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Abstract: This paper focused on the coefficients of prescriptiveness in the field of contextual
optimization, which measure the efficacy of a prescriptive analytics method in leveraging contextual
information for prescribing data-driven decisions. We identified two key deficiencies of the original
coefficient of prescriptiveness proposed in the literature. First, this coefficient is problem-dependent,
i.e., it lacks a universal scale: its asymptotic upper bound (less than or equal to 1) varies across
problems, making cross-problem comparisons infeasible. Second, this coefficient is data-dependent,
i.e., its calculation is contingent on specific training and test datasets, limiting its generalizability. To
address the two deficiencies, we proposed two novel coefficients of prescriptiveness in this paper:
(i) the adjusted coefficient of prescriptiveness, which replaces the deterministic perfect-foresight
benchmark in the original coefficient with the full-information optimum; and (ii) the expected
coefficient of prescriptiveness, derived by taking the expectation over the sampling distribution of
the training dataset. Meanwhile, we developed their empirical estimators for practical applications.
Moreover, rigorous theoretical analysis established two fundamental properties of these coefficients
of prescriptiveness. Through extensive numerical experiments based on the newsvendor problem, we
validated the effectiveness of our proposed coefficients of prescriptiveness in addressing the identified
deficiencies. By refining the evaluation framework for prescriptive analytics, this work advances the
generalizability and applicability of the coefficients of prescriptiveness.

Keywords: prescriptive analytics; contextual optimization; coefficient of prescriptiveness; decision
analysis

1. Introduction

Traditionally, decision making under uncertainty in operations research and management science
(OR/MS) has primarily focused on two primitives: (i) Y ∈ Y ⊂ RdY is a vector of uncertain parameters
(where dY is the dimension of Y) with the underlying true distribution µY and the historical observed
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data {y1, ..., yN} (N ∈ Z++); (ii) z is a decision constrained in Z ⊂ Rdz (where dz is the dimension of
z) with the objective of minimizing the expected cost E[c(z; Y)], where c(·; ·) is the cost function. We
assume that Z is a non-empty compact set, that c(z; Y) is well-defined and continuous in z for every
z ∈ Z and µY-almost-everywhere Y ∈ Y , and that E[c(z; Y)] is well-defined and finite for every z ∈ Z .
Based on these, the classic stochastic optimization problem is defined as follows [1]:

vstoch = min
z∈Z
EY[c(z; Y)], (1.1)

zstoch ∈ arg min
z∈Z

EY[c(z; Y)]. (1.2)

To solve optimization problem (1.2), the sample average approximation (SAA) is a common
data-driven method, using data {y1, ..., yN} as the empirical distribution of Y , to obtain an approximate
solution [2, 3].

With the availability of rich data and the development of machine learning (ML) methods, OR/MS
modeling increasingly makes use of auxiliary data {x1, ..., xN} on covariates X ∈ X ⊂ RdX (where
dX is the dimension of X) associated with the random variable Y , where xi is concurrently observed
with yi (i ∈ {1, ...,N}). Let µX be the underlying true marginal distribution of X. Therefore, the
contextual stochastic optimization (CSO) problem is introduced, using the corresponding dataset sN =

{(x1, y1), ..., (xN , yN)}, to prescribe data-driven actions/decisions for new observations of the covariates
X. Specifically, for a given new observation X = x, the CSO problem is defined as follows [4, 5]:

v∗(x) = min
z∈Z
EY[c(z; Y)|X = x], (1.3)

z∗(x) ∈ arg min
z∈Z

EY[c(z; Y)|X = x]. (1.4)

The solution z∗(x) represents the full-information optimal decision with full knowledge of the
conditional distribution µY |X=x of Y given X = x. However, in general, the underlying true joint
distribution µX,Y of (X, Y) is unknown in practice and only the historical dataset
sN = {(x1, y1), ..., (xN , yN)} is available. In this context, we generally approximate E[c(z; Y)|X = x]
based on sN and obtain a data-driven predictive prescription ẑN(x) (a feasible solution to optimization
problem (1.4), i.e., ẑN(x) ∈ Z ), with the aim of its performance (out-of-sample cost)
E[c(ẑN(x); Y)|X = x] being close to the full-information optimum v∗(x). Existing data-driven methods
that we might apply include the point-prediction method [6] and weighted SAA (wSAA) [4] (these
are introduced in Section 2.1), among others.

To measure the efficacy of a predictive prescription ẑN(·) (note that ẑN(x) is simplified to ẑN(·) for
convenience), Bertsimas and Kallus [4] define a relative and unitless metric P, which is termed the
coefficient of prescriptiveness. Specifically, given a fixed training dataset sN = {(x1, y1), ..., (xN , yN)}
and a fixed test dataset s̄M = {(x̄1, ȳ1), ..., (x̄M, ȳM)} (M ∈ Z++), let R̂M(ẑN) be the estimated
out-of-sample cost of a predictive prescription ẑN(·), R̂M(ẑSAA

N ) be the estimated out-of-sample cost of
the data-poor SAA solution ẑSAA

N (solely based on Y data), and R̂∗M be the out-of-sample cost of the
deterministic perfect-foresight decision (i.e., the decision made with foreknowledge of ȳ j,
j ∈ {1, ...,M}, without any uncertainties) (the three costs are further discussed in Section 2.2). Then,
the coefficient of prescriptiveness is defined as

P =
R̂M(ẑSAA

N ) − R̂M(ẑN)

R̂M(ẑSAA
N ) − R̂∗M

. (1.5)
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As discussed by Bertsimas and Kallus [4], the coefficient P is a unitless quantity bounded above by
the value of 1. That is, if Y is measurable with respect to X (i.e., Y is a function of X), then, under
mild conditions, we have limN,M→∞ R̂M(ẑN) = limM→∞ R̂∗M, indicating that R̂M(ẑN) equals R̂∗M, if we
have an infinite number of both training and test data. In this case, we would have
limN,M→∞ P(N; M) = 1 almost surely. Nevertheless, for most CSO problems in practice, Y may not be
fully measurable with respect to X (for example, the data-generating process has noise or the
underlying relationship cannot be learned), which means that P always has an asymptotic upper
bound that is less than or equal to 1, even though we may have a sufficiently large number of data, i.e.,
limN,M→∞ P(N; M) ≤ 1, almost surely. For example, in a two-stage shipment planning problem with
random demand as discussed in the illustrative example provided by Bertsimas and Kallus [4], the P
values of some good predictive prescriptions would converge to 0.46 approximately, instead of 1, as
the training sample size increases. Note that P reaches its asymptotic upper bound when the
predictive prescription ẑN(·) approximates the full-information optimal decision, with R̂M(ẑN)
approaching the full-information optimum. Generally, the asymptotic upper bound of P varies across
different CSO problems, which may be related to the problem itself (e.g., the objective function and
the parameter settings of the problem) and/or the underlying true joint distribution µX,Y of (X,Y).
Furthermore, the asymptotic upper bound of P for a specific problem remains unknown to us, because
(i) we may have limited real-world data on hand for training; and (ii) we may not have enough
resources to compare numerous data-driven methods and observe whether their P values converge or
approximately converge to a certain value. We denote this inherent, varying, and unknown asymptotic
upper bound (less than or equal to 1) of P as the problem-dependent deficiency of the coefficient of
prescriptiveness, i.e., P lacks a universal scale. This deficiency implies that we can only analyze and
compare the P values for different prescriptive analytics methods in one particular CSO problem,
instead of two or more problems, which we further discuss in Section 2.3.1.

Furthermore, the coefficient of prescriptiveness P is defined based on a fixed training dataset sN

and a fixed test dataset s̄M. However, a training dataset of a given size N is essentially a random
sample of N independent and identically distributed (i.i.d.) draws of (X,Y) from the underlying true
joint distribution µX,Y , and sN is just a specific sample realization. The same applies to s̄M. Therefore,
if the decision-maker uses another realized training or test dataset, the P value may change, and some
decisions or insights derived from the original dataset may also change. We denote this dependency
on specific datasets as the data-dependent deficiency of the coefficient of prescriptiveness, which we
further discuss in Section 2.3.2.

