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Abstract: The aim of this paper was to discuss the boundedness of commutators of fractional Hardy
and Hardy-Littlewood-Pdlya operators on grand Herz-Morrey spaces with two variable exponents
n(-), g(-). We proved that the fractional Hardy and Hardy-Littlewood-Pdlya operators are bounded on
grand variable Herz-Morrey spaces, where the symbols of the commutators belong to Lipschitz spaces.
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1. Introduction and main results

In recent years, variable exponent function spaces have witnessed significant advances. At present,
the theory of Lebesgue spaces and Sobolev spaces with variable exponents has been widely
developed [1,2].

The notion of variable exponent Herz-Morrey spaces was first articulated in [3]. In 2018, Zhao
and Zhou [4] proved the boundedness of the higher-order commutators [, Tq,| generated by the
fractional integral operators T, with a variable kernel and Lipschitz function b in variable exponent
Herz-Morrey spaces. In 2023, Ho [5] studied the nonlinear operators on Herz-Morrey spaces with
variable exponents and obtained the boundedness of the spherical maximal function, the nonlinear
commutators, and the geometrical maximal operators on Herz-Morrey spaces with variable exponents.
In 2025, Asim and AlNemer [6] obtained the boundedness of the multilinear fractional Hardy operators
on variable exponent Morrey-Herz spaces.

The grand Herz-Morrey spaces with variable exponents were introduced in [7] in 2022. The
authors proved the boundedness of Riesz potential operators on grand Herz-Morrey spaces with
variable exponents. We also note that Herz-Morrey spaces with variable exponents are the
generalizations of Herz spaces with variable exponents. In 2023, Sultan and Hussain [8] obtained the
boundedness of an intrinsic square function and sublinear operators under appropriate assumptions
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about grand variable Herz-Morrey spaces, where a(+) is log-Holder continuous both at the origin and
at infinity. Sultan et al. [9] introduced the boundedness of the Marcinkiewicz integral operator of the
variable in grand Herz-Morrey spaces. In 2024, Sultan et al. [10] discussed the boundedness of the
higher-order commutators of Hardy operators on grand variable Herz-Morrey spaces by applying
some properties of variable exponents.

Let f be a non-negative integrable function on R*, and the classical Hardy operators can be
defined by

1 X
Hf) =~ fo FG)dy, x> 0.

Hardy operators have gradually attracted extensive attention, see [11-13]. Study [14] defined the form
of the following n-dimensional integral inequality parallel to the 1-dimensional results.
Let f € Lio(R"), and n-dimensional Hardy operators can be defined by

Hf(x) =

Jdy, xeR"\{0}.

™ Jiyi<ia

As the research on Hardy operators gradually deepens, the commutators generated by the Hardy
operator with certain functions, such as Lipschitz or Bounded Mean Oscillation (BMO) functions,
have also been widely studied by researchers. The commutator of the Hardy operator is defined by

(b, H]f = bHf = H(bS),

where b is a locally integrable function defined on R”.
LetO <o <nand f € L! (R"). Then, the fractional Hardy operators can be defined by [15]

loc
f@

|n—a/

Hof(x) = fdt,H, f(x) = f dt, x e R"\{0}.

i1 12

X"~ Jigsi

Let g be a non-negative integrable function on R”, and it is easy to see that H,, and H; are satisfied:

fR ) g Ho f(x)dx = fR f (OH,8(x)dx.

When a = 0, then Hy = H and H; = H".
Let b be a locally integrable function on R", and the commutators of fractional Hardy operators can
be defined by

b HA ) = s | @0 = bon s
o 1) \
b HAf = | (b = by, x € RO}, (1.1)
[#]>]x]

When a = 0, then [b, Hy]| = [b, H] and [b, H;] = [b, H"].
Let f € L]IOC(R), and the Hardy-Littlewood-Pdélya operator can be defined by [16]

Tf(x)= f Ldt,xeR.
R

\(oy max{lxl, [z}
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Let b : R — R be a locally integrable function, and the commutator of the Hardy-Littlewood-Pdlya
operator can be defined by

[0, T1f(%) = )T f(x) = T(bf)(X). (1.2)

In 2013, Fu et al. [17] obtained sharp estimates of p-adic Hardy and Hardy-Littlewood-Pdlya
operators. In 2017, Liu and Zhou [15] considered the boundedness of the commutators of the bilinear
fractional Hardy operators. In 2019, Zhou et al. [18] obtained the endpoint estimates of the
commutators generated by fractional Hardy operators and Lipschitz functions on Lipschitz spaces.
Starting from the heat equation, Cesarano [19] discussed some fractional generalizations of various
forms, and presented some operational techniques to propose a method useful for analytic or
numerical solutions. In 2021, Zakarya et al. [20] provided novel generalizations by considering the
generalized conformable fractional intergrals for reverse Coposn-type inequalities on time scales.
In 2024, Biswaranjan [21] proved the boundedness of the commutators generated by Hardy and
Hardy-Littlewood-Pdlya operators on Herz spaces and weighted Lebesgue spaces. In 2025, in the
setting of a Heisenberg group, He et al. [22] studied the sharp boundedness of the m-linear,
n-dimensional, integral operator with a kernel on weighted Lebesgue spaces. Furthermore, they
obtained the sharp boundedness of Hardy, Hardy-Littlewood-Pdlya and Hilbert operators on weighted
spaces. In 2026, Naqash et al. [23] gave the characterization for the boundedness of the commutator
formed by central bounded mean oscillation function » and the weighted p-adic Hardy-Littlewood
operator on p-adic mixed central Morrey-type spaces. Sun and Liu [24] proved the boundedness for
commutators of fractional Hardy and Hardy-Littlewood-Pdlya operators on grand variable Herz
spaces, where the symbols of the commutators belong to Lipschitz spaces.

