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Abstract: In this paper, a comprehensive coupled dynamic model was developed for a double-cable 
mine hoisting system to investigate nonstationary vibration responses induced by rigid-guide 
imperfections. The spatial motions of the cables in the longitudinal, transverse, and lateral directions 
were described by nonlinear partial differential equations (PDEs), whereas the cage dynamics and 
guide-roller interactions were formulated as coupled ordinary differential equations (ODEs). By 
incorporating time-varying cable lengths and rigid guide-roller contact excitation, the governing 
equations were transformed into a finite-dimensional ODE system using a normalized spatial 
coordinate and Galerkin projection. The numerical implementation was verified through modal, time-
step, and no-guide-deviation benchmark analyses. Numerical simulations were then conducted to 
characterize the nonstationary dynamic behavior of the system under guide curvature and verticality 
deviations, with particular emphasis on tension inconsistency between the suspension strings. The 
model-based reference deviation amplitudes were further identified, providing a theoretical basis for 
assessing the influence of guide-structure geometric deviations on hoisting-operation safety. 

Keywords: double-cable hoist; nonlinear partial differential equations; rigid guide; coupled dynamic 
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1. Introduction 

Flexible-cable hoisting systems are widely used in transportation applications, including deep-
mine hoists [1–3], high-rise elevators [4,5], and telescopic cranes [6,7]. In ultra-deep mining, coupled 
double-cable hoists are essential for high-speed, heavy-load cage operation because they improve load 
distribution and provide safety redundancy. However, dynamic coupling between the cables can reduce 
operational reliability by increasing the system’s sensitivity to external disturbances. In practice, 
manufacturing and assembly errors inevitably introduce curvature and verticality deviations along the 
rigid guides. During hoisting, these deviations act as end-boundary excitations and induce complex 
nonstationary cable vibrations. The resulting interaction between the two cables accelerates fatigue 
wear and may compromise operational safety. Therefore, accurate prediction and mitigation of 
nonstationary dynamic behavior induced by end-boundary excitation remain fundamental challenges 
in the design of flexible-cable hoisting systems. 

Research on single-cable hoisting dynamics has established a substantial theoretical framework 
that can be broadly divided into two areas: Refined models for engineering systems such as elevators 
and deep-mine hoists, and fundamental theories for axially moving continua such as strings and beams. 
In engineering applications, dynamic models of high-rise elevator cables have evolved from simplified 
string or beam models with negligible bending stiffness [8] to more sophisticated nonlinear formulations 
that account for time-varying length [9], coupled vibration [10–12], bending stiffness [13], and boundary 
motion. Zhu et al. [8,13] developed nonlinear vibration models with small bending stiffness and 
moving boundaries to predict elevator-cable dynamics. Longitudinal, lateral, and coupled nonlinear 
responses of elevator cable-car systems have also been analyzed using refined spatial discretization 
and substructure methods [10,11]. Kaczmarczyk and Iwankiewicz [9] proposed deterministic 
equations of motion and stochastic models for high-speed cables in heavy-load structures, explicitly 
considering the effect of operating speed. Based on Hamilton’s principle, Yang et al. [12] investigated 
nonlinear elevator vibrations and developed corresponding dynamic models. For ultra-deep mining 
applications, transient vibrations of hoisting cables under winding excitation have been examined. 
Models describing nonlinear modal interactions between catenary and suspension ropes have shown 
that harmful resonances can be mitigated by adjusting the operating velocity [14,15]. Collectively, 
these studies have clarified the internal coupling mechanisms of single-cable systems. From a 
theoretical perspective, the representation of cables as axially moving strings or beams has motivated 
extensive research. A range of analytical approaches has been adopted [16–19], including Hamilton’s 
principle, the Kelvin viscoelastic model, the method of multiple scales, the differential quadrature 
element method, asymptotic expansion methods, and D’Alembert’s principle. Numerical solutions are 
commonly obtained using the finite difference method [20] or the Galerkin method [21]. For complex 
vibration problems involving localized excitation, moving boundaries, and strong coupling, the 
accuracy of the spatial approximation is particularly important. In addition to classical finite-difference 
and Galerkin approaches, enriched approximation spaces have attracted attention in related 
discretization contexts [22–24]. These developments highlight the importance of accurate 
approximation strategies for complex coupled dynamic systems. These studies cover complex dynamic 
phenomena such as parametric resonance, internal resonance, high-mode-number resonance, and 
chaotic motion [25–28]. Research therefore spans linear and nonlinear dynamics, constant- and 
variable-length configurations, and simple and complex boundary conditions [29–32].  

Despite these important contributions, most analyses remain limited to single linear continua or 
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isolated cable systems. As a result, theoretical models cannot fully describe dynamic force 
redistribution and vibration coupling at the shared boundary of dual cables. They also provide limited 
insight into the mechanisms by which small boundary excitations generate interactive dynamic 
imbalance. A coupled dynamic model that captures inter-cable interaction is therefore required to 
understand and predict imbalance phenomena in double-cable hoisting systems. Several researchers 
have addressed the dynamics of multi-cable systems. Wang et al. [2] proposed a dynamic model for a 
coupled double-cable, double-drum winding hoist with flexible guides and clarified the complex 
coupling relationships in the system. Wang and Chen [33] developed a three-dimensional dynamic 
model for a double-cable winding hoisting system with flexible guides based on the substructure 
method and Lagrange’s first-order equations. For four-cable-driven parallel suspension platforms with 
slack cables, a dynamic simulation model was developed to maintain platform stability through 
coordinated cable tensioning [1]. These studies demonstrate that the tension and motion states of 
individual cables are mutually constrained through a common end platform. However, a dynamic 
model for double-cable systems that explicitly incorporates contact interactions between the cage and 
rigid guides through the rollers remains lacking. 

The dynamic response of cables subjected to boundary excitation has also received considerable 
attention. Researchers have focused mainly on the boundary conditions of axially moving continua 
and developed methods for treating complex boundary constraints. For example, the method of 
multiple scales [34], perturbation techniques [35], and the rapidly recursive extended method of 
characteristics [36] have been used to study the vibration of strings under external excitation. These 
researchers verified the effectiveness of such methods for analyzing string dynamics under boundary 
disturbances. Researchers have also examined the vibration responses of hoisting and elevator cable 
systems under various boundary excitations. Winding excitation [10,11], drive-system perturbations [37], 
and building sway [38] have been shown to induce significant vibration. The excitation frequencies 
may approach the natural frequencies of the system, thereby increasing the risk of resonance. Phenomena, 
such as the emergence of a newly ordered time scale under upper-end boundary excitation, have also 
been reported [39]. Three-time-scale perturbation methods and interior-layer analyses have been 
applied to investigate these dynamics and have been verified through numerical simulations [38,40,41]. 
These findings identify boundary excitation as a key source of complex vibration and resonance in 
cable systems. Nevertheless, most studies represent boundary excitation as a prescribed displacement 
at the cable end, rather than modeling the physical contact mechanism that generates the excitation. 

To the best of our knowledge, analyses of double-cable hoist dynamics are largely based on 
flexible-guide and simplified boundary excitation models. A dynamic model that accurately captures 
the nonlinear contact mechanics at the rigid guide-roller interfaces has not been established. In addition, 
the excitation mechanisms associated with different types of guide deviation have not been 
investigated, and quantitative safety limits for these deviations remain unavailable. 

