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Abstract: Pediatric biomarker reference intervals (RIs) are crucial for clinical diagnosis and health
assessment, but the establishment of RIs is often limited by issues such as scarce labeled data and
the inadaptability of traditional methods to implicit hierarchical data distributions. To overcome
these challenges, we proposed a semi-supervised model integrating partial supervised information
guidance and hyperbolic space representation for efficient prediction of pediatric biomarker reference
intervals. By introducing hyperbolic space exponential mapping, we mapped the preprocessed high-
dimensional features from Euclidean space to the hyperbolic space of the Poincaré ball. Leveraging
the negative curvature property of hyperbolic space, the model more accurately characterizes the
hierarchical distribution patterns of biomarkers. The partially labeled samples guide hyperbolic
representation learning through a supervised loss, and the structural information of unlabeled samples
guide the reconstruction of unsupervised loss. This enables the collaborative use of a small number
of labeled samples and a large number of unlabeled samples, balancing model performance and data
collection cost. Analytical and comparative experiments were conducted on pediatric datasets using
two biomarkers, validating the proposed method as a proof of concept.
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1. Introduction

As a core benchmark for clinical decision-making, the biomarker reference interval (RI) defines the
normal range of physiological indicators for specific populations [1]. In pediatric clinical settings, it
serves as a critical link between laboratory test results and clinical diagnosis. First, it assists clinicians
in rapidly distinguishing pathological abnormalities from age-related physiological fluctuations during
children’s growth and development [2]. Second, it provides a basis for the longitudinal monitoring of
healthy children, facilitating the tracking of health growth and the identification of subtle abnormality
indicators preceding overt health issues [3]. Given the dual value of pediatric RIs in emergency
diagnosis and preventive medicine, establishing accurate RIs that align with the characteristics of
the pediatric population holds significant clinical importance. Figure 1 illustrates the process of
establishing RIs using healthy populations. The “gold standard” [4] for establishing biomarker RIs
is the direct method recommended by the Clinical and Laboratory Standards Institute (CLSI) [5]
international guidelines. This method establishes RIs through a rigorous process: first, strict
inclusion/exclusion criteria are developed to identify the healthy population; second, biological
samples from this population are collected and target biomarkers are measured; and finally, RIs are
calculated based on the distribution of measured values (typically the 2.5th to 97.5th percentiles).

Analyte  |  Reference Interval 
ALT        8–71  U/L

√ AST       21–80  U/L
Analyte  |  Reference Interval 

√ GGT      9–150  U/L
Analyte  |  Reference Interval 

Healthy

ALT       ＜ 8  U/L
Analyte   |   Value

Subnormal

AST      ＜ 21  U/L
Analyte   |   Value

Subnormal

GGT      ＜ 9  U/L
Analyte   |   Value

Subnormal

AST      > 80  U/L
Analyte   |   Value

Abnormal

GGT      > 150  U/L
Analyte   |   Value

Abnormal

√ ALT       > 71  U/L
Analyte   |   Value

AbnormalHealthy

Healthy

…

Figure 1. Process of establishing reference intervals using healthy populations.

Although the direct method enables the generation of highly reliable RIs by leveraging explicitly
labeled healthy samples, its application in the pediatric field is constrained by notable challenges.
To begin with, the definition of health in children is shaped by multiple factors including age and
gender, making the dataset complex and hard to represent effectively. This renders it difficult to
develop unified inclusion criteria for the reference population. Moreover, the labeling of samples as
healthy or nonhealthy demands professional clinical assessments, and it is both resource-intensive
and time-consuming [6]. What is more, the collection of pediatric samples is subject to ethical
restrictions. These factors collectively tend to result in insufficient labeling of the reference population
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or poor representativeness of the sampled group [7]. These limitations have driven the exploration
of the indirect method—which performs clustering on unlabeled data—as an alternative approach for
establishing pediatric RIs.

While the indirect method demonstrates significant advantages in the utilization efficiency of
hospitals’ laboratory information system (LIS) data, the lack of labels makes it difficult to rigorously
verify the clinical validity of RIs derived through clustering methods. So clinicians generally find it
hard to trust RIs that have not undergone correlation verification with the “gold standard” [4], which in
turn significantly undermines the application value of RIs derived from the indirect method in practical
clinical decision-making.

To address this dilemma, we leverage a semi-supervised learning (SSL) framework to avoid
informational loss from discarding either labeled or unlabeled data. The abundant unlabeled data
covering a broader pediatric population implies the underlying data structure, while the scarce healthy-
labeled data shows credibility in anchoring real physiological benchmarks. Notably, state-of-the-art
SSL methods are characterized by strong adaptability to limited annotations and heterogeneous data,
as they can enhance model robustness under partial labeling [8] and realize effective utilization of
multi-site heterogeneous unlabeled data [9]. Aligning with semi-supervised learning (SSL) [10–12],
this work exploits the synergy between sparse annotations and large-scale unlabeled distributions to
enhance the performance of pediatric reference interval estimation.

Status 1 Status 2 Status 3 …

Sign 1 Sign 2

Sign 1.1
Sign 1.2

Sign 2.2Sign 2.1

…

Figure 2. Hierarchical structure diagram for diagnosing a child’s health status using multiple
biomarkers.

Although mainstream SSL (such as label propagation [13] and constrained K-means semi-
supervised clustering [14]) have demonstrated potential in biomedical data analysis, Euclidean space
is suboptimal for the encoding of the hierarchical structure. Figure 2 illustrates the diagnostic
process based on multiple biomarkers, which is a tree-like decision-making framework. Following the
diagnostic tree from the root node, the health status of each child patient can be assessed through the
hierarchical assessment of biomarkers. In particular, the hyperbolic space is more suitable to encode
hierarchies than the Euclidean space [15, 16]. Mathematically defined, hyperbolic space is a type of
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n-dimensional Riemannian manifold [17] with constant negative curvature [18]. Its core characteristic
is its volume growing exponentially with the radius, which distinguishes it from Euclidean space and
spherical space [17]. Hyperbolic space enables the independent expansion of each branch through low-
dimensional manifolds without sacrificing structural resolution. This stands in sharp contrast to the
limitations of spherical space (branch compression) and Euclidean space (branch flattening) [19, 20].

Based on the above analysis, we propose a semi-supervised hyperbolic graph autoencoder (SS-
HGAE) for the establishment of pediatric RIs. First, in the encoding layer of the graph autoencoder,
samples are mapped to the constrained Poincaré ball via exponential mapping to capture the implicit hi-
erarchical physiological characteristics of the evaluated alanine aminotransferase (ALT) and aspartate
aminotransferase (AST) data, which improves the representation of the dataset. Second, by integrating
the angular-based and distance-based loss between samples in hyperbolic space, supervised hyperbolic
contrastive losses with partial labels are constructed to align these embedded representations. This
ensures the clusters are clinically valid. Finally, after the model converges during training, the
unsupervised Gaussian mixture model [21] is adopted for the clustering, ultimately establishing RIs.
To verify the effectiveness of the proposal, two types of biomarkers, ALT and AST, were selected from
the LIS database for experimental validation. Experiment datasets are from five groups with different
age periods and genders: “28 days to < 1 year”, “1 to < 2 years”, “2 to < 13 years”, “13 to < 18 years
(male)”, and “13 to < 18 years (female)”. Our experimental results demonstrate that the proposed
framework achieves favorable performance across all datasets as a proof of concept. The contributions
of this work can be summarized as follows:

• Operating under strictly low-resource settings, we address the real-world characteristics of
pediatric clinical data, which features scarce labels alongside ample unlabeled samples. With
the dual impetus of the graph reconstruction loss and supervised hyperbolic contrastive loss, the
framework realizes the coordination of feature excavation from unlabeled samples and a limited
number of labeled samples.
• According to the tree-like hierarchical characteristics of the evaluated pediatric biomarker data,

we integrate hyperbolic geometry into the embedding space to capture better representation.
• As a proof of concept, extensive experiments on pediatric ALT and AST datasets covering

different age groups and genders consistently demonstrate the feasibility and effectiveness of
the proposal.

2. Related works

Indirect estimation methods in the medical field can be categorized into two major technical
branches: probability distribution model-based methods and neural network-based methods. As the
mainstream approach in the early stage, probability distribution model-based methods have evolved
around the optimization of distribution assumption adaptability and the enhancement of practicality,
while gradually exposing inherent limitations at the technical level.

