Observe that E,(t) is the norm defined above in (3.4).

The following result establishes the polynomial decay of the solutions of problems (3.1)—(3.3).
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Theorem 9. Let (u,a) be the solution of (3.1), with boundary conditions (3.2) and initial

conditions (3.3).  Assume these initial conditions (u°,V°,a,6°) are regular enough, that is,
@®,°, a°, 6°) € D(A3) and
u’ € H*(0,7), o° € H*(0, 7).

Then, there exists a constant C > 0, independent of the initial data, such that the energy E(t)
defined in (3.7) satisfies the following polynomial decay estimate:

012 012 02 012 -1
E@t) < C (17 + V113, + el + 116°17, ) ¢

Remark 10. As E(t) is equivalent to |\U||3, the previous result proves the polynomial decay of the
solutions of problems (3.1)—(3.3) at a rate 1/ /1.

To prove the previous result, we need to consider the following auxiliary functionals and Proposition

12 below:

1 T
Fi(t) = 3 f (K*lozml2 + Ky + 2caa — 2buxa) dx,
0

(1) = cf d(fx u(f)df) dx + f (Kozxu + éluxlz + c—dlaxlz) dx,
0 0 0 2 2p

F3(1) :pf uitdx.
0

Remark 11. If b < 0, we will consider —F,(t) instead of F,(t).

Proposition 12. There exist large enough constants M, m > 0 and a constant Q > 0 depending on the
parameters of the system such that

ME®) + F\(t) + F5(f) + mF»(t) < —QE,(?).

Proof. We can compute the time derivative of the previous functionals. First, using (3.1) and (3.2), we
can see that

E\(1) = f (—«"lasl = K"l ) dx,
- (3.8)

Ex(t) = f (Nl = Klarenl’) dx.
0

We recall the Cauchy inequality (also known as arithmetic-geometric inequality): ab < ea® + tbz for
any a,b > 0and € > 0.

Using the second equation of (3.1), the boundary conditions (3.2), and the Cauchy inequality at the
last term, we have

Fi(t) = f (—,<|a,c|2 +claf + du,a, — buxc'x) dx

- (3.9)

< f (—Klasl + dusar, + &1lu, + Cylaf) dx
0

for ey = b&,,C; = (c + %) > 0, with & > 0 to be chosen later.
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Using (3.1) and (3.2), integrating by parts and using the Cauchy inequality and the Poincaré
inequality as many times as necessary, we have

. d c cu* cb
Fy(r) = f (K*uaxxx — icr, — bl — Lo - Egou,+ Sl + Kd’xu) dx
0 p p P

T
< f ((=b+ K& + K &3)litl* + £l + Caldrensl’) dx,
0

=5, Mg K OLE — K K2 3 b3 K 2 \ith & | =
where &, = 84y +Es) C+8ekC,Cy = 452+4‘§3C +4p§4C toats C +4§6C ,withg, >0,i=2,...,6
to be chosen and C > 0 being the Poincaré inequality constant.

We choose &,, &3 > 0 small enough such that K*&, + k*&; < b/2 and, hence,

A “( b
Fy(1) < f (—Elb'tl2 + ealuf® + CZldxxxlz) dx (3.10)
0

for &,, C, > 0 to be chosen later (that is, & > 0, i = 4, 5, 6 to be chosen later).
Finally, using the first equation of (3.1), the boundary conditions (3.2), the Cauchy inequality, and
the Poincaré inequality, we have

F3(t) = f (P|u|2 —,U|th|2 _lu*lu)cxl2 + duxxa'x + bdxu) dx
0
< f (p|u|2 + (_/J + b(§7C)|Mx|2 - ﬂ*luxxlz + duxxa’x + C3|a'xxx|2) dx
0

for C5 = %C 2, with & > 0 to be chosen, and C > 0 represents again the Poincaré inequality constant.

= %
If we take 0 < &7 < T then

F3(t) < f (P|M|2 - glux|2 - ﬂ*luxxlz + duxxa'x + C3|a'xxx|2) dx7 (311)
0

with C; > % (that is, C3 > 0 and large enough).
From the above inequalities (3.9) and (3.11) and taking £; > 0 small enough (that is, 0 < & < ﬁ
and, hence, C; > ¢ + Z—z > (0 large, we have

Fl(t) + F3(t) < f (_K|a'x|2 + 2duxxa'x + C‘1|a/|2 +,0|u|2 - ’;_lluxlz - /—1*|uxx|2 + C3|dxxx|2) dx. (312)
0

Applying the Cauchy inequality to the crossed term in the above inequality, the Poincaré inequality at
the term in @, and using (3.12) and (3.10), we have