1.1. Contributions

To address the problem-dependent deficiency, we propose a novel metric termed the adjusted
coefficient of prescriptiveness, which serves as the primary contribution of this paper, supported by
the following key points. First, We identify that there always exists an inherent deficiency of the
original coefficient of prescriptiveness; that is, for different CSO problems, the asymptotic upper
bounds of P, which are always less than or equal to 1, are inherent, varying, and unknown, which
means that we can only analyze and compare P values of different methods in one particular
CSO problem.

Second, to address the identified deficiency, we propose a novel metric termed the adjusted
coefficient of prescriptiveness (Definition 5), whose asymptotic upper bound is theoretically always
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equal to 1 for all possible CSO problems under appropriate conditions. Unlike P, the proposed
adjusted coefficient uses the full-information optimum as the benchmark (see Formula (1.3), and the
more formal definition given in Definition 2), instead of the deterministic perfect-foresight
counterpart (Formula (2.6)). Moreover, for real-world applications, we propose the estimate of the
adjusted coefficient of prescriptiveness (Definition 6) to solve the problem-dependent
deficiency practically.

Third, we discuss some in-depth theoretical properties. To analyze the essential difference between
the original coefficient of prescriptiveness and the adjusted coefficient, we define the gap between
the full-information optimum and the deterministic perfect-foresight counterpart (Definition 8) and
demonstrate its non-negativity (Proposition 1). We also discuss the convergence properties of the
original and the adjusted coefficients of prescriptiveness, i.e., the relationship between them when the
number of data tends to infinity (Proposition 2).

Fourth, we conduct a case study of the newsvendor problem in Section 5. Through extensive
numerical experiments, we confirm the deficiency of the original coefficient of prescriptiveness and
validate the effectiveness of our proposed adjusted coefficient.

To address the data-dependent deficiency, another contribution of this paper is a proposed novel
metric termed the expected coefficient of prescriptiveness (Formula (3.9)), and more importantly, its
estimate (Definition 7) for practical applications. That is, if we have a large number of real-world
data in practice, we can use the estimate of the expected coefficient of prescriptiveness, which is more
general than P, to more fairly evaluate the average performance of a predictive prescription ẑN(·) across
all available training datasets of a given size for a particular CSO problem.

1.2. Related literature

Our work is primarily related to contextual optimization [7], also called prescriptive analytics [4]
by some authors. In OR/MS, improvements in data availability and advancements in ML techniques
are transforming traditional decision-making problems with uncertainty, which ignore correlated side
information [1, 8], into contextual optimization problems, which consider the data of
covariates [5, 6, 9]. Contextual optimization aims to prescribe actions/decisions for new observations
of covariates based on the historical data of both covariates and the corresponding uncertain
parameters. Existing studies propose many methodologies for contextual optimization, including
decision rule optimization [10–12], sequential learning and optimization [13–16], and integrated
learning and optimization [17–19]. Recent studies have also developed learning-assisted and
data-driven optimization algorithms, such as data-driven evolutionary algorithms [20]. The real-world
applications of data-driven optimization can be seen in various fields, such as logistics [21, 22],
production [23, 24], and energy management [25, 26].

However, few studies explore the evaluation metrics for data-driven prescriptions, i.e., methods for
measuring the quality of the prescribed actions/decisions, despite their importance for
decision-makers. The literature on traditional predictive analytics describes both absolute metrics,
including mean squared error (MSE) [27], root mean squared error (RMSE), and mean absolute error
(MAE) [28], and relative and unitless metrics, including the coefficient of determination (R2) [29] and
the adjusted R2 (R2

adj) [30–32], to measure the performance of a predictor (e.g., linear regression). In
prescriptive analytics, the decision loss, as an absolute metric, was first introduced to the OR/MS and
ML communities in Bengio [33], and popularized in Elmachtoub and Grigas [34] for the recent
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context of big data and huge computational power. Elmachtoub and Grigas [34] proposed a general
framework of smart “predict, then optimize” (SPO), and introduced the SPO loss function and SPO+
loss function to measure the decision error induced by a prediction. Shah et al. [35] constructed the
locally optimized decision loss to evaluate the efficacy of a predictor for downstream optimization
tasks. Notably, Bertsimas and Kallus [4] developed a relative and unitless metric, the coefficient of
prescriptiveness, to measure the efficacy of a predictive prescription. Departing from these existing
metrics, our paper builds on the original coefficient of prescriptiveness but goes a step further; that is,
our novel metric, the adjusted coefficient of prescriptiveness, addresses the problem-dependent
deficiency of P, a topic not yet explored in the literature. In addition, recent work has identified a gap
between data-driven policies generated by the wSAA framework and oracle policies [36]. This
observation further motivates the need for transparent evaluation metrics that are not tied to a
particular prescriptive method.

Our work also relates to the literature on the expected out-of-sample/generalization error in
supervised learning, such as Bates et al. [37], Wager [38], and Yang [39]. Generally, we discuss the
out-of-sample error for an ML model based on a fixed and realized training dataset; however, the
training dataset of size N is essentially a random sample of N i.i.d. draws from the underlying true
joint distribution of the feature and target. Therefore, the expected out-of-sample error can be
obtained by taking the expectation over the random training dataset [37]. A similar metric, termed the
expected coefficient of prescriptiveness, is proposed to address the data-dependent deficiency of P in
this paper.

1.3. Organization of the paper

The remainder of this paper is organized as follows. Section 2 introduces common data-driven
methods and the original coefficient of prescriptiveness, along with the two deficiencies of this
coefficient. In Section 3, we propose two novel metrics for prescriptive analytics methods, i.e., the
adjusted coefficient of prescriptiveness and the expected coefficient of prescriptiveness. Section 4
presents in-depth theoretical analyses of these proposed metrics and obtains three useful properties.
Section 5 conducts comprehensive numerical experiments on the newsvendor problem to validate the
effectiveness of our proposed metrics. Section 6 concludes the paper.

2. Preliminaries

We introduce some existing data-driven methods for CSO problems in Section 2.1, describe the
definition of the original coefficient of prescriptiveness in Section 2.2, and identify the two deficiencies
of P in Section 2.3. Recall that the CSO problem has been presented in Formulas (1.3) and (1.4) in
Section 1.

2.1. Data-driven methods

2.1.1. SAA

The SAA [2, 3] is solely concerned with the marginal distribution of Y , thus ignoring the observed
data on X. Specifically, the SAA uses the realizations {y1, ..., yN}, i.e., the empirical distribution, to
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approximate the marginal distribution of Y , and solves the following data-driven optimization problem:

ẑSAA
N ∈ arg min

z∈Z

1
N

N∑︂
i=1

c(z; yi), (2.1)

whose objective approximates E[c(z; Y)] instead of E[c(z; Y)|X = x].

2.1.2. Point-prediction method

In the point-prediction method [6], a predictive ML model (e.g., random forest) trained on the
dataset sN is often employed to provide a deterministic point-prediction m̂N(x) for the expected value
of Y given the new observation X = x, leading to the corresponding optimization problem:

ẑpoint
N (x) ∈ arg min

z∈Z
c(z; m̂N(x)), (2.2)

whose objective approximates c(z;E[Y |X = x]) instead of E[c(z; Y)|X = x]. Notably, if the cost function
c(z; Y) is linear in Y , we have E[c(z; Y)|X = x] = c(z;E[Y |X = x]). However, if the cost function c(z; Y)
is nonlinear in Y , approximating c(z;E[Y |X = x]) is not equivalent to approximating E[c(z; Y)|X = x].