In the initial stage of technical development, indirect estimation methods based on probability
distribution models [22] were centered on the Gaussian distribution assumption: they determined
the RI boundaries by analyzing the central smooth peak characteristics of the data distribution and
combining probability with linear regression tools. Later, a graphical analysis approach [23] was
further developed, which derived RIs by identifying Gaussian peaks in data histograms and using the
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population with the largest peak as the reference.
However, such methods are constrained by the strict Gaussian distribution assumption. In

contrast, real-world medical data often exhibit asymmetric, skewed, and other non-Gaussian features.
Meanwhile, the operation mode relying on manual visual inspection not only leads to strong
subjectivity in results but also fails to meet the needs of automated analysis, resulting in obvious
shortcomings in the technical applicability. So research shifted toward adapting to non-Gaussian
distributions, and new methods introduced data transformation and iterative optimization strategies.
For example, the Box-Cox transformation [24] was used to process the raw data, and an iterative
algorithm was proposed to locate the optimal truncation interval of the reference value distribution,
enabling parameter estimation in non-Gaussian scenarios. Alternatively, the truncated minimum chi-
square (TMC) approach [25] improved the parameter estimation and normality test logic of the previ-
ous method [24], thereby enhancing result reliability. Nevertheless, such methods still face practical
bottlenecks: their implementation is limited to Excel, making it impossible to integrate into automated
analysis workflows and to support large-scale data-processing requirements. Although subsequent
studies [21, 26] promoted further optimization of method practicality by developing command-line
tools to establish analysis pipelines and designing reverse modeling algorithms to improve estimation
efficiency and quality, indirect estimation methods [27] based on probability distribution models
never overcame the core limitation of fixed distribution assumptions. The restrictive mathematical
distribution cannot characterize the nonlinear correlations among features in high-dimensional medical
data space, nor can they capture the synergistic or inhibitory relationships among multiple biomarkers.
In medical data scenarios with multi-dimensional and complex interactions, the model’s adaptation to
the inherent laws of data is insufficient, and technical limitations have not been fundamentally resolved.

In contrast, deep clustering methods [28], relying on the nonlinear representation capability of
neural networks, can automatically learn the mapping of high-dimensional features while preserving
the inherent correlations among features. This provides an effective approach [29, 30] for modeling
complex interactions in multi-dimensional medical data. In the early development stage, deep
clustering was mainly done with a dimension-reduction-based approach [31]: after extracting low-
dimensional features of data via autoencoders, traditional clustering algorithms such as K-means [32]
were exploited. Later, hybridizing feature learning and clustering together, studies realized the
synchronous optimization of the two by defining clustering-oriented objective functions. For instance,
an objective function was constructed based on Kullback-Leibler divergence [33], enabling the deep
model to complete a sample clustering assignment while learning the mapping from the observation
space to the low-dimensional latent space. Huang et al. proposed DeepCluE [34], which integrates
instance-level and cluster-level contrastive learning with multi-layer ensemble clustering to fully
exploit diverse semantic information from different network layers and enhance clustering robustness.
Ju et al. [35] proposed a fuzzy deep clustering method that combines self-attention fuzzy feature
extraction and dual-granularity contrastive learning to address data uncertainty and suboptimal negative
sample selection in traditional contrastive learning. However, such methods still focused on the
intrinsic feature representation of individual samples and failed to capture the correlation information
among samples, making it difficult to adapt to the structural characteristics of sample dependence in
medical data.

To improve the structural information modeling, graph autoencoders (GAEs) [36] were proposed.
By combining graph convolutional encoders with inner-product decoders, the GAE converts corre-

Electronic Research Archive Volume 34, Issue 9, 6286–6314.



6291

lations among samples into graph structures for learning, realizing the joint modeling of feature
and structure information. In medical scenario applications, studies further constructed density
maps [37] to characterize the similarity of analyte measurements between patients, used a GAE
to learn patient embedding representations and clustering, and finally achieved RI establishment.
This promoted the in-depth integration of deep clustering and medical tasks. With technological
iteration, deep clustering frameworks have gradually developed toward multi-module integration [38]
and performance optimization [39]. On one hand, a unified framework, the structural deep clustering
network (SDCN) [40], was built by integrating autoencoders (AEs) with graph convolutional networks,
and a dynamic information fusion module [41] was designed to perform refined processing of attribute
and structure information, enhancing the comprehensiveness and accuracy of feature representation.
On the other hand, to address the problem of representation collapse that is common in previous
frameworks, the deep graph clustering via dual correlation reduction method (DCRN) [42] introduced
information correlation reduction mechanisms from both sample and feature levels, effectively
alleviating this defect. The diverse-bellwether deep graph clustering method (DDGC) [43] proposed
a dual-module framework with diverse centroid learning and minimum entropy-based assignment
sharpening to balance intra-cluster compactness and inter-cluster separation while mitigating over-
smoothing. Deep graph clustering through effective distance and density (DeepEDD) [44] designed
a nonparametric framework integrating a graph-masking autoencoder and effective distance-density
decoder to automatically determine cluster numbers without prior knowledge. Despite the significant
progress of deep clustering, it faces a core limitation in the task of establishing pediatric biomarker
RIs: such methods rely on an unsupervised paradigm. However, pediatric biomarker data generally
lack real labels for healthy samples, making it difficult to verify their clinical effectiveness through
empirical methods, which in turn limits the application value of the methods in actual clinical
scenarios. Therefore, the introduction of a semi-supervised learning paradigm is of great necessity
and practical significance.

Semi-supervised learning aims to optimize models through the collaboration of a small number of
labeled samples and a large number of unlabeled samples, and its development has always centered on
the core issue of how to effectively utilize unlabeled data. The early semi-supervised methods [10] were
mainly based on traditional machine learning frameworks, and relied on manually designed features
and simple assumptions. Self-training [45, 46] generates pseudo-labels through high-confidence
predictions of the model for iterative updates; although it is prone to being affected by incorrect
pseudo-labels, it is widely used in scenarios such as text classification and image recognition due to
its simplicity. Co-training [47] trains two models to transmit pseudo-labels to each other by leveraging
the independence of multiple data views, which requires satisfying the assumption of sufficient and
conditionally independent views. Later, single-view co-training [48] expanded its scope of application
by constructing pseudo-views through random feature projection and different hyperparameters.
Graph-based methods are a core branch of transductive learning. Label propagation [13] updates node
labels iteratively to make node labels approach the labels of neighboring nodes; it is computationally
efficient but depends on the quality of the graph structure. Gaussian random fields [49] treat label
prediction as a probabilistic inference problem and use Laplacian graph regularization to ensure
smooth prediction, laying the foundation for manifold regularization. A semi-supervised support vector
machine (SVM) [50] extends a supervised SVM by optimizing the margin of unlabeled data to the
decision boundary, but it faces the problem of non-convex optimization. Subsequent studies improved
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its practicality through convex relaxation and gradient descent approximation. With the rise of deep
learning, semi-supervised methods have shifted toward combining with neural networks, focusing
on solving the problem of deep models’ dependence on labeled data. Semi-supervised variational
autoencoders (SSVAEs) [51] treat class labels as latent variables and jointly optimize generation and
classification objectives through variational inference, which is suitable for scenarios with extremely
limited labeled data. Guan et al. [52] proposed S 2Match, which adopts a linear policy-based self-paced
sampling strategy to avoid repeated learning of incorrect pseudo-labels in data-limited scenarios and
mitigate the risk of falling into local minima. Weng et al. [8] proposed a semi-supervised information
fusion framework that integrates pseudo-labeling, consistency regularization, and other methods with
data, feature, and decision fusion technologies to enhance the robustness of medical image analysis
models. Xu et al. [9] proposed a separated collaborative learning framework, which realizes effective
utilization of multi-site heterogeneous unlabeled data through local distribution fitting and external
information-mining based on mutual information and adversarial stability learning.

However, semi-supervised methods based on Euclidean space have limitations in handling the
hierarchical structure inherent in pediatric biomarker data, making it difficult to achieve optimal
classification performance. Notably, there exists an inherent compatibility between such hierarchical
structures and the geometric properties of hyperbolic space. This characteristic provides a potentially
feasible pathway for optimizing the classification scheme of pediatric biomarker data. From a
mathematical definition, hyperbolic space is a type of n-dimensional Riemannian manifold with
constant negative curvature [18]. Its core characteristic that distinguishes it from Euclidean space
and spherical space is that its volume grows exponentially with radius [53]. This unique geometric
property makes it naturally suitable for encoding tree-like nested structures. Nickel et al. [54] created
a method based on Poincaré embedding through Riemannian optimization to describe the similarity
and hierarchical relationships between objects. Subsequently, they developed a hyperbolic method
from object similarity using the Lorentz model, which improved numerical stability compared with the
Poincaré model [55]. Existing studies have shown that neural networks such as the Visual Geometry
Group network (VGG) and ResNet inherently exhibit hyperbolic properties when learning from
ImageNet and the Canadian Institute for advanced research dataset (CIFAR) [17]. Ganea et al. [15]
first designed a hyperbolic deep learning version by extending computational units such as multinomial
logistic regression in hyperbolic space. Different from previous shallow networks, hyperbolic attention
networks were introduced into deep networks, which utilize an efficient version of the hyperbolic
attention mechanism [56]. A more general version of hyperbolic neural networks was proposed by
constructing parameter-efficient multinomial logistic regression, convolutional layers, and attention
mechanisms in the Poincaré ball model [57]. A large number of studies have proven that hyperbolic
space has strong expressive capabilities in different tasks, such as natural language processing [15],
graph analysis [56], recommendation systems [58], image classification [17], and generalized category
discovery [59].