) . ) T d b
Fi(t) + F3(t) + mF,(t) < f (—K + 2—~) o |* + (2d8g — 1) lul* + (p - ’%) liaf* + (—'% + msz) |u, > dx
0 £3

+f (C1C3+mC2+C3)|ax|2dx.
0

We want all the coefficients in the first integral to be negative. Hence, we choose % < & < ’%,
m > % > 0 (m large enough), and &, < ;- (that is, &, > 0 small enough or, equivalently, & > 0 small
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enough for i = 4,5,6). Observe that the election of & is possible because of the condition d* < u*k
stated at the beginning of the present section when defining the problem. With all these elections,
we obtain

Ei(t) + F5(t) + mFy(1) < -Q f (1o + las + 1l + ) dx + C f |yl dx
0 0

for a certain Q;,C > 0 that depend on the coefficients of the system. More concretely, Q; = min{x —
é, —2d&s + ', —p + %, 5 —msy} > 0and C = C,C* + mC, + C;. Observe that they are fixed
constants now.

Finally, considering M > KQ > 0 (that i1s, M > 0 large enough) and using the Poincaré inequality in
the previous inequality and in (3.8) as many times as needed, we can see that

M (Er(t) + Ex(t) + Fi(0) + F3(t) + mF(t) < - f (s + ol + 1 + oo + 1a) dx,
0

where €, > 0 is a constant depending on all the parameters and constants that have appeared above.
More concretely, ©Q, = min{Q,, (MK* - C)& — (% - (K* + K*)é)} > 0. In particular,

ME(t) + F1(1) + F5(t) + mFy(t) < —QE, (1)
for a certain Q > 0.
Proof of Theorem 9. We define the functional
L(1) = ME() + F1(t) + mF,(1) + F5(2),

where M, m > 0 are given in Proposition 12 above. Following the same steps as in [24], for instance,
we arrive at

1
E\(0) < EL(O)t‘l,

where Q > 0 is given in Proposition 12. Using the regularity of the initial conditions and the Poincaré
inequality, we obtain the desired polynomial decay.

4. An a priori error analysis of the general second-gradient problem

In the first part of this section, we will provide an a priori error analysis for a fully discrete
approximation of the most general problem (namely Problem 1) determined by the system of Eq (1.1)
with initial conditions (2.2). In order to derive its weak formulation, as usual, we need to replace
boundary conditions (2.1) by the following ones:

u=u,=a=a,=0 asx=0,n. 4.1)

Remark 13. As we said, it is usual in numerical analysis to consider the previous boundary conditions,
which differ from the ones considered in the analytical part. We claim that the same analytical results
provided in Section 2 can be obtained for the new boundary conditions (4.1), but as the proof would
be more intricate (and without new added value), we have not considered them.
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The problem under consideration is studied on a finite time interval [0, 7], with final time 7" > 0.

In this section, we use the variational spaces Y = L*(0,7) and V = H(Z)(O, m), and let us denote by
|| - || the usual norm in the space Y and by (-, -) the corresponding inner product.

By multiplying the equations from the system given in (1.1) with test functions w,r € V,
performing integration by parts, and considering the boundary conditions outlined in (4.1), we derive
in (4.2)—(4.4) the variational form of the thermoelastic problem defined by the system (1.1), the initial
conditions (2.2), and the new boundary conditions (4.1), expressed in relation to the velocity v = @
and temperature 6 = d@.

The variational form consists of determining the velocity function v : [0,7] — V and the
temperature function 6 : [0,7] — V satisfying the initial conditions v(0) = v* and 6(0) = €°.
Furthermore, this should hold for almost every time ¢ in the interval (0,7) as well as for every
w,reV:

PD), Wy + puaa(£), ) + (it (0), Wax) + d{@xn(0), W)

—B{(6,(£), w) = 0, (4.2)
c(0(), ) + K (Oxx(1), rex) + K0:(0), 1) + KL{@sx (1), Fix)
+ra (1), ry) + duy(1), i) — b{vi(1), 1) = 0, (4.3)

where the displacements and the thermal displacement are obtained by using the expressions

u(t) = f v(s)ds +u’, a@t) = f 0(s)ds + a°. 4.4)
0 0

In this section, we propose a fully discrete approximation to the aforementioned variational
problem. The classical finite element method is used for the approximation of the spatial variable,
whilst the well-known implicit Euler scheme is employed for the discretization of the time
derivatives. It is clear that the utilization of higher-order finite elements or higher-order time
integration schemes would have been more advantageous; however, to ensure the comprehensibility
of the presented material, the decision was made to restrict the scope to the simplest case.

First, it is hypothesized that a uniform spatial partition of the interval [0, 7] exists, denoted as 0 =
Xo < X1 <...<xpy = Inthis hypothesis, x; = hifori = 0, ... M are the nodes, and h = x;—x¢ = n/M
is the mesh size. So, we can define the finite element space V" C V in the following form:

Vi={"eC'(0,ahNV; n € Ps(lanaim]) for i=0,....M~1).