Inspired by the above literature, the purpose of this paper is to prove the boundedness for
commutators of the fractional Hardy operator and Hardy-Littlewood-Pdlya operator on grand variable
Herz-Morrey spaces, where the symbols of the commutators belong to Lipschitz space. In this paper,
the letter C will be adopted to signify constants that may vary across different expressions and we
define the characteristic function X := X, = Xp,\5, ,-

Theorem 1.1. Let 1 < u < 0,0 < 8 < 1,0 £ a < a+p < n 0 < A < oo, for all
1), q1(), g2(-) € C¥R"), (q1)s <nf(@ + B), 1/qa() = 1/qi() = (@ + B)/n, 1/qi() + 1/q;() =1,
and 1/g,(c0) + l/q'l(oo) =1. Ifb € Ag and n(-) satisfy the following conditions:

(1)a+pB—- q(o) )

q1 (00) ( ()’
then the commutator [b, H,| is bounded from M Kz(q) ?))G(R”) toM KZ(;;(’))G(R")

Remark 1.1. When A = 0, the result coincides with the boundedness on grand variable Herz spaces
(see [22]). When n(-), q1(:), and q,(-) in Theorem 1.1 are constant exponents, the result remains new.

Theorem 1.2. [et 1 < u < 0,0 < 8 < 1,0 £ a < a+B < n 0 < A < oo, for all

1), q1(), q2(-) € C¥R") ,(q1)s < nf(@ + B), /() = 1/qi() = (@ + B)/n, 1/qi() + 1/q;() =1,
and 1/g,(c0) + 1/q’1(oo) =1. Ifb € Ag and n(-) satisfy the following conditions:

(1)a+p—- q(o) )

611(00) ( )’
* (1.0 S1().u).0
then the commutator [b, H,] is bounded from MK ) R 1o MK, oo (R™).
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Remark 1.2. When A = 0, the result coincides with the boundedness on grand variable Herz spaces
(see [22]). When 1(+), q1(+), and q»(-) in Theorem 1.2 are constant exponents, the result remains new.
Theorem 1.3. Let 1 <u < 00,0 << 1,0 < A< oo, for all n(-), ¢:(), g2(-) € C%(R), (q1)+ < 1/B,

Vga() = 1qi() =B, 1/qi() + 1/qy() = 1, and 1/q1(c0) + 1/q(e0) = 1. If b € Ag and n(-) satisfy the
following conditionS'

(]) ﬁ ql(O) (0)

q1(°°) (00)
< n(-),u),0 0
then the commutator |b, T is bounded from M K;'(q)l?)) R) to MKZ(;Z?)) (R).

Remark 1.3. When A = 0, the result coincides with the boundedness on grand variable Herz spaces
(see [22]). When 1(+), q1(+), and q>(-) in Theorem 1.3 are constant exponents, the result remains new.

2. Preliminaries
In this section, we present some basic definitions and auxiliary lemmas which will be used

throughout this paper.
Let 1 < g < co. For any measurable function f on R”, the Lebesgue space can be defined by

Lq(R”) — {f : ”f”L‘I(R") = ( - |f(x)|q d_x)q < OO} s 1< q < 09,

xeR”

(xeR": |f(x)|>,8‘ }<oo}.

Definition 2.1. [7] Given a measurable function g(-) defined on R", we have

L*R") = {f Ifllo@) = esssup|f(x)| = inf {,3 20:

q- := essinfq(x),

xeR?
q. = esssup q(x).
xeR”
(1)q" :=essinfq (x)= q+1, q.. = esssupq'(x) = _—

xeR” xeR”
(2) Denote by P(R") the set of all measurable functions q(-) : R" — (1, 00) such that

1 <g-<q(x) <q. <o

Definition 2.2. (Variable exponent Lebesgue spaces) [1, 2] Let q(-) € P(R"), and then the variable
exponent Lebesgue space can be defined by

LIOR") = { f 1 fis a measurable function : F,(f/n) < oo for some constant > 0} ,

where

Folf) = | 1f)I" dx.

Rn
It is well-known that the Lebesgue space LY(R") is a Banach function space with respect to the

Luxemburg norm
q(x)
sy = inf {n > 057, = [ (@) dx < 1}.
Rn
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Definition 2.3. (Log-Hdlder continuity) [2] Let a real-valued measurable function q(-) € P(R").
(1) The function q(-) is locally log-Holder continuous if there exists a universal constant C such that

1
lg(x) — q(y)| < Xy eR, |x -yl < X

10g (e + m)
Denote by C}Zf (R") the set of all locally log-Holder continuous functions.

(2) The function q(-) is log-Holder continuous at the origin if there exists a universal constant C
such that

C
|CI(X) - Q(0)| < —1, Vx e R".
log (e + M)

Denote by Cg)g (R™) the set of all log-Holder continuous functions at the origin.
(3)The function q(-) is log-Hélder continuous at infinity if there exists g, := q(c0) = limy_, g(x),
and there is a universal constant C such that

C
- < —,VxeR"
|g(x) = g(e0)| < oge )~ €

Denote by cLe (R"™) the set of all log-Hélder continuous functions at infinity.
(4)The function q(-) is global continuous if it is both locally log-Holder continuous and log-Holder
continuous at infinity. Denote by C'°¢ (R") the set of all global log-Hélder continuous functions.

