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Abstract: This paper studies a host–commensal model with a multiplicative Allee effect on the host
and nonselective harvesting on both species. Exploiting the upper-triangular structure, equilibrium
and stability analyses reduce to one-dimensional problems. Three harvesting thresholds corresponding
to a fold and two transcritical bifurcations yield a complete classification of at most six equilibria.
Global dynamics is determined via asymptotically autonomous systems: The separatrix y = y1 divides
coexistence and extinction basins at low harvesting, and the system collapses to monostability beyond
the fold. Numerical simulations verify the three qualitatively distinct dynamical regimes.
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1. Introduction

Interspecific interactions are a fundamental object of study in theoretical ecology and
mathematical biology. In addition to classical relationships such as predation, competition,
mutualism, and parasitism, commensalism is also a widespread type of asymmetric interaction in
nature: One species obtains benefits from another species, while the latter is essentially unaffected. In
recent years, commensalism models and their stability, bifurcations, and persistence have attracted
sustained attention [1–6]. Relevant ecological examples include epiphytic plants attaching to host
trunks, barnacles adhering to the body surfaces of whales, and certain animals obtaining shelter or
feeding opportunities by associating with large hosts. For the ecological background and
mathematical modeling of commensalism, see [7–12].

In classical population dynamics, logistic growth is the most commonly used assumption for
intrinsic growth. However, at low population densities, difficulties in finding mates, reduced
cooperative defense, impaired social behavior, and other factors may lead to a decline in the
population growth rate, and may even result in negative growth when the density falls below a certain
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critical value. This is the well-known Allee effect [13–15]. In a commensal system, the host
population is the basis on which the commensal derives its benefits; therefore, whether the host itself
is subject to the Allee effect directly influences the long-term fate of both populations. A number of
works have studied the influence of the Allee effect on commensalism and other asymmetric
interaction systems [16–20]. Among them, Georgescu et al. [21] used the theory of asymptotically
autonomous systems to study a commensalism model with a multiplicative Allee effect and revealed a
bistable structure induced by the threshold effect.

In population models, the Allee effect is typically modeled in two forms: additive and multiplicative.
The multiplicative Allee effect typically multiplies the logistic term by a factor

( y
A
− 1

)
,

thereby introducing an explicit critical threshold A: When the population density is below A, the net
growth rate is negative; only when the density exceeds this threshold can the population recover and
grow [22–26]. Such a hard threshold structure naturally induces basin separation and bistability
phenomena. For a commensal system, if the host is affected by a multiplicative Allee effect, low host
density will not only cause the host itself to go extinct; it may also indirectly lead to the decline of the
commensal that depends on the host for its benefit. Therefore, imposing the multiplicative Allee effect
on the host rather than on the commensal is a problem of clear ecological significance.

On the other hand, harvesting is an important means by which humans intervene in ecosystems.
Nonselective harvesting generally refers to the situation where the same harvesting effort acts on
multiple populations in the system simultaneously, rather than targeting only a particular species. The
actual harvesting mortality of different species may differ due to different catchability coefficients;
hence, the ecological effects can still be heterogeneous. The impact of harvesting on population
models has been extensively studied in the fields of fisheries, forestry, and wildlife
management [27–29]. In the presence of the Allee effect, the impact of harvesting is particularly
noteworthy, because harvesting continuously reduces population density, making the population more
likely to fall below the Allee threshold, thereby triggering irreversible population collapse [30–33].

The work closest to the present paper is that of Quansah and Ibrahim [1] on a commensalism
model with ratio-dependent functional response and nonselective harvesting. They established
conditions for the positivity, boundedness, and local and global stability of equilibria, and discussed
the influence of harvesting and partial closure on the long-term behavior of the system. However,
their host equation adopts pure logistic growth, so the host subsystem itself does not contain an Allee
threshold structure. Consequently, the system mainly exhibits a monotonic degradation process from
coexistence to a boundary state or extinction, making it difficult to capture the bistability phenomenon
caused by differences in initial host density. To the best of our knowledge, works that simultaneously
incorporate the host-multiplicative Allee effect and nonselective harvesting into a commensalism
model, and that systematically analyze their equilibria, global basins of attraction, and bifurcation
structure, remain scarce. The present paper aims to contribute an analysis in this direction.

In this paper, we consider the following two-dimensional autonomous ordinary differential equation
(ODE) system:
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
dx
dt

= rx
(
1 −

x
K

)
+

bxy
ay + x

− mq1Ex ≡ F(x, y),

dy
dt

= sy
(
1 −

y
L

)( y
A
− 1

)
− mq2Ey ≡ G(y).

(1.1)

A central structural feature of Model (1.1) is that the host dynamics, governed by G(y), does not
depend on the commensal variable x. This means that the host dynamics can be analyzed independently
as a one-dimensional autonomous equation, and the commensal equation, once the host trajectory is
given, becomes an asymptotically autonomous equation (approaching an autonomous limit system as
t → ∞). Apart from the ratio-dependent term at the origin (which requires separate treatment), the
Jacobian matrix of the system is always upper-triangular, so its eigenvalues are given directly by its
two diagonal entries. This structure significantly simplifies the local stability analysis and allows us,
with the aid of the theory of asymptotically autonomous systems [34, 35], to reduce the ω-limit set
analysis of the two-dimensional system to the dynamics of a one-dimensional limit system. Similar
ideas have been used in studies of triangular ecological models with harvesting or commensal benefit
terms [36].

The main contributions of this paper can be summarized as follows. First, exploiting the triangular
structure of the model, this paper provides a complete classification of the existence and local stability
of all equilibria. It shows that the dynamics are jointly determined by three critical harvesting
thresholds m∗1, m∗2, m∗3 and their relative ordering. Second, by means of the theory of asymptotically
autonomous systems and the ω-limit set method, this paper proves that the multiplicative Allee effect
generates a threshold separation in the host dimension (the y-direction), thereby inducing a bistable
structure in the two-dimensional system: When the initial host density lies on different sides of the
Allee threshold, the system converges to different long-term ecological states. Finally, this paper
analyzes the fold bifurcation and transcritical bifurcations caused by variations in harvesting intensity,
revealing how nonselective harvesting, by altering the host threshold structure and the commensal
growth conditions, causes the system to transition from bistability to monostability.