Although existing hyperbolic methods are not designed for medical datasets and cannot be directly
applied in our context, their success implies the powerful expression of hyperbolic embedding. Inspired
by the above analysis, this study proposes a semi-supervised method based on hyperbolic space,
investigates its performance on pediatric blood biomarker concentration data across different ages
and genders, and examines the impact of label information with different annotation ratios on the
proposed method.
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3. Materials and methods

3.1. Dataset and preprocessing method

The core variables of the data used in this study include test ID, age, gender, biochemical
analytes, test units, and test sample type. To better clarify the correlation between diseases or
discomfort symptoms and the biomarkers under study, this study extracted the outpatient impression
diagnosis variable for reference. This study collected test information on 13 pediatric biomarkers,
specifically including total protein (TP), albumin (ALB), creatinine (Crea), urea (Urea), alanine
aminotransferase (ALT), aspartate aminotransferase (AST), γ-glutamyl transferase (GGT), alkaline
phosphatase (ALP), calcium (Ca), inorganic phosphorus (IP), potassium (K), sodium (Na), and
chlorine (Cl). All biochemical analysis data were measured by the Central Laboratory of Beijing
Children’s Hospital using the Cobas C702 testing instrument (Roche Diagnostics GmbH, Mannheim,
Germany); the internal quality control of biomarkers complied with the requirements of the National
Standard of the National Health Commission of the People’s Republic of China (WS/T 780-2021) [60].
Clinical age and gender stratifications differed drastically across blood biomarkers. Therefore, we
selected ALT and AST as core validation targets to explore our semi-supervised method, driven by
their distinct and challenging statistical trajectories.

During the data-cleaning process, samples with missing values in core variables (such as age,
gender, and biomarker concentration) were directly excluded instead of performing missing value
imputation. The age division standard in this study refers to the national industry standards commonly
used in Chinese pediatric clinical practice; therefore, children aged < 28 days or ≥ 18 years were not
included, and only serum samples were retained as the sample type. Using the test ID as the unique
identifier, the study converted the long-format data of test results into wide-format data to ensure that
each piece of data corresponds to an individual child. In addition, considering that samples with
multiple tests have a higher potential for pathological conditions, this study carefully screened child
samples with repeated test records: for individuals with 2 or more laboratory test records within 1 year,
only their earliest test record was retained.

The cleaned dataset originates from two independent sources: 63,915 strictly unlabeled samples
extracted from the hospital’s LIS, and 11,714 labeled healthy samples obtained from the Pediatric
Reference Interval in China (PRINCE) study [4]. The unlabeled LIS data were derived from the
biochemical test results of the Outpatient Laboratory Department of Beijing Children’s Hospital from
January 1, 2021, to December 31, 2021. The labeled data were collected by obtaining children’s blood
samples through direct sampling and labeling health information. In accordance with national industry
standards [60], and considering the differences in ALT and AST levels among children of different
age groups and genders, the study subjects were divided into five groups, namely: “28 days to < 1
year”, “1 to < 2 years”, “2 to < 13 years”, “13 to < 18 years (male)”, and “13 to < 18 years (female)”.
Table 1 presents the detailed data distribution of different groups. The dataset sizes of each group are
3243, 4962, 58,731, 4492, and 4201, respectively. The quantities of labeled data included in each
group are 463, 500, 8,006, 1,228, and 1,517, respectively. To investigate the impact of the label ratio
and strictly prevent data leakage, 10%, 20%, 30%, 50%, and 70% of the labeled PRINCE samples
(11,714 samples) were randomly selected as supervised information for ALT and AST, respectively, in
Section 4.4.

Electronic Research Archive Volume 34, Issue 9, 6286–6314.



6294

Table 1. Original distribution of ALT and AST across different age and gender groups.

Biomarkers
Age / sex
Partition

Total
Number

Number
of Labels

Mean
(U/L)

SD
(U/L)

Median
(U/L)

P2.5

(U/L)
P97.5

(U/L)
Proportion in RIs
(%)

WS/T
(U/L)

28 days to < 1 year 3243 463 33.7 34.23 25.8 10.5 100.3 93.71 8∼71
1 to < 2 years 4962 500 21.1 25.86 17.2 8.9 52.9 95.24 8∼42

ALT 2 to < 13 years 58,731 8006 17.7 30.91 13.3 7.2 50.6 91.99 7∼30
13 to < 18 years male 4492 1228 19.6 22.29 13.6 6.3 78.6 89.67 7∼43
13 to < 18 years female 4201 1517 15.4 24.02 11.2 5.7 50.8 90.91 6∼29

28 days to < 1 year 3243 463 51.0 40.36 44.3 26.9 112.1 93.68 21∼80
1 to < 2 years 4962 500 43.1 25.61 40.1 27.1 70.1 94.68 22∼59

AST 2 to < 13 years 58,731 8006 30.4 22.61 27.9 16.8 51.6 94.85 14∼44
13 to < 18 years male 4492 1228 23.0 33.21 20.1 13.2 45.7 94.59 12∼37
13 to < 18 years female 4201 1517 20.2 16.25 17.8 12.1 38.5 95.02 10∼31

3.2. Problem definition

The task of pediatric reference-interval prediction based on semi-supervised learning aims to
develop a model that can accurately cluster unlabeled samples by learning from a small number of
labeled samples. Let the unlabeled dataset be denoted as Du = {(xui , yui)} ∈ X × Yu and the labeled
dataset be represented as Dl = {(xli , yli)} ∈ X×Yl, where Yu and Yl denote the label sets corresponding
to the two types of datasets, respectively. The unlabeled dataset contains both unlabeled and labeled
categories, which satisfies Yl ⊂ Yu. After obtaining the clustering results, the largest cluster is selected
as the healthy population according to the principle that the proportion of healthy individuals is the
highest, and its 2.5th percentile and 97.5th percentile are taken as the lower and upper bounds of the
reference interval, respectively.

3.3. Overall architecture

This study proposes a novel semi-supervised hyperbolic graph autoencoder (SS-HGAE). In this
subsection, the overall architecture of the proposed model is first introduced, and its detailed framework
is presented in Figure 3. The SS-HGAE model consists of five modules, including three network
structure modules and two optimization algorithm modules. Specifically, the graph autoencoder,
hyperbolic space exponential representation learning, and hidden layer representation clustering
together form the overall network structure of the SS-HGAE model; furthermore, in the optimization
process, supervised hyperbolic contrastive loss and reconstruction loss are adopted to enhance the
overall representational capability of the model. Detailed descriptions of each module and the
optimization process will be elaborated in subsequent subsections.

3.3.1. Graph autoencoder

Given the unlabeled dataset Du = {(xui , yui)} ∈ X×Yu and the labeled dataset Dl = {(xli , yli)} ∈ X×Yl,
the node feature matrix X = [x1, x2, . . . , xN]⊤ ∈ RN×F is composed of individual sample features
(including both labeled and unlabeled samples) xi, where i = 1, 2, . . . ,N and F represents the number
of biomarkers. We first construct an adjacency matrix A = (ai j) ∈ RN×N to characterize pairwise
correlations between samples. Specifically, we employ the K-nearest neighbor (KNN) method [61]
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Figure 3. The overall architecture of the SS-HGAE model. The sample data X is first used
to construct the normalized adjacency matrix Ã , and then both X and Ã are input into the
encoder to derive the hidden representation Z. The update of Z is jointly determined by two
types of loss functions: one is the loss function constructed under hyperbolic exponential
mapping, and the other is the inherent reconstruction loss of the graph autoencoder.

to build this matrix: for each sample i, we compute its Euclidean distance to all other samples in
the original feature space and then select its K most similar samples to form local connections. The
adjacency matrix element ai j is set to 1 if sample j is among the K-nearest neighbors of sample i, and
is 0 otherwise. This KNN-based graph construction captures the local manifold structure of the data,
ensuring that each sample is only connected to its most relevant peers, which helps the graph encoder to
focus on meaningful pairwise relationships while avoiding noisy global connections. Subsequently, the
node feature matrix X and the adjacency matrix A are fed into a graph encoder to obtain the hidden-
layer Euclidean feature representation zi corresponding to sample i. The full embedding matrix of
the node is denoted as Z = [z1, z2, . . . , zN]⊤ ∈ RN×P, where P denotes the dimension of the latent
space after applying the graph encoder. The graph encoder operates based on two stacked graph
convolutional layers, with its mathematical implementation governed by the following expressions:
First, the adjacency matrix A is normalized using the degree matrix Q to yield the normalized adjacency
matrix Ã:

Ã = Q−
1
2 AQ−

1
2 , (3.1)

where Q = diag(q1, q2, . . . , qN) ∈ RN×N , qi =
∑N

j=1 ai j, and ai j denotes the element of A at the i-th row
and j-th column.