In this paper, we develop a longitudinal-transverse-lateral coupled dynamic model for a double-
cable hoist that accounts for the interactions among the rigid guides, guide rollers, and cage. The model 
is then used to systematically examine how two types of nonlinear contact boundary excitation affect 
the nonstationary dynamics of the system, with particular attention to inter-cable tension inconsistency. 
The results provide a theoretical basis for the safe operation of double-cable hoisting systems. The 
major contributions of this study are summarized as follows: 

1). A longitudinal-transverse-lateral coupled dynamic model is developed for a double-cable hoist 
for the first time. The model couples the nonlinear PDEs governing the spatial motions of the cables 
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with the ODEs describing rigid guide-roller contact excitation and time-varying cable lengths. 
2). The nonstationary dynamic responses of the hoisting system are systematically characterized 

under two representative rigid-guide imperfections, namely curvature and verticality deviations. 
3). Quantitative reference amplitudes for curvature and verticality deviations are identified for the 

studied hoisting system based on the adopted tension-inconsistency criterion. In addition, numerical 
verification and parameter-sensitivity analyses are conducted to evaluate the reliability and system 
dependence of the predicted responses. 

The remainder of this paper is organized as follows: In Section 2, the end-boundary excitations 
are described, and the physical model of the hoisting system is presented. In Section 3, the coupled 
equations of motion for the double-cable hoist are derived based on Hamilton’s principle. In Section 4, 
the equations of motion are spatially discretized via the Galerkin method. In Section 5, numerical 
simulations for the dynamic model are conducted, and the nonstationary vibration responses of the 
system are analyzed. In Section 6, the major conclusions of this paper are summarized.  

2. Model description 

To facilitate the presentation of the coupled dynamic model, the key variables and their physical 
interpretations used throughout this study are summarized in Table 1. 

Table 1. Definitions and physical interpretations of key variables. 

Variable Symbol Physical Interpretation 
uck(x,t), wck(x,t), 
vck(x,t) 

Vibration displacements of the k-th inclined string in the longitudinal, transverse, and 
lateral directions, respectively. 

upk(x,t), wpk(x,t), 
vpk(x,t) 

Vibration displacements of the k-th suspension string in the longitudinal, transverse, and 
lateral directions, respectively. 

lck Length of the k-th inclined string. 
lpk(t) Length of the k-th suspension string. 
Tck(x,t) Static tension in the k-th inclined string. 
Tpk(x,t) Static tension in the k-th suspension string. 
εck(x,t) Elastic strain of the k-th inclined string. 
εpk(x,t) Elastic strain of the k-th suspension string. 
sk Horizontal distance between the k-th suspension string and the top center of the cage. 
h Vertical distance from the cage center of mass to its top edge.  
ec,max Maximum curvature deviation of the rigid-guide section. 
ep,max Maximum verticality deviation of the rigid-guide section. 
lg Length of a single rigid-guide section. 
V(t) Operating velocity of the hoist. 
Ne Total number of rigid-guide sections.   
yr, xr Vibration displacements of the cage center of mass in the longitudinal and transverse 

directions, respectively. 
θ(t) Rotational angle of the cage. 

Continued on next page 



6253 

Electronic Research Archive  Volume 34, Issue 9, 6249–6285. 

Variable Symbol Physical Interpretation 
ygk, xgk Vibration displacements at the end of the k-th suspension string in the longitudinal and 

transverse directions, respectively.   
Vyr, Vxr Vibration velocities of the cage center of mass in the longitudinal and transverse directions, 

respectively. 
de Static clearance between the cage and each rigid guide. 
ρ Cable mass per unit length 
Id Moment of inertia of the drum. 
Ih Moment of inertia of the guide pulley. 
a(t) Operating acceleration of the system. 
m Mass of the cage. 
mk Hoisted load mass associated with the k-th cable.  
Ip Moment of inertia of the cage. 
ch Friction coefficient between the cable and the guide pulley. 
βh Wrap angle of the cable around the guide pulley. 
g Gravitational acceleration. 
Rd Radius of the drum. 
Rh Radius of the guide pulley. 
μe Friction coefficient between the rigid guide and the roller. 
α Angle between the inclined string and the horizontal axis. 
Sk(t) Dynamic clearance between the k-th rigid guide and the cage. 
d Nominal clearance between the roller and the rigid guide. 
kr Roller stiffness. 
kg Rigid-guide stiffness. 
kp Equivalent contact stiffness between the rigid guide and the roller. 
lx Vertical distance between the roller and the upper end of the rigid-guide section. 
EI Bending rigidity of the rigid guide.  
EA Tensile stiffness of the cable. 
cd Damping coefficient of the roller. 
ayr, axr Vibration accelerations of the cage center of mass in the longitudinal and transverse 

directions, respectively. 

2.1. End-boundary excitations 

In practical hoisting systems, curvature and verticality deviations are inevitably introduced along 
the rigid guides by manufacturing and assembly tolerances. These geometric imperfections are 
transmitted to the cage through the guide rollers and subsequently induce cage rotation. Through this 
roller-based transmission mechanism, deviations in the rigid guides are converted into dynamic 
boundary excitations, which trigger coupled longitudinal, transverse, and lateral vibrations of the two 
cables. As a result, inconsistencies in vibration displacement and inter-cable tension may occur. 
Figure 1 illustrates the curvature and verticality deviations of the rigid guide, where the red and blue 
lines denote the curvature and verticality profiles, respectively. 
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Figure 1. Schematic of the spatial curvature and verticality deviation profiles of the rigid guide. 

In this paper, the two types of guide deviation are represented by spatial functions. Since the cage 
moves along the rigid guides, the spatial guide deviations are converted into time-dependent end-
boundary excitations through the traveled distance of the cage. 

The curvature deviation of a rigid guides section originates from warping during manufacturing. 
It is described by a half-sine spatial profile in each guide section as follows: 

 ( ) ( )( ) ( ) ( )( ) ( ) ( ),max
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where j is the section index, and z(t) is the traveled distance of the cage along the rigid guide 

( ) ( )
0

t
z t V dτ τ=  .  

Verticality deviations along the rigid guides are mainly caused by assembly tolerances and appear 
as relative inclinations between adjacent guide sections at their structural joints. Accordingly, the 
verticality deviation is described by a triangular profile as follows: 
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 




. (2.2) 

Equations (2.1) and (2.2) indicate that the guide deviations are spatial properties of the rigid guide, 
whereas the corresponding end-boundary excitations become time-dependent because the cage moves 
along the guide. 

2.2. Dynamic model description 

The dynamic model of the coupled double-cable hoist is shown in Figure 2. The hoisting system 
consists of two drums, two flexible cables, two guide pulleys, a cage, two rigid guides, and associated 
guide rollers. Each cable includes an inclined string and a suspension string, which are coupled at the 
corresponding guide pulley. The two cables are further dynamically coupled through the common cage. 
In the transverse plane of the hoist, two types of geometric deviation act as end-boundary excitations. 
As shown in Figure 2, the black lines represent the nominal operating configuration, whereas the red 
lines indicate the perturbed configuration under end excitation. These deviations cause nonlinear 
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contact between the rollers and rigid guides, disturb the cage kinematics, and dynamically modify the 
boundary conditions of the two cables, thereby exciting coupled vibration. To capture these 
interactions, the roller-guide interfaces are modeled as equivalent spring-damper systems that include 
structural clearance and contact stiffness. 