Definition 2.4. [25] Let n(-) : R* —» R withn(:) € L(R"), 1 < u < oo, s(-) € PR"), 6 > 0, and

0 < A < co. We define homogeneous grand variable exponent Herz-Morrey spaces M KZ?S)(’_';)’G(R") by

S1()10.0 o n sC) n
MK @) = {g € LI V(0 < gl e, < o0}

1
u(l+e)
u(l+e)
L.r(-) (R” ) N

When 4 = 0, and grand variable exponent Herz-Morrey spaces become grand variable exponent
Herz spaces.

where the norm

lo
7 E kn(-
||g||MKZ(')(,L;),9(Rn) = Supsup2 0 [8 ||2 n( )ng
. k=—o00

>0 lheZ

Definition 2.5. [26] Let 0 < B < 1, and the Lipschitz space Ag(R") can be defined by

AR = {f € Li, ®") : || fllpyqen) < 0}

where

L) = fOI

||f||A R1) =
ﬁ( ) x,yeR" x#y |X - }7|ﬁ

Next, we state some auxiliary propositions and lemmas which will be used in the proofs of our main
theorems. We will only describe the partial results that we need.
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Lemma 2.1. [1,27] (1) Assume that 1 < g < oo with é + ﬁ = 1, and we have measurable functions
f e LYR") and g € LY (R"). Then there exists a positive constant C such that

lf()g)ldx < Cl| flla@nlIgllLe @n)-
Rn

(2) Assume that G is a measurable subset of R", and 1 < p_(G) < p.(G) < co. Then

”fg”Lr(')(G) < C”f”u(d((;)”g”Ltlt)(G)

() ) D S ST B
holds, where f € LP*(G), g € L?(G), and et e forevery z € G.

(3) When r(-) = 1 in (2) as mentioned above, we have p(-), q(-) € C$(R") and % + ﬁ = 1 almost

everywhere. Then there exists a positive constant C such that the inequality

|f(x)g(x)ldx < Cl|f||Lp(-)(Rn)”g”Lq(-)(Rn)

Rn
holds for all g € LPO(R") and f € L1O(R™).

The proof of Lemma 2.1 (1) was given in [26, Theorem 2.1], and the proofs of Lemma 2.1 (2)
and (3) were given in [1, Theorem 2.26 and Corollary 2.28].

Lemma2.2. [24]Let0<B<1,0<a <a+pB<n, forall qi(-),q(-) € C*R"), (q1)+ < n/(a + p),
1/g:(:) = 1/q:(:) — (@ +B)/n, 1/q:(:) + l/qll(-) =1, and 1/q (o) + l/q,l(oo) = 1. Taking k,l € Z, then

(I-k)n

Cc20© k<0,1<0

k — b b b
2 (@+f=n) ”/\/k”mz(‘)(Rn) ”Xl”Lq',(-)(R,,) < —kn_ _In
C219® 40 k>0,]<0,

and

a+p-n) clamatlats-as) p _o1s0
—n ” b - 9

2 el Wil <4 "y
c2\a@™F), k>0,1>0.

3. Proofs of the principal results

In this section, by applying the basic definitions and preliminary knowledge, we rigorously prove
the boundedness of the commutators of fractional Hardy and Hardy-Littlewood-P6lya operators on
grand variable Herz-Morrey spaces, where the symbols of the commutators belong to Lipschitz
spaces. The conclusions of this chapter extend the existing related results to the framework of grand
variable exponent spaces, and further improve the theoretical system of Hardy-type operators and
their commutators in variable exponent function spaces.

Proof of Theorem 1.1 If f € MK} "“(R"), we write f(x) = £2_, f(x)xi(x). Suppose lo > 0, and
since it is similar to the non-positive case, for any k € Z, x € Sy, and t € B, = B(0, 2¥), we have |x| ~ 2,
|t < 2%, and |x — 7] < 2*. Since b € Ag(R"), by Lemma 2.1 (3) with exponents ¢, (-) and ¢/(-), we obtain

1
|6, Hal f(0)] < f | l|b(x)—b(t)|| F0)dr

lx™= Jy

Electronic Research Archive Volume 34, Issue 9, 6101-6120.
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1
< C||b||A,3(R")W f |x — l|ﬂ|f(f)|df
By

k
< CJbl|pyqem 2" Z ||fX1||qu(l>(Rn)

|=—c0

IX’”L”i(‘)(Rn)' G.1)

By virtue of Minkowski’s inequality, Lemma 2.2, and (3.1), and by using the fact that 2¥7® ~ 20
k <0, x € Sy, implies that ||2"’7(') f)(l” o ~ 2k'7(0)||f)( l”qu(')(R,l) and the fact that 2579 ~ 201() k> ),

x € Sy, implies that ||2kn(')le||Lq1<~>(Rn) ~ 2k"(°°)||f)(l||L,,l(,)(R,,), we obtain

16, Ha ]

MKjf')*”)*e(R")

1
u(l+e) )“(“5)

sup sup 2_10’1( Z 1270 1b, Ho 1 fx

O(Rn
650 loeZ ol L0
N ﬁ
(1+¢) u(l+e
< Csupsup2” ’“( > 270 b, H, 1 f Lz(im)
>0 lpez fe—oo
N (1+e) ﬁ
( [*S) + u(T+e
T supsup 2 10/1( Z 2kn( )M(HE)”[b’ / la]f/\/k Zqz(-)iR"))
e>0 lpez =0