The normalized adjacency matrix Ã and node feature matrix X then serve as inputs to these two
graph convolutional layers. The first layer applies the rectified linear unit activation function ReLU(·)
to the linear transformation of X with learnable parameter W1 ∈ R

F×F1 , where F1 denotes the output
dimension of the first graph convolutional layer. This activation function ensures non-negative output
to introduce nonlinearity, and the result is subsequently aggregated via Ã; the second layer further
transforms the output with learnable parameter W2 ∈ R

F1×P to generate the final embedding matrix of
node Z:

Z = ÃReLU
(
ÃXW1

)
W2. (3.2)
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Additionally, the graph encoder incorporates a graph reconstruction branch, where the embedding
matrix of node Z is used to reconstruct the adjacency matrix via the sigmoid activation function
σ(·). This activation function maps values to the range [0, 1] for similarity measurement, yielding
the reconstructed adjacency matrix Â ∈ RN×N:

Â = σ
(
ZZ⊤

)
. (3.3)

As the core optimization objective of graph autoencoders, the reconstruction loss directly defines
the difference between reconstructed results and original inputs. In this study, the mean squared error
(MSE) loss is employed as the reconstruction loss. By minimizing this reconstruction loss, the encoder
is compelled to learn embeddings that preserve key information of the original graph, such as node
connection relationships and feature similarities. Its mathematical expression is as follows:

Lrec =
1

N2 ∥Ã − Â∥2F =
1

N2

N∑
i=1

N∑
j=1

(
ãi j − âi j

)2
, (3.4)

where ãi j and âi j are elements of matrices Ã and Â, respectively.

3.3.2. Hyperbolic space exponential representation learning

In this section, we focus on projecting the Euclidean-space representation z into the hyperbolic
space, where similarity computation for positive and negative sample pairs (constructed based on
label information) is performed. This design is motivated by the intrinsic structural characteristics
of pediatric biomarker data—particularly critical for the task of reference interval establishment.

In the scenario of pediatric biomarker reference interval establishment, a synergistic health-
status determination mechanism using multiple biomarkers [60] inherently endows the data with
a hierarchical structure. This structure is explicitly manifested in the two-stage clinical decision-
making process: the first stage involves single-index normal range determination (e.g., ALT 8–71
U/L, AST 21–80 U/L, GGT 9–150 U/L; any index exceeding its range initially signals potential health
abnormalities), while the second stage requires synergistic normal determination using multiple indices
(only when all core biomarkers fall within their respective single-index ranges can the health status be
finally classified as healthy).

Existing semi-supervised methods [62] primarily focus on optimizing clustering performance of
unlabeled samples in Euclidean or spherical spaces. However, the geometric properties of these
spaces (e.g., polynomial volume growth in Euclidean space) limit their capacity to effectively capture
such hierarchical relationships. In contrast, hyperbolic space—characterized by exponential volume
growth with respect to radius—naturally aligns with the hierarchical nature of pediatric biomarker
data, making it a more suitable representation space for this task.

There are five isometric models available for hyperbolic space with constant negative curvature [63].
Considering computational feasibility, we adopt the widely used Poincaré ball model [53, 54, 59].
Given the negative curvature −c2 (c > 0), the n-dimensional Poincaré ball is denoted as Dn

c ={
u ∈ Rn | c∥u∥2 < 1

}
, which is equipped with the Riemannian metric: gc

u = (λc
u)2gE, where λc

u =
2

1−c∥u∥2 ,
and gE is the Euclidean metric. This metric scales local distances by λc

u, which diverges near the ball’s
boundary, imparting exponential expansion properties to hyperbolic space.
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The basic operation in Euclidean space cannot be directly used in hyperbolic space such as vector
addition, which consequently prohibits the use of standard Euclidean vector addition. To address this,
our approach adopts the gyrovector framework [64]. This formalism introduces Möbius addition of
any two points u, v ∈ Dn

c that faithfully respect the hyperbolic geometry:

u ⊕c v =

(
1 + 2c⟨u, v⟩ + c∥v∥2

)
u +

(
1 − c∥u∥2

)
v

1 + 2c⟨u, v⟩ + c2∥u∥2∥v∥2
, (3.5)

where ⟨u, v⟩ denotes the Euclidean inner product of vectors u and v (quantifying the linear correlation
between the two vectors), and ∥u∥ represents the Euclidean norm (i.e., L2 norm) of vector u , calculated
as the square root of the sum of the squares of its components, which measures the magnitude of the
vector. Based on Möbius addition, the hyperbolic distance between u and v is calculated as:

DH(u, v) =
2
√

c
arctanh

(√
c ∥−u ⊕c v∥

)
. (3.6)

It is obvious that limc→0DH(u, v) = 2∥u−v∥. This convergence ensures the consistency with Euclidean
geometry in the limit.

Thus, the addition operation and distance operation can be conducted in hyperbolic space according
to Eqs (3.5) and (3.6), respectively. To map Euclidean feature embeddings z into hyperbolic space Hn,
we utilize an exponential mapping [18], facilitating the effective capture of hierarchy. For base point
o, the mathematical formulation of projecting a tangent vector z from En to Hn is:

H (z) = expc
o(z) = o ⊕c

(
tanh

(
√

c
λc

o∥z∥
2

)
z
√

c∥z∥

)
, (3.7)

where Möbius addition is defined as Eq (3.5). To enforce the constraint that the feature vector z lies
within the Poincaré ball and to ensure numerical stability, we apply a clipping operation before the
exponential mapping: C(z) = min

{
1, β
∥z∥

}
· z, where β is a constant clipping value. For a Euclidean

feature vector zi, its hyperbolic counterpart is thus H (zi) = expc
o (C (zi)), adhering to hyperbolic

geometric operation norms.
To investigate how the number of labeled samples affects model performance, we adopt a subset

of labeled samples from the label set with a fixed ratio to provide supervision for contrastive learning.
Let B ⊆ Yl denote the subset of labels sampled from the labeled label set Yl at a sampling ratio ρ
(0 < ρ ≤ 1). Thus, we define the unified form of supervised contrastive loss as follows:

Ls =
1
|Bl|

∑
i∈Bl

1
|Ni|

∑
q∈Ni

− log
exp

(
S

(
H (zi) ,H

(
zq

))
/τr

)
∑

j,i exp
(
S

(
H (zi) ,H

(
z j

))
/τr

) , (3.8)

where Bl ⊂ B is the labeled mini-batch (i.e., a subset of the sampled label set B), Ni is the set of samples
sharing the same label as zi in Bl, τr is the temperature parameter, and S represents the similarity
function for the hyperbolic counterparts of two feature vectors.

For pairwise sample similarity computation S, we propose a hybrid loss strategy integrating
distance-based and angle-based components—consistent with prior findings that such integration
enhances model optimization in hyperbolic space [59, 65]. The distance-based similarity is defined
as a negative hyperbolic distance:

Sd = −DH. (3.9)
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This is similar to a negative Euclidean distance of prior methods [66]. The angle-based similarity is
defined as cosine similarity, which is preserved across Euclidean and hyperbolic spaces due to their
conformal equivalence:

Sang

(
H (zi) ,H

(
z j

))
=
H (zi) · H

(
z j

)
∥H (zi)∥ ·

∥∥∥∥H (
z j

)∥∥∥∥ . (3.10)

Substituting Eqs (3.9) and (3.10) into Eq (3.8), we obtain supervised contrastive losses Ls
dis and

Ls
ang in the form of distance and angle, respectively. The final supervised hyperbolic contrastive loss

combines these two components with a loss coefficient αd:

Ls
hyp = αdLs

dis + (1 − αd) Ls
ang. (3.11)

The loss coefficient αd increases linearly from 0 to 1.0. This gradual weighting strategy is designed to
first emphasize the angular component Ls

ang at the early training stage, which helps to capture the global
hierarchical similarity structure in the hyperbolic space. As training progresses, the increasing αd

gradually shifts the focus to the distance component Ls
dis, which refines the fine-grained discriminative

power of the model by enforcing precise distance constraints between samples with different labels.
Finally, the model’s total loss integrates the supervised hyperbolic contrastive loss and the graph

autoencoder’s reconstruction loss. The supervised hyperbolic contrastive loss captures hierarchical
similarity, while the graph autoencoder’s reconstruction loss ensures feature fidelity. The total loss is
defined as:

Ltotal = Ls
hyp + γLrec, (3.12)

where γ denotes the weight hyperparameter for the graph autoencoder’s reconstruction loss. To
highlight the primacy of label information and the supervised hyperbolic contrastive loss, we set the
weight hyperparameter γ for the reconstruction loss to 0.5.