Here, P;([a;,a;41]) 1s employed to denote the set of polynomials of degree less than or equal to 3
within the subinterval [a;, a;,]. That is, the variational space V is approximated by C! and piecewise
cubic functions.

Moreover, we approximate the initial conditions given in (2.2) as follows:

MOh — PhMO’ th — tho’ Q’Oh — Pha/O’ 90]1 — Pheo.

In the previous definitions, we have used the usual finite element interpolation over the finite element
space V", denoted by #", whose properties can be seen in [27].

In the following step, the time derivatives are discretized. It is assumed that the time interval [0, T] is
uniformly partitioned into N subintervals, where the nodes are givenby 7o =0 <t <t,--- <ty =T.
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Here, t, = nk forn = 0,1...,N and k = T/N is the time step. In order to facilitate the writing,
it is proposed that, for a continuous function Z(#), the following definition is adopted: Z, = Z(t,,)
Furthermore, for a sequence {Z*}" . the notation 6Z}"* is suggested for the divided differences: 6Z*
(ZIF — 7" )/k, and we will employ the abuse of notation to denote the following: For a continuous
function Z(t), we also define the quantity 6Z, as 6Z, = (Z, — Z,-1)/k.

Therefore, applying the implicit Euler scheme, we obtain the following fully discrete problem,
which approximates the variational problems (4.2)— (4 4) Determine the discrete Veloclty { ”"}N cVv
and the discrete temperature {#/*}" = c V" so that vi* = v, gi* = ¢°", and for every w", r"* € Vh and
forn=1,...,N,

p<5vhk h> + 'u<(qu)x, W£> + ﬂ*«uzk)xx’ Wﬁx> + d«aflk)xx’ Wi>

—b{(@™),, W) = 0, (4.5)
(SO, 17"y + K (01 ) s 7Y + KO )1, 7y + K{(@) 1, r” "
(@), 7Y + A€ , 7h) = BV Py = (4.6)

In the previous equations, we have used the notations u* and o/ for the discrete displacements and
the discrete thermal displacement, respectively, which are obtained by the relations:

kZ =k Y o+ ™ 4.7)
j=1

Given the assumptions imposed on the constitutive coefficients in Section 1 and employing by
the classical Lax—Milgram lemma, it is demonstrated that there exists a unique discrete solution to
problems (4.5)—(4.7).

The next step is to investigate the discrete stability of the solutions to the fully discrete
problems (4.5)—(4.7). The following lemma provides a concise summary of the main points regarding
this issue.

Lemma 14. Let us assume that p, u, c, k, k*, u*, K*, and K are positive and that u*« > d>. It follows
that there exists a positive constant C, independent of the discretization parameters h and k but
depending on the constitutive coefficients and the initial data, such that

HEN2 o ([ K12 k12 k2
v 17+ 1l Iy + 116,717 + leg Iy <€ for n=1,...,N,

where || - ||y represents the usual norm in the Hilbert space V.

Proof. If we use w" = v* as a test function in the discrete variational equation (4.5), we get
PAVIE V) + () (V) + (U5 (V1)) + (@) e (V) = DB V1) = 0

and so, since v* = u'* and the estimates

PV vy = D[P - I P
(™), (VI >x>_ 2k[u(uhmn CAORH}
(U ey (V) ) = ﬁ[n(uﬁk)mnz — NG el + 1 = 1) P
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hold, it follows that

e - ||v P] 2 [P = T )]

[||(u’”‘>xx|| — 1 el + 11 = 1)l
- b<<ef;k>x, VIR + d{(@l) s, (V1)) £ 0.

Moreover, taking now " = " as a test function in (4.6), we find that

(808, 00 + (k(@)).s (07)2) + KB ) 5 (07)2) + KO ) s (61) )
+ K@) (05 ) = DX 07) + A1), (6))c) = O

Again, since we have that 8% = §a/* and the estimates

(501, 01 > 2k[ne’“cn — 11625, 1P].
K@ 09 = S I@IP = @ )IP + Ny = @ )P
K
K@) 02 2 o |l = @ )l

it leads

= [l = 11 112] + i )l = 1@ )P + @ = o )P
2k
K
+ ol I@ulP - ||<a Dl = DUV, 085 + dlu)) s (025 ) < 0.
Considering that —b{(v/¥),, @) = b(V*, (6"%),), if we combine the two estimates given above, we
obtain that

LR = 5, ] + 2 [||<u’”<>x|| —||<un1x||]+d(<a’;’<>x,<vh’<)xx>
+ = [lI61P - ||0’”‘1||] el IR = 1@ )P+l = @).1P)
T [ S ||(uZ’i1>M||2 1~ ¥ )l
+ o M@l = I@E )l + (), ) < 0.