-1 k
~loA( 0 kn(O)u(1 a6
< ClIbllaye) sup sup 277 (8 Z 2 +€)(Z ||Xk||qu<~>(Rn)2 e
[=—c0

>0 lheZ

:—00

1
u(l+e)
ellgioge) )
I/

0

k
+ CllblIn, ) Sup sup 2-104(,99 2k'7<°°>"<“8>( > el 227
e>0 lheZ =0 J—,

1
u(l+e)
I/\/l ”L‘fi Orm) ) )

X ||le||L‘11(’)(R")

X ||f/\/l||L‘11(')(R")
= E| + E,.

For E|, taking y = '(0), we obtain

n
4,(0)
1

-1 k (U=kn u(l+e)
7 u(1+e)
E1<C||b||Aﬂ<Rn>supsup2’M( >, 27O S 200 il o) )

>0 lypez

k=—c0 |=—c0

-1 k _1L
onu(l+e) | 1o
< Cllblla e sup sup 2° M( 2 (2 2"l 270) ) .

>0 lyeZ km—o0 [=—o0

1

(1+8) m = 1, we have

According to Fubini’s theorem, by Holder’s inequality with

1
(I—kyu(1+£)
El < C”b”Aﬁ(R”) sup sup 2—lo/l 86 Z Z ZITI(O)M(1+8)||fX ||u(1+s) ¥ L )

q1()
>0 l()EZ k=— Lo (R"

0o [=—00
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k
y (Z 27(1 Ku(1+2) )ﬁ)m‘m
[=—00
-1k 1
= C||b||x (=) SUP sup2” zoa( Z (Z 2ln(0)u(l+g)||fX ||u(l+s) W))WM
O®RM)
g &>0 lyeZ k=—00 |=—00 LA
< N yhues \
IpA InO)u(1+ u(l+e) W=hul+e) \\ 7Tegy
< ClIblIayqer) sup sup 27° ( Z(zn( u( s)||f)(1||Lq1<~>(Rn)ZZ > ))
&>0 lheZ =00 =

1
=l ’1 In(0)u(1 (1+e) \u(+o)
< ClIbllag(er) sup sup 277 E 2mOui+e)) £ e )

e>0 lpez

[=—0c0

lo .
—hA( 0 ) u(l+g)  \ul+s)
< Cllbllagen supsup 2" > 1127 filliiie, )

e>0 lpez

[=—c0
= C b n (), 1), nye
” ”Aﬂ(R )llfllMKngl (?)H(R )
(I-k)(u(1+g))’ _ (I-k)u(1+e)
wherey > 0,1 <k, [—k <0. Then Yf 27 > and Y;},27 2 converge.
Next, for the sake of estimating E,, by using Minkowski’s inequality, we get

lo k
E, = C”b”Aﬁ(R") sup sup 2—10/1(89 Z 2k77(00)u(1+8)( Z “Xk”qu(_)(Rn)zk(a+ﬁ—n)

e>0 lpez

[=—c0
u(1+&)\ 1t
X xllmoelel gog,) )
lo -1
< C”b”/\ﬁ(Rn) sup sup 2—10/1(80 2k71(oo)u(1+s)( Z ”Xk”L‘D(')(R")Zk(aJrﬂ_n)
e>0 lpez =0 |=—o00
u(1+8) u(ll-ht:)
N fxllzognlxll gogn) )
lo k
+ C”b”Aﬁ(R”) sup sup 2- lo/l(Sg Z 2k7](oo)u(1+£)(2 |IXk||Lq2(-)(Rn)2k(a+ﬁ_n)
>0 lpeZ =0 =0
1
u(l+e)
X Nl berll 40 g, )

=: Ey + Exn.

For E,;, according to Fubini’s theorem the conditions n(0) < rz/c[1 (0) and n(c0) < n/q’l(oo),

1 —
Lemma 2.2, and Holder’s inequality with —— u(l+e) ey = 1, we have
lo -1 —kn In
Ex1 < Cl[blln,qen sup sup 2~ loxl( Z 2kn(oo)u(1+s)(2 24 4,0
&0 ()EZ =0 F—
u(1+&)\ wirre)
X ”f)(l”LqJ(')(Rn)) )
lo -1 I
< ClIblIayen sup sup 2~ m( Z(Z 210 77 e o
>0 lheZ =0 =00
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u(1+8) u(l+e)
Xl )

b, -1 A 4 kn(oo) —In(0) u(l 2 (1+&)
lpA Ou(+&)[~ ¢ (e 0 utl+e
<l supsup 27 (37 2m0mtt=s s ™t Ty )
0 k=0 I=—oco
-1 i o) (u(l+s))/ u(l+£)/ 1+
X (Z (24'1(w>+ 24,0 1;7(0)) )(““”” )”“ 7
[=—c0
lO -1 n u(|+£)
+kn(c0) — —lTI()
< bl supsup2° ’M( 1y 21'7<°>"“+8>(24 (RN VAT )
0 ez k=0 [=—co
1
u(1+8) u(l+e)
X ”f Lq1()(Rn )
S (1+6)
IpA In(0)u(l u(l+e
< Clibllaygen supsup 270 (&” " 21O £y |00
e>0 lyeZ = LAT R
lo kn n__ uld+e) 1
Z(qu( )+k77( )27,1(0) 177(0)) 2 )u(l+£)
k=0
- s
—lpA In(O)u(1 u(l+e) e
< Cllblayc supsup2 (& 3" 20409 i[5 )
>0 lpeZ f—
~lp e £, |41+ e
< Cllblayen sup sup 27" ZII2 Pl
e>0 lpez
=C|b n 1100 oy 5
sl g e
—kn k( ) (“(1;‘5)),
]700
where & > 0,1 < 0, 22 + (o) < 0, = —7(0) > 0. Then X (qu( ) o

(1+)
A thap(o0) " T

Sh (24 250 " converge
k=0 gc.