3.3.3. Latent clustering

To cluster the learned sample representations, we select the classical and most widely used
clustering method based on the Gaussian mixture model (GMM) [21]. The probability density function
of the GMM consists of a weighted sum of K Gaussian distributions, which is formally defined as:

p(z | Θ) =
K∑

k=1

αk · N
(
z | µk,Σk

)
, (3.13)

where Θ = {αk,µk,Σk}
K
k=1 denotes the set of model parameters, and each parameter satisfies the

following conditions: αk is the weight of the k-th component, which satisfies
∑K

k=1 αk = 1 and
0 ≤ αk ≤ 1, representing the proportion of this component in the mixture model, and N(z|µk,Σk)
denotes the probability density function (PDF) of the d-dimensional Gaussian distribution, which is
given by:

N
(
z | µk,Σk

)
=

1
(2π)d/2 |Σk|

1/2 exp
(
−

1
2

(
z − µk

)T
Σ−1

k
(
z − µk

))
, (3.14)

where µk ∈ R
d is the mean vector of the k-th component, Σk ∈ R

d×d is a positive definite covariance
matrix, and |Σk| denotes the determinant of the covariance matrix. Guided by clinical standards and
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previous research [21,28,67], we set the number of clusters to K = 3, representing three physiological
states: low, normal, and high.

To formalize the clustering mechanism, we introduce a latent variable zik ∈ {0, 1} indicating whether
the i-th sample zi is generated by the k-th Gaussian component, with the constraint

∑K
k=1 zik = 1 (each

sample belongs to exactly one component). The posterior probability γik, quantifying the confidence
that zi originates from the k-th component, is derived using Bayes’ theorem as:

γik = p(zik = 1 | zi,Θ) =
αk · N(zi | µk,Σk)∑K
j=1 α j · N(zi | µ j,Σ j)

, (3.15)

where γik ∈ [0, 1] and
∑K

k=1 γik = 1, reflecting the probabilistic membership of zi across all components.
Since the latent variables zik are unobserved, direct maximum likelihood estimation of Θ is

infeasible. Instead, we employ the expectation-maximization (EM) [68] algorithm to iteratively
optimize the parameters. This iterative process continues until parameter convergence is achieved.
After discovering convergent parameters, each data point zi is assigned to the component with the
maximum posterior probability, which is expressed as:

label (zi) = arg max
k∈{1,...,K}

γik, (3.16)

where label(zi) denotes the cluster label of zi, which ultimately allows the cluster partitioning of
the dataset.

4. Results and discussion

4.1. Baseline models

To validate the advancement of the proposed model, we select the following models as baseline
models: Gaussian mixture model (GMM) [21], K-means clustering [32], semi-supervised Gaussian
mixture model (SSGMM) [69], semi-supervised K-means (Semi-K-means) [14], semi-supervised
graph attention network (Semi-GAT) [70], semi-supervised graph convolutional network (Semi-
GCN) [71], and semi-supervised variational autoencoder (SSVAE) [51]. Detailed descriptions of these
models are provided below:

GMM [21]: The GMM is a probability-based generative model. Its core idea is to assume that
the probability distribution of data is formed by the weighted combination of multiple Gaussian
distributions with different parameters, where each sub-component corresponds to a type of potential
pattern that may exist in the dataset.

K-means [32]: K-means is a classic unsupervised machine learning algorithm, whose core
objective is to partition a given dataset into a pre-specified number of K non-overlapping clusters.
This partitioning ensures that data samples within each cluster are as similar as possible to one another,
while the differences between samples from different clusters are as large as possible.

SSGMM [69]: The SSGMM is a probabilistic generative model improved by incorporating
semi-supervised learning ideas into the traditional unsupervised GMM. It inherits the GMM’s core
framework of assuming the data distribution is composed of a weighted combination of multiple
Gaussian sub-components but introduces class constraints from labeled samples during parameter
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estimation (such as iteratively updating the mean, covariance, and weights of each sub-component
via the EM algorithm).

Semi-K-means [14]: Semi-K-means inherits the iterative framework of K-means, which consists
of initializing cluster centers, assigning samples, and updating centers. However, it introduces label
constraints during the sample assignment: labeled samples are enforced to be fixedly assigned to the
cluster corresponding to their annotated class, while unlabeled samples are still assigned according to
the nearest distance principle; in the center update phase, all assigned samples (including both labeled
and unlabeled ones) jointly participate in calculating new cluster centers, thereby optimizing the cluster
boundaries.

SSVAE [51]: The SSVAE is a semi-supervised generative model improved based on the variational
autoencoder framework. It takes the output of the approximate posterior distribution of latent variables
as classifier features to enhance feature robustness. Its core lies in constructing a joint generative
process by introducing categorical variables and continuous latent variables, enabling it to model data
distribution using both a small number of labeled samples and a large number of unlabeled samples
simultaneously.

Semi-GAT [70]: The Semi-GAT is a graph-neural-network model that embeds the semi-supervised
learning paradigm into the unsupervised graph attention network. It inherits the GAT’s core logic of
aggregating neighbor node features based on attention weights—by calculating attention coefficients
between target nodes and their neighbors, it performs weighted aggregation of neighbor features to
update node representations. Meanwhile, it incorporates semi-supervised constraints during training,
optimizing model parameters solely based on the classification loss of a small number of labeled nodes,
enabling unlabeled nodes to indirectly learn category information through graph connectivity.

Semi-GCN [71]: The Semi-GCN integrates semi-supervised learning into the unsupervised graph
convolutional network. It abandons the reliance on graph Laplacian regularization in traditional graph-
based semi-supervised learning; instead, by making the model depend on both the node feature matrix
and the graph adjacency matrix, it enables the propagation of gradient information from the supervised
loss. This allows the model to be optimized using only the supervised information from a small number
of labeled nodes, thereby realizing the classification of a large number of unlabeled nodes.

4.2. Evaluation metrics

To comprehensively evaluate the prediction accuracy of various reference interval establishment
methods, we adopt five commonly used evaluation metrics in the field [67,72], including lower-bound
error rate elower, upper-bound error rate eupper, overall error rate eoverall, lower-bound bias rate BRLL, and
upper-bound bias rate BRUL. The definitions and calculation methods of each metric are as follows,
where xlower and xupper represent the lower and upper bounds of the reference interval predicted by
the model, respectively, and xactual, lower and xactual, upper represent the lower and upper bounds of the
ground-truth reference interval, respectively.

The error rate metrics directly reflect the accuracy of RI establishment by quantifying the relative
deviation between the predicted bounds and the ground-truth bounds. Specifically, they include three
categories: lower-bound error rate, upper-bound error rate, and overall error rate.

The lower-bound error rate elower is used to evaluate the degree of deviation between the lower bound
of the predicted reference interval and the ground-truth lower bound, with the calculation formula as
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follows:
elower% =

xlower − xactual, lower

xactual, lower
. (4.1)

Similarly, the upper-bound error rate eupper measures the deviation between the predicted upper
bound (tail) and its ground truth, with the formula:

eupper% =
xupper − xactual, upper

xactual, upper
. (4.2)

The overall error rate eoverall is designed to comprehensively reflect the model’s overall estimation
accuracy for both the lower and upper bounds of the interval. It adopts the average of the absolute
error rates of the lower and upper bounds as the comprehensive indicator, with the calculation formula
as follows:

eoverall% =
1
2


∣∣∣xlower − xactual, lower

∣∣∣
xactual, lower

+

∣∣∣xupper − xactual, upper

∣∣∣
xactual, upper

 . (4.3)

This metric takes into account the estimation quality of both ends of the interval. The closer its
value is to 0, the better the overall prediction performance of the model.

The bias rate metrics eliminate the impact of the ground-truth interval width on bias evaluation
through normalization, making them more suitable for cross-scenario comparison. Specifically, they
include two categories: lower-bound bias rate and upper-bound bias rate. The lower-bound bias rate
BRLL measures the relative offset of the predicted lower bound against the width of the ground-truth
reference interval, calculated as:

BRLL% =
xlower − xactual, lower

xactual, upper − xactual, lower
. (4.4)

Similarly, the upper-bound bias rate BRUL quantifies the relative offset of the predicted upper bound
using the same ground-truth interval width as the reference, with the formula:

BRUL% =
xupper − xactual, upper

xactual, upper − xactual, lower
. (4.5)

Compared with the upper-bound error rate, this metric is not affected by the absolute size of the
ground-truth interval and is more suitable for evaluating the robustness of the model. Values of the
lower-bound error rate elower and lower-bound bias rate BRLL closer to 0 indicate better alignment
between the predicted and ground-truth lower bound. Similarly, values of the upper-bound error rate
eupper and upper-bound bias rate BRUL nearer to 0 signify better matching between the predicted and
ground-truth upper bounds.