2.1.3. wSAA

The wSAA method [4], based on various predictive ML models, calculates weights wN,i(x) for
samples (xi, yi) (i ∈ {1, ...,N}) in the dataset sN given the new observation X = x and solves the
following data-driven optimization problem:

ẑwSAA
N (x) ∈ arg min

z∈Z

N∑︂
i=1

wN,i(x)c(z; yi), (2.3)

whose objective approximates E[c(z; Y)|X = x]. The calculation of the weights in the wSAA method,
motivated by some common ML models, is given in Appendix A. The wSAA framework is flexible, but
its performance is still affected by the quality of the learned weights, finite-sample variability, and the
possible gap between a data-driven weighted empirical policy and an oracle policy that has access to
the true conditional distribution. Therefore, in this paper, we use wSAA as an important representative
prescriptive method, while our proposed coefficients are method-agnostic and can also be applied to
other data-driven prescriptions.

In this paper, we restrict our consideration to the aforementioned three data-driven methods, as they
represent the most commonly used and easily implementable approaches in practice; please refer to
Sadana et al. [7] for alternative methods.

2.2. The original coefficient of prescriptiveness

According to Bertsimas and Kallus [4], the original coefficient of prescriptiveness involves three
quantities given a fixed training dataset sN = {(x1, y1), ..., (xN , yN)} and a fixed test dataset
s̄M = {(x̄1, ȳ1), ..., (x̄M, ȳM)}, based on which the definition of P is proposed.

First, the estimated out-of-sample cost of a predictive prescription ẑN(·) is

R̂M(ẑN) =
1
M

M∑︂
j=1

c(ẑN(x̄ j); ȳ j), (2.4)
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where we measure the performance of ẑN(·) (trained on sN) on the test set s̄M. Here, we discuss the
prescriptions considering feature X, with examples defined in Formulas (2.2) and (2.3).

Second, the estimated out-of-sample cost of the data-poor SAA solution ẑSAA
N , which is defined in

Formula (2.1) (solely based on Y data and not considering feature X), is

R̂M(ẑSAA
N ) =

1
M

M∑︂
j=1

c(ẑSAA
N ; ȳ j). (2.5)

Third, the out-of-sample cost of the deterministic perfect-foresight counterpart problem (where one
has foreknowledge of Y without any uncertainties) is

R̂∗M =
1
M

M∑︂
j=1

min
z∈Z

c(z; ȳ j). (2.6)

Here, let zfore(·) be the deterministic perfect-foresight decision, i.e., zfore(ȳ j) ∈ arg minz∈Z c(z; ȳ j). Note
that zfore(·) and R̂∗M rely solely on a realized test dataset, and thus we refer to R̂∗M as the out-of-sample
cost (without “estimated”) of the deterministic perfect-foresight counterpart.

Definition 1 (The coefficient of prescriptiveness). Based on a fixed training dataset sN and a fixed test
dataset s̄M, the coefficient of prescriptiveness P for a predictive prescription ẑN(·) is defined as follows:

P = 1 −
R̂M(ẑN) − R̂∗M

R̂M(ẑSAA
N ) − R̂∗M

=
R̂M(ẑSAA

N ) − R̂M(ẑN)

R̂M(ẑSAA
N ) − R̂∗M

. (2.7)

Here, we assume that no feasible solution z̄ exists that can minimize all cost functions c(z; ȳ j)
( j ∈ {1, ...,M}), i.e., there is no z̄ ∈ Z such that c(z̄; ȳ j) = minz∈Z c(z; ȳ j) holds for every j ∈ {1, ...,M},
thereby ensuring that R̂M(ẑSAA

N ) , R̂∗M and P is well-defined. This nondegeneracy assumption is
closely related to the case in which Y retains residual uncertainty after conditioning on X. If Y is not
measurable with respect to X and different realizations of Y lead to different ex-post minimizers with
positive probability, then a single fixed decision cannot attain the deterministic perfect-foresight cost
for all test samples. Conversely, in a degenerate problem where all realizations share the same
ex-post minimizer, the denominator in Formula (2.7) may vanish and the coefficient is not informative.

This coefficient is a unitless quantity bounded above by the value of 1. P represents the extent
of the potential that X has in a predictive prescription ẑN(·) to reduce costs in a particular problem
based on the training dataset sN and the test dataset s̄M. A low P indicates that X provides little useful
information for prescribing a data-driven decision in a particular problem or that ẑN(·) is inefficient in
leveraging the data on X. In contrast, a high P indicates that taking X into consideration significantly
reduces costs and that ẑN(·) is efficient in leveraging the data on X for this purpose.

Here, we are discussing the P value for a predictive prescription ẑN(·) under the training dataset
sN and the test dataset s̄M. In other words, sN and s̄M are given and fixed in a particular problem;
then, a particular predictive prescription ẑN(·) is trained on sN and P measures the efficacy of a method
(e.g., wSAA) based on s̄M, compared with an oracle that can solve the deterministic perfect-foresight
counterpart problem. Therefore, when we calculate the P value for a predictive prescription ẑN(·), or
compare the P values for different prescriptive analytics methods in a particular problem, we must first
specify the training dataset sN and the test dataset s̄M that we use.
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2.3. Two deficiencies of the original coefficient

2.3.1. The problem-dependent deficiency

As proposed in Section 1, the original coefficient of prescriptiveness always has an asymptotic
upper bound that is less than or equal to 1 for a specific CSO problem, and may vary across different
problems. In this section, we theoretically analyze the reasons for the existence of this deficiency, and
propose our research question accordingly.

The original coefficient P (Formula (2.7)) given by Bertsimas and Kallus [4] is related to R̂∗M, i.e.,
the out-of-sample cost of the deterministic perfect-foresight counterpart problem. This means that the
coefficient P is the fraction of the way that knowledge of X, leveraged in a predictive prescription ẑN(·),
takes us from making a decision under full uncertainty about the value of Y (i.e., the data-poor SAA
solution ẑSAA

N ) to making a decision in a completely deterministic setting without any uncertainty of Y
(i.e., the deterministic perfect-foresight decision zfore(·)).

For some potential predictive prescriptions ẑN(·) and under appropriate conditions [4]: (i) If Y is
independent of X, we have

lim
N,M→∞

R̂M(ẑN) = EX[min
z∈Z
EY[c(z; Y)|X]] = min

z∈Z
EY[c(z; Y)] = lim

N,M→∞
R̂M(ẑSAA

N );

hence, as N and M grow, we have limN,M→∞ P(N; M) = 0 almost surely; (ii) If Y is measurable with
respect to X (that is, Y is a function of X), then we have

lim
N,M→∞

R̂M(ẑN) = EX[min
z∈Z
EY[c(z; Y)|X]] = EY[min

z∈Z
c(z; Y)] = lim

M→∞
R̂∗M;

hence, in this case, if we have an infinite number of both training and test data, we have
limN,M→∞ P(N; M) = 1 almost surely.

However, in reality, Y may not be fully measurable with respect to X (because we are unable to
capture and consider all underlying covariates related to Y in most problems); otherwise, we would be
able to directly calculate the value of Y based on a deterministic function Y = f (X) with a new
observation of X, and then solve the corresponding deterministic optimization problem. Therefore,
generally and practically, R̂M(ẑN) is always larger than or equal to R̂∗M, even though we have a
sufficiently large number of data. That is, P always has an asymptotic upper bound that is less than or
equal to 1 for any possible CSO problem, i.e., limN,M→∞ P(N; M) ≤ 1 almost surely. This upper bound
may be related to the characteristic of the CSO problem at hand, and thus varies across different
problems. Specifically, it may be related to the underlying true joint distribution µX,Y of (X, Y) and the
dataset that we have, making it unknown to us.

Therefore, it may be problematic to compare the P values of a specific prescriptive analytics method
for two particular CSO problems (see Example 1). Similarly, it may also be problematic to compare
the means of P values for a series of CSO problems (generalizability) for two prescriptive analytics
methods (see Example 2).