For E5,, by applying Lemma 2.2, the condition n(co0) < n/q’l(oo), and Holder’s inequality with

1 = 1, we have

1
u(l+e) + (u(1+g))’

Ip k

E»y < Cllblla, e sup sup 270" ( & Z qu(oo)u(ng)(z ka-m)y—la+f-n)
? >0 lpeZ =0 =0

(k=D)( 2 —a—p) “+0)\ it
X 2 q1(o0) ||le||Lq|(')(R")) )

— C”b”/\ﬁ(Rn) sup sup 2~ loxl( Z 2k77(oo)u(1+8)(z 2(k Ngm—m

>0 lpez
u(1+8) u(1+£)
X ”f)(l”qu(-)(Rn)) )
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lo

k
< C”b”Aﬁ(R") sup sup 2” 10’1( Z 2kn(w)u(1+s)(z )

e>0 lypeZ =0 =0

u(1+&)\ wres
X ||le||qu(~)(Rn)) ) .

Taking w = q,Z’ S n(c0), we obtain
1 (o)
ool o h K L (. ull+&)\ uegy
Ex < Cllbleysupsup2 /(& (2272 Al fwillon) )
>0 lpeZ =0 ' 1=0
loA AN 1 o) w
- ] ) —
< Cllbllaycer) sup sup 2 O(s (Zﬂ M xillno@n?2’ >‘") )
>0 lpeZ =0 ' =0
by & (1+g) (1—ku(l +¢)
—loA[ O In(eo)u(1+£) utlte) 2l e
< Cllblayen supsup 274 - 21+ 150 2552
>0 lpeZ =0 ' [=0
k
( Z 2w(/ —l)(u(1+£)) (u((l;‘g))), )“(.lm
1=0
d (1+&) (1) |\ AT
—ioAl 6 In(co)u(1+g) u(l+e wlzKu(l+&) u(l+e
< Cl|bl|azqm) Sup sup 27° (8 Z( 2 5||f)(1 Lio@n? ))
>0 lpeZ =0
lo (1+¢) I=k)u(1+g) (1 )
_ +. w(l=ku(l+e) )u +g) | ull+e,
< Cl1Dl|agn) Sup sup 2 101(89 phedra|| £ uqlog " Z )
>0 lyeZ LA ®
0 1=0
0 (1+8) (11 )
~lpA[ 8 In(co)u(l+€) u(l+e) e
< Cllblagn supsup274(& ) 2709 g 1750 )
>0 lheZ =0
% () i
I I () u(l+e u(l+e
< Cllblayce supsup 2™/ D27 plf
>0 lheZ f—.
= Cllbllayl Mgz ey
m(l k)(u(l £)) w(Ifk)u(l £)
where w > 0 and / — k < 0. Then Zf:o “= and Z T converge.

Combining E;; and E»;, we get the estimation of E,, namely,
E,; < C||b||Aﬁ(R")||f||MKZ‘(;1’?;H(Rn)'
In summary, combining the estimation of E; and E,, we can obtain
e, wa]fllMKW<Rn) < Cllbllagnll Ul ocan

which implies the proof of Theorem 1.1.

Proof of Theorem 1.2. If f € MK"Y(R"), we write f(x) = Yoo fOxi(x). Suppose Iy > 0, since

A4q2()

it is similar to the non-positive case. For any k € Z, x € S;,t € B;, and [ > k + 1, we have |x| ~ 2*
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|t < 2/, and |x —1] < |x| + 1] <22 Since b € Ag(R"), by Lemma 2.1 (3) with exponents ¢;(-) and ¢/ (-),
we obtain

o)

() - b(p)|at

15, 710 < f

[t

0
< Clllyen) S f x r|ﬂ|f d

I=k+1

< CHb”AB(]R”) Z 2l((1+ﬂ n)

I=k+1

fXIHL‘H(')(Rn) I/\/l”Lq,l(')(R")' (32)

By virtue of Minkowski’s inequality, Lemma 2.2, and (3.2), and by using the fact that 2K7) ~ 2k10),
k <0, x € Sy, implies that |27 fy| ) = |y 20 the fact that 2700 x 241, > 0,

x € S, implies that ||2k'7(')f )(1“ ~ 2"”(°°)||f)(z|| L0y WE obtain

L11ORn)

” b, H,1f ||MKZ(')"’)’9(R”)

1
u(l+g) \uT+e)
L20(R?)

sup sup 2_1‘”( Z 27916, H;1 £

e>0 lpez
-1 1

C sup sup 2~ lo/l( Z 2k7](0)u(1+£)||[b’ 7_{:;]ka u(l+e) ))u(l+£)