To align with the practical requirements of RI establishment for medical data, we employ the
following evaluation rules: first, regarding the meaning of metric signs, a positive metric value indicates
that the predicted reference interval is wider than the ground-truth reference interval, while a negative
value signifies that the predicted reference interval is narrower than the ground-truth counterpart;
second, as the core evaluation criterion, the absolute value of the metric serves as the primary
evaluation standard, with a smaller absolute value denoting higher prediction accuracy; and third,
following the safety-first rule, when different methods yield metrics with equal absolute values, the
negative result (corresponding to a narrower predicted interval) is deemed superior to the positive
result (corresponding to a wider predicted interval) for medical safety considerations—specifically, to
mitigate the risk of missed judgment arising from an excessively narrow predicted interval.
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4.3. Experimental setup

We conduct a comprehensive evaluation of the proposed method on multiple datasets encompassing
diverse ages, genders, and biomarkers. Specifically, the evaluated cohorts include five age and gender
groups: “28 days to < 1 year”, “1 to < 2 years”, “2 to < 13 years”, “13 to < 18 years (male)”, and “13
to < 18 years (female)”, along with two biomarkers (ALT and AST). For each group, which includes
both labeled and unlabeled samples, we randomly select a subset of the labeled part as supervised
samples, while the remaining labeled samples are treated as unlabeled. This design constructs a one-
class semi-supervised setting. For the proposed model, all experiments adopt the graph autoencoder
as the backbone network structure. The Adam optimizer is used during the training process, with the
learning rate set to 0.001, the number of training epochs to 100, and the curvature parameter c to 0.1.
By default, the loss weight αd increases linearly from 0 to 1.0. In addition, the number of clusters is
set to K = 3, the node representation dimension F is 13, the hyperbolic space projection dimension is
256, and the deep learning framework uses Python 3.8.20 and PyTorch 2.4.1.

4.4. Experiment on the impact of labeling ratio: identifying the optimal configuration

To systematically investigate the impact of the label-utilization rate, experiments were conducted
with different proportions of the labeled data: 10%, 20%, 30%, 50%, and 70%. The remaining labeled
samples are regarded as unlabeled. The quantitative indicators of model performance corresponding
to each label utilization rate are presented in Table 2, while the curve of the performance with varying
label utilization rates is intuitively illustrated in the performance curve graph of Figure 4. Analysis of
the experimental results shows that under different volumes of labeled data, the model exhibits high
stability in predicting the lower bound of the reference interval (i.e., head interval). This indicates that
the prediction of the head interval is weakly affected by fluctuations in the volume of labeled data.
Therefore, subsequent model performance evaluation focuses on the upper bound of the reference
interval (i.e., tail interval), which is more sensitive to the volume of labeled data. The core evaluation
indicators include upper-bound error rate eupper, upper-bound bias rate BRUL, and overall error rate
eoverall, aiming to more accurately capture the impact of the labeled data volume on the model’s key
predictive capabilities.

From the overall trend in Figure 4, the performance of SS-HGAE does not scale monotonically with
the increase of the label-utilization rate, peaking at 10% to 30% and degrading beyond 30%. As the
proportion of labeled data increases from 10% to 70%, the predicted reference interval narrows. This
nuanced phenomenon arises primarily because the labels are derived exclusively from one-class healthy
samples. Therefore, a high label ratio signifies a severe one-class imbalance, which amplifies the
distribution mismatch between the labeled data and the true unlabeled samples. Specifically, abundant
healthy labels pull the model toward the normal core, artificially shrinking the estimated intervals. The
optimal label utilization rate is highly context-dependent. At a 10% label rate, the model achieves
the best comprehensive performance across six experimental groups. When the rate increases to 20%,
the consistency between the predicted and true reference intervals peaks in four experimental groups.
Notably, in the “13 to < 18 years (male)” subgroup, the prediction consistency for both ALT and AST
reaches its optimum at a 30% label rate, yielding eoverall values as low as 10.28 and 8.70, respectively.

Synthesizing the experimental results across multiple scenarios, the label utilization rate for optimal
model performance is typically between 10% and 30%. Specifically, the 10%–20% label utilization
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Table 2. Model performance under different label utilization rates. The rank-1 results are in
boldface.

Biomarkers
ALT AST

Age/Sex
Partition

Label
Utilization
Rate

elower BRLL eupper BRUL eoverall elower BRLL eupper BRUL eoverall

10% 33.75 4.29 −5.92 −6.67 19.83 30.95 11.02 −0.25 −0.34 15.60
20% 33.75 4.29 −7.61 −8.57 20.68 30.95 11.02 −0.25 −0.34 15.60

28 days to < 1 year 30% 33.75 4.29 −7.04 −7.94 20.40 30.95 11.02 −0.75 −1.02 15.85
50% 32.50 4.13 −11.69 −13.17 22.10 30.95 11.02 −2.88 −3.90 16.91
70% 36.25 4.60 −28.45 −32.06 32.35 32.38 11.53 −12.50 −16.95 22.44

10% 13.75 3.24 −13.81 −17.06 13.78 24.09 14.32 4.41 7.03 14.25
20% 12.50 2.94 −21.67 −26.76 17.08 23.64 14.05 −1.69 −2.70 12.67

1 to < 2 years 30% 12.50 2.94 −22.38 −27.65 17.44 25.00 14.86 −1.69 −2.70 13.35
50% 12.50 2.94 −25.00 −30.88 18.75 26.36 15.68 −3.73 −5.95 15.05
70% 12.50 2.94 −25.95 −32.06 19.23 26.36 15.68 −4.75 −7.57 15.55

10% 2.86 0.87 −2.67 −3.48 2.76 22.14 10.33 0.00 0.00 11.07
20% 2.86 0.87 −5.33 −6.96 4.10 22.86 10.67 0.00 0.00 11.43

2 to < 13 years 30% 2.86 0.87 −6.00 −7.83 4.43 22.14 10.33 −0.23 −0.33 11.19
50% 2.86 0.87 −20.33 −26.52 11.60 22.86 10.67 −1.82 −2.67 12.34
70% 2.86 0.87 −21.67 −28.26 12.26 22.86 10.67 −1.59 −2.33 12.22

10% −12.86 −2.50 −25.58 −30.56 19.22 9.17 4.40 −15.14 −22.40 12.15
20% −12.86 −2.50 −15.35 −18.33 14.10 18.33 8.80 −7.03 −10.40 12.68

13 to < 18 years male 30% −14.29 −2.78 −6.28 −7.50 10.28 14.17 6.80 −3.24 −4.80 8.70
50% −15.71 −3.06 −33.95 −40.56 24.83 13.33 6.40 −15.41 −22.80 14.37
70% −14.29 −2.78 −30.70 −36.67 22.49 17.50 8.40 −12.70 −18.80 15.10

10% −1.67 −0.43 −12.07 −15.22 6.87 16.00 7.62 −16.45 −24.29 16.23
20% −1.67 −0.43 −12.07 −15.22 6.87 18.00 8.57 −16.45 −24.29 17.23

13 to < 18 years female 30% −8.33 −2.17 −13.10 −16.52 10.72 18.00 8.57 −16.45 −24.29 17.23
50% −5.00 −1.30 −12.76 −16.09 8.88 18.00 8.57 −16.45 −24.29 17.23
70% −5.00 −1.30 −10.69 −13.48 7.84 19.00 9.05 −16.13 −23.81 17.56

rate constitutes the core interval for balancing performance and labeling cost. Within this interval, the
model not only achieves optimal or sub-optimal performance in 80% of the datasets but also reduces
the labeling cost to 1/5–1/10 of the full labeling set, significantly cutting down the labor and time
investment in clinical data labeling. This conclusion provides quantitative guidance for clinical data
collection: when applying the model proposed in this study, only 10%–20% of the normal sample
labeling volume needs to be collected to meet the requirements for efficient and accurate reference
interval prediction. Take the “28 days to < 1 year” group (totaling 3243 samples) as an example in
Table 1: the labeled samples among all samples are 1517/4201 = 0.36. Therefore, 20% of the labeled
samples utilized accounts for less than 0.36 × 20% = 7.2% of the total samples, which is below 8%.
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Figure 4. Utilization rate comparison of reference intervals for ALT and AST among
different pediatric age-gender groups. The graph is divided into ten subgraphs based on
indicator types and population characteristics. Subgraphs (A)–(E) correspond to the five
age-gender groups of the ALT (“28 days to < 1 year”, “1 to < 2 years”, “2 to < 13 years”,
“13 to < 18 years [male]”, “13 to < 18 years [female]”), while subgraphs (F)–(J) correspond
to the same groups of the AST. The x-axis represents the utilization rate (%), while the y-
axis intuitively presents the numerical differences and fluctuation characteristics of the three
indicators (eupper, BRUL, eoverall) among different populations.