The structure of this paper is organized as follows. Section 2 presents the biological meaning
of each term in the model and defines the three critical harvesting thresholds. Section 3 discusses
the classification of equilibrium existence. Section 4 analyzes the local stability of each equilibrium.
Section 5 uses the asymptotic autonomous limit lemma and the ω-limit set method to establish a global
dynamical classification and the separatrix of basins of attraction. Section 6 analyzes the bifurcation
behavior at the three critical thresholds. Section 7 verifies the theoretical results through numerical
examples. Section 8 summarizes the paper and discusses the ecological significance of the model and
possible directions for generalization.
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Table 1. Nomenclature of state variables and parameters in the host–commensal model.

Symbol Type Description Units

x(t) State variable Commensal population density Biomass (or individuals/area)

y(t) State variable Host population density Biomass (or individuals/area)

r Parameter Intrinsic growth rate of the commensal Time−1

K Parameter Environmental carrying capacity of the commensal (Same as x)

s Parameter Intrinsic growth rate of the host Time−1

L Parameter Environmental carrying capacity of the host (Same as y)

A Parameter Allee threshold of the host (0 < A < L) (Same as y)

b Parameter Maximum benefit rate from host to commensal Time−1

a Parameter Half-saturation constant of the ratio-dependent response (Same as x)

E Parameter Base harvesting effort Effort units

m Parameter Harvesting effort scaling factor (m ≥ 0) Dimensionless

q1 Parameter Catchability coefficient of the commensal Effort−1·time−1

q2 Parameter Catchability coefficient of the host Effort−1·time−1

2. Model description and critical thresholds

2.1. Biological meaning of each model term

Convention: x(t) is the commensal density and y(t) is the host density. The meaning of each term
in Model (1.1) is as follows:

• rx(1 − x/K): Logistic growth of the commensal (intrinsic growth rate r, carrying capacity K);

• bxy/(ay + x): Benefit that the commensal derives from the host, modeled by a ratio-dependent
functional response; see [1, 12] for details;

• mq1Ex: Nonselective harvesting of the commensal (q1 is the catchability coefficient, E is the base
effort, and m is the harvesting effort scaling factor);

• sy(1 − y/L)(y/A − 1): Growth of the host under a multiplicative Allee effect. In the model, the
Allee effect is realized by multiplying the logistic growth term (1 − y/L) by the factor (y/A − 1).
This is the hallmark of a multiplicative Allee effect; The factor (y/A − 1) ensures that the growth
rate is negative when y < A, and the factor (1 − y/L) provides the upper carrying capacity;

• mq2Ey: Nonselective harvesting of the host.

Remark 2.1. The ratio-dependent benefit term

Φ(x, y) =
bxy

ay + x
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is formally undefined at the origin (0, 0). In this paper, we adopt the following continuous extension
on the non-negative quadrant:

Φ(x, y) =


bxy

ay + x
, (x, y) , (0, 0),

0, (x, y) = (0, 0).

This extension is continuous on R2
≥0, so the system is well-defined on the non-negative quadrant.

However, Φ is not C1 at the origin; consequently, the local properties at the origin cannot be obtained
directly from the Jacobian matrix in the usual sense. In this paper, when discussing the stability and
bifurcations of E0 = (0, 0), we treat it separately by means of the limiting dynamics along the
coordinate axes or directional growth rates.

Remark 2.2 (Ecological implication of the nondifferentiability at the origin). The nondifferentiability
of the ratio-dependent benefit term at (0, 0) does not alter the ecological conclusions obtained in this
paper. Indeed, the coordinate axes are invariant. On the host-free axis y = 0, the commensal equation
reduces exactly to

ẋ = x
(
r − mq1E −

r
K

x
)
,

so the invasion threshold of the commensal in the absence of the host is precisely

m∗2 =
r

q1E
.

On the other hand, when the host density is positive, and the commensal is rare, the per-capita growth
rate of the commensal satisfies

lim
x→0+

F(x, y)
x

= r +
b
a
− mq1E, y > 0,

which yields the coexistence invasion threshold

m∗3 =
r + b/a

q1E
.

If one approaches the origin along paths y = kx with k > 0, the directional per-capita growth rate is

r − mq1E +
bk

ak + 1
,

which lies between r − mq1E and r + b/a − mq1E. Thus, the two thresholds m∗2 and m∗3 represent
the extreme biologically meaningful invasion scenarios: invasion without a host and invasion in the
presence of a positive host density. Consequently, the lack of C1 smoothness at the origin requires
careful mathematical treatment, but it does not invalidate the invasion thresholds, the basin separation,
or the ecological interpretation of the model.
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2.2. Three critical harvesting thresholds

m∗1 ≡
s(L − A)2

4ALq2E
, (Threshold for the existence of positive host equilibria)

m∗2 ≡
r

q1E
, (Threshold for the commensal to survive alone)

m∗3 ≡
r + b/a

q1E
, (Coexistence threshold)

Clearly, m∗2 < m∗3 (because b/a > 0). The relative magnitude of m∗1 with respect to the other two
depends on the parameter values, giving rise to three possible orderings:

• Case A (Baseline): m∗1 < m∗2 < m∗3;

• Case B: m∗2 ≤ m∗1 ≤ m∗3;

• Case C: m∗3 < m∗1.

Different orderings correspond to qualitatively different dynamics. This paper takes Case A (m∗1 <

m∗2 < m∗3) as the baseline case and develops the analysis accordingly. Note that

m∗1 < m∗2 ⇐⇒ r >
s(L − A)2

4AL
·

q1

q2
,

so this ordering holds when r is sufficiently large, or q1/q2 is sufficiently small. Cases B and C are
stated alongside the baseline case in the corresponding theorems.

2.3. Structural features of the model

The host component G(y) of the vector field does not depend on the commensal variable x, which
directly implies the following:

i. The Jacobian matrix of the system is always upper-triangular, and its eigenvalues are precisely
the diagonal entries J11 and J22. This greatly simplifies the local stability analysis (Section 4);

ii. The host subsystem can be solved independently; its global dynamics is completely determined
by the one-dimensional ODE ẏ = G(y) (Proposition 5.4);

iii. The ω-limit set of the two-dimensional system can be reduced to that of a one-dimensional limit
system via the asymptotic autonomous limit lemma (Lemma 5.5), thereby decomposing the two-
dimensional global stability problem into a cascade of two one-dimensional problems.