Example 1. Consider addressing two contextual newsvendor problems: for a given observation X = x,
the random demands in Problems 1 and 2 are assumed to follow uniform distributions Y1 ∼ U(5, 15)
and Y2 ∼ U(9, 11), respectively. For each problem, a prescriptive analytics method is applied, with the
coefficients of prescriptiveness assumed to be P1 = 0.4 and P2 = 0.6, respectively. Does this mean
that this method performs better on Problem 2 than on Problem 1 (i.e., the corresponding predictive
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prescription ẑN(·) is more efficient in leveraging the data on X for Problem 2)? This is not necessarily
the case. Assume that the asymptotic upper bounds of P for these two problems are 0.4 and 0.8,
respectively (note that Problem 1 seems “harder” than Problem 2, due to its larger variance of Y given
X = x). In this case, we can easily see that for Problem 1, this method provides prescription ẑN(x) = 10
(which is equal to the full-information optimal decision z∗(x) = 10, supposing that the per-unit overage
cost is equal to the per-unit underage cost) and achieves an efficiency of 100% (= 0.4/0.4) in leveraging
the data on X for prescribing a data-driven decision (i.e., P1 reaches its asymptotic upper bound, likely
due to the greater availability of data in Problem 1). However, for Problem 2, this method only achieves
an efficiency of 75% (= 0.6/0.8). Therefore, this method performs better on Problem 1 in this case.

Example 2. Consider solving a series of CSO problems with two prescriptive analytics methods,
namely, Method 1 and Method 2 (e.g., point-prediction and wSAA). Let P̄1 and P̄2 be the means of
the coefficients of prescriptiveness for these problems obtained by the two methods, respectively, and
suppose P̄1 < P̄2. Does this mean that Method 2 performs better on average than Method 1 for these
problems (i.e., Method 2 is more efficient on average in leveraging the data on X for these problems)?
This is not necessarily the case. For example, suppose that three CSO problems are solved using
Methods 1 and 2, with the corresponding P values (denoted by P1 and P2, respectively) assumed to be
as follows.
• Problem A (the asymptotic upper bound of P is 0.1): P1 = 0.1 and P2 = 0.01;
• Problem B (the asymptotic upper bound of P is 0.1): P1 = 0.1 and P2 = 0.01;
• Problem C (the asymptotic upper bound of P is 0.9): P1 = 0.7 and P2 = 0.9.

It is evident that P̄1 = 0.9/3 < P̄2 = 0.92/3. However, from the asymptotic upper bounds of the three
problems, we can easily see that (i) for Problems A and B, Method 1 achieves an efficiency of 100%
(= 0.1/0.1) in leveraging the data on X, whereas Method 2 only reaches 10% (= 0.01/0.1); and (ii)
for Problem C, Method 1 achieves an efficiency of 77.8% (≈ 0.7/0.9), while Method 2 reaches 100%
(= 0.9/0.9). Therefore, the average efficiency of Method 1 (92.6%) is greater than that of Method 2
(40%). That is, in this case, Method 1 performs better on average for these problems.

From the above two examples, we can clearly see that there exist some shortcomings to applying P
values when solving two or more CSO problems. These shortcomings always and definitely exist as
long as we calculate P values based on the given datasets sN and s̄M. This leads to the
following question:
Q1. What metric can we use to compare the efficacy of a specific method across multiple CSO
problems fairly, or to compare the generalizability of multiple prescriptive analytics methods across
multiple CSO problems fairly?
To formally address Q1, we propose a novel metric, the adjusted coefficient of prescriptiveness, in
Section 3.1.

2.3.2. The data-dependent deficiency

As mentioned in Section 1, the insights derived from the original coefficient of prescriptiveness P
are contingent on specific training or test datasets. In this section, we present an illustrative example
(Example 3) and propose our research question accordingly.
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Example 3. In a particular CSO problem, suppose we have T (T ∈ Z++) training datasets of the same
size N, denoted by sN,1, sN,2, ..., sN,T . Consider that two prescriptive analytics methods (e.g., point-
prediction and wSAA) are trained on the training dataset sN,t (t ∈ {1, ...,T }), with the corresponding
predictive prescriptions denoted by ẑ1

N,t(·) and ẑ2
N,t(·), respectively. Given the same new observation

X = x, it is evident that for two different training datasets sN,t and sN,t′ (t , t′ and t, t′ ∈ {1, ..., T }), we
may have ẑ1

N,t(x) , ẑ1
N,t′(x) and ẑ2

N,t(x) , ẑ2
N,t′(x). Moreover, if we have a large number of test data, it is

also possible that on a training dataset sN,t, ẑ1
N,t(·) may perform better (i.e., with a higher P value) than

ẑ2
N,t(·), whereas on a different training dataset sN,t′ , ẑ2

N,t′(·) may perform better than ẑ1
N,t′(·). Therefore,

we are interested in knowing which method has the best average performance (evaluated with a large
number of test data) over T training datasets sN,1, sN,2, ..., sN,T .

Q2. Given a large number of real-world data, which method, from the list of candidate prescriptive
analytics methods, has the best average performance (evaluated with a large number of test data) over
all available training datasets of a given size for a particular CSO problem?

To formally address Q2, we propose our novel metric, the expected coefficient of prescriptiveness,
and its estimate for practical applications in Section 3.3.

3. Novel coefficients of prescriptiveness

In this section, we propose the adjusted coefficient of prescriptiveness in Section 3.1 and its
estimate in Section 3.2. Then, Section 3.3 introduces the expected coefficient of prescriptiveness and
its estimate.

3.1. The adjusted coefficient of prescriptiveness

In this section, we address Q1: What metric can we use to compare the efficacy of a specific
method across multiple CSO problems fairly, or to compare the generalizability of multiple prescriptive
analytics methods across multiple CSO problems fairly?

As mentioned in Section 2.3.1, in the definition of P, R̂∗M is the benchmark for measuring the efficacy
of a predictive prescription ẑN(·); however, it is always smaller (better) than or equal to R̂M(ẑN), and
thus we have limN,M→∞ P(N; M) ≤ 1 almost surely. Therefore, the inherent and unknown asymptotic
upper bound (less than or equal to 1) of P always exists.

Specifically, for each test data sample (x̄ j, ȳ j) ( j ∈ {1, ...,M}) in s̄M, the perfect-foresight oracle
makes a decision zfore(ȳ j) knowing Y = ȳ j without any uncertainty, leading to the cost of
minz∈Z c(z; ȳ j). However, for a potentially “excellent” prescriptive analytics method, the best it can
achieve (supposing we have infinite training data, i.e., N → ∞, and some mild conditions hold) is to
identify the underlying true conditional distribution µY |X=x̄ j of Y given X = x̄ j, and provide the best
predictive prescription, denoted by ẑbest

N (x̄ j), which approximates the full-information optimal decision
z∗(x̄ j) (see Formula (1.4)) rather than zfore(ȳ j). As M approaches infinity, the estimated out-of-sample
cost R̂M(ẑbest

N ) := 1
M

∑︁M
j=1 c(ẑbest

N (x̄ j); ȳ j) (see Formula (2.4)) approaches the full-information optimum
1
M

∑︁M
j=1{minz∈Z E[c(z; Y)|X = x̄ j]} instead of the deterministic perfect-foresight counterpart

1
M

∑︁M
j=1 minz∈Z c(z; ȳ j) (i.e., R̂∗M). That is,

limN,M→∞ R̂M(ẑbest
N ) = limM→∞

1
M

∑︁M
j=1{minz∈Z E[c(z; Y)|X = x̄ j]} ≥ limM→∞ R̂∗M (recall that R̂M(ẑN) is

generally larger than or equal to R̂∗M).
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Therefore, we propose that it is reasonable to use the full-information optimum as the benchmark to
measure the efficacy of a predictive prescription; however, this can be done only for situations in which
we know the true joint distribution µX,Y of (X, Y) and have an infinite number of training data. This is
because (i) only when we know the joint distribution can we obtain the full-information optimum; and
(ii) only when we have infinite training data (N → ∞) can we guarantee that ẑbest

N (·) approaches z∗(·)
(note that we omit the feature x for convenience). However, these two conditions are hard to achieve
in practice. Therefore, we can only use this benchmark in a theoretical manner, in which we assume
that we have full knowledge of the joint distribution and, therefore, can also generate infinite synthetic
training data in theory. Note that it is not necessary to generate synthetic test data because we can
theoretically evaluate the out-of-sample costs of all decisions based on the assumed joint distribution.