For all subsequent comparative experiments, we adopted a 20% label utilization rate. This rate
not only yields optimal performance across most datasets but also provides a near-optimal basis for
complex subgroups (e.g., “13 to < 18 years, female”). Training all baseline and proposed models on
this unified benchmark ensures that any performance differences stem solely from architectural designs
rather than variations in data configuration.

4.5. Comparative experiment: SS-HGAE vs. baseline methods

To systematically evaluate the effectiveness of the proposed SS-HGAE in pediatric biomarker
reference interval prediction, we selected two categories of representative baseline methods for
comparison. The first is traditional unsupervised clustering methods, including K-means [32] and
the GMM [21]. These methods do not require labeled data and rely solely on intrinsic data
distributions for interval estimation, serving as classical baselines for RI establishment. The second is
mainstream semi-supervised learning methods, covering Semi-K-means [14], SSGMM [69], SSVAE
[51], Semi-GAT [70], and Semi-GCN [71]. By leveraging a limited number of labeled samples to
guide model learning, these methods provide a fair and direct comparison to our proposed semi-
supervised framework.

Experiments were conducted under a unified experimental dataset and evaluation metrics. Quan-
titative performance results of RI prediction tasks for two key biomarkers, ALT and AST, are
presented in Table 3. From the experimental data in Table 3, it can be observed that all comparative
models demonstrate high consistency in predicting the head interval. This is because the biomarker
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Table 3. Reference intervals of ALT and AST acquired by different indirect estimation
techniques. Rank-1 results are in boldface and rank-2 results are underlined.

Biomarkers
ALT AST

Age/Sex
Partition Methods elower BRLL eupper BRUL eoverall elower BRLL eupper BRUL eoverall

GMM 41.25 5.24 −30.56 −34.44 35.91 32.38 11.53 −12.63 −17.12 22.50
K-means 26.25 3.33 29.44 33.17 27.84 28.10 10.00 24.00 32.54 26.05
Semi-K-means 31.25 3.97 39.58 44.60 35.41 28.10 10.00 39.13 53.05 33.61
SSGMM 31.25 3.97 41.27 46.51 36.26 28.10 10.00 40.13 54.41 34.11

28 days to < 1 year SSVAE 31.25 3.97 43.52 49.05 37.39 28.10 10.00 42.88 58.14 35.49
Semi-GCN 31.25 3.97 41.27 46.51 36.26 28.10 10.00 40.13 54.41 34.11
Semi-GAT 31.25 3.97 43.52 49.05 37.39 28.10 10.00 40.13 54.41 34.11
SS-HGAE 33.75 4.29 −7.61 −8.57 20.68 30.95 11.02 −0.25 −0.34 15.60
GMM 18.75 4.41 −31.90 −39.41 25.33 28.64 17.03 −7.29 −11.62 17.96
K-means 11.25 2.65 33.33 41.18 22.29 20.00 11.89 24.24 38.65 22.12
Semi-K-means 11.25 2.65 33.10 40.88 22.17 20.00 11.89 24.24 38.65 22.12
SSGMM 11.25 2.65 25.24 31.18 18.24 23.18 13.78 18.31 29.19 20.74

1 to < 2 years SSVAE 11.25 2.65 25.95 32.06 18.60 22.27 13.24 18.81 30.00 20.54
Semi-GCN 11.25 2.65 25.95 32.06 18.60 23.18 13.78 18.81 30.00 21.00
Semi-GAT 11.25 2.65 26.19 32.35 18.72 22.73 13.51 19.32 30.81 21.02
SS-HGAE 12.50 2.94 −21.67 −26.76 17.08 23.64 14.05 −1.69 −2.70 12.67
GMM 2.86 0.87 −29.67 −38.70 16.26 21.43 10.00 −5.00 −7.33 13.21
K-means 1.43 0.43 67.33 87.83 34.38 17.14 8.00 22.95 33.67 20.05
Semi-K-means −1.43 −0.43 81.33 106.09 41.38 24.29 11.33 6.82 10.00 15.55
SSGMM 2.86 0.87 68.00 88.70 35.43 20.00 9.33 17.05 25.00 18.52

2 to < 13 years SSVAE 2.86 0.87 68.67 89.57 35.76 20.00 9.33 17.27 25.33 18.64
Semi-GCN 2.86 0.87 68.67 89.57 35.76 20.00 9.33 17.27 25.33 18.64
Semi-GAT 2.86 0.87 65.33 85.22 34.10 20.00 9.33 15.23 22.33 17.61
SS-HGAE 2.86 0.87 −5.33 −6.96 4.10 22.86 10.67 0.00 0.00 11.43
GMM −12.86 −2.50 −44.19 −52.78 28.52 10.83 5.20 −21.08 −31.20 15.96
K-means −8.57 −1.67 110.23 131.67 59.40 4.17 2.00 26.76 39.60 15.46
Semi-K-means −11.43 −2.22 110.23 131.67 60.83 6.67 3.20 34.59 51.20 20.63
SSGMM −10.00 −1.94 80.00 95.56 45.00 10.00 4.80 22.43 33.20 16.22

13 to < 18 years male SSVAE −11.43 −2.22 66.28 79.17 38.85 10.00 4.80 19.46 28.80 14.73
Semi-GCN −10.00 −1.94 82.79 98.89 46.40 10.00 4.80 23.51 34.80 16.76
Semi-GAT −10.00 −1.94 82.79 98.89 46.40 10.00 4.80 23.51 34.80 16.76
SS-HGAE −12.86 −2.50 −15.35 −18.33 14.10 18.33 8.80 −7.03 −10.40 12.68
GMM −5.00 −1.30 −18.28 −23.04 11.64 22.00 10.48 −17.10 −25.24 19.55
K-means −5.00 −1.30 56.55 71.30 30.78 20.00 9.52 19.68 29.05 19.84
Semi-K-means −5.00 −1.30 75.17 94.78 40.09 22.00 10.48 22.90 33.81 22.45
SSGMM −5.00 −1.30 66.90 84.35 35.95 21.00 10.00 22.90 33.81 21.95

13 to < 18 years female SSVAE −5.00 −1.30 75.17 94.78 40.09 22.00 10.48 22.90 33.81 22.45
Semi-GCN −5.00 −1.30 75.17 94.78 40.09 21.00 10.00 24.19 35.71 22.60
Semi-GAT −5.00 −1.30 75.17 94.78 40.09 22.00 10.48 22.90 33.81 22.45
SS-HGAE −1.67 −0.43 −12.07 −15.22 6.87 18.00 8.57 −16.45 −24.29 17.23

concentrations corresponding to the head interval mostly fall within a physiologically stable range,
where features are highly discriminative. All models can capture these patterns through basic statistical
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analysis or feature learning, resulting in minimal differences in prediction results. Based on this
observation, we focused the performance evaluation on the tail interval, which is more sensitive to
the representational capability of the models. The tail interval corresponds to the high-concentration
range of biomarkers and is directly associated with clinical abnormal value detection (e.g., an elevated
upper bound of the ALT may indicate liver injury). Moreover, the data distribution in the tail interval
is sparser and more affected by individual physiological differences than that in the head interval,
making it more suitable for evaluating a model’s ability to capture complex distributions. Therefore, a
comprehensive evaluation was conducted using three core metrics: upper-bound error rate eupper, upper-
bound bias rate BRUL, and overall error rate eoverall. These three metrics reflect two critical attributes
of the model’s performance: its accuracy in key intervals and the reliability of its predictions over the
full-range interval.

Collectively, from the results of five metrics, the proposed SS-HGAE achieves the optimal
performance in the reference interval prediction tasks for both ALT and AST across all datasets. In the
ALT reference interval prediction task, compared with the second-best method corresponding to each
subgroup, the SS-HGAE model reduces the overall error rate eoverall by 7.17, 1.16, 12.17, 14.42, and
4.77, respectively. Notably, the improvements of our proposal are particularly prominent in the two
subgroups of “28 days to < 1 year” and “2 to < 13 years”: the eupper of the SS-HGAE drops to −7.61
and −5.33, respectively, while the BRUL reaches −8.57 and −6.96. This result indicates that the SS-
HGAE exhibits higher accuracy in interval prediction for biomarkers like ALT, which are significantly
influenced by age and gender. In the AST reference interval prediction task, the performance advantage
of the SS-HGAE is further highlighted. Compared with the second-best method in each subgroup, SS-
HGAE reduces eoverall by 6.9, 5.3, 1.79, 3.28, and 2.32, respectively. Critically, in the three age groups
of “28 days to < 1 year”, “1 to < 2 years”, and “2 to < 13 years”, the upper-bound error rate between
the predicted value of the AST reference interval by the SS-HGAE and the true reference interval value
is less than 1.69, and the BRUL is close to 2.7, being consistent with the true value. The AST values
of these three age groups exhibit high variance and a wide physiological range (e.g., AST in infants
is significantly affected by growth and development). So, the SS-HGAE still maintains high accuracy
even on complex data distributions.