In the broader context of dynamical systems, such a triangular structure falls within the class of
upper-triangular cooperative systems (cooperative systems with triangular Jacobian) [37, 38].
Mathematically, this upper-triangular structure reflects the extreme asymmetry of commensalism: The
host is completely unaffected by the commensal, and its ω-limit set can be characterized in detail by
means of the spectral theory of monotone dynamical systems.
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Remark 2.3 (Scope of the asymmetric commensalism assumption). The assumption that the host is
not affected by the commensal is an idealized form of commensalism. Its main purpose in the present
work is to make the system triangular, thereby allowing a complete classification of equilibria, basins
of attraction, and bifurcations. If a weak feedback from the commensal to the host is introduced,
for example,

ẏ = sy
(
1 −

y
L

) ( y
A
− 1

)
− mq2Ey + ηR(x, y), 0 < |η| � 1,

then the exact triangular reduction is generally lost. Nevertheless, by the implicit function theorem and
standard persistence results for hyperbolic equilibria, all hyperbolic equilibria and their local stability
types are expected to persist for sufficiently small |η|, although their locations and basin boundaries will
be perturbed. The fold and transcritical thresholds may also shift by O(η). A rigorous global analysis of
such weakly nontriangular commensal or mutualistic perturbations is an important extension beyond
the scope of the present paper. We note that in the purely triangular case (η = 0), Proposition 5.2
rigorously excludes nonconstant periodic orbits. For small η , 0, the triangular structure is broken and
the Bendixson-type argument no longer applies. In principle, a weak feedback could shift eigenvalues
across the imaginary axis, potentially generating Hopf bifurcations and isolated limit cycles. A full
investigation of such possibilities would require a separate dedicated analysis.

3. Complete classification of the existence of equilibria

3.1. Equilibria of the host subsystem

The host equation ẏ = G(y) is independent of x and can be solved first.

Proposition 3.1 (Host equilibria). The solutions of G(y) = 0 on R≥0 are as follows:

(i) y = 0 is always an equilibrium (host extinction state).

(ii) Nonzero equilibria are given by the quadratic equation

y2 − (L + A)y + AL
(
1 +

mq2E
s

)
= 0, (3.1)

whose discriminant is ∆y(m) = (L − A)2 −
4ALmq2E

s
.

• If 0 ≤ m < m∗1: ∆y > 0, and there are two distinct positive real roots

y1,2(m) =
L + A

2
∓

√
∆y(m)
2

,

satisfying 0 < y1 <
L+A

2 < y2.

• If m = m∗1: ∆y = 0, and there is a unique positive root y1 = y2 = L+A
2 (a double root).

• If m > m∗1: ∆y < 0, and there are no positive real roots.

Proof. Setting G(y) = 0 and factoring out the common factor y yields:

y
[
s
(
1 −

y
L

)( y
A
− 1

)
− mq2E

]
= 0.
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If y > 0, the expression inside the square brackets must vanish. Expanding the product:

s
(
1 −

y
L

)( y
A
− 1

)
= s

( y
A
− 1 −

y2

AL
+

y
L

)
= −

s
AL

y2 + s
L + A

AL
y − s.

Setting this equal to mq2E and multiplying both sides by −AL/s yields (3.1).
The discriminant is computed as:

∆y = (L − A)2 −
4ALmq2E

s
,

and ∆y ≥ 0 is equivalent to

m ≤
s(L − A)2

4ALq2E
≡ m∗1.

The product of the two roots is y1y2 = AL(1 + mq2E/s) > 0, and their sum is y1 + y2 = L + A > 0;
hence, whenever two real roots exist, they are simultaneously positive. Their ordering follows directly
from the square-root expression.

Biological interpretation: y1 is the harvesting-modified Allee threshold. When the host density is
below y1, the growth rate is negative, and the population converges to extinction; only when the density
surpasses y1 does the growth rate change from negative to positive, allowing the population to recover.
y2 is the environmental carrying capacity of the host. Increasing the harvesting effort m compresses
the gap between y1 and y2; when m reaches m∗1, the two merge and disappear at (L + A)/2. This is a
classical fold bifurcation, meaning that the host population cannot sustain a positive equilibrium state
under excessively strong harvesting pressure.

3.2. The commensal subsystem

For any fixed y∗ ≥ 0, the commensal equilibrium condition F(x, y∗) = 0 is equivalent to x[r(1 −
x/K) + by∗/(ay∗ + x) − mq1E] = 0. The solution x = 0 always exists; positive solutions x > 0 satisfy a
quadratic equation. To simplify notation, let h ≡ mq1E − r (the net harvesting mortality rate).

Proposition 3.2 (Positive commensal equilibrium). For a fixed y∗ ≥ 0, the positive equilibrium of the
commensal satisfies the quadratic equation

rx2 + B(y∗)x + C(y∗) = 0, (3.2)

where
B(y∗) ≡ ray∗ + Kh = ray∗ + K(mq1E − r),

C(y∗) ≡ Ky∗(ah − b) = Ky∗a
(
mq1E − r −

b
a

)
.

The discriminant is ∆x(y∗) = B(y∗)2 − 4rC(y∗).

(i) If m < m∗3 (i.e., mq1E < r + b/a), then C(y∗) < 0 holds for all y∗ > 0. In this case, Eq (3.2) has
exactly one positive real root:

x∗(y∗) =
−B(y∗) +

√
∆x(y∗)

2r
> 0.
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(ii) If m = m∗3, then C(y∗) = 0. The equation degenerates to x(rx + B) = 0; besides x = 0, the only
nonzero root is x = −B/r. However, because h = b/a > 0, we have B(y∗) = ray∗ + Kb/a > 0 for
all y∗ ≥ 0, so in fact no positive root exists.

(iii) If m > m∗3, then C(y∗) > 0 for all y∗ > 0. In this case, h ≡ mq1E − r > b/a > 0, so B(y∗) =

ray∗ + Kh > 0 for all y∗ ≥ 0. By Vieta’s formulas, the sum of the two roots is −B/r < 0, and their
product is C/r > 0; hence, both roots are negative—no positive root exists.

Proof. We start from the expression inside the square brackets of F(x, y∗) = 0. Let h = mq1E − r, so
that mq1E = r + h. Substituting yields

r
(
1 −

x
K

)
+

by∗

ay∗ + x
− r − h = 0 =⇒ −

r
K

x +
by∗

ay∗ + x
− h = 0.

Multiplying both sides by K(ay∗ + x) and rearranging gives:

rx2 + (ray∗ + Kh)x + Ky∗(ah − b) = 0.

Substituting h = mq1E − r back yields (3.2).
(i) m < m∗3 ⇐⇒ mq1E < r + b/a⇐⇒ a(mq1E − r) − b < 0; hence, C(y∗) < 0. By Vieta’s formulas,

x1x2 = C/r < 0, so the two roots have opposite signs; thus, there is exactly one positive root. Moreover,
because −4rC > 0, ∆x = B2 − 4rC > B2 ≥ 0, so the discriminant is always positive. The positive root
is given explicitly by the formula above.