Remark 1. Here, note that knowing the joint distribution µX,Y of (X, Y) does not mean that Y is
measurable with respect to X. Recall that Y is measurable with respect to X if and only if there exists
a deterministic function f such that Y = f (X) without any uncertainties. However, for a general joint
distribution µX,Y , given X, the target Y is still a random variable that depends on the conditional
distribution µY |X.

Based on the assumed joint distribution µX,Y of (X, Y), we can obtain the full-information optimal
decision z∗(·) by solving optimization problem (1.4), and the corresponding out-of-sample cost (i.e.,
the full-information optimum) is defined as follows.

Definition 2 (Out-of-sample cost of the full-information optimal solution). The absolute performance
of the full-information optimal decision z∗(·) is represented by its out-of-sample cost (i.e., the full-
information optimum):

R(z∗) = EX∼µX [EY∼µY |X [c(z∗(X); Y)|X]] = E(X,Y)∼µX,Y [c(z∗(X); Y)], (3.1)

where z∗(X) ∈ arg minz∈Z EY∼µY |X [c(z; Y)|X], which is defined in Formula (1.4) (provided that this
stochastic optimization model can be solved to optimality or with high accuracy). Note that R(z∗) can
be obtained by taking the expectation of v∗(x) (see Formula (1.3)) over X.

Similarly, based on the assumed joint distribution µX,Y of (X, Y) and a generated training dataset sN

containing infinite data samples (i.e., N → ∞) in theory, we can define the out-of-sample costs of a
predictive prescription ẑN(·) and the data-poor SAA solution ẑSAA

N as follows.

Definition 3 (Out-of-Sample cost of a predictive prescription). The absolute performance of a
predictive prescription ẑN(·) (considering feature X) trained on a generated training dataset sN

(N → ∞) is represented by its out-of-sample cost:

R(ẑ) = lim
N→∞
EX∼µX [EY∼µY |X [c(ẑN(X); Y)|X]] = lim

N→∞
E(X,Y)∼µX,Y [c(ẑN(X); Y)]. (3.2)

Definition 4 (Out-of-Sample cost of the SAA solution). The absolute performance of the data-poor
SAA solution ẑSAA

N (solely based on Y data and not considering feature X) trained on a generated
training dataset sN (N → ∞) is represented by its out-of-sample cost:

R(ẑSAA) = lim
N→∞
EY∼µY [c(ẑSAA

N ; Y)]. (3.3)
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Here, note that R̂M(ẑN) and R̂M(ẑSAA
N ) in Formulas (2.4) and (2.5) are all estimates of R(ẑ) and

R(ẑSAA), respectively, based on a fixed training dataset sN and a fixed test dataset s̄M.

Remark 2. Theoretically, in the above three definitions, the three expectations R(z∗), R(ẑ), and
R(ẑSAA) can be obtained analytically through multi-dimensional integration based on the assumed
joint distribution µX,Y , and are not dependent on a test dataset. Therefore, here, we do not need to
generate a test dataset and evaluate the out-of-sample costs of z∗(·), ẑN(·), and ẑSAA

N numerically
(however, this can be used as an approximate numerical computation method, which we discuss in
Section 3.2). Recall that the perfect-foresight decision zfore(·) and the corresponding out-of-sample
cost R̂∗M rely solely on a realized test dataset; therefore, without a realized test dataset, R̂∗M is
non-existent, and thus so is P.

Therefore, with an infinite number of training data generated from an assumed joint distribution,
we introduce the adjusted coefficient of prescriptiveness to formally address Q1, which is defined
as follows.

Definition 5 (The adjusted coefficient of prescriptiveness). Based on an assumed joint distribution µX,Y

and a generated training dataset sN containing infinite data samples (N → ∞), the adjusted coefficient
of prescriptiveness for a predictive prescription ẑN(·) is defined as follows:

Padj = 1 −
R(ẑ) − R(z∗)

R(ẑSAA) − R(z∗)
=

R(ẑSAA) − R(ẑ)
R(ẑSAA) − R(z∗)

. (3.4)

Here, we assume that there is no feasible solution z̄ ∈ Z such that
E[c(z̄; Y)] = minz∈Z EY∼µY |X [c(z; Y)|X] holds for µX-almost-everywhere X ∈ X , thereby ensuring that
R(ẑSAA) , R(z∗) and Padj is well-defined.

Remark 3. The above assumption also excludes the no-contextual-value case in which the
full-information optimum coincides with the data-poor stochastic optimum. For example, if Y is
independent of X, then the conditional distribution µY |X=x equals the marginal distribution µY for all x,
and the full-information decision z∗(x) reduces to the same decision as the data-poor SAA solution in
the asymptotic limit. In that boundary case, R(ẑSAA) − R(z∗) = 0, so Padj and its estimate are not stable
normalized scores. Therefore, when contextual information has no value, one should report the raw
out-of-sample costs or the original coefficient P with the deterministic perfect-foresight benchmark,
for which a consistent method has a numerator approaching zero.

This coefficient is a unitless quantity bounded above by the value of 1. Padj is a theoretical metric,
based on sN (N → ∞), which represents the fraction of the way that knowledge of X, leveraged in a
predictive prescription ẑN(·), takes us from making a decision under full uncertainty about the value
of Y (i.e., data-poor SAA solution ẑSAA

N ) to making a decision with full information of the underlying
true joint distribution µX,Y of (X,Y) (i.e., the full-information optimal decision z∗(·)). Therefore, the
adjusted coefficient of prescriptiveness Padj measures the efficacy of a method, based on an assumed
joint distribution µX,Y and a training dataset sN (N → ∞) generated from it, compared with the full-
information optimum. A low Padj indicates that ẑN(·) trained on sN (N → ∞) is inefficient in leveraging
the data on X for prescribing a data-driven decision in a problem. In contrast, a high Padj indicates
that ẑN(·) trained on sN (N → ∞) is efficient in leveraging the data on X and significantly reduces the
out-of-sample cost.
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Remark 4. Here, note that the definition of the adjusted coefficient of prescriptiveness Padj is based
on an assumed joint distribution µX,Y and a generated training dataset sN (N → ∞) containing infinite
data samples, and is not dependent on a test dataset. In contrast, the coefficient of prescriptiveness
P is defined based on a fixed training dataset sN and a fixed test dataset s̄M (N and M are finite).
Therefore, the prerequisites for these two coefficients P and Padj are intrinsically different; thus, they
are not comparable in theory.

For some potential predictive prescriptions ẑN(·) (e.g., ẑbest
N (·)) and under appropriate conditions [4],

as N approaches infinity, we have R(ẑ) = R(z∗); hence, in this case, if we generate an infinite number of
training data (i.e., N → ∞) based on the assumed joint distribution, we will have Padj = 1 almost surely.
This means that Padj theoretically always has the same asymptotic upper bound of 1 for all possible
CSO problems. Therefore, with the adjusted coefficient of prescriptiveness defined in Formula (3.4),
we can, in theory, fairly compare both the efficacy of a specific prescriptive analytics method across
multiple CSO problems and the generalizability of multiple prescriptive analytics methods (i.e., Q1 is
addressed in theory).