2k

Observing that

Al ) (Vi) ee) + (@) s (025).) = [((ahk)x, () ex) = (@R ), (U ))

(@ = ) (W = )|

and using the condition u*k > d?, it follows that

hk hk 2 hk hk hk
N = u® )P+ i@ — 2 )P+ 2d@ — o )., = ul*

w) 2 0.

n—1

By taking the total of the aforementioned estimates and multiplying it by k, then incorporating it
with n, it can be concluded that

hk 12 hk 2 k2 hk 2 hk 2 hk 2
PV + )l + cllOIP + @l + 1)l P + KNl
20U s (@) < C(IWHP + 1R, + 16712 + [l 1)
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In conclusion, taking into account the assumption that u*x > d?, we observe that
NP+ i@ )P + 2K s (@) > C(Il(bt',,”‘)xxll2 + II(afik)xllz)-

By using a discrete form of the Gronwall lemma (see, for instance, [28]), we can end the proof of
the lemma.

The rest of this part of the section is devoted to obtaining some a priori error estimates for
the numerical approximation of the continuous problems (4.2)—(4.4) by the fully discrete
problems (4.5)—(4.7).

To begin with, we calculate estimates of the errors related to the velocity. Hence, by taking the
difference between the variational equation (4.2) at time ¢ = #, and a test function w = w" € V* c V,
along with the discrete variational equation (4.5), it can be concluded that, for every w" € V",

P = Vi WY + (g — ul), WY = b6, — 61), W)
+ 1ty = W) s W + d{(ty — @), W) = 0
Thus, it leads
P(Vn - 6‘)2/(’ Vp — Vzk> + /J((un - uzk)x’ (Vn - VZk)x> - b((en - sz)x’ Vn — Vzk>
+ ,u*«un - I/t )xx, (Vn - Vzk)xx> + d((an - azk)xx’ (vn - vzk)x>
= (o = VI, vy = WY+ ity — 1)), (v = W)

- b((en - Hn )xs Vp — Wh) + ﬂ*<(un - uzk)xx’ (Vn - Wh)xx>
+ d((an - aﬁk)xx’ (Vn - Wh)x>, th (S Vh.

Now, by using the estimates

{8V, = OV v, = V) 2 ﬁ[nvn =V = lvaer = VP,
1ty = 1), (St — 615 > ﬂ[u(un — )P = Nty — )P,
M <(un - uhk)xxa (514,1 - 6uhk)xx> - [”(un - uhk)xx” ”(un—l - uzli])xxllz

1ty =ty = (¥~ uﬁ'il))xxllz],
146, = 015), W] < CUUIG, = OVIP + IWIP),  Yw e V

and utilizing the Cauchy—Schwarz inequality and Young’s inequality

1
ab§6a2+4—b2 witha,b,e e Rand € > 0
€

multiple times, we derive the subsequent estimates regarding the velocity:

Jo,

Sl = VP =l = vk ||]+—[||(un—uhk>x||2—||<un_1—unHn]

*

#2100 = )l = Wty = 0l 4 1t = 1011 = @ = )P
+ d<(an - a'nk)xx, (6un - 5uhk)x>
< C(”Vn - 5\/””2 + ”un 514,1”2 + ”vn - vhk”2 + ”(un - uzk)xllz + ”Vn - Wh”%/

11t = )l + 18 = OP + (6v, = OV v, = W), Ywh e V.

Electronic Research Archive Volume 34, Issue 9, 6483-6512.



6502

At this point, we gather the error estimates for the thermal component. Therefore, using a testing

function r = " € V in the variational equation (4.3) at time ¢ = #, and then subtracting it from the fully
discrete equation (4.6), we obtain, for every ' € V",

C<9n - 59;}1’](’ rh> + K*«en - sz)xxa rﬁx) + K*«Hn - Hilk)x’ I’J;> + K((an - azk)xx’ I"];x>
+ K<(a'n - Q'Zk)x’ rfé) + d((un - qu)xa r£x> - b((vn - vZk)x’ rh> =0

Therefore, we have

c<9n - 69Zk’ en - 62k> + K*«en - sz)xx’ (911 - gzk)xx> + K*«en - sz)xa (9,, - Qﬁk))&
+ K((a'n - aZk)xxa (9,, - sz)xx> + K((an - aZk)x, (en - ezk)x>
+ d((un - qu)x, (Hn - gzk)xx> - b, <(vn - Vﬁk)xa Hn - 02k>
= C<gn - 602k’ Gn - rh> + K*<(9n - sz)xxa (Gn - rh)xx> + K*<(9n - sz)x’ (911 - rh)x>
+ K((a’n - a’Zk)xx’ (Qn - rh)xx> + K<(an - aﬁk)x’ (611 - rh)x>
+ d((un - uzk)xa (Hn - rh)xx> - b<(vn - Vzk)xa en - rh>9 vrh € Vh-