To establish the equations of motion, the midpoints of the two cables at the contact regions with 
the winding drums and guide pulleys are used as the origins of the reference coordinate systems OcXcYc 
and OpXpYp. The key position coordinates are defined as follows: lcbk and lcek denote the coordinates of 
the tangent points where the k-th inclined string contacts the drum and guide pulley, respectively. 
Similarly, lpbk denotes the tangent point of the k-th suspension string at the guide pulley, and lpek denotes 
its terminal connection point at the cage.  

The dynamic model of the coupled double-cable hoisting system is derived under the following 
assumptions:  

1). The two cables are made of homogeneous continuous materials. 
2). The cable mass per unit length, cable tensile stiffness, and rigid-guide bending stiffness are 

constant. 
3). The nonlinear vibration displacements of the cables are much smaller than their total lengths.  
4). Each rigid-guide section contains a geometric deviation. 

 

Figure 2. Schematic of the proposed coupled double-cable hoisting-system model. 
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Regarding the notation used in this paper, subscripts c and p denote the inclined and suspension 
strings, respectively, and k ∈ {1,2} identifies the cable. Partial derivatives with respect to time t and 
the spatial coordinate x are denoted by an overdot and a prime, respectively. For brevity, when no 
ambiguity arises, explicit spatiotemporal dependencies are omitted; thus, u(x,t), w(x,t), v(x,t), x(t), 
T(x,t), ε(x,t), lp(t), e(t), V(t), θ(t), S(t), and a(t) are written as u, w, v, x, T, ε, lp, e, V, θ, S, and a, 
respectively. The matrix and vector functions L, x, u, w, v, i, j, and k are defined as follows: 

 
T

1 2 1 2c c p p =  L L L L L ,
T

c p =  x x x , [ ]T
1 2c c cx x=x , 

T

1 2p p px x =  x ,  

 
T

c p =  u u u , [ ]T
1 2c c cu u=u , 

T

1 2p p pu u =  u , 
T

c p =  w w w ,  

 [ ]T
1 2c c cw w=w , 

T

1 2p p pw w =  w , 
T

c p =  v v v , [ ]T
1 2c c cv v=v ,  

 
T

1 2p p pv v =  v , diag c p =  i i i , [ ]1 2diagc c c=i i i , 1 2diagp p p =  i i i ,  

 diag c p =  j j j , [ ]1 2diagc c c=j j j , 1 2diagp p p =  j j j ,  

 diag c p =  k k k , [ ]1 2diagc c c=k k k , 1 2diagp p p =  k k k .  

3. Governing equations of motion 

According to finite-deformation theory for continuous media, the displacement matrix of an 
arbitrary moving reference point along the hoisting cable is written as follows: 

 , (3.1) 

where i, j, and k are the orthonormal basis vectors along the X-, Y-, and Z-axes, respectively. 
The velocity matrix of the moving reference point on the cable is expressed as  

 , (3.2) 

where 
T

1 2 1 2c c p p =  V V V V V  and ( ) ( ) ( )D
D

V
t t x
• ∂ • ∂ •

= +
∂ ∂

.  

The displacement and velocity vectors at the winding drums are expressed as 

 
( )( ) ( ) ( )

( ) ( ) ( )
, , ,

D , D , D ,
D D D

d c cb c cb c cb c

cb cb cb
d c c c

l t l t l t

l t l t l t
V

t t t

 = + + +

  

= + + + 
 

L l u i w j v k

u w v
V i j k

, (3.3) 

( )= + + +L x u i wj vk

D D D
D D Dt t t

 = + + + 
 

u w vV x i j k
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where [ ]T
1 2d d d=L L L , [ ]T

1 2d d d=V V V , and [ ]T
1 2c c cl l=l .  

Similarly, the displacement and velocity vectors at the guide pulleys are expressed as 

 
( )( ) ( ) ( )

( ) ( ) ( )
, , ,

D , D , D ,
D D D

h c ce c ce c ce c

ce ce ce
h c c c

l t l t l t

l t l t l t
V

t t t

 = + + +

  

= + + + 
 

L l u i w j v k

u w v
V i j k

, (3.4) 

where [ ]T
1 2h h h=L L L  and [ ]T

1 2h h h=V V V . 

In this study, we focus on the dynamic effects of end-boundary excitations localized in the 
transverse plane of the rigid guides, where two types of disturbance-induced deviation are considered. 
For modeling purposes, lateral rotation of the cage is neglected. The displacement vector of the cage 
is expressed as follows: 

 r r r r rx y= +L i j . (3.5) 

The kinematic relationships governing the longitudinal and transverse displacements between the 
ends of the suspension strings and the cage are expressed as follows: 

 
( )( )
( )( )

,

,
g p p pe

g p pe

l t t

l t t

 = +


= +

x l u

y s w
, (3.6) 

where 
T

1 2g g gx x =  x , 
T

1 2p p pl l =  l , [ ]T
1 2s s= −s , and 

T

1 2g g gy y =  y . 

Because the cage rotation angle is sufficiently small, the small-angle approximations sinθ ≈ θ and 
tanθ ≈ θ are valid and are applied below. With reference to Figure 2, the geometric compatibility 
between the translational displacements of the cage center of mass and the terminal displacements of 
the suspension strings is given by 

 

1 1

2 2

2

1 1

2

2 2

cos cos
2

cos cos
2

2

2

g h

g h

g h

g h

x x s h

x x s h

y y s h

y y s h

θθ θ

θθ θ

θθ

θθ

 = − −

 = + −

 = + +


 = − +


, (3.7) 

where  
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2

h r

h r

x x h

y y hθ
= −


 = −

  

Combining Eqs (3.6) and (3.7), the longitudinal and transverse vibration displacements of the 
cage center of mass are obtained as follows: 

 
( )( ) ( )

( ) ( ) ( )

22
2 1

1

2
2 1

1

1 , 1
2 2 2

cos1 , 1 cos
2 2 2

r pk pek
k

r pek
k

s s
x l u l t h

s s
y w l t h

θθ

θθ θ

=

=

 − 
= + + − +  

  


− = + + −




. (3.8) 

The velocity vector of the cage is written as follows: 

 r xr r yr rV V= +V i j . (3.9) 

The longitudinal and transverse velocities of the cage center of mass are expressed as  

 
( ) ( )( ) ( )

( ) ( )( ) ( ) ( )

22
2 1

1

2 22
2 1

1

cos1 1, , 1 cos
2 2 4 2

1 , , 1 cos 1
2 2 4 2 2

xr pk pk pek pek
k

yr pk pek pek
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s s
V V V u l t u l t h

s shV V w l t w l t

θθθθθ θ

θθθ θ θθ

=

=

   − ′= + + − + + +   
   


  −  ′= + + + + − −     











, (3.10) 

where 

 

( ) ( )1 2 1 2

1 2

, ,
sin , sin

sin , sin

p p pe pe e

g

e e

g g

l l u l t u l t d e
s s l

d e d e
l l

θ θ

θ θ

 − + − +
 = <

+


+ + = ≥


.  