(ii) and (iii) follow by direct substitution.

3.3. Unified naming and existence conditions for the six equilibria

All possible equilibria of System (1.1) are denoted as follows.

Table 2. Naming and coordinates of the equilibria.

Symbol Name Coordinates
E0 Total extinction (0, 0)
E1 Commensal-only survival (xsolo, 0)
E2 Allee threshold without commensal (0, y1)
E3 Host-only survival (0, y2)
E4 Coexistence at lower host equilibrium (x∗(y1), y1)
E5 Coexistence at upper host equilibrium (x∗(y2), y2)

Here,

xsolo = K
(
1 −

mq1E
r

)
,

and, when it exists,

x∗(yi) =
−B(yi) +

√
B(yi)2 − 4rC(yi)
2r

, i = 1, 2,

with B and C defined in Proposition 3.2.
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Theorem 3.3 (Existence of equilibria). The existence conditions for all equilibria of System (1.1) are
summarized in Table 3.

Proof. The origin E0 exists trivially. For E1, setting y = 0 gives the logistic equation with harvesting,

ẋ = x
(
r − mq1E −

r
K

x
)
,

so the positive commensal-only equilibrium exists if and only if r − mq1E > 0, namely m < m∗2.
For host equilibria, Proposition 3.1 shows that two positive host equilibria y1, y2 exist precisely when

m ≤ m∗1. These give the boundary equilibria E2 and E3. Finally, for each positive host equilibrium
yi, Proposition 3.2 shows that a unique positive commensal coordinate x∗(yi) exists precisely when
m < m∗3. This yields E4 and E5. No other equilibria are possible because every equilibrium must first
satisfy G(y) = 0, and the possible non-negative roots of G have already been exhausted.

Table 3. Summary of existence conditions for equilibria.

Equilibrium Coordinates Existence condition
E0 (0, 0) Always exists
E1 (xsolo, 0) m < m∗2
E2 (0, y1) m ≤ m∗1
E3 (0, y2) m ≤ m∗1
E4 (x∗(y1), y1) m ≤ m∗1 and m < m∗3
E5 (x∗(y2), y2) m ≤ m∗1 and m < m∗3

Table 4. Side-by-side comparison of the three parameter-ordering cases.

Case Threshold ordering Equilibrium-
count sequence

Main ecological feature Observable bifurcations

A m∗1 < m∗2 < m∗3 6→ 4→ 2→ 1 Baseline case. The host fold
occurs before the commensal-
only transcritical threshold.
After the fold, all positive host
states disappear.

Fold at m∗1; transcritical I
at m∗2; transcritical II lies
after host collapse and is not
observable in the positive-
host phase portrait.

B m∗2 ≤ m∗1 ≤ m∗3 6→ 5→ 3→ 1 An obligate-commensalism
interval may occur: The
commensal cannot survive
alone but can still persist with
a positive host.

Transcritical I at m∗2; fold at
m∗1; transcritical II may be
hidden if it occurs after the
fold.

C m∗3 < m∗1 6 → 5 → 3 →
2→ 1

Coexistence equilibria
disappear before the host
fold; a host-only–extinction
bistable phase may remain
before complete collapse.

Transcritical I at m∗2;
transcritical II at m∗3; fold at
m∗1.
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The three cases in Table 4 show that the same three thresholds may be crossed in different orders.
This ordering determines whether the system first loses positive host equilibria, loses commensal-only
survival, or loses coexistence through the commensal invasion threshold.

4. Local stability analysis

4.1. Upper-triangular structure of the Jacobian matrix

Away from the origin, where the ratio-dependent term is differentiable, the Jacobian matrix of
System (1.1) is

J(x, y) =

(
J11 J12

0 J22

)
,

where

J11 = r
(
1 −

2x
K

)
+

bay2

(ay + x)2 − mq1E,

J12 =
bx2

(ay + x)2 ,

J22 = G′(y).

Thus the eigenvalues are the two diagonal entries J11 and J22. This upper-triangular structure is the key
reason why local stability can be classified explicitly.

Lemma 4.1 (Host-direction eigenvalue). Let y∗ > 0 satisfy G(y∗) = 0. Then,

J22(y∗) = G′(y∗) =
sy∗

AL
(L + A − 2y∗).

Consequently, when 0 < m < m∗1,

G′(y1) > 0, G′(y2) < 0.

Proof. Differentiating G(y) and using the equilibrium relation

s
(
1 −

y∗

L

) (
y∗

A
− 1

)
= mq2E

gives the stated expression. Because

y1 =
L + A −

√
∆y

2
, y2 =

L + A +
√

∆y

2
,

the signs follow immediately.

Lemma 4.2 (Commensal-direction eigenvalue). Let (x∗, y∗) be an equilibrium of System (1.1).

(i) If x∗ > 0, then

J11(x∗, y∗) = −x∗
[

r
K

+
by∗

(ay∗ + x∗)2

]
< 0.
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(ii) If x∗ = 0, and y∗ > 0, then

J11(0, y∗) = r +
b
a
− mq1E = q1E(m∗3 − m).

Proof. For x∗ > 0, the equilibrium equation F(x∗, y∗) = 0 gives

mq1E = r
(
1 −

x∗

K

)
+

by∗

ay∗ + x∗
.

Substitution into J11 yields the first formula. The second follows by directly setting x∗ = 0 and y∗ > 0
in J11.

Proposition 4.3 (Universal stability criterion). Whenever the corresponding equilibria exist, their local
stability is as follows:

(i) E0: Along the invariant axes, the directional growth rates are

λaxis
x = q1E(m∗2 − m), λaxis

y = −(s + mq2E) < 0.

Hence E0 is a saddle for m < m∗2 and a stable node for m > m∗2.

(ii) E1: Whenever it exists, it is a stable node.

(iii) E2: Because G′(y1) > 0, it is an unstable node for m < m∗3 and a saddle for m > m∗3.

(iv) E3: Because G′(y2) < 0, it is a saddle for m < m∗3 and a stable node for m > m∗3.

(v) E4: Whenever it exists, it is a saddle.

(vi) E5: Whenever it exists, it is a stable node.

Proof. The assertions follow directly from Lemmas 4.1 and 4.2, together with the axis-based
directional growth rates at the nondifferentiable origin.

Table 5. Local stability of equilibria in the baseline case m∗1 < m∗2 < m∗3 and 0 < m < m∗1.