@) (RN
e>0 lpez Lo ®R

IA

k=—00

1
u(l+g) \ud+o
)

loA k(coyu(1+e)
+ Csupsup2™ ( 22 meoniire k| Lo e

>0 lyeZ

(b, Ha ) fx

-1

~loA[ 8 kn(O)u(1 Aa+B—
< ClIbl|arny sup sup 277 (s D (O)u( +s>( Z |ka||Lq2(A)(Rn)2<a+ﬁ )
£>0 lheZ e s

(1+8)\ 7t
o) )
2k7](oo)u(l+8)( i ||Xk||Lq2(~>(Rn)21(a+ﬁ_n)

||le||L‘11<)(R"

+ Clblla,czey sup sup 2 0*(89

>0 lheZ =0 =kt 1
M(1+8) u(11+£)
<l Wl o))
=: E, + E,.
For E,, assuming u = qlf‘w) —a — 5, by Lemma 2.2 and the condition @ + 8 — n/g;(c0) < n(co),

we obtain

E, < Cl|blageer sup sup 2” l“’l( 22"”(“’)“(“8) Z PATIO R
>0 leZ =0 I=k+1

1

u(l+g) | “1+9
X N fxllgano )
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ly 00
=l In(co
< Cllbllaycer sup sup 27 ( DD 2"l fxlno
£>0 loeZ k=0 I=k+1
1

X 2#(k_l))”(1+8))u(1+5)

1

According to Fubini’s theorem, by Holder’s inequality with —— 19 +€) + ooy

= 1, we obtain

Iy 00

—Ipd I 1+ u(l+e)
E; < C||Dl[ag@r) sup sup 277 ( Z(Z P 157 ||Lq1<>(Rn
£>0 loeZ k=0 I=k+1
o 2p(k—l)£z(l+£)) ( i 2;4(/(—1)(;(1%))’ )%)m
I=k+1
lo 00
—lpA In(co)u(l+e u(l+e)
= Cllbliagcen supsup 204 (Y7 2Mem o) pyuiiee) |
£>0 loeZ k=0 I=k+1
2p(k—[)£l(l+e) )) ﬁ
(o)
—lpA( O [/ 1+ u(l+e)
< Cllbllnyqeny sup sup 27 (s” 3" (2T ppiive)
&0 IQEZ 1=0
I-1 !
pk=Du(1+e) l)u(H—s) u(lJrE)
k=0
00 Iy
—l/l 0 Jjn(co)u(l+¢) u(l+e)
< ClIbl| 4w Sup sup 27° s Z Z 2 ||fX]||Lq1<>(Rn
>0 lyeZ =0 j=—co
-1
(k= l)u(1+s) u(I1+5)
X 2
k=0
.
_ pk—=Du(l+& .
>0 IOGZ 1=0 k=0 j=—OO
1
u(l+e) u(T+e)
<Al )
Iy 1
—lhA 1+ u(l+¢) u(T+e)
< C”b”Aﬁ(R") sup sup2 0 ( Z 2”7(00)”( S)HfXj”qu()(Rn )
&>0 lheZ j=—c0

lp I
=l G in(- 1 u(1+e)
< C||bllagzr) sup sup27° (g E 12710 fy 1) )

&0 ez “= LI1O®R™M)
= Clblayceo g gmscer
(k—. l)(u(l £)) (k—Du(1+¢)
where 1 > 0 and k — [ < 0. Then Y'°,,, 2" ~ and I ~ converge.
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Next, we estimate £, by using Lemma 2.2 and Minkowski’s inequality, and we get

-1

—lpA kn(0)u(1
Eq = Cllbllay e sup sup 274?20 (N e

>0 loez k=—co I=k+1

. u(1+6)\ s
x 2 (a+p n)||f)([||L41(~>(R")|I/\/l||Lq,1(‘)(R")) )

-2 -1
lpd kn(0)u(1
< C||bl|ayqer) Sup sup 27° ( Z kOt +8)( Z Il L2 oy
e>0 lpez f—— =kt 1
e u(1+€)\ s
X 2" fellgogo il dogn) )
-2 o
IpA kn(O)u(1
+ Clibllay e sup sup 2770(e? > 2O DN vyl o ey
>0 lheZ o =0

KB u(1+6)\ 7
X 2P fxllmognlill gogn) )
-1

Iy kn(0)u(1
+ ClIbllaycery sup sup 270 (&2 > 290N vyl 0

>0 leZ =1 I=k+ 1

1
l(a+pB-n) ) u(l +€)) TRES)
X 2 fxll ol )

= E11 + E12 + E13.

For E,;, according to Fubini’s theorem, the condition @ +5—n/q,(0) < n(0) < n/ q'1 (0), Lemma 2.2,

= 1, we obtain

1
and Holder’s inequality with o +8) T

) 1
Eyy < Cl|bl|pyrn sup sup 2~ 104( Z zkﬂ(o)u(1+s)(z SlatBm) o —k(assn)
>0 lheZ oo e
{ln u(1+)\ 7
X 24©® ||fX[||L‘I1(')(Rn)) )
S G
= C||bl|a) sup sup 2~ 10’1( Z zkn(O)u(1+5)( Z 2 G0
&0 ez = i

u(l+e) ETS)
X o) )

) -1
< C||bll gy Sup sup 2_10/1(89 Z 2"’7(0)”(“8’( Z k=D Gm A

e>0 lpeZ

K=——oo 1=kt 1
u(1+8) u(l+e)
X o) )
-2 -1
< C||b||A/3(Rn) sup sup 2—10/1(89 Z 2k7](0)2(k—1)(m—a—.3)