3.2. The estimate of the adjusted coefficient of prescriptiveness

The computation and application of Padj face two challenges. First, it is unclear how to achieve
an infinite number of synthetic training data (i.e., N → ∞) in reality, as N → ∞ is a necessary
condition to guarantee the asymptotic upper bound of 1 for Padj. Second, although we can obtain the
values of the three expectations R(z∗), R(ẑ), and R(ẑSAA) in Padj analytically through multi-dimensional
integration based on the assumed µX,Y , this may be very challenging and time-consuming for some
problems or distributions, causing low efficiency in the computational process of Padj and thus limiting
its application.

Therefore, to achieve efficient computational experiments and real-world applications, we propose
the estimate of the adjusted coefficient of prescriptiveness to address Q1 in practice. The estimate can
be obtained through an efficient numerical computation method, detailed as follows.

(1) First, based on the assumed joint distribution µX,Y of (X, Y), we generate a fixed training dataset
sN and a fixed test dataset s̄M, each containing a sufficiently large number (e.g., a billion) of
data samples.

(2) Then, for each test sample (x̄ j, ȳ j) ( j ∈ {1, ...,M}) in s̄M, we calculate ẑN(x̄ j) and ẑSAA
N (the same for

all test samples) based on sN , and accordingly calculate R̂M(ẑN) and R̂M(ẑSAA
N ) using Formulas (2.4)

and (2.5), respectively.
(3) Next, we calculate an estimate of R(z∗) based on s̄M, denoted by R̂M(z∗):

R̂M(z∗) =
1
M

M∑︂
j=1

c(z∗(x̄ j); ȳ j), (3.5)

where z∗(x̄ j) ∈ arg minz∈Z EY∼µY |X=x̄ j
[c(z; Y)|X = x̄ j] ( j ∈ {1, ...,M}) (defined in Formula (1.4)).

There are generally two approaches to calculating the expected cost E[c(z; Y)|X = x̄ j]
( j ∈ {1, ...,M}) for obtaining z∗(x̄ j):

• Assess E[c(z; Y)|X = x̄ j] ( j ∈ {1, ...,M}) analytically through multi-dimensional integration
based on µY |X=x̄ j , which may be very challenging for some problems or distributions, and then
solve the corresponding deterministic optimization problem to exactly obtain z∗(x̄ j).
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• Take a sufficiently large number of data samples { ¯̄y j,1, ..., ¯̄y j,U} (U ∈ Z++) of Y from the
conditional distribution µY |X=x̄ j of Y given X = x̄ j, and solve the resulting SAA problem:

ẑ∗U(x̄ j) ∈ arg min
z∈Z

1
U

U∑︂
u=1

c(z; ¯̄y j,u), j ∈ {1, ...,M}, (3.6)

where ẑ∗U(x̄ j) is an estimate of z∗(x̄ j). The strong law of large numbers implies that for a
random variable, as the sample size approaches infinity, the sample mean converges to the
true mean with a probability of 1. Therefore, we have limU→∞ ẑ∗U(x̄ j) = z∗(x̄ j) almost surely.

Similarly, we also have limM→∞ R̂M(z∗) = R(z∗), limN,M→∞ R̂M(ẑN) = R(ẑ), and
limN,M→∞ R̂M(ẑSAA

N ) = R(ẑSAA) almost surely.
(4) Finally, we can obtain an estimate of the adjusted coefficient of prescriptiveness, which is defined

as follows.

Definition 6 (The estimate of the adjusted coefficient of prescriptiveness). Based on a fixed training
dataset sN and a fixed test dataset s̄M (N and M are sufficiently large numbers) generated from an
assumed joint distribution µX,Y of (X, Y), the estimate of the adjusted coefficient of prescriptiveness for
a predictive prescription ẑN(·) is defined as follows:

P̂adj =
R̂M(ẑSAA

N ) − R̂M(ẑN)

R̂M(ẑSAA
N ) − R̂M(z∗)

. (3.7)

Similarly, we have limN,M→∞ P̂adj(N; M) = Padj almost surely, which means that based on the
assumed joint distribution µX,Y of (X, Y), as long as N and M are large enough, P̂adj can approach Padj

with arbitrary accuracy almost surely. Note that because P̂adj is also calculated using a fixed training
dataset sN and a fixed test dataset s̄M (although we need, in addition, to obtain the full-information
optimal decision based on an assumed µX,Y), P and P̂adj are comparable in practice.

As mentioned in Section 3.1, Padj always has the same asymptotic upper bound of 1 for all possible
CSO problems; however, this may not hold for P̂adj, as N and M are fixed and finite albeit very large.
Can we use P̂adj to address Q1 in practice? The answer is yes, for the following reasons.

That Padj always has an asymptotic upper bound of 1 is a convergence property in theory with N
approaching infinity. Therefore, the asymptotic upper bound of P̂adj may not exactly take the value
of 1, because P̂adj is obtained numerically. However, it is reasonable to suppose that for a relatively
large N and a relatively large M, there always exists a potentially “excellent” prescriptive analytics
method whose value of P̂adj can approach 1 with arbitrary accuracy almost surely. Here, a relatively
large N ensures that the training dataset sN contains relatively abundant information about (X,Y) for a
specific CSO problem, while a relatively large M ensures that the test dataset s̄M is relatively effective
in evaluating the estimated out-of-sample costs of all decisions. Therefore, from the perspective of
computational experiments and practical applications, we can use P̂adj to address Q1 in practice. See
the following Example 4.

Example 4. In a specific CSO problem without any real-world data, we first assume a joint distribution
µX,Y of (X,Y), and then generate datasets sN and s̄M, each containing a million data samples. After some
attempts, we finally identify a potentially “excellent” prescriptive analytics method with its P̂adj =
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0.9999 (this possibility does exist). Therefore, from the perspective of computational experiments and
practical applications, we have the confidence to address Q1 in practice. In contrast, based on the
same datasets sN and s̄M, we may have P = 0.4999 for the same potentially “excellent” prescriptive
analytics method (here, the asymptotic upper bound of P may be approximately 0.5 for this CSO
problem). Additionally, if we need higher precision (note that the computational cost would increase
accordingly), we may set larger N and M (e.g., ten million), and would expect P̂adj to get closer to the
value of 1 (e.g., P̂adj = 0.999999) for this potentially “excellent” prescriptive analytics method.

Example 5 (A newsvendor illustration of the coefficients). Consider the newsvendor cost

c(z; y) = co(z − y)+ + cu(y − z)+,

where co > 0 and cu > 0. If the conditional distribution FY |X=x is known, the full-information optimal
decision is the conditional critical fractile

z∗(x) = F−1
Y |X=x

(︄
cu

co + cu

)︄
.

In contrast, the data-poor SAA decision uses only the marginal information of Y and, asymptotically,
targets the unconditional critical fractile F−1

Y (cu/(co + cu)). The deterministic perfect-foresight
benchmark is even stronger: after observing the realized demand y, it can choose z = y and therefore
attain zero realized newsvendor loss. Hence, in the newsvendor problem, the original coefficient P
normalizes the improvement of a prescription against an ex-post perfect-foresight oracle, whereas Padj

and P̂adj normalize it against the attainable full-information decision that knows FY |X=x but not the
realized value of Y . Similarly, P̂E averages this evaluation over multiple training datasets of the same
size, thereby measuring the average performance of a method rather than its performance on a single
realized training set.

3.3. Expected coefficients of prescriptiveness

In this section, we address Q2: Given a large number of real-world data, which method, from the list
of candidate prescriptive analytics methods, has the best average performance (evaluated with a large
number of test data) over all available training datasets of a given size for a particular CSO problem?

Before introducing the expected coefficient of prescriptiveness (a theoretical metric that is hard
to apply in practice), we first propose its estimate, i.e., the estimate of the expected coefficient of
prescriptiveness, which can be obtained numerically and effectively for practical applications through
the following detailed computational process.