Equilibrium Eigenvalue signs Stability type Ecological meaning
E0 (+,−) Saddle Extinction is unstable to commensal invasion
E1 (−,−) Stable node Commensal-only attractor
E2 (+,+) Source Host Allee threshold
E3 (+,−) Saddle Host-only state invaded by commensal
E4 (−,+) Saddle Separatrix point
E5 (−,−) Stable node Stable coexistence

For Cases B and C, no new local stability mechanism appears. The stability type of each equilibrium
is still determined by Proposition 4.3; only the order in which the thresholds are crossed changes. In
Case B, the interval m∗2 ≤ m < m∗1 corresponds to an obligate-commensalism regime: The commensal
cannot survive alone, but coexistence may still persist if m < m∗3. In Case C, the coexistence equilibria
disappear at m = m∗3 before the host fold at m = m∗1, leaving a host-only–extinction bistable phase.
These possibilities are summarized in Table 4.
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5. Basin of attraction analysis and global dynamical classification

5.1. Preliminary results

Lemma 5.1 (Boundedness). For any initial value (x0, y0) ∈ R2
≥0, the corresponding forward orbit of

System (1.1) is bounded.

Proof. For y > max{A, L}, the product (
1 −

y
L

) ( y
A
− 1

)
is negative, and hence, G(y) < 0. Therefore, y(t) is ultimately bounded. If y(t) ≤ ȳ, then

ẋ ≤ −
r
K

x2 + (r − mq1E)x + bȳ.

The right-hand side is negative for sufficiently large x, so x(t) is also bounded.

Proposition 5.2 (Absence of nontrivial periodic orbits). System (1.1) admits no nonconstant periodic
orbit in R2

≥0.

Proof. If (x(t), y(t)) were periodic, then y(t) would be a periodic solution of the scalar autonomous
equation ẏ = G(y). A one-dimensional autonomous equation has no nonconstant periodic solutions;
hence, y(t) ≡ ȳ for some equilibrium ȳ of the host subsystem. Then, x(t) satisfies the scalar autonomous
equation ẋ = F(x, ȳ), which also has no nonconstant periodic solutions. Therefore, every periodic
solution is an equilibrium.

Remark 5.3. This result provides a direct Bendixson-type complement to the asymptotically
autonomous argument below. In particular, bounded trajectories cannot approach closed orbits; their
long-term behavior is completely described by equilibria and their basins of attraction.

Proposition 5.4 (Global convergence of the host subsystem). For the scalar host equation ẏ = G(y),

(i) If 0 < m < m∗1, then
lim
t→∞

y(t) = 0 for 0 ≤ y(0) < y1,

and
lim
t→∞

y(t) = y2 for y(0) > y1.

Moreover, y(t) ≡ y1 if y(0) = y1.

(ii) If m ≥ m∗1, then
lim
t→∞

y(t) = 0

for all y(0) ≥ 0 except for the degenerate equilibrium y(0) = (L + A)/2 at m = m∗1.

Proof. Writing G(y) = yH(y) gives

H(y) = −
s

AL
y2 +

s(L + A)
AL

y − (s + mq2E).

The sign pattern of this downward-opening quadratic is determined by the discriminant ∆y(m). If
m < m∗1, H has two positive zeros y1 < y2, and the signs are negative, positive, negative on (0, y1),
(y1, y2), and (y2,∞), respectively. If m ≥ m∗1, then H(y) ≤ 0 for all y ≥ 0. The conclusions follow from
one-dimensional phase-line analysis.
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Lemma 5.5 (Asymptotically autonomous limit). Consider a bounded solution of the triangular system

ẋ = f (x, y), ẏ = g(y),

and suppose y(t)→ y∗ as t → ∞. Then, its ω-limit set is contained in R≥0 × {y∗} and is invariant under
the limiting scalar equation

ẋ = f (x, y∗).

Proof. This is a standard consequence of the theory of asymptotically autonomous systems; see
Thieme [34] and Mischaikow et al. [35]. Because y(t) → y∗, the x-equation converges uniformly on
compact time intervals to the limiting equation ẋ = f (x, y∗), and the stated invariance of the ω-limit
set follows.

5.2. Separatrix and basin classification

For 0 < m < m∗1, define

D5 = {(x, y) ∈ R2
≥0 : y > y1}, Dext = {(x, y) ∈ R2

≥0 : 0 ≤ y < y1}.

Because the host equation is scalar and autonomous, the horizontal line y = y1 is invariant and cannot
be crossed by trajectories.

Proposition 5.6 (Separatrix). Assume 0 < m < min{m∗1,m
∗
3}. Then, the stable manifold of the saddle

E4 in the positive quadrant is

Γ = W s(E4) ∩ R2
>0 = {(x, y1) : x > 0}.

It separates the positive quadrant into the coexistence basinD5 and the extinction basinDext.

Proof. The line y = y1 is invariant because G(y1) = 0. On this line, the x-equation reduces to the scalar
equation ẋ = F(x, y1). Because m < m∗3, x = 0 is repelling, and x = x∗(y1) is the unique positive
attractor of this one-dimensional equation, every point (x, y1) with x > 0 converges to E4. Points with
y , y1 cannot converge to E4 because the host component moves away from the invariant line according
to the phase-line dynamics of Proposition 5.4.

On the invariant line y = y1 itself, the one-dimensional x-dynamics has x = 0 (the point E2) as a
repeller when m < m∗3, and x = x∗(y1) (the point E4) is the unique attractor. Hence, the open segment
{(x, y1) : 0 < x < x∗(y1)} is precisely the portion of the one-dimensional unstable manifold of the
source E2 that lies along the invariant line y = y1 and converges heteroclinically to the saddle E4. This
segment is part of the phase-portrait boundary structure and connects the two boundary equilibria on
the y-axis.

Theorem 5.7 (Global dynamical classification). The global dynamics of System (1.1) is as follows.

(I) If 0 < m < min{m∗1,m
∗
3}, the system is bistable. Initial values inD5 converge to

E5 = (x∗(y2), y2),

whereas initial values in Dext converge to E1 if m < m∗2 and to E0 if m ≥ m∗2. The two basins are
separated by Γ = {(x, y1) : x > 0}.
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(II) If m∗3 ≤ m < m∗1, which can occur only in Case C, the coexistence equilibria no longer exist. The
system exhibits host-only–extinction bistability: Trajectories with y(0) > y1 tend to E3, whereas
those with y(0) < y1 tend to E0 or E1 according to whether m ≥ m∗2 or m < m∗2.

(III) If m∗1 < m < m∗2, then the host collapses, and for x(0) > 0,

(x(t), y(t))→ E1 = (xsolo, 0).

At the fold value m = m∗1, the same conclusion holds for all initial values except those lying on
the degenerate invariant line y = (L + A)/2.