>0 leZ k= —oo =kt 1

u(l+e) TS
><||fx,||Lq1<->(Rn)) )
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Taking p =

(0)
|
Ey1 < ClblIagrr) sup sup 2_10/1(86 Z Z 20 k=D Gy +n(0)=a=f)
e>0 lypeZ he—oo =kt 1
u(l+e) e
xWalso) )
|
—lpA[ 0 n(©
< Cllblayn supsup2™(” 3 (D 2Ol fpilhanoer
&>0 loeZ k=—co I=k+1
u(1+)\ st
% Z(k—l)p) )
-2 -l
< C“b”Aﬁ(R") sup sup2 lo/l Z Z 2[7](0)u(1+8)||f)( ||Z(qll(+>?Rn
>0 ez k=—co I=k+1
2p(k—1);<1+a> ) ( 2 5 p(k—t)(;(lw))’ )@iﬁ% ) e
I=k+1
-2 -l
< Cllbliagqeny supsup 27 (s” " () 2O ppiive)
£>0 lheZ k=—co I=k+1
2p(k—1);(]+£) )) ﬁ
-1
YN mO)u(l 1
< Clibllageny supsup270(s” > (2" fylne)
e>0 lheZ I—o
= k=Du(l —L
X Z 2’)7( _);( +e) ))u(l+5)
k=—0c0
1
—I /1 n(0 1 1+ u(l+e)
< Cllbllaycen sup sup 270 Z 2O e )
>0 lpeZ =
1
—I /l I 1+ u(l+e)
< ClIbllayer sup sup 27 Z 12" pllyes )
&>0 lpeZ (
0 [=—00
= C”bl|Aﬁ(Rn)||f||MK’Z(q)]IZ))H(Rn)’
— (k l)(u(l )’ (k*l)u(l £)
where p > 0and k — 1 < 0. Then 3.}, 2 “and )P = converge.

Moreover, the estimation of Ej, and E;3 is totally comparable. For E|,, according to Fubini’s
theorem, the conditions a+pB-n/q(0) <n)and @ + B —n/q (o) < n(), Lemma 2.2, and Holder’s

1

inequality with —— i) +£) Gy

=1, we have

E1; < Cl|blIaye sup sup 2_10/1( Z 2"’7(0)”(”5)(2 PACTIONSEE)

>0 lheZ

k=—o00

U1 —q-B) u(l+e) u(l+£)
X 2 q1 () ||le||Lq1(-)(Rn)) )
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-2 %)
< Cl[Dl|ag@n sup sup 2_10’1(39 Z (Z () k(GG +n(0)-a—h)

&>0 l()EZ k=—o0  [=0
u(l+e)
—I(——= +n(c0)——P) u(l+e)
< 2 (ql(OO) n(co)—a—f ||le||qu(4)(R,,)) )
-2 %)
< ClIbllayes) sup sup 2° 10’1( Z (Z pleouite) (Zk(W“’(O)_“_ﬂ)
&>0 l()EZ k=—o0  [=0

u(l+&)

xz—l(‘“?“’”n(oo)—a—ﬁ)) 2 I

u(l+g) N k(=2 +1(0)—a—p)
X1 L1 (')(R"))(Z(z 70

=0

w(1+8)’ _u(l+s)
2 w(l+e)) )u(l+£)

X 2 l(ql(oq) +n(c0)—a—p)

-2 0

< C”b”/\ﬁ(Rn) sup sup 2~ 10/1( Z (Z o ln(eo)u(1+e)

e>0 lhezZ k=—o0  [=0

u(l+e)
LA (Rm)

Ixi

u(l+e)

1
% (21<(q1"«))+n(0)—a—ﬁ)2—1(quw)m(oo)-a—ﬁ)) 2 )“<'+6>

u(l+e)
L1 (‘)(Rn)

< ClIbll gy sup sup 2” W( Z Q49| py,

>0 lheZ =0

u(l+¢) 1

) 1
v Z(21{((1]”(0)+77(0)—a—,3)2—l(,“’(m)+27(0<>)—a—ﬂ)) ’ )"“”)
k=—c0

(o)

< ClblIag(e) sup sup 2~ ’0/1( Z Z g9 oy

e>0 lpez

u(l+e)
JINLaORn)

=0 j=—o0

u(l+&) 1

-2 1
X Z (2k<q{2<»+n<0>—a—ﬂ>2—l<fn?°°>+n<oo>—a—ﬂ>) ’ )"W
k=—c0

o) u(l+e)
o)y 2
< ClIblIaywe sup sup 2 ’0’1( Z Z (2k<ql<0>+’7(0) a=P) G () m)
&>0 lheZ =0 k=—oo

1
u(l+g) u(l+s)
LA O(Rm)

X Z pine1+a)|| £y

J——OO

1
u(l+¢) u(l+e)
)

lo
~lpA( 8 in(coyu(l
< C||bl|ay(gr sup sup 27° (8 Z prnelre))| £y L0

e>0 lpeZ

j=—c>o

1
u(l+g) u(T+e)
LA (Rm)

< C||bl|ag(z») sup sup 2_10’l Z 127 £
e>0 lpeZ

J——CX)

= Clibllagcen 1 Ny ey

where £k < 0,1 > 0,, + 170 — a -

© B > 0. Then
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(u(1 +£)) (l +&)
k(=+1(0)—a—p) —I(-"—+n(co)—a—p) k(=+1(0)—a—p) —I(-*"—+n(co)—a—p)
Zio(z 9, G ) and 21;:2—00(2 9, G )

For E 3, according to Fubini’s theorem, the conditions a+pB-n/q(0) <n(0)and a+B—-n/(q(0) <

n(co), Lemma 2.2, and Holder’s inequality with —— eS| +8) + m = 1, we have

converge.