The total kinetic energy of the double-cable hoisting system is written as follows: 

 

2 2

1 1
2 2

2
2 2

1 1

1 1d d
2 2
1 1 1 1
2 2 2 2

cek pek

cbk pbk

l l

k ck ck pk pkl l
k k

d h
dk dk hk hk r r p

k kd h

E x x

I I m I
R R

ρ ρ

θ

= =

= =

= ⋅ + ⋅

+ ⋅ + ⋅ + ⋅ +

  

 

V V V V

V V V V V V 
. (3.11) 

The static tension at the moving reference point along the cable is given by 

 e pg g kρ μ= + +T m l S , (3.12) 
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where 
T

c p =  T T T , [ ]T
1 2c c cT T=T , 

T
1 2p p pT T =  T , [ ]T

1 2 1 2m m m m=m , and 

[ ]T
1 20 0 S S=S . 

Furthermore, the distance vector l is given by 

 
1 0 sin 0 sin 0
0 1 0 0 0 1

cP c

cP P

α α         
= − +         −         

ll x
l

ll x
, (3.13) 

where 

 ,  

 

,         0

, 0

,         

r x

r g
p x g

r g

r x g

k l
k k

k l l
k k
k l l

 =

= < < +
 =

, and 
( )2 2

3 g
g

g x x

l EI
k

l l l
=

−
, ( )0,  x gl l∈ .  

The cable excitation is induced by geometric deviations of the rigid guides, which are transmitted 
through the guide rollers. The rigid guide-roller assembly is modeled as a contact-mechanics 
subsystem with a clearance gap and equivalent stiffness and is integrated into the overall system. The 
dynamic clearance between the rigid-guide sections and the cage is expressed as follows:  

 
[ ]1 2, ,

, if 0,
1,2

0, if 0,

T
p

k k k k
k

k k

S S

hf e d hf e d
S k

hf e d

 =

 + − + − >

= =  + − ≤

S
, (3.14) 

where [ ]Tθ θ= −f  and [ ]T
1 2e e=e . 

Here, fk and ek are the k-th components of f and e, respectively. Therefore, the unilateral contact 
condition is applied componentwise, and the contact state of each guide–roller pair is judged 
independently. Contact occurs only when the local relative displacement hfk + ek exceeds the nominal 
clearance d. In the baseline simulations, the deviation is applied to one guide while the opposite guide 
is assumed to remain nominal; namely, e1 = ec(z(t)) or ep(z(t)), and e2 = 0. The formulation can also 
represent the case in which both guides have independent deviations by assigning nonzero values to e1 
and e2. 

Accordingly, the elastic potential energy of the overall system is expressed as follows: 
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1 1 1 1 1

1 1 1d d d d
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pE T x EA x T x EA x k Sε ε ε ε
= = = = =

+ + + +=        . (3.15) 
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According to the von Kármán strain theory, the strain-displacement relationship for the cable is 
written as follows: 

 1 1
2 2

′ ′ ′ ′ ′= + ⋅ + ⋅ε u w w v v , (3.16) 

where 
T

c p =  ε ε ε  , [ ]T
1 2c c cε ε=ε  , 

T
1 2p p pε ε =  ε  , 1 2 1 2diag c c p pw w w w =  w  , and 

1 2 1 2diag c c p pv v v v =  v . 

The von Kármán strain-displacement relationship accounts for the geometrically nonlinear 
coupling among the longitudinal, transverse, and lateral vibration modes. Accordingly, the 
gravitational potential energy of the double-cable hoisting system is written as follows: 

 
2 2 2 2

1 1 1 1
d sin d sinpek cek

pbk cbk

l l

pk ck r
k

g pk
k

ckl l
k k

E u ug x g x gl gl mgyρ ρ α ρ ρ α
= = = =

+ − + −= −     . (3.17) 

In practical hoisting systems, due to factors such as preload, clearance, impact, wear, local 
deformation, and possible intermittent contact, the interaction between the guide rollers and the rigid 
guides becomes highly complex. This model does not aim to provide a detailed description of the local 
contact physical mechanisms. Instead, it is primarily intended to capture the dominant global dynamic 
characteristics of the coupled cable-cage system and to describe the general trends induced by 
parameter variations. Therefore, a spring-damper model with clearance is adopted to represent the 
interaction between the guide rollers and the rigid guides. This approach provides a simple and 
efficient way to model the primary unilateral contact mechanism. The spring-damper model is 
expressed as follows:  

 p k d kgkf k S c S+=  . (3.18) 

The total virtual work of the double-cable hoisting system is given by: 

 ( )( ) ( ) ( )
1

2

1

2

= , , ,h ck ce ck ce pk pe
k

gk
k

W c V u l t u l ft w l tδ δδ
==

+− +   . (3.19) 

Using Hamilton’s principle, the governing equations of motion for the coupled double-cable 
hoisting system are written as follows: 

 ( )2

1
d 0

t

k p gt
E E E W tδ δ δ δ− − + = . (3.20) 

The system satisfies homogeneous Dirichlet boundary conditions at xc = 0 and xp = 0, where all 
translational displacements and corresponding velocities are zero. At the guide pulley, transverse and 
lateral vibrations of the inclined and suspension strings are suppressed by the pulley grooves; therefore, 
the displacements in these directions are neglected. In the longitudinal direction, the cables are 
modeled as slipping axially relative to the pulley interface. The resulting elastic tension-continuity 
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condition [42] for the cable segments is expressed as follows: 

 ( ) ( ), ,h hc
c ce p pbEA l t e EA l tβ′ ′=u u . (3.21) 

At the initial state (t = 0), the relationship between the elastic and static tensions in the strings and 
the corresponding longitudinal displacement profile are given by 

 ( )
( )( )

( )( ) ( )( )
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, (3.22) 
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T
xu
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, (3.23) 

where ( ) ( ) ( )1 2,0 =diag ,0 ,0c c cx T x T x  T  , ( ) ( ) ( )1 2,0 =diag ,0 ,0p p px T x T x  T  , and 

( ) ( ) ( )1 2,0 =diag ,0 ,0c ce c ce c cel T l T l  T . 

The governing nonlinear PDEs of motion for the coupled double-cable hoisting system are 
derived from Hamilton’s principle as follows: 

 ˆˆ ˆˆEAρ ρ− − =a T ε g , (3.24) 

with the related terms defined as 
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       ′ ′ ′′= +       
′ ′ ′′              

I 0 0 ε 0 0 0 ε
ε 0 w 0 ε 0 w 0 ε

0 0 v ε 0 0 v ε
, [ ]Tˆ sin sin 1 1 0 0 0 0 0 0 0 0g θ θ=g ,   

where I4 is the 4 × 4 identity matrix, and 04 is a four-dimensional zero column vector. 
The terms T̂   and ε̂   shown above represent the dynamic coupling forces and elastic strains, 

respectively, arising from three-dimensional interactions among tension, strain, and vibration. 
The boundary conditions at the drum, guide-pulley, and cage interfaces are prescribed as follows: 

 ( )( ) ( ) ( ) ( )2
2 02 ,0 ,c c c c c cbp b
d

cp c
dI EA l t lV tV a a

R
ρ

  ′ ′ +′′+ − + =+ + + + 
 

l l u εu Tu u  , (3.25) 



6262 

Electronic Research Archive  Volume 34, Issue 9, 6249–6285. 