Keeping in mind now the estimates

(66, — 60,611 > =6, - AP =16 L= 05 1P)
K((a/n—ozhk)x,(&yn 6a/hk)x>_ Sl = @l = s = P

+ llan — el = (@ - >>x|| 2],
b{(v, — vhk)x, ry=—-b{v, — v rx) YreV,

K
K@ = 0 )er (00, = 803)1) 2 |l = @l = atmr = )l
K*<(9n - egk)xv (Hn - szk)x> = K*”(en - sz)xnz,
K*<(9n - ggk)xx’ (Hn - sz)xx> = K*”(Hn - QZk)xx”2,

we obtain

Sie. - e —||0n =01 ]+—[||(an—a”k)x|| — (@t = @} I
+ @ = ol = (@1 - )>x||2] + d{(y = 1) e, (B, = 6015))
+ i@ = @) = a1 = ol
< (18, = 86 + lic = Serally + 16, = 6P + (@ = )l + 116 = 1,
+ 1 = &)l P + G2ty = ) o> + (56, — 0615, 6, = 1)), it e VP

Combining the above estimates involving the velocity and the temperature, we find that, for all
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wh, e Vi,

2l = VP = vy = vt ||]+—[||<un—u”k)x|| ~ Wt = P

21t = Yl P = Wtmr = )l P+ 1t = sy = G~ %))l

2k
+ d((an - ahk)x, (6un - 6uhk)xx> + d((un - qu)xx’ (5@,1 - 6aZk)x>

C K
+ o216 = P = 16,1 = 5P| + [l = @0l = liems = @)

+ Il — @ = (anr — )P | + —[||<an — &)l = @1 — @)l
< C(Ilvn = Vall® + llity = Sl + vy = VI + 11t = ul )l + N = W1
+ ||9n - 50}1”2 + ”a'n - 5&,,”%/ + ”971 - Qflzkllz + ”(a'n - ﬁk)xllz + ||9n - rh”%/
+ ”(an - Cyzk))cxllz + ”(un - uﬁk)xtz + <6vn - 6‘}2/(’ Vn — Wh> + <59n - 692k, On - rh>)-

Observing that

(@ = @), Gty = 1)) + 1ty = 1) (B, = 6

= (_1[«&” - ahk)x’ (un - uhk)xx> - <(an—l - azlil)m (un—l - leil)xx>

+ (= @ = (@1 = @ ) (1 = 1l = = 5 ),

with the premise u*k > d? still in place, we find that

/l*”(un —Up-1 — (uhk ))xx” + K”(an - CL’ (an 1= a’ ))x”

+ 2d<(a'n - (1’ - (a'n 1= n—l))x’ (un —u, (un—l - un_l))xx> > 0.

By taking the total estimates mentioned above and multiplying by k, then adding them up to n, we

obtain, for every {w ]}j o Ar ]}j L c v

k2 hey (12 hey 12 k(12
Plve = v 17+ pll(n, = w0 )l + (011 — ) ll” + cllf, — 6,1l

+ K”(a’n - a’zk)xx”2 + K”(a'n - Q'Zk)x”2 + 2d<(an - Q'Zk)xa (un - uﬁk)xx>

n

. 2 . 2 hk) 2 hk 2

< Ck Y (9 = v + ity = Suflly + llv; = VI + Gty = )
j=1

+110; = 60,11 + llarj — dajlI5, + 116 — I + ll(er; — &)l + 116, — 721,

+ [I(u; - u?")mll2 +(0v; — 5vif",vj - w?} + (60, - 69?", 6; - rﬁf)
vy = wWhIR, + [y = @ lP) + C(IV0 = v+ fld® —
1160 = 1P + (2" = a*),lP).

If we use now the estimates

n
kZ (ov; — 5\/7‘ = wh> = W, =V v, =y + 0% =10y

+Z<v1 — Wi = @ = wh)),

ik

h
wi)

(4.8)
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kD (86, 66056, — 1) = (6, — 6.6, — ! + (6" — 6.6, — 1))
j=1

n—1

+ 0= 050, = = 01 = 7)), 4.9)

=

and again a discrete version of the Gronwall lemma (see [28]), we conclude the following a priori error
estimates result.