(IV) If m ≥ max{m∗1,m
∗
2}, and m , m∗1, then

(x(t), y(t))→ E0 = (0, 0)

for all initial values in R2
≥0. At m = m∗1, and the degenerate host equilibrium y = (L + A)/2 gives

an exceptional invariant line.

Proof. The host limit is determined by Proposition 5.4. Once y(t) → y∗, Lemma 5.5 reduces the
limiting behavior of the commensal to the scalar equation ẋ = F(x, y∗). For y∗ = y2, this scalar
equation has the positive attractor x∗(y2) when m < m∗3, and otherwise, x = 0 is attracting. For y∗ = 0,
it reduces to the harvested logistic equation

ẋ = x
(
r − mq1E −

r
K

x
)
,

whose positive equilibrium xsolo exists and attracts (0,∞) exactly when m < m∗2. Combining these
one-dimensional limits with the invariant separation by y = y1 gives the stated classification.

Corollary 5.8. Away from the fold value m = m∗1, the system has a unique attracting equilibrium
for all initial data with x(0) > 0 if and only if m > m∗1. More precisely, the attractor is E1 when
m∗1 < m < m∗2 and is E0 when m > max{m∗1,m

∗
2}. If m < m∗1, the Allee threshold creates two distinct

basins of attraction, and no single global attractor exists. At m = m∗1, the degenerate invariant line
y = (L + A)/2 corresponds to the fold point and must be treated separately.

6. Bifurcation analysis

In this section, the harvesting parameter m is taken as the bifurcation parameter. The three
thresholds m∗1, m∗2, and m∗3 correspond respectively to a fold bifurcation and two transcritical
bifurcations.

Remark 6.1 (Applicability of Sotomayor’s theorem). Although the system is not C1 at the origin
E0 = (0, 0) due to the ratio-dependent benefit term (see Remark 2.1), this does not affect the rigorous
applicability of Sotomayor’s theorem to the three bifurcations analyzed below:

• The fold bifurcation at m = m∗1 occurs at ȳ = (L + A)/2 > 0, far from the origin, where the vector
field is smooth.
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• Transcritical bifurcation I at m = m∗2 takes place on the invariant axis y = 0, where the reduced
one-dimensional equation ẋ = x(r − mq1E − rx/K) is smooth.

• Transcritical bifurcation II at m = m∗3 involves collisions of E2 with E4 and E3 with E5 at points
(0, yi) with yi > 0 (because m∗3 < m∗1 implies positive host roots), which lie strictly away from the
origin in a region where the system is C1.

Consequently, all three bifurcations satisfy the classical Sotomayor nondegeneracy conditions [39] in
the usual analytical sense and are analytical transcritical/fold bifurcations, not merely topological ones.

6.1. Fold bifurcation at m = m∗1
Theorem 6.2 (Fold bifurcation). At m = m∗1, the positive host equilibria y1 and y2 coalesce at

ȳ =
L + A

2
.

Consequently, E2 and E3 coalesce. If m∗1 < m∗3, then the coexistence equilibria E4 and E5 also coalesce.
This is a fold bifurcation.

Proof. For the host subsystem, positive equilibria are roots of

y2 − (L + A)y + AL
(
1 +

mq2E
s

)
= 0.

At m = m∗1, the discriminant vanishes, yielding the double root ȳ = (L + A)/2. Moreover,

Gm(ȳ,m∗1) = −q2Eȳ , 0, Gyy(ȳ,m∗1) = −
s(L + A)

AL
, 0.

These are precisely the nondegeneracy conditions for a scalar fold bifurcation. The two-dimensional
statement follows from the triangular structure.

6.2. Transcritical bifurcation I at m = m∗2
Theorem 6.3 (Transcritical bifurcation I). At m = m∗2, the commensal-only equilibrium E1 collides
with the origin E0 on the invariant axis y = 0 and exchanges stability with it.

Proof. On y = 0, the system reduces to

ẋ = x
(
r − mq1E −

r
K

x
)
.

Let µ = m − m∗2. Because r − m∗2q1E = 0, the reduced equation becomes

ẋ = −µq1Ex −
r
K

x2.

The nondegeneracy quantities are

fxµ(0, 0) = −q1E , 0, fxx(0, 0) = −
2r
K
, 0.

Thus, a transcritical bifurcation occurs at m = m∗2.
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6.3. Transcritical bifurcation II at m = m∗3

Theorem 6.4 (Transcritical bifurcation II). At m = m∗3, the coexistence equilibria collide with the
boundary host equilibria:

E2 ↔ E4, E3 ↔ E5,

whenever these equilibria exist. The stability in the commensal direction is exchanged.

Proof. At a positive host equilibrium (0, yi), the commensal-direction eigenvalue is

J11(0, yi) = r +
b
a
− mq1E = q1E(m∗3 − m).

Thus, it vanishes exactly at m = m∗3. Taking the right and left eigenvectors as w = (1, 0)T and v =

(1, 0)T , we obtain

vT Dfmw = −q1E , 0,

and

vT D2f(w,w) = −
2r
K
−

2b
a2yi
, 0.

Hence, the Sotomayor nondegeneracy conditions for a transcritical bifurcation are satisfied.

6.4. Summary of the three bifurcations

Table 6 provides a quick comparison of the three bifurcations. Together with Table 4, it explains
why different orderings of m∗1,m

∗
2, and m∗3 lead to different ecological scenarios.

Table 6. Summary of the three bifurcations induced by the harvesting parameter m.

Threshold
& type

Equilibria
involved

Critical direction
/eigenvectors

Nondegeneracy
quantities

Ecological
outcome

m = m∗1 (Fold) E2 = E3 = (0, ȳ); if
m∗1 < m∗3, also
E4 = E5 = (x̄, ȳ).

For interior fold:
w =

(
−

J12
J11
, 1

)T ,
v = (0, 1)T .

vT fm = −q2Eȳ , 0,
vT D2f(w,w) =

−
s(L+A)

AL , 0.

Positive host equilibria
collide and disappear;
for m > m∗1, host
collapse occurs.

m = m∗2 (Transcritical I) E1 and E0 exchange
stability on the invariant
line y = 0.

Center direction along
x; y-direction
contracting. Near E0:
ẋ = −µq1Ex − r

K x2.

fxµ(0, 0) = −q1E , 0,
fxx(0, 0) = − 2r

K , 0.
Commensal-only
equilibrium merges into
the origin; the
commensal loses the
ability to survive
independently.

m = m∗3 (Transcritical II) E2 ↔ E4 and E3 ↔ E5,
when m∗3 < m∗1.