(1) First, based on a large number of real-world data, we randomly build T (T ∈ Z++) training
datasets sN,1, sN,2, ..., sN,T of a given size N and a test dataset s̄M. Here, T and M are sufficiently
large numbers. Considering the solution efficiency, N can be determined flexibly according to the
complexity of the specific CSO problem to be solved and the prescriptive analytics method that
we use.

(2) Then, for the training dataset sN,t (t ∈ {1, ..., T }), let ẑN,t(·) be the resulting predictive prescription
and ẑSAA

N,t be the resulting data-poor SAA solution. Correspondingly, let R̂M(ẑN,t) and R̂M(ẑSAA
N,t )

be the estimated out-of-sample costs (based on s̄M) of ẑN,t(·) and ẑSAA
N,t , respectively, which can be

calculated using Formulas (2.4) and (2.5).
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(3) Next, we calculate R̂∗M based on s̄M using Formula (2.6).
(4) Finally, we obtain the estimate of the expected coefficient of prescriptiveness, which is defined

as follows.

Definition 7 (The estimate of the expected coefficient of prescriptiveness). Based on T training
datasets sN,1, sN,2, ..., sN,T of a given size N and a test dataset s̄M (T and M are sufficiently large
numbers), the estimate of the expected coefficient of prescriptiveness is defined as follows:

P̂E =

1
T

∑︁T
t=1 R̂M(ẑSAA

N,t ) − 1
T

∑︁T
t=1 R̂M(ẑN,t)

1
T

∑︁T
t=1 R̂M(ẑSAA

N,t ) − R̂∗M
. (3.8)

This coefficient is a unitless quantity bounded above by the value of 1. P̂E measures the average
performance (on s̄M) of a predictive prescription ẑN(·) across T training datasets of a given size N,
compared with an oracle that can solve the deterministic perfect-foresight counterpart problem. A low
P̂E denotes that ẑN(·) is inefficient on average in leveraging the data on X for prescribing a data-driven
decision in a problem. In contrast, a high P̂E denotes that ẑN(·) is efficient on average in leveraging the
data on X and significantly reduces costs.

In practice, the value of T can be chosen by a sequential stability rule. One may start with a moderate
number of training datasets, for example, T = 20 or 30, compute P̂E

T , and then increase T in blocks of
size b. The computation may stop once the stabilized relative change |P̂E

T − P̂E
T−b|/(|P̂

E
T | + ϵ0) is below

a prescribed tolerance, where ϵ0 > 0 is a small constant used only to avoid division by a value close
to zero, or once the empirical standard error of the averaged numerator and denominator is sufficiently
small for the intended decision analysis. When only one large dataset is available, bootstrap resampling
or repeated subsampling can be used as a computationally cheaper approximation to independently
generated training datasets. This approximation is useful for sensitivity analysis, but it is not identical
to drawing new independent samples from the population and may underestimate variability when the
original dataset is small or dependent.

Note that if we integrate all samples of T training datasets sN,1, sN,2, ..., sN,T and thus construct a
huge training dataset sN·T of size N · T , we may also calculate a P value based on sN·T and s̄M, which
is expected to be approximately the same as P̂E. However, considering that T is a sufficiently large
number, it may be challenging and time-consuming, or even unachievable with reasonable time and
computational resources, to train many ML models on a training dataset of a huge size N · T , making
the solution of the downstream optimization problem also impossible. Therefore, P̂E is more practical,
and to apply P̂E effectively, we can set a reasonable value for N according to our specific CSO problem
and data-driven method.

Therefore, for a list of candidate prescriptive analytics methods, using a large number of real-world
data and P̂E, we can more fairly evaluate their average performances over all available training datasets
of a given size and obtain more general insights for a particular CSO problem (i.e., Q2 is addressed).

Additionally, the ˆ notation above P̂E indicates that P̂E is an estimate based on the realized
real-world data. The primitive value of P̂E is denoted by PE, i.e., the expected coefficient of
prescriptiveness, whose definition is given in the following remark.

Remark 5. Let S N be a random training sample of N i.i.d. draws of (X, Y) from the (unknown)
underlying true joint distribution µX,Y , ẑN(·|S N) be the resulting predictive prescription, and ẑSAA

N (S N)
be the resulting data-poor SAA solution. Correspondingly, let
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R(ẑN(·|S N)) := E(X,Y)∼µX,Y [c(ẑN(X|S N); Y)] and R(ẑSAA
N (S N)) := EY∼µY [c(ẑSAA

N (S N); Y)] be the
out-of-sample cost of ẑN(·|S N) and ẑSAA

N (S N), respectively. Note that R(ẑN(·|S N)) and R(ẑSAA
N (S N)) are

random variables that depend on the random training sample S N . Taking expectations over the
sampling distribution of S N , the expected coefficient of prescriptiveness is defined as

PE =
E[R(ẑSAA

N (S N))] − E[R(ẑN(·|S N))]

E[R(ẑSAA
N (S N))] − EY∼µY [minz∈Z c(z; Y)]

. (3.9)

Note that PE is a theoretical metric and we cannot obtain its value in the context of Q2, because we
do not know the underlying true joint distribution µX,Y of (X, Y). Instead, we only have a large number
of real-world data, and thus, the value of P̂E can be calculated.

Under the same size N of the training dataset, P̂E is an estimate of PE based on T training datasets
sN,1, sN,2, ..., sN,T and a test dataset s̄M (T and M are sufficiently large numbers). As expressed in
Formula (2.6), the strong law of large numbers implies that limM→∞ R̂∗M = EY∼µY [minz∈Z c(z; Y)]
almost surely. Similarly, we have limT,M→∞

1
T

∑︁T
t=1 R̂M(ẑN,t) = E[R(ẑN(·|S N))] and

limT,M→∞ R̂M(ẑSAA
N,t ) = E[R(ẑSAA

N (S N))] almost surely, and thus under the same N, we have
limT,M→∞ P̂E(T ; N; M) = PE(N) almost surely, which means that based on a large number of
real-world data, as long as T and M are large enough, P̂E can approach PE with arbitrary accuracy
almost surely.

Similarly, under the same size N of the training dataset, P is also an estimate of PE based on a
training dataset sN and a test dataset s̄M, and we have limN,M→∞ P(N; M) = limN→∞ PE(N)
almost surely.

Although P and P̂E are both estimates of PE (we have
limN,M→∞ P(N; M) = limT,N,M→∞ P̂E(T ; N; M) = limN→∞ PE(N) almost surely), P̂E is more general
than P, because P̂E considers the average performance across T training datasets and is evaluated on a
test dataset of a large size M. Therefore, in practice, if we have a large number of real-world data, we
can not only calculate P but also calculate a more general metric P̂E to more fairly evaluate and
compare the efficacy of candidate prescriptive analytics methods for a particular CSO problem
(however, if there are limited data, we can only use P).

Remark 6. Naturally, similar to the relationship between P and PE, regarding Padj, we may define
the expected adjusted coefficient of prescriptiveness. Indeed, based on an assumed joint distribution
µX,Y and a generated random training dataset S N containing infinite data samples (N → ∞), we define
R(ẑ(·|S )) := limN→∞ R(ẑN(·|S N)) and R(ẑSAA(S )) := limN→∞ R(ẑSAA

N (S N)), and the expected adjusted
coefficient of prescriptiveness has the following form:

PE
adj =

E[R(ẑSAA(S ))] − E[R(ẑ(·|S ))]
E[R(ẑSAA(S ))] − R(z∗)

, (3.10)

where the two expectations E[R(ẑ(·|S ))] and E[R(ẑSAA(S ))] are taken over the sampling distribution of
S N (N → ∞). However, for Padj, the synthetic training dataset sN already contains infinite data
samples (N → ∞), which means that we would get the same results if we took expectations over the
sampling distribution of S N containing infinite data samples, i.e., E[R(ẑ(·|S ))] = R(ẑ) and
E[R(ẑSAA(S ))] = R(ẑSAA). Therefore, PE

adj is equivalent to Padj.
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4. Theoretical analysis

In this section, we provide theoretical analyses of the coefficients of prescriptiveness discussed
above. First, we summarize the relationships between these coefficients, which measure the efficacy of
prescriptive analytics methods under different circumstances, as follows.