-1

Ey3 < ClIblIageer) sup sup 2 ’0”‘( Z 2"’7(0)“(”8)( Z MGm-aP-lGs-ah
>0 loeZ k=1 I=k+1

M(1+8) u(l+e)
X ”f)(l“qu(‘)(Rn)) )

-1 00
< C||bl|nywn) sup sup 2‘1‘”(89 Z(Z () kG +0) =) —I( G s +(e9)—a—f)
&0 loeZ k=—1I=k+1

u(l1+€)\ s
X o) )

-1 o0
< C”bHAﬁ(R") sup sup 2~ lo/l( Z ( Z 2171(00)14(1+.9)( 7 H1(0)-a=p)

>0 lpeZ k=1 I=k+1
u(l+r) ]
—l(H+n(c0)—a—p) u(l+e) k(s +n(0)—a—=pB)
x 274G ||f AT
qu()(Rn
I=k+1
w(1+e))  u(l+e) 1

X 2_1(111&0) +1(c0)—a—p3) 2 )(“(HS))/ )u(Hs)

(e8]
00 (1+e)
< Cllblagen sup sup 271" ( 2D oo e
>0 lyeZ ®")
0 k——l I=k+1
u(1+a) 1
x (2k(ql"<0>+n(0)—a—,8)—l([“’(m)+27(0<>)—a—ﬁ)) )”“*S)
L PEANDY. 1 u(l+e)
< C”bHAﬁ(R”) sup Sup2 0 (8 Z ol +8)||f qu(-)(Rn)
>0 lpeZ =0
u(l+e) 1
x Z(zk(ql(o)m«» =)=l +n(e0)-a ﬁ)) 2 )“"*”
k=-1
(o)
—IhA 1 M(1+8)
< Cllblayn supsup274(& " Z 2 |1
e>0 lpeZ =0 j=——oo0
-1 u(l+) 1
% Z(Zk([,l"(o)+n(0)—a—ﬁ)—l(ql{'w)+7l(00)—a—ﬁ)) ’ )”‘”8)
k=—1
g 5
< Cl[bl|agn sup sup 2_10/1(89 Z Z(zk(ﬁ@“’(m_“—ﬁ )l G H(e)—ap ))
&>0 loEZ 1=0 k=-1
1
Jn(eoyu(1+) u(l+e) |l
X Z 2’ ||f Lﬂ()(Rn)
J——OO
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lo

< CllblIayen sup sup 2~ loﬂ( 3 it

1
u(l+¢) )u(we)
>0 leZ jm—oo )

L11O(Rn

xi

1

u(l+¢) )u<1+s>

qu()(Rn

< C||B||zzry SUp sup 2—10/1( Z 1277 £y

>0 lheZ

where £k < 0,/ > 0, )+n(0)—a—ﬁ>0and + () —a — B > 0. Then

q1(0 q1 (f><>)

(u(1+¢)) u(l+&)

_n_ —a—B) =l —— (00— — 2 _ _n_ —a—B)—1(—— +1(00)—r— 2
Z?ok+1(2k(ql(0)+n(0) a=P)= iy (o) ,5')) and Zk:l_](zk(q1<o)+n(0) =Bl +n(e0)-a ﬂ)) converge.

Combining Ey, E1,, and E 3, we get the estimation of E;:
E < C||b||Aﬁ(R")||f||MK;’f;,);LZ?;"(Rn)-
In summary, combining the estimation of E; and E,, we can obtain
I1&, wa]fllMKw(Rn) < CllblIngcen g e

which implies the proof of Theorem 1.2.
Proof of Theorem 1.3. When || < |x|, we have max{|x|,|t#]} = |x|. When |x| < |[f|, we have
max{|xl, 7]} = |z,

In summary, we obtain

1
1 _ e s,
max{[x], [/} |L, [f] > |«l.

It

By Definition 2.4, if b € Az (R), we can obtain
(D, T1f ()| = 1b()T f(x) = T(bf)(x)l
f® f b f(n)
b 7 - 2 g
(x )f maxil ] Jryo) maxtlad, ] t‘

f L(b(x) — b())dt
\(0) }

max{|x|, |

IA

IA

1

5 | ee-sayrwa+ [ |f|(|)(”( ) — b(o))dr

= [H, f(0)] + [H; f(x)|. (3.3)

IA

By virtue of Minkowski’s inequality and (3.3), we obtain
6 TV f Uy, < CIH Al + € |Ho Ao
It follows from Theorem 1.1 and Theorem 1.2 (n = 1) that the proof of Theorem 1.3 is finished.
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4. Conclusions

In this article, we systematically studied the boundedness for commutators of fractional Hardy
and Hardy-Littlewood-Pdlya operators within the famework of grand Herz-Morrey spaces with two
variable exponents 7(-) and ¢(-), where the symbols of the commutators belong to Lipschitz spaces.
Under specific conditions, our findings yielded affirmative results. These outcomes may incite further
scholarly inquiry, and we will further investigate analogous boundedness estimates of related operators
in other function spaces charaterized by variable exponents.
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