Theorem 15. Assuming again that p, u, ¢, k, K*,u*, K*, and K are positive and that u*k > d?, and
denoting by (u, v, a, 6) the solution to the variational problems (4.2)—(4.4) and by {u"™*,v'*, o', g"*}V

n > n Jp=0

the solution to the fully discrete problems (4.5)—(4.7), it follows the a priori error estimates, for all

wikiles (rhily < V7,

hk |2 hk)2 ik |12 hk |2
max (v, = VIR 4+l = w1 + 116, = 1P + llaw — @117

N
. 2 . 2 hi2 % 2
< Ck Y (19 = vjIP + Nty = Sully, + llv; = whIE, + 118, — 66,
j=1
. 2 n2 hp2 hp2
+ llér; = oa,lly + 116; = 1I) + € max {Ilv, — whiP + 116, - 741}
0<n<N

N-1
C h h 2 h 2
2 DAy = wh = @ = Wi DIF 416, = 7 = 6 = 7, )IFY
j=1
+ C(IV° = VP + [l = | + 116° — 6% + [|a® — a®"2).

In the above estimates, C represents again a positive constant, which is assumed to be independent of
the discretization parameters h and k, but now depending on the regularity of the continuous solution
and the constitutive data.

It is important to acknowledge the fact that the aforementioned error estimates can be used to
ascertain the convergence order of the approximations, provided that a suitable regularity is exhibited
by the continuous solution. To illustrate this point, we propose the following corollary.

Corollary 16. Under the assumptions of Theorem 15, if the solution to the variational problems (4.2)—
(4.4) has the following additional regularity:

u,a € H(0,T;Y) N H*0,T; V)N C'([0,T]; H(0, ),

then we find that there exists a positive constant C, which is independent of the discretization
parameters h and k, such that

hk hk hk hk
max {Ilv, = vl 4l = wlly + 16, = G411+ llaw = @fllv} < o+ ).
Sn<

4.1. The case of second gradient for the temperature

We note that, proceeding in a similar form, we can analyze, from the numerical point of view, other
thermomechanical problems even if their structure is quite different. For instance, we can consider the
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problem defined in Section 2.1 (Problem 2) but slightly modifying the boundary conditions. That is,
we consider the system (2.3), with the new boundary conditions

u=u,=60=6,=0asx=0,mn, (4.10)

and the initial conditions (2.5). Analogous comments to the ones in Remark 13 can be applied in
this problem too. Recall that, now, the unknowns of this problem are the displacements u and the
temperature 6 (no thermal displacements are needed).

In what follows, we will use the same spaces and notations introduced previously in the analysis of
problems (4.2)—(4.4).

The resulting variational problem is then written as follows: Determine the velocity function v :
[0, T] — V and the temperature function 6 : [0, T] — V satisfying the initial conditions v(0) = * and
6(0) = 6°. Furthermore, this should hold for almost every time 7 in the interval (0, T) as well as for
every w,r € V:

PV@), W) + pa(u(D), wy) + (1), W) — D(O(0), w) = 0, (4.11)
{0(1), 1) + K™ (00, i) + K400, 72 = B{vo(0), 1) = 0, (4.12)

where the displacements are obtained by using the expression

u(t) = f v(s)ds + u’. (4.13)
0

Now, we can introduce a fully discrete scheme by using the same finite element space and
notations employed in problems (4.5)—(4.7). Therefore, applying again the implicit Euler scheme and
the classical finite element method, we arrive to the following fully discrete problem.

Determine the discrete velocity {v!*}' . c V" and the discrete temperature {#/*}¥ = c V" so that

n=0 n Jn=0
vk =0 ik = ¢°, and for every w", " € V" and forn =1,...,N,
POV WY+ ) WY + () e W) = DO W) = 0, (4.14)
(SO, 1y + K (0% ) s 7Y + k() 7y — (), My = 0. (4.15)

In the previous equations, we have used the notation u* for the discrete displacements, which are
obtained by the relation

uzk = kZ v?k +u', (4.16)
=1

Thus, we can now obtain a discrete stability property following the same steps as in the proof of
Lemma 14, which is summarized as follows.

Lemma 17. Let us assume that p, u, c, k*, u*, and K* are positive. It follows that there exists a positive
constant C, independent of the discretization parameters h and k but depending on the constitutive
coefficients and the initial data, such that

hk |2 hk) |2 hk )12
v I+l lly + 16,7117 < € for n=1,...,N,

where we recall that || - ||y represents the usual norm in the Hilbert space V.
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Regarding the a priori error estimates, we can also show a main error estimates result as Theorem 15,
but with some differences. This is the following.