 
( ) ( )( )

( ) ( )( ) ( ) ( )( )

2
2 ,

, , , , 0

2p p p p h c ce

c ce p pb c ce p pb

h

h

c V l t

EA l

I V a V

t l t t l

a
R

l t

′ ′ ′′+ + + + −

+ − =+

+

−

u

ε

u u u

ε T

u

T

  
, (3.26) 

 

( )

( )
1

2

1

2

1

2 2 2

1 1

co 0

0

0

s

yr pk pk
k

xr pk pk pk pk d k p

p

k
k k k

p
k

k

m

E

I
k S

a T EA mg

a T w A w

g

c S

m
h

k Sm

θ θ

ε

ε

θ

=

= = =

=

 +



− − =



+

+ − =

′ ′+ − − =






  





, (3.27) 

where ( ) ( ) ( )1 20 diag 0 0p p pl l =  l  and 1 2diagp p pl l =  l . 

4. Discretization of the equations of motion 

To transform the governing nonlinear PDEs into a solvable system of ODEs, the Galerkin method 
is used for spatial discretization. In this system, the inclined strings have constant lengths, whereas the 
suspension-string lengths vary with time. To facilitate analysis of the time-varying segments, a 
dimensionless coordinate ψ = x/l(t) is introduced. This transformation maps the time-dependent 
physical domain x ∈ [0, l(t)] onto a fixed computational domain ψ ∈ [0, 1]. Consequently, the vibration 
displacements are reformulated in the new coordinate system as follows: 
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. (4.1) 

After coordinate normalization, the cable vibration displacements are approximated as follows:  
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, (4.2) 

where n denotes the modal truncation order; quck,i(t), qwck,i(t) , qvck,i(t) , qupk,i(t), qwpk,i(t), and qvpk,i(t) are 
the generalized coordinates of the k-th cable, and ϕck,i(ψ), φck,i(ψ), ξck,i(ψ), ϕpk,i(ψ), φpk,i(ψ), and ξpk,i(ψ) 
are the corresponding spatial trial functions, respectively.  

Because a dimensionless coordinate is introduced, the partial derivatives in the original equations 
of motion must be transformed using the chain rule. The transformed derivatives for the inclined and 
suspension strings are given, respectively, by  
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In Eqs (4.3)–(4.8), the subscripts t and x denote partial derivatives with respect to time t and 
the spatial coordinate x, respectively. Substituting Eqs (4.3)−(4.8) into the governing equation of 
motion, Eq (3.24), gives expressions that are subsequently weighted by ϕck,j(ψ), φck,j(ψ), ξck,j(ψ), 
ϕpk,j(ψ), and φpk,j(ψ), respectively, and integrated over the fixed computational domain ψ ∈ [0, 1]. 
Similarly, Eqs (4.3)–(4.8) are substituted into Eqs (3.25)–(3.27) and evaluated using the boundary 
weights ϕck,j(1), φck,j(1), ξck,j(1), ϕpk,j(1), φpk,j(1), and ξck,j(1), respectively, thereby completing the 
discretization. The governing nonlinear PDEs are thus reduced to the following ODE system for the 
double-cable hoist: 
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, (4.9) 

where Mr, Cr, and Kr (r = u, w, v) denote the mass, damping, and stiffness matrices, respectively, qr 
represents the generalized coordinate vector, Pr denotes the coupling terms induced by three-
dimensional cable-vibration interactions, and Fr is the corresponding generalized force vector. The 
detailed formulations of these matrices and vectors are provided in the Appendix. 

Solving Eq (4.9) yields the generalized coordinates associated with the three-dimensional cable 
vibrations. In this model, the guide-rail fault excitation e(t) acts only in the transverse direction. 
Therefore, a nonhomogeneous cage-end boundary displacement is introduced only for the transverse 
displacement of the suspension string. The lateral displacement is not subjected to boundary excitation 
and still satisfies homogeneous boundary conditions. 

Accordingly, the transverse displacement of the suspension string is expressed as the sum of a 
lifting term and a relative vibration component, while the lateral displacement is directly expanded by 
sine trial functions. By modeling the cables as flexible axially moving strings, the corresponding 
spatial trial functions are written as follows: 
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In Eq (4.10), the sine functions for the transverse and lateral directions are used for the relative 
vibration displacements after removing the cage-end boundary motion. Therefore, although these 
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functions vanish at both ends, they are compatible with the nonzero cage-end displacement through 
the lifting function introduced below. 

Substituting the generalized coordinates and spatial trial functions into Eqs (4.1) and (4.2) gives 
the coupled longitudinal, transverse, and lateral vibration displacements of the cables as follows:  
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where wg,pk(t) denote the transverse displacements of the cage-end attachment point of the k-th cable 
segment. This is determined by the transverse cage motion induced by the guide-rail fault e(t). This 
displacement is not expanded by the sine trial functions. Instead, it is introduced through the lifting 
term, so that the transverse displacement of the suspension string can satisfy the nonzero cage-end 
boundary condition. 

The total tension in each hoisting cable consists of static and dynamic components and is 
expressed as follows:  

 1 1
2 2d e pg g k EAρ μ  ′ ′ ′ ′ ′= + + + + ⋅ + ⋅ 

 
T m l S u w w v v . (4.13) 

The tension difference between the coupled cables is defined as follows: 
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1 2
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d d
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5. Numerical simulations 

The physical and geometric parameters used in the numerical simulations of the double-cable 
hoisting system are summarized in Table 2. 

The nonstationary dynamic responses of the hoisting system are evaluated during upward hoisting 
according to the prescribed motion profile shown in Figure 3. This motion pattern is used as a 
representative operating condition and is not intended to cover all possible working states of the 
double-cable hoisting system. In practical operation, the two suspension strings move synchronously 
with the cage during upward hoisting and downward lowering. In this study, we focus on the upward-
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hoisting response induced by rigid-guide deviations and guide-roller contact excitations. The rigid-
guide deviations are introduced as boundary excitations acting on the suspension strings. Because these 
excitations mainly affect the suspension segments, in the following analysis, we focus on their 
nonstationary responses. Unless otherwise stated, every rigid-guide section is assumed to contain 
either a curvature or a verticality imperfection. 

Table 2. System parameters used in the numerical simulations. 

Parameters Values Parameters Values 
Rd (m) 2.5 kg (N/m)  2.24 × 106 

Id (kg⋅m2) 3 × 104 cd (N⋅s/m)  1.4 × 104 

Rh (m) 2.5 EI(N⋅m2) 1.34 × 108 

Ih (kg⋅m2) 1.52 × 104 Ip (kg⋅m2) 5.2 × 104 
ch 0.25 μe 0.1  
βh (rad) 0.75 π ec,max (m) 5 × 10-3 
EA (N) 2.09 × 108 ep,max (m) 5 × 10-3 
ρ (kg/m) 8.53 lg (m) 12 
lc (m) 80 h (m) 4.5 
α (rad) 0.25 π de (m) 15 × 10-3 
L0 (m) 1538 s1 (m) 2.5 
a (m/s2) 0.75 s2 (m) 2.5 
m (kg)  8.8 × 104 d (m) 2 × 10-3 
g (m/s2)  9.8 kr (N/m) 1.6 × 106 

 

Figure 3. Representative upward-hoisting motion pattern of the coupled double-cable hoist. 