At (0, yi): w = (1, 0)T ,
v = (1, 0)T .

vT Dfmw = −q1E , 0,
vT D2f(w,w) =

− 2r
K −

2b
a2yi
, 0.

Coexistence equilibria
disappear; boundary
host equilibria reverse
their stability in the
commensal direction.
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7. Numerical examples

We now illustrate the theoretical results with the parameter set

r = 0.5, K = 100, b = 0.3, a = 50, q1 = q2 = 0.3,
s = 0.4, L = 100, A = 40, E = 1.

(7.1)

7.1. Critical thresholds

Substitution of (7.1) into the threshold formulas gives

m∗1 = 0.3000, m∗2 ≈ 1.6667, m∗3 ≈ 1.6867. (7.2)

Thus, the baseline ordering is
m∗1 < m∗2 < m∗3,

which corresponds to Case A in Table 4. Therefore, as m increases, the system passes through three
observable regimes:

bistability −→ host collapse with commensal-only survival −→ complete extinction.

7.2. Sensitivity of the critical thresholds to A and q1/q2

The three thresholds are explicitly given by

m∗1 =
s(L − A)2

4ALq2E
, m∗2 =

r
q1E

, m∗3 =
r + b/a

q1E
.

Hence, the Allee threshold A mainly affects the host fold threshold m∗1, whereas the catchability
coefficient q1 rescales the two commensal-related thresholds m∗2 and m∗3.

Table 7. Sensitivity of m∗1 to the Allee threshold A.

A m∗1 m∗2 m∗3 Ordering
20 1.0667 1.6667 1.6867 Case A
40 0.3000 1.6667 1.6867 Case A
60 0.0889 1.6667 1.6867 Case A
80 0.0167 1.6667 1.6867 Case A

Table 7 shows that increasing the Allee threshold A decreases m∗1 substantially, making the host
more vulnerable to harvesting-induced collapse.

Table 8. Sensitivity of the threshold ordering to the catchability ratio q1/q2.

q1 q1/q2 m∗1 m∗2 m∗3 Ordering
0.30 1.000 0.3000 1.6667 1.6867 Case A
1.00 3.333 0.3000 0.5000 0.5060 Case A
1.68 5.600 0.3000 0.2976 0.3012 Case B
1.70 5.667 0.3000 0.2941 0.2976 Case C

For the baseline values, the transitions between Cases A, B, and C occur near the critical ratios
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q1

q2
≈ 5.556 and

q1

q2
≈ 5.622.

Thus moderate changes in q1/q2 preserve the baseline ordering, whereas a sufficiently large commensal
catchability can move the system into Case B or Case C.

7.3. Low harvesting regime: m = 0.15

For m = 0.15 < m∗1, the host subsystem has two positive equilibria

y1 ≈ 48.79, y2 ≈ 91.21.

The commensal-only equilibrium and coexistence equilibria are

E1 = (91.0, 0), E4 ≈ (92.16, 48.79), E5 ≈ (92.18, 91.21).

Consistent with Table 5, E1 and E5 are stable nodes, whereas E4 is a saddle. The separatrix is the
horizontal line

Γ = {(x, y) : y = y1, x > 0},

which divides the extinction basin from the coexistence basin. The corresponding phase portrait is
shown in Figure 1.

Figure 1. Bistable phase portrait (m = 0.15). Red filled circles denote the stable equilibria
E1, E5; blue filled circles denote the saddles E0, E3, E4; the purple filled circle denotes the
source E2. The green dashed line y = y1 ≈ 48.79 is the separatrix Γ. Trajectory 1 (initial
values x(0) = 50, y(0) = 30) converges to E1; Trajectory 2 (initial values x(0) = 50, y(0) =

70) converges to E5.

7.4. Fold Bifurcation: m = m∗1 = 0.3

At m = m∗1 = 0.3, the two positive host equilibria merge at

ȳ =
L + A

2
= 70.
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Thus, E2 and E3 coalesce, and because m∗1 < m∗3, the coexistence equilibria E4 and E5 coalesce, as
well. The host-coordinate bifurcation diagram is shown in Figure 2, and the corresponding commensal-
coordinate bifurcation diagram is shown in Figure 3.

Figure 2. Bifurcation diagram of host y-coordinates vs. m. A fold bifurcation occurs at
m = m∗1, where y1, y2 (and hence E2, E3 and E4, E5) merge and annihilate.

Figure 3. Bifurcation diagram of commensal x-coordinates vs. m. A transcritical bifurcation
occurs at m = m∗2, where E1 merges into E0 (both lie on y = 0). Shaded regions mark the
dynamical regimes (i)–(iii).
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7.5. Medium harvesting regime: m = 0.5

For m = 0.5 ∈ [m∗1,m
∗
2), the host has no positive equilibrium, and every positive host trajectory

satisfies y(t)→ 0. Meanwhile,

xsolo = 100
(
1 −

0.5 × 0.3
0.5

)
= 70.

Hence, trajectories with x(0) > 0 converge to

E1 = (70, 0).

This host-collapse regime is illustrated in Figure 4.

Figure 4. Phase portrait in the host collapse regime (m = 0.5). The host has no nonzero
equilibria, and y(t) decays monotonically to zero. E0 is a saddle, and E1 = (70, 0) is a
globally attracting stable node. Five trajectories with diverse initial conditions ((8, 110),
(38, 110), (80, 110), (95, 98), (100, 32)) are shown; all converge to E1.

7.6. High harvesting regime: m = 1.68

For m = 1.68 > m∗2, the commensal-only equilibrium no longer exists, and m > m∗1 implies host
collapse. Thus, the origin is the unique equilibrium and is globally attracting:

(x(t), y(t))→ E0 = (0, 0).

Harvesting pressure ultimately drives both populations to complete extinction. The corresponding
phase portrait is shown in Figure 5.
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Figure 5. Phase portrait in the complete extinction regime (m = 1.68). The sole remaining
equilibrium is E0 = (0, 0), which is a globally attracting stable node. Five trajectories starting
from (8, 110), (38, 110), (80, 110), (95, 98), and (100, 32) all converge to the origin.

7.7. Transcritical bifurcation I

At m = m∗2 ≈ 1.667, the commensal-only equilibrium satisfies xsolo → 0 and collides with E0 on
the invariant line y = 0. This is precisely the transcritical bifurcation proved in Theorem 6.3. The
transition is visible in the commensal-coordinate bifurcation diagram in Figure 3.