Theorem 18. Under the assumptions of Lemma 17, and denoting by (u,v,0) the solution to the
variational problems (4.11)=(4.13) and by {u*,V'* Qhk}n o the solution to the fully discrete

n’n’n

problems (4.14)—(4.16), it follows the a priori error estimates, for all {w }n o }N c vk

hk ik 12

max {llvn — VI + N, — ™15 + 116, — 624 }

. 2 . 2 hi2 % 2

< Ckz (||vj. = SvII” + llit; — Suylly, + llv; — willy, +116; — 66,
=1

+ 116, - /?||2V) +C max {||v,, —will + 16, — 74P}

| a

N—
kz vy = wh = @ = WhDIP + 16 = 7% = @1 = 7, IP)

+ C(nv — VO + flu® = u® | + (160 = 6711),

where C represents again a positive constant, which is assumed to be independent of the
discretization parameters h and k but now depending on the regularity of the continuous solution and
the constitutive data.

If we assume the additional regularity

ue H30,T;Y) N H*0,T;V)nCY(0,T]; H(0, n)),
e H*0,T;Y)NHY0,T; V)N C(0,T]; H (0, 7)),

we can also conclude the linear convergence of the approximations as in Corollary 16. That is, we can
find a positive constant C such that

max {[Iv, = Vil + s = wflly + 16, = 01} < Ch+ ).

0<n<N
Remark 19. Finally, it is worth noting that the numerical approximation of the second-gradient

problem for temperature with local thermal displacement, analyzed in Section 3, has been already
considered in [20]. To avoid unnecessary repetitions, we omit the results obtained there.

5. Numerical results of the general second-gradient problem

In this section, we want to present the numerical scheme for solving the fully discrete
problem corresponding to Problem 1 (the general second-gradient problem), that is, variational
equations (4.5)—(4.7), analyzed in Section 4. We have considered two numerical examples, one to
demonstrate the accuracy of the approximations and another one for the discrete energy decay.

We note that, since experimental results are not available yet, we focus on the theoretical numerical
analysis. Moreover, we have restricted to the most general case, and we have omitted the numerical
results of the other two problems for the sake of generality. The second problem, analyzed from the
numerical point of view in Subsection 4.1, corresponds to a particular choice of the parameters in the
first problem; meanwhile, the numerical results for the third problem were already presented in the
recently published paper [20].
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5.1. Numerical scheme

As a first step, given the solution u* , v** | o and 6" at time 7,_,, variables u*, v

6" are obtained by solving the following discrete system for all w", " € V.

hk hk

o, g, and

§<VZ", WY+ k() WY + 1 k() Wy = %(ﬁ’il, why
— @™ ) WY — (U ) s WY = (@) s WY + DO, WY+ (F W,

(O Y 4 KOs L)+ KO0 ) + KIO s P + KK((E5) . 72

k
= %(92&1, rh> - K((azlil XX rﬁx> - K<(azli] X I"ﬁ) - d((qu)x’ 7£x> - b((vzk)x’ rh> + <F2n’ rh>’
where F and F, represent two artificial supply terms that are introduced in order to make the system
more general.
The numerical scheme was implemented in MATLAB and took about 6.91 sec of CPU time on a

2.9 GHz PC for a run using parameters h = k = 1072,

5.2. First example: Numerical convergence

In order to show the accuracy of the approximations, we have solved a simpler example with the
following data:

p=2, u=2, u=2 d=1, b=2, ¢c=2, K=2, K'=1, «=3, «=1.
We use the initial conditions, for all x € [0, 1],
1’(x) =1°(x) = (%) = °(x) = ¥*(x - 1.

Considering homogeneous Dirichlet boundary conditions for # and @ and the supply terms F; and F,
given by, for all (x,7) € (0,1) x (0, 1),

Fi(x,1) = €'(2x° — 18x° — 24x* — 26X + 834x% — 780x + 150),
Fa(x,t) = €' (2x° — 18x° — 84x* + 334x> + 762x% — 984x + 210),

the exact solution to the above problem can be easily calculated, and it has the form, for (x,7) €
[0, 11 x [0, 1],
u(x,1) = 0(x,1) = e'x’(x - 1)°.

If we estimate the numerical errors by the expression

max {{Iv, = v+ ey = 1l + 16, = 01+ llew, = @l .
we plot its values in Table 1 for some discretization parameters . and k. Moreover, we also show its
evolution, depending on the parameter # + k, in Figure 1. As can be seen in the table, when the
parameters /& and k tend simultaneously to zero, we can clearly observe the numerical convergence of
the solutions. Finally, if we observe the figure, we note that the linear convergence, stated in
Corollary 16, is achieved.
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Table 1. Example 1: Numerical errors for some values of / and k.