5.1. Numerical implementation and verification 

To improve the reproducibility and reliability of the numerical results, the numerical 
implementation was verified from three aspects: Galerkin modal convergence, time-step convergence, 
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the subsequent simulations involving curvature and verticality deviations.  
The nonlinear ordinary differential equations obtained after Galerkin discretization was solved 

using a classical fourth-order explicit Runge-Kutta method with a fixed time step. Because a fixed-
step explicit scheme was adopted, no adaptive time-step control or error tolerance was used. At each 
time-integration step, four Runge-Kutta stages were evaluated. The nonlinear contact force and time-
varying coefficients were calculated from the displacement, velocity, and time values at the current 
stage. Accordingly, the unilateral contact terms were treated explicitly. When the contact condition was 
not satisfied, the contact force was set to zero; otherwise, the contact force was activated according to 
the prescribed nonlinear contact model.  

The initial conditions were set as zero displacement and zero velocity for all generalized 
coordinates, corresponding to an unperturbed equilibrium state at t = 0. In the following numerical 
results, the response denoted at lp(t)/2 was evaluated at the instantaneous midpoint of the suspension 
string in the physical coordinate, namely xp(t) = lp(t)/2. Equivalently, in the normalized coordinate, this 
point corresponds to ψ = 1/2. Because lp(t)/2 varies with time during hoisting, the plotted response 
represents the instantaneous spatial midpoint of the current suspension-string span. 

5.1.1. Galerkin modal convergence 

To justify the modal truncation order used in the Galerkin discretization, a convergence study is 
conducted with respect to the number of retained modes. Truncation orders of n = 4, 6, and 8 are 
considered for the curvature-deviation and verticality-deviation cases. 

Table 3. Convergence test with respect to the Galerkin modal truncation order for curvature deviation. 

Truncation order n ΔTmax (kN) Tension-inconsistency ratio (%) 
4 42.7098 9.2442 
6 43.3955 9.3894 
8 43.6824 9.4392 

Table 4. Convergence test with respect to the Galerkin modal truncation order for verticality deviation. 

Truncation order n ΔTmax (kN) Tension-inconsistency ratio (%) 
4 36.9077 7.9980 
6 37.4741 8.1192 
8 37.6715 8.1606 

As shown in Tables 3 and 4, the key response quantities, including the maximum tension 
difference and the maximum tension-inconsistency ratio, exhibit only minor variations as n increases. 
In particular, when the modal order increases from n = 6 to n = 8, the relative change in the maximum 
tension difference is less than 1%, indicating that the Galerkin solution has essentially converged. 
Therefore, n = 6 is adopted in the subsequent numerical simulations to balance computational 
efficiency and accuracy. 
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5.1.2. Time step convergence 

In this numerical implementation, an explicit fixed-step integration scheme is adopted. 
Accordingly, no adaptive time-stepping strategy or error-tolerance control is introduced. The 
numerical accuracy is verified through a time-step convergence study. 

Table 5. Time-step convergence of key response quantities for curvature deviation case. 

Time step Δt (s) ΔTmax (kN) Tension-inconsistency ratio (%) 
4 × 10-4  43.3781 9.3856 
2 × 10-4  43.3955 9.3894 
1 × 10-4  43.4030 9.3910 

Table 6. Time-step convergence of key response quantities for verticality deviation case. 

Time step Δt (s) ΔTmax (kN) Tension-inconsistency ratio (%) 
4×10-4  37.4612 8.1164 
2×10-4  37.4741 8.1194 
1×10-4  37.4806 8.1208 

As shown in Tables 5 and 6, three time steps, Δt = 4 × 10-4 s, 2 × 10-4 s, and 1 × 10-4 s, are tested 
for the curvature-deviation and verticality-deviation cases. The key response quantities change only 
slightly when the time step is reduced from 2 × 10-4 s to 1 × 10-4 s, confirming that further refinement 
of Δt has no significant influence on the numerical results. Therefore, Δt = 2 × 10-4 s is adopted in the 
subsequent simulations. 

5.1.3. No-guide-deviation limiting case 

To further verify the consistency of the proposed model, a no-guide-deviation case is considered 
a limiting-case benchmark. In this case, the curvature and verticality deviations are both set to zero, 
i.e., ec = ep = 0, thereby eliminating guide-deviation-induced contact excitation from the system. 

Figure 4 shows the tension difference and tension-inconsistency ratio between the two suspension 
strings at lp(t)/2 in the no-guide-deviation case. Both quantities remain close to zero throughout the 
hoisting process. Only slight fluctuations appear during the initial stage, mainly due to the transient 
response associated with the prescribed hoisting motion rather than guide-roller excitation. After this 
initial transient, the tension difference and tension-inconsistency ratio rapidly approach zero and 
remain nearly unchanged. 

This result indicates that, in the absence of curvature and verticality deviations, the two 
suspension strings maintain nearly symmetric dynamic responses, and no artificial tension imbalance 
is introduced by the governing equations or numerical implementation. Therefore, the much larger 
tension inconsistency observed in the curvature- and verticality-deviation cases can be attributed to 
guide-deviation-induced contact excitation rather than numerical artifacts. 
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(a)                                           (b) 

Figure 4. Tension inconsistency between the suspension strings at lp(t)/2 in the no-guide-
deviation case. (a) Tension difference. (b) Tension ratio. 

5.2. Curvature deviation 

Curvature deviations in the rigid guides, which are commonly caused by manufacturing or 
installation imperfections, may pose a substantial risk to hoisting systems. These geometric 
irregularities can degrade the operational stability of a double-cable hoist and may lead to severe faults, 
such as cable failure or guide-roller disengagement. The dynamic responses of the system under 
curvature deviations are shown in Figures 5–9. 

 

   (a)                                        (b)  

Figure 5. Transverse vibration displacements of the suspension strings at lp(t)/2 under 
curvature deviations. (a) String 1. (b) String 2. 
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  (a)                                  (b)     

Figure 6. Longitudinal vibration displacements of the suspension strings at lp(t)/2 under 
curvature deviations. (a) String 1. (b) String 2. 

  
(a)                                    (b)  

Figure 7. Lateral vibration displacements of the suspension strings at lp(t)/2 under 
curvature deviations. (a) String 1. (b) String 2. 

 

     (a)                                (b)  

Figure 8. Tensions of the suspension strings at lp(t)/2 under curvature deviations. (a) 
String 1. (b) String 2. 
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  (a)                                     (b)  

Figure 9. Tension inconsistency between the suspension strings at lp(t)/2 under curvature 
deviations. (a) Tension difference. (b) Tension ratio. 

As shown in Figure 5, string 1 exhibits a larger transverse vibrational displacement than string 2, 
indicating an asymmetric transverse response of the two parallel suspension strings under curvature 
deviations. This asymmetry mainly results from slight cage rotation caused by nonuniform contact 
forces from the rigid guides. The rotation changes the system geometry and static load distribution, 
thereby amplifying the vibration response of string 1. As the hoist moves upward, the amplitude and 
the frequency of the transverse vibration increase. This behavior is attributed to the continuous 
shortening of the suspension string length lp(t), which increases the equivalent transverse stiffness and 
frequencies of the system and promotes vibration-energy accumulation. 

Figure 6 shows that the longitudinal vibration displacement of string 1 is slightly greater than that 
of string 2. This difference can be attributed to a small counterclockwise rotation of the cage under 
external perturbations, which shifts its geometric center. Consequently, the effective static length of 
string 1 becomes slightly greater than that of string 2, further affecting the dynamic characteristics and 
load distribution of the two cables. Overall, however, the longitudinal vibration displacements 
gradually decrease during upward hoisting. This reduction is governed by the shortening of the strings, 
because the decrease in static elongation caused by self-weight dominates the macroscopic 
longitudinal response. 