7.8. Summary of graphical results (Figures 1–5)

Figures 1–5 correspond to the five dynamical regimes listed in Table 9 and collectively illustrate the
full spectrum of behaviors predicted by the theoretical analysis.

• Figure 1 (Low harvesting, m = 0.15). This phase portrait exhibits the bistable regime with all
six equilibria present. The horizontal separatrix Γ = {(x, y) : y = y1, x > 0} (green dashed
line) divides the phase plane: Trajectories initialized below y1 converge to the commensal-only
attractor E1, whereas those above y1 converge to the stable coexistence equilibrium E5. The
saddle E4 lies at the intersection of the separatrix with the commensal nullcline, and the source
E2 at (0, y1) repels trajectories along the separatrix toward E4. This confirms the basin separation
predicted by Proposition 5.6 and Theorem 5.7(I).

• Figure 2 (Fold bifurcation diagram). This bifurcation diagram tracks the host equilibrium
coordinates y1 and y2 as functions of the harvesting parameter m. As m increases, the two
branches approach each other and merge at the fold point m = m∗1 = 0.3, where y1 = y2 = ȳ = 70.
For m > m∗1, no positive host equilibrium exists, confirming the fold bifurcation analyzed in
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Theorem 6.2. The upper branch (y2) represents the stable host carrying capacity, and the lower
branch (y1) is the unstable Allee threshold.

• Figure 3 (Transcritical bifurcation diagram). This diagram displays the commensal
equilibrium coordinates xsolo, x∗(y1), and x∗(y2) versus m. The commensal-only equilibrium xsolo

decreases linearly with m and vanishes at the transcritical bifurcation point m = m∗2 ≈ 1.667,
where it collides with the origin E0. Meanwhile, the coexistence equilibria E4 and E5 merge at
the fold point m = m∗1 and disappear. This diagram visually confirms both Theorem 6.3
(transcritical I) and the fold-induced disappearance of coexistence states.

• Figure 4 (Host collapse, m = 0.5). For harvesting above the fold threshold (m∗1 < m < m∗2), the
host has no positive equilibrium, and all host trajectories satisfy y(t) → 0. The phase portrait
shows that regardless of initial host density, the commensal converges to the commensal-only
equilibrium E1 = (70, 0), and the host undergoes monotonic extinction. This illustrates the
monostable host-collapse regime described in Theorem 5.7(III).

• Figure 5 (Complete extinction, m = 1.68). Under strong harvesting (m > m∗2), both the host
positive equilibria and the commensal-only equilibrium are absent, leaving E0 = (0, 0) as the
unique global attractor. All trajectories converge to the origin, confirming the complete extinction
predicted by Theorem 5.7(IV). This regime illustrates the ecological risk of excessive harvesting
pressure in systems with Allee effects.

In summary, Figures 1–5 provide a complete visual verification of the theoretical results: the
bistable structure at low harvesting, the fold bifurcation that destroys positive host states, the
transcritical bifurcation that eliminates commensal survival, and the eventual collapse to
monostability and extinction as harvesting intensifies.

Table 9. Numerical regimes for the baseline parameter set.

m value Regime No. of equilibria Attractor(s) Figure
0.15 Low harvesting 6 E1 or E5 Figure 1
0.30 Fold point 4 Nonhyperbolic Figures 2 and 3
0.50 Host collapse 2 E1 Figure 4
1.667 Transcritical I 1 Nonhyperbolic Figure 3
1.68 Complete extinction 1 E0 Figure 5

The numerical results agree with the theoretical equilibrium classification, global basin structure,
and bifurcation analysis. The corresponding numerical data are compiled in Table 9.

8. Discussion and outlook

This paper has analyzed a host–commensal system with a multiplicative Allee effect on the host and
nonselective harvesting on both species. The central mathematical feature is the triangular structure
of the system: The host equation is independent of the commensal variable. This structure makes it
possible to reduce the equilibrium classification, local stability analysis, global basin description, and
bifurcation verification to one-dimensional problems.
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The analysis identifies three critical harvesting thresholds:

m∗1 =
s(L − A)2

4ALq2E
, m∗2 =

r
q1E

, m∗3 =
r + b/a

q1E
.

The threshold m∗1 corresponds to the disappearance of positive host equilibria through a fold
bifurcation; m∗2 corresponds to the loss of commensal-only survival through a transcritical bifurcation;
and m∗3 corresponds to the loss of commensal invasion ability around positive host states. Depending
on the ordering of these thresholds, the system may exhibit coexistence–commensal-only bistability,
coexistence–extinction bistability, or host-only–extinction bistability. In the baseline ordering
m∗1 < m∗2 < m∗3, harvesting first destroys the positive host equilibria and then eliminates the
commensal-only state, leading eventually to complete extinction.

Compared with commensalism models with purely logistic host growth, the multiplicative Allee
effect creates a sharp threshold structure in the host dimension. The separatrix y = y1 divides the
basin of coexistence from the basin of collapse. From a management perspective, this means that
harvesting pressure should be kept below m∗1 if stable coexistence is desired; once m crosses this value,
the positive host equilibria disappear, and the system undergoes a critical transition from bistability
to monostability.

Several limitations and extensions deserve further investigation. First, the present model assumes
strictly asymmetric commensalism: The host is not affected by the commensal. This assumption yields
the triangular structure used in the complete analysis. In natural systems, however, weak feedback from
the commensal to the host may occur. Introducing such feedback would destroy the exact cascade
reduction, although hyperbolic equilibria are expected to persist under sufficiently small perturbations.

Second, the bistable regime raises several management-oriented questions. One may formulate an
optimal harvesting problem that maximizes long-term yield while keeping the host density above the
separatrix y = y1. Resilience indices, such as distance to the separatrix and recovery time after
perturbations, would also provide useful early-warning indicators for Allee-induced collapse. A
comparison between multiplicative and additive Allee formulations is another natural extension.

Third, temporal delays are common in ecological systems because reproduction, maturation,
harvesting response, and commensal benefit may not be instantaneous. Delayed harvesting
predator–prey models with multiple delays can generate positive periodic solutions and more
complicated long-term behaviors [40]. Incorporating delay into the present framework may therefore
lead to Hopf bifurcations and delay-induced oscillations.

Finally, harvesting decisions are often coupled with economic factors. Eco-economic or
bioeconomic systems, including differential-algebraic models with economic constraints, can exhibit
rich bifurcation phenomena [41]. Combining the present Allee-threshold-driven commensal system
with profit, cost, and effort dynamics would provide a more realistic framework for sustainable
harvesting policy. Stochastic perturbations and spatial dispersal also remain important directions for
future work.
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