hlk— 001 0.005 0.002 0.001 0.0005 0.0002 0.0001

1/2° 0.899138  0.900905 0919489 0.932972  0.948811 0.970271 0.981372
1/2¢ 0.452240  0.452296  0.455558  0.460699  0.470675 0.484729  0.491958
1/23 0.223632  0.223577  0.223982  0.226428  0.231946  0.239609  0.243552
1/2° 0.110853  0.110814 0.110874  0.112096  0.114955 0.118914  0.120953
1/27 0.055185 0.055141 0.055162  0.055770  0.057216  0.059223  0.060258
1/28 0.027601  0.027524  0.027521 0.027819  0.028544  0.029552  0.030073
1/2° 0.013934  0.013790 0.013756  0.013896 0.014256 0.014762  0.015023
1/2% 0.007221  0.006978  0.006900  0.006951  0.007122  0.007379  0.007511
1/21 0.004036  0.003632  0.003509  0.003470 0.003557 0.003604  0.003688

o
©

Numerical error
o o o o o o
w = o (o] ~ [o]
T T

o
o

0.1

h+k

Figure 1. Example 1: Asymptotic error.

5.3. Second example: Energy decay

In this second example, our aim is to numerically show the behavior of energy decay. Therefore,
we assume that there are no supply terms, and we use the following data:

T=100, p=2, u=2, u=2, d=1, b=2, ¢c=2, K=2,K'=1, k=3, k=1
and the initial conditions
L) =) =0, ) =6 %) =xx-1)7> Vxelo,1].

Following the definition of the energy for the continuous problem, we note that the discrete energy is
given by
1 ‘
Ey = S pHIP + @ uP + i N6 + clBIP + ki)l

+ K@)l + 2d(@l) s, ()],
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Therefore, taking the spatial discretization parameter 4 = 0.001, its evolution in time is plotted in
Figure 2 (in both natural and semi-log scales) for some values of the time step k. We recall that, in
Section 2, we have proved that the energy decays polynomially. If we look at the results with the
natural scales (left-hand side), we can observe that the energy seems to have a similar behavior for all
the values of the time step k; however, if we look on the right-hand side (semi-log scales), we note
that the behavior depends on the chosen value of the time step. In fact, for a large value of k, there is
an artificial diffusion, and the energy decays exponentially, but when we reduce it more and more, the
energy decay behaves as a function Ct~!/2 for a value C = 5 x 10* (the horizontal line on the figure),
and we recover the theoretical polynomial decay.

—k=1e3 k=1e? k=1e>

—k=1e?
0.06 - k=1e™
k=1e®
0.05 |1 k=1e®

Figure 2. Example 2: Evolution in time of the discrete energy (natural and semi-log scales).

6. Conclusions

In this work, we have analyzed a family of one-dimensional thermoelastic models incorporating
second-gradient effects in the mechanical and thermal components. Three different formulations have
been considered, corresponding to distinct combinations of second-gradient contributions in the
thermal displacement and the temperature fields. Some of the problems have been before considered
in the authors’ previous works [20] and [21].

For each model, the well-posedness of the associated initial-boundary value problem can be
established by means of semigroup techniques, proving existence and uniqueness of solutions in
suitable Hilbert spaces (for Problems 1 and 3, this property was already known, whereas for
Problem 2, it is newly established here). The long-time behavior of the solutions can then be
investigated. Our analysis shows that exponential stability cannot generally be expected in these
second-gradient thermoelastic systems (this fact being already known for Problems 1 and 3 and
proved here for Problem 2). Instead, the solutions exhibit polynomial convergence toward equilibrium
in particular, we prove a new polynomial decay result for Problem 3, while for Problem 2, we
establish this property from scratch. In all cases, the energy decays with rate of order (*!), which
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corresponds to a decay of the solution norm of order (+~!/?). Depending on the specific structure of the
model, the decay analysis requires different mathematical tools, including resolvent estimates
combined with the Borichev—Tomilov theorem and direct energy methods.

From a numerical perspective, in the most general case (corresponding to Problem 1), we proposed
a fully discrete finite element approximation, proved the discrete stability, and derived a priori error
estimates under suitable regularity assumptions. The analysis guarantees the stability of the numerical
scheme and provides linear convergence with respect to the discretization parameters. The numerical
experiments confirmed both the theoretical accuracy of the approximation and the polynomial decay
predicted by the analytical results. We note that the numerical analysis for Problem 2 was already
obtained in [20]; meanwhile, that of Problem 3 could be derived straightforwardly from the analysis
performed of Problem 1.

The obtained results reveal an interesting feature of second-gradient thermoelasticity. Although
second-gradient terms introduce additional dissipative mechanisms, they do not necessarily improve
the asymptotic stability of the system. On the contrary, they may lead to an overdamping phenomenon
characterized by polynomial, rather than exponential, energy decay. This behavior highlights the subtle
interplay between mechanical and thermal higher-order effects.

Future research may address several open questions, including the extension of the analysis to
multidimensional domains, the treatment of more general boundary conditions, the study of nonlinear
constitutive laws, and the development of higher-order numerical schemes capable of preserving the
qualitative long-time dynamics of the continuous models.
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