Figure 7 indicates that string 1 also has a slightly larger lateral displacement than string 2. This 
difference arises from three-dimensional coupling and is consistent with the amplified transverse and 
longitudinal responses observed in string 1. As the hoist ascends, the time-varying length of the 
suspension strings increases the amplitude and frequency of the lateral response, following a trend 
similar to that of the transverse vibration. 

Figure 8 shows that the total tension in string 1 is slightly higher than that in string 2. Because the 
cable tension is strongly affected by the three-dimensional coupled vibrations, the total tensions of 
both suspension strings generally decrease during upward motion. Pronounced tension fluctuations 
occur during the transient acceleration and deceleration stages. 

As shown in Figure 9, the tension inconsistency between the suspension strings becomes more 
severe as the hoist ascends. This increase is mainly associated with the increasing multidirectional 
vibration frequencies during hoisting. The most unstable response occurs during deceleration, when 
the tension inconsistency exhibits pronounced fluctuations. 
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It should be noted that the reduction in transverse and lateral vibration amplitudes during the 
deceleration stage does not necessarily indicate a corresponding reduction in tension inconsistency 
between the two suspension strings. These quantities characterize different aspects of the system 
response. Specifically, the transverse and lateral vibration amplitudes mainly reflect the displacement 
response of the strings, whereas the tension-inconsistency ratio is governed by the combined effects 
of displacement, velocity, acceleration, contact force, and dynamic load redistribution between the two 
suspension strings. During deceleration, the time-varying string length and axial-velocity variation 
may partly suppress the transverse and lateral displacement envelopes. However, the inertial effect 
associated with deceleration, together with contact-induced excitation, can cause substantial 
redistribution of dynamic tension between the two strings. Consequently, the most pronounced tension 
inconsistency may occur during the deceleration stage, even when the transverse and lateral 
displacement amplitudes are partially reduced. 

Table 7. Peak dynamic responses under curvature deviation. 

String umax (m) wmax (m) vmax (m) Tmax (kN) ΔTmax (kN) Tension-inconsistency ratio 
(%) 

String 1  0.8642 0.1372 0.0914 622.8 43.40 9.389 
String 2  0.8589 0.1287 0.0872 617.6 

To quantitatively characterize the curvature-deviation response, the peak displacement, cable 
tension, maximum tension difference, and tension-inconsistency ratio are summarized in Table 7. 
string 1 shows slightly larger peak displacement and tension responses than string 2, indicating an 
asymmetric dynamic response between the two suspension strings. The maximum tension difference 
reaches 43.40 kN, and the corresponding tension-inconsistency ratio is 9.389%. These results indicate 
that curvature-induced guide-roller excitation leads to noticeable dynamic load redistribution between 
the two suspension strings. 

 

Figure 10. Tension inconsistency between the suspension strings at lp(t)/2 for different 
maximum curvature-deviation amplitudes.  
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Figure 10 shows that, for the double-cable hoisting system studied in this paper and under the 
parameters listed in Table 2, the maximum tension-inconsistency ratio exceeds the adopted 10% 
admissible criterion [43] when the maximum curvature-deviation amplitude ec,max is greater than 6 mm. 
For the studied system, keeping the curvature-deviation amplitude below this value helps maintain the 
tension-inconsistency ratio within the adopted safety criterion. 

5.3. Verticality deviation 

Verticality deviations of the rigid guides are mainly caused by assembly and installation errors in 
hoisting systems. These deviations excite coupled transverse, longitudinal, and lateral vibrations of the 
suspension strings, which in turn produce tension inconsistency between the two parallel strings. The 
corresponding dynamic responses of the coupled double-cable hoist are shown in Figures 11–15. 

 
    (a)                                 (b)  

Figure 11. Transverse vibration displacements of the suspension strings at lp(t)/2 under 
verticality deviations. (a) String 1. (b) String 2. 

 
      (a)                                 (b)  

Figure 12. Longitudinal vibration displacements of the suspension strings at lp(t)/2 under 
verticality deviations. (a) String 1. (b) String 2. 
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(a)                               (b) 

Figure 13. Lateral vibration displacements of the suspension strings at lp(t)/2 under 
verticality deviations. (a) String 1. (b) String 2. 

 
(a)                               (b) 

Figure 14. Tensions of the suspension strings at lp(t)/2 under verticality deviations. (a) 
String 1. (b) String 2. 

 
(a)                                     (b) 

Figure 15. Tension inconsistency between the suspension strings at lp(t)/2 under 
verticality deviations. (a) Tension difference. (b) Tension ratio. 
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The dynamic behavior of the hoisting system under verticality deviations is broadly consistent 
with that observed under curvature deviations. Specifically, string 1 consistently shows slightly larger 
vibration displacements than string 2 in all three directions in Figures 11–13. In addition, as the hoist 
moves upward, the amplitudes and frequencies of the transverse and lateral vibrations increase, 
whereas the longitudinal vibrational displacement gradually decreases. Consistent with the 
displacement responses, Figure 14 shows that the dynamic tension in string 1 is also slightly higher 
than that in string 2. The total tensions decrease during upward motion but fluctuate markedly during 
variable-acceleration stages. As a result, the tension inconsistency between the two strings becomes 
more severe and exhibits pronounced fluctuations during these transient stages in Figure 15. The 
mechanisms underlying these phenomena are essentially the same as those discussed for curvature 
deviations. 

Table 8. Peak dynamic responses under verticality deviation. 

String umax (m) wmax (m) vmax (m) Tmax (kN) ΔTmax (kN) Tension-inconsistency ratio 
(%) 

String 1  0.8620 0.1032 0.08681 625.2 37.47 8.119 
String 2  0.8593 0.0973 0.08274 620.5 

To provide a more quantitative interpretation of the verticality-deviation response, the peak values 
of displacement, cable tension, maximum tension difference, and tension-inconsistency ratio are 
summarized in Table 8. These results enable a direct comparison of the peak dynamic responses of the 
two suspension strings. String 1 shows slightly larger peak displacement and tension responses than 
string 2, indicating an asymmetric dynamic response under verticality deviation. The maximum 
tension difference reaches 37.47 kN, and the corresponding tension-inconsistency ratio is 8.119%. 

 

Figure 16. Tension inconsistency between the suspension strings at lp(t)/2 for different 
maximum verticality-deviation amplitudes. 

From an operational-safety perspective, Figure 16 indicates that, for the studied hoisting system 
under the parameters listed in Table 2, the peak tension-inconsistency ratio exceeds the adopted 10% 
admissible criterion when the maximum verticality-deviation amplitude ep,max is greater than 8 mm. 
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5.4. Comparative discussion and parameter sensitivity 

The difference in tension inconsistency between curvature deviation and verticality deviation can 
be explained from the perspectives of contact-force evolution, cage motion, excitation pattern, and 
cable-coupling mechanism. Curvature deviation generates a continuously varying geometric excitation 
along each guide section, resulting in smooth but persistent guide–roller contact forces. This sustained 
excitation induces continuous cage rotation, thereby altering the effective boundary conditions of the 
two suspension strings. Consequently, the dynamic load is unevenly redistributed between the two 
cables, leading to a larger tension inconsistency. In contrast, verticality deviation is mainly 
concentrated near the transitions between adjacent guide sections and exhibits a localized, piecewise 
triangular excitation pattern. Although it can induce local vibration, its influence on sustained cage 
rotation and long-term cable coupling is weaker than that of curvature deviation. Therefore, under the 
same maximum deviation amplitude, the resulting tension inconsistency is smaller for verticality 
deviation. 