Within the scope of our current empirical evaluation on ALT and AST, the favorable performance
of the SS-HGAE can be primarily attributed to two factors. First, unlike the Euclidean representations
in traditional semi-supervised methods (e.g., Semi-GAT, SSVAE), the SS-HGAE employs hyperbolic
embeddings to more accurately capture the similarity relationships between samples. The negative
curvature property of hyperbolic space is compatible with the hierarchical distribution of the evaluated
ALT and AST data, particularly when coupled with the supervised contrastive objective. Leveraging
this geometry, the joint mechanism utilizes the exponential volume growth near boundaries to push
apart distinct physiological states, yielding more reliable boundary estimations. Second, compared
to unsupervised baselines that rely entirely on unlabeled data, the SS-HGAE uses a small fraction of
labeled samples (< 8%) to efficiently locate the reference interval’s core distribution. This mitigates
the noise-induced interval deviations common in unsupervised methods. The SS-HGAE operates
effectively under low label settings; however, excessive labels cause the model to over-collapse and
degrade performance.
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Table 4. Ablation experimental analysis on label information and hyperbolic space projec-
tion. The “√” mark indicates that the model includes the corresponding core component.
The rank-1 results are in boldface.

Biomarkers
ALT AST

Age/Sex
Partition

Label
Hyperbolic
Projection

elower BRLL eupper BRUL eoverall elower BRLL eupper BRUL eoverall

36.25 4.60 −28.87 −32.54 32.56 31.90 11.36 −13.25 −17.97 22.58
28 days to < 1 year √ 36.25 4.60 −21.55 −24.29 28.90 32.38 11.53 −12.63 −17.12 22.50

√ √ 33.75 4.29 −7.61 −8.57 20.68 30.95 11.02 −0.25 −0.34 15.60
12.50 2.94 −29.76 −36.76 21.13 26.36 15.68 −10.00 −15.95 18.18

1 to < 2 years √ 12.50 2.94 −26.90 −33.24 19.70 29.09 17.30 −4.92 −7.84 17.00
√ √ 12.50 2.94 −21.67 −26.76 17.08 23.64 14.05 −1.69 −2.70 12.67

1.43 0.43 −8.67 −11.30 5.05 20.71 9.67 −0.23 −0.33 10.47
2 to < 13 years √ 1.43 0.43 −22.33 −29.13 11.88 22.86 10.67 −4.77 −7.00 13.81

√ √ 2.86 0.87 −5.33 −6.96 4.10 22.86 10.67 0.00 0.00 11.43

−14.29 −2.78 −30.93 −36.94 22.61 14.17 6.80 −15.41 −22.80 14.79
13 to < 18 years male √

−15.71 −3.06 −30.47 −36.39 23.09 5.00 2.40 −13.51 −20.00 9.26
√ √

−12.86 −2.50 −15.35 −18.33 14.10 18.33 8.80 −7.03 −10.40 12.68

−1.67 −0.43 −17.59 −22.17 9.63 17.00 8.10 −17.74 −26.19 17.37
13 to < 18 years female √ −5.00 −1.30 −17.59 −22.17 11.29 19.00 9.05 −16.45 −24.29 17.73

√ √
−1.67 −0.43 −12.07 −15.22 6.87 18.00 8.57 −16.45 −24.29 17.23

Note: The hyperbolic projection module is designed for the supervised contrastive loss, which requires labeled data. Hence, the “no labels + hyperbolic projection”
setting is not feasible in our framework.

4.6. Ablation study

To verify the necessity and gains of the core components of the SS-HGAE, we conducted an
ablation study focusing on the independent contributions of the supervised information and hyperbolic
space projection. The experiment strictly followed the design principle: two simplified models with
missing functions were constructed to form a comparison with the original complete model, so as
to quantitatively evaluate the mechanism of action of each component separately. This design can
effectively eliminate interference between components, ensuring that performance differences only
result from each component, and providing rigorous experimental evidence for the effectiveness of
the components. The construction is as follows: The unsupervised baseline model (SS-HGAE w/o
label) discards the annotations of the label set and the supervised losses, retaining only the learning
framework based on unsupervised loss functions. This model is used to isolate and analyze the
role of supervised information in capturing prior knowledge of data categories. The Euclidean-space
baseline model (SS-HGAE w/o hyperbolic projection) discards the hyperbolic projection component,
and all operations, including feature learning, distance calculation, and reference-interval prediction,
are calculated in the traditional Euclidean space. This model is used to verify the representational
advantages of hyperbolic space projection for the intrinsic structure of high-dimensional data. All
models (the original SS-HGAE, SS-HGAE w/o label, and SS-HGAE w/o hyperbolic projection) adopt
a unified experimental configuration, with a 20% subset of the labeled dataset used as the training
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benchmark, core evaluation metrics including reference-interval prediction errors (including eupper,
eoverall, and BRUL), and tests conducted on the full set of subgroup datasets (covering different age
and gender groups) for the two biomarkers, ALT and AST.

Table 4 presents the quantitative performance results of the three types of models. By comparing
the performance differences between the Euclidean space baseline model (SS-HGAE w/o hyperbolic
projection) and the original complete model, the critical role of the hyperbolic space projection module
can be clarified: when only relying on Euclidean space for loss constraint and feature learning, the
model performance decays significantly, and this decay is particularly prominent in the tail interval,
which is sensitive to distribution complexity. On a macro level, the complete model achieves the
lowest overall error (eoverall) in 8 out of 10 experimental groups. More importantly, across all 10 groups
without exception, it secures absolute optimal performance on both critical upper bound metrics (eupper

and BRUL). Specifically, in the ALT reference interval prediction task, the upper-bound bias rate BRUL

of the Euclidean space baseline model decreased by 15.71, 6.47, 22.17, 18.06, and 6.96, respectively,
compared with the original model, with an average reduction of 13.87. In the AST reference interval
prediction task, the average reduction of BRUL of the Euclidean space baseline model compared with
the original model was 7.70. The above results fully confirm that the hyperbolic space projection
module is not a simple spatial transformation operation. Instead, by adapting to the hierarchical
distribution of biomarker data, it enhances the representation of complex structure, and particularly
plays an irreplaceable role in improving the consistency and accuracy of tail interval prediction.
By comparing the performance of the unsupervised baseline model (SS-HGAE w/o label) and the
Euclidean space baseline model, the auxiliary role of supervised information can be further clarified.
Although the unsupervised baseline occasionally outperforms the Euclidean baseline, the complete
model with hyperbolic projection dominates in most cases. This demonstrates the complex hierarchical
structure of the data and proves that supervised signals alone are insufficient, making the hyperbolic
module indispensable. It should be noted that the role of supervised information lies primarily in
ensuring performance stability, and that the hyperbolic space version still performs the best.

From the ablation study comparing the three model versions on the ALT and AST datasets, a core
conclusion can be drawn: both supervised information and hyperbolic space projection contribute
to the reference interval prediction, exhibiting functional complementarity. The hyperbolic space
projection is responsible for accurately representing data structures, while the supervised module
anchors the distribution boundary. Due to these two components, the SS-HGAE achieves optimal
performance in this ablation study. This result verifies the rationality of the model architecture
design: the synergistic combination of hyperbolic geometry and a strictly small amount of labeled
data effectively enhances prediction performance, providing a feasible approach specifically for the
evaluated pediatric ALT and AST biomarkers.

5. Discussion and limitations

This study has several limitations that warrant discussion. First, the role of the label ratio in this
semi-supervised setting is nuanced and constrained. The labeled part helps to anchor the healthy cluster
center, but it introduces a bias when the label ratio is high, as the labeled samples are only from healthy
samples without pathological boundary constraints. Consequently, this method is strictly constrained
to low-resource label settings (e.g., 10%–20%). Second, the current study serves only as a proof of
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concept, the proposed method is currently applied to two functionally related liver enzymes (ALT
and AST) across five age-sex groups. Due to the distinct groups of different pediatric biomarkers,
expanding the evaluation requires a massive scale of independent modeling pipelines. Therefore,
the framework’s performance on other diverse clinical indicators remains to be further explored in
future work.

6. Conclusions and future works

In this work, to alleviate the challenge of limited labeled clinical data, we propose a semi-supervised
hyperbolic graph autoencoder (SS-HGAE) to establish pediatric reference intervals. By integrating
supervised information guidance and hyperbolic space representation, the SS-HGAE enables accurate
RI prediction with scarce labels on the ALT and AST biomarkers. Validation on pediatric clinical
datasets for these two biomarkers implies the effectiveness of the model in this semi-supervised setting,
with optimal performance at 10%–20% label utilization. This work offers a proof-of-concept for
pediatric RI modeling.

Future work will focus on addressing these limitations by: (1) optimizing the feature fusion module
to accommodate more biomarkers, and (2) exploring the details of the label ratio in one-class, labeled,
semi-supervised settings.
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