To evaluate the system dependence of the predicted tension inconsistency, a parameter-sensitivity 
analysis is conducted for the roller stiffness kr, contact damping coefficient cd, guide clearance de, 
hoisting speed V, cage mass m, and hoisting displacement H. The maximum tension difference ΔTmax 
and the tension-inconsistency ratio are selected as the major evaluation indices. The sensitivity results 
for the curvature- and verticality-deviation cases are shown in Figures 17 and 18, respectively. 

 

Figure 17. Sensitivity analysis of key parameters under curvature deviation. 
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Figure 18. Sensitivity analysis of key parameters under verticality deviation. 

The sensitivity results show that increasing the roller stiffness and guide clearance generally 
increases the tension difference and the tension-inconsistency ratio, whereas increasing the contact 
damping coefficient tends to suppress tension fluctuations. The effects of hoisting speed, cage mass, 
and hoisting displacement are more closely related to changes in the average cable tension and 
variations in the frequencies of the system. These results further confirm that the deviation-amplitude 
reference values identified in this study are system-specific and should be interpreted together with the 
parameter set listed in Table 2. 

6. Conclusions 

In this paper, a coupled dynamic model is developed for double-cable mine hoists subjected to 
rigid guide-roller contact excitations, and the nonstationary vibration responses induced by curvature 
and verticality deviations of the rigid guides are analyzed systematically. The major conclusions are 
summarized as follows: 

1). The cable vibrations exhibit pronounced nonstationary characteristics during upward hoisting. 
The transverse and lateral displacement amplitudes increase during the early stage of upward motion 
and are partly suppressed during the deceleration stage, mostly because of the time-varying cable 
length and the resulting variation in system stiffness. In contrast, the longitudinal vibration decreases 
monotonically, primarily because the static elongation of the shortening cables gradually diminishes. 

2). The tension inconsistency between the two suspension strings increases during upward motion 
under curvature and verticality deviations. It also fluctuates markedly during variable-acceleration 
stages, especially during deceleration. This observation is not contradictory to the partial suppression 
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of transverse and lateral displacement amplitudes during deceleration, because the tension 
inconsistency is governed not only by displacement amplitude but also by velocity, acceleration, 
contact force, and dynamic load redistribution between the two suspension strings. 

3). The harmonic excitation associated with curvature deviation is more likely to induce coupled 
vibrations. Consequently, for the same deviation amplitude, the resulting tension inconsistency is 
significantly larger than that caused by verticality deviation. For the studied double-cable hoisting 
system under the considered operating conditions, the maximum tension-inconsistency ratio exceeds 
the adopted 10% admissible criterion when the curvature-deviation amplitude is larger than 6 mm or 
when the verticality-deviation amplitude is larger than 8 mm. These values are system-specific 
reference amplitudes obtained from this numerical model and should not be regarded as universal 
design limits for all hoisting systems. 

These results provide a useful basis for predicting the nonstationary vibration behavior of double-
cable hoists and offer practical guidance for the safe design and operation of vertical transportation 
systems. Future work should include experimental or field validation and further refinement of the 
guide-roller contact model. 
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Appendix 

For clarity, subscripts u, w, and v denote the longitudinal, transverse, and lateral vibration 
components, respectively. Subscripts c and p denote the two cable segments considered in the model, 
and k = 1, 2 denotes the two suspension strings. The modal indices are denoted by i,j = 1, 2, …, n. 
Unless otherwise specified, each matrix block is an n × n matrix, whereas each generalized coordinate 
vector, nonlinear coupling vector, and generalized force vector is an n × 1 vector. 

A.1. Block definitions 

The block matrices in Eq (4.9) are defined as follows: 

 ( )1 2 1 2diag , , , , , ,r rc rc rp rp r u w v= =M M M M M ,  

 ( )1 2 1 2diag , , , , , ,r rc rc rp rp r u w v= =C C C C C ,  

 ( )1 2 1 2diag , , , , , ,r rc rc rp rp r u w v= =K K K K K .  
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The corresponding generalized coordinate, nonlinear coupling, and generalized force vectors are 
as follows: 

 ( )TT T T T
1 2 1 2, , , , , ,r rc rc rp rp r u w v= =q q q q q ,  

 ( )TT T T T
1 2 1 2, , , , , ,r rc rc rp rp r u w v= =P P P P P ,  

 ( )TT T T T
1 2 1 2, , , , , ,r rc rc rp rp r u w v= =F F F F F .  

A.2. Mass matrix entries 

 ( ) ( ) ( ) ( ), 2 20 0 1 1
h

i jd h
uck

j i
ck ck ck c

k
kij

ck d c

I IM
l R l R

φ φ φ φρ= + + ,  

 , ,wck ij vck ijM M ρ= = ,  

 ( ) ( ) ( ) ( )2 ,, ,0 0 1 1k e p ki j
i pk pk

k
pk iu pk

h
pk j

p h k
j

p

IM
l

m k S
R l

ρ
μ

φ φ φ φ= +
+

+ ,  

 , ,wpk ij vpk ijM M ρ= = .  

A.3. Damping matrix entries 

 ( ) ( ),

1

, ,0 , ,d 1 12 h
ck i ck j cuck ij k i ck j

ck ck

c
l l

C V φ φ ψ φ φρ= ′ − ,  

 1

, ,, 0
d2

ck i ck j
c

i
k

wck j l
VC ϕ ϕ ψρ ′=  ,  

 1

, ,, 0
d2

ck i ck j
c

i
k

vck j l
VC ξ ξ ψρ ′=  ,  

 ( ) , ,

1

, 0
1 d2

pk pk i pk j
pk

upk ij
VC

l
ψ φ φ ψρ ′−=  ,  

 ( ) ( ) ( ), , , ,

1

, 0
1 d 1 12 d

pk pk i pi k j pk iw pj k j
p

pk
k pk

cC V
l l

ψ ϕ ϕ ψ ϕ ϕρ − += ′ ,  

 ( ) ( ) ( ), , , ,

1

, 0
1 d 1 12 d

pk pk i pi k j pk iv pj k j
p

pk
k pk

cC V
l l

ψ ξ ξ ψ ξ ξρ − += ′ .  

A.4. Stiffness matrix entries 

 1 2

, , ,

1 1

, 0 0, , ,2 0 2d d dck i ck j ck i ck j ck i ck j
ck ck ck

uck ij
a VK EA

l l l
φ φ ψ φ φρ ρ φ ψ φ ψ′ ′′ ′′+ −=    ,  
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1 1
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2

, , ,2

1 1

, , , ,20 0

d d

sin d d ,

sin
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K

l l
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ϕ

ρ ρ α ρϕ ϕ ψ ϕ ϕ ψ

ρρ μα ϕ ψ ϕ ϕ ψ
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′′ ′′−
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 
  

 ( )
,

1 1

, 0 0

2
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1 1

, , , ,20 0

d d

sin d d ,

sin
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ck i ck j ck i ck
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j
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a g V

ξ
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0

2 21 1 1
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EAK

l
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l l
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A.5. Nonlinear coupling vector entries 
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A.6. Generalized force vector entries 
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A.7. Generalized coordinate vectors 

The generalized coordinate vectors can be written compactly as 
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