Remark 7 (A summary of the relationships between the coefficients).
• In terms of P, Padj, and P̂adj, we have:

(1) P and Padj are intrinsically different, thus, they are not comparable in theory. For some
potential predictive prescriptions ẑN(·) (e.g., ẑbest

N (·)) and under appropriate conditions, we
have limN,M→∞ P(N; M) ≤ 1 and Padj = 1 almost surely.

(2) P̂adj is an estimate of Padj based on fixed datasets sN and s̄M (N and M are sufficiently large
numbers), and we have limN,M→∞ P̂adj(N; M) = Padj almost surely. Note that Padj is a
theoretical metric and hard to apply in practice, while P̂adj is a numerical metric and easy to
calculate for real-world applications. Additionally, P and P̂adj are comparable in practice.

• In terms of P, PE, and P̂E, we have:

(1) P and P̂E are both estimates of PE under the same size N of the training dataset. However,
P is based on fixed datasets sN and s̄M, and we have limN,M→∞ P(N; M) = limN→∞ PE(N)
almost surely, while P̂E is based on T training datasets sN,1, sN,2, ..., sN,T and a test dataset
s̄M (T and M are sufficiently large numbers), and we have limT,M→∞ P̂E(T ; N; M) = PE(N)
almost surely.

(2) Note that PE is a theoretical metric and hard to apply in practice, while P and P̂E are
numerical metrics and easy to calculate for real-world applications. However, P̂E is more
general than P, because P̂E considers the average performance across T training datasets
and is evaluated on a test dataset of a large size M. Additionally, we have
limN,M→∞ P(N; M) = limT,N,M→∞ P̂E(T ; N; M) = limN→∞ PE(N) almost surely. Therefore, if
we have a large number of real-world data, P̂E is a better and fairer metric than P (however,
if there are limited real-world data, we can only use P).

Furthermore, we define the gap between the full-information optimum and the deterministic perfect-
foresight counterpart (Definition 8), and accordingly propose two theoretical properties (Propositions 1
and 2) as follows.

Definition 8 (The gap between the full-information optimum and the deterministic perfect-foresight
counterpart). Generally, for a CSO problem, given a test dataset s̄M (M ∈ Z++) generated from an
assumed joint distribution µX,Y of (X,Y) (suppose Y is not measurable with respect to X), let ∆̂ be the
gap between the full-information optimum R̂M(z∗) (based on s̄M, see Formula (3.5)) and the
deterministic perfect-foresight counterpart R̂∗M (see Formula (2.6)), i.e.,

∆̂ = R̂M(z∗) − R̂∗M. (4.1)

Remark 8. Here, the ˆ notation above ∆̂ indicates that ∆̂ is an estimate based on a fixed test dataset
s̄M. The primitive value of ∆̂ is denoted by ∆, which measures the gap between the full-information
optimum R(z∗) (based on µX,Y , see Formula (3.1)) and the expectation EY[minz∈Z c(z; Y)], i.e.,

∆ = R(z∗) − EY[min
z∈Z

c(z; Y)]. (4.2)
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However, note that ∆ is a theoretical metric based on an assumed joint distribution µX,Y of (X,Y), which
is challenging to calculate and apply in practice.

The value of ∆ also clarifies when the asymptotic upper bound of the original coefficient P is strictly
smaller than 1. Let

R∗fore := EY

[︃
min
z∈Z

c(z; Y)
]︃
.

If an excellent prescriptive analytics method asymptotically attains the full-information optimum R(z∗),
then the limiting best possible value of the original coefficient is

P∞max =
R(ẑSAA) − R(z∗)
R(ẑSAA) − R∗fore

=
R(ẑSAA) − R(z∗)

R(ẑSAA) − R(z∗) + ∆
.

Therefore, as long as R(ẑSAA) > R(z∗), the asymptotic upper bound of P is strictly smaller than 1 if and
only if ∆ > 0. The conditional distribution µY |X affects this gap through the residual uncertainty of Y
after conditioning on X. Greater conditional variance, heavier tails, or stronger tail asymmetry can
increase the expected ex-post regret c(z∗(X); Y) − minz∈Z c(z; Y) when the cost function penalizes
deviations from the realized perfect-foresight decision. For the newsvendor problem, z∗(x) is a
conditional critical-fractile quantile, while the deterministic perfect-foresight decision is z = Y; hence
the conditional dispersion and tail behavior of Y |X = x directly influence the gap between these
two benchmarks.

Proposition 1. For a CSO problem, given a test dataset s̄M generated from an assumed joint
distribution µX,Y of (X,Y) (suppose Y is not measurable with respect to X), as M approaches infinity,
we have limM→∞ ∆̂(M) = ∆ ≥ 0 almost surely.

Proof. As M approaches infinity, we have limM→∞ R̂M(z∗) = R(z∗) = E(X,Y)∼µX,Y [c(z∗(X); Y)] and
limM→∞ R̂∗M = EY∼µY [minz∈Z c(z; Y)] almost surely; thus, we have limM→∞ ∆̂(M) = ∆ almost surely.
For each test data sample (x̄ j, ȳ j) ( j ∈ {1, ...,M}) in s̄M, the perfect-foresight oracle makes a decision
zfore(ȳ j) knowing Y = ȳ j without any uncertainty, leading to the cost of minz∈Z c(z; ȳ j). However,
because Y is not measurable with respect to X, even though X = x̄ j is given, the full-information
optimal decision z∗(x̄ j) ∈ arg minz∈Z EY∼µY |X=x̄ j

[c(z; Y)|X = x̄ j] ( j ∈ {1, ...,M}), which is made under
uncertainty depending on the conditional distribution µY |X=x̄ j , is just a feasible solution for the
deterministic perfect-foresight counterpart problem. Therefore, c(z∗(x̄ j); ȳ j) ≥ minz∈Z c(z; ȳ j). As M
approaches infinity, we have E(X,Y)∼µX,Y [c(z∗(X); Y)] ≥ EY∼µY [minz∈Z c(z; Y)], i.e., ∆ ≥ 0, accordingly.
Therefore, we have limM→∞ ∆̂(M) = ∆ ≥ 0 almost surely.

Proposition 2. For a prescriptive analytics method applied in a CSO problem, let sN and s̄M

(N,M ∈ Z++) be a training dataset and a test dataset, respectively, generated from an assumed joint
distribution µX,Y of (X,Y) (suppose Y is not measurable with respect to X). Suppose that when
N → ∞, the efficacy of the prescriptive analytics method is better than that of the SAA method on s̄M,
i.e., limN→∞ R̂M(ẑSAA

N ) > limN→∞ R̂M(ẑN). Then, as N and M approach infinity, the following
inequalities hold almost surely:

0 < lim
N,M→∞

P(N; M) ≤ lim
N,M→∞

P̂adj(N; M) ≤ 1. (4.3)

Note that if N is fixed and relatively small, we may have P ≤ 0 and P̂adj ≤ 0, and if M is fixed and
relatively small, we may have P = 1 and P̂adj > 1.
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Proof. Recall that in Definitions 1 and 6, we have

P =
R̂M(ẑSAA

N ) − R̂M(ẑN)

R̂M(ẑSAA
N ) − R̂∗M

,

P̂adj =
R̂M(ẑSAA

N ) − R̂M(ẑN)

R̂M(ẑSAA
N ) − R̂M(z∗)

.

First, when N → ∞, we have limN→∞ R̂M(ẑSAA
N ) > limN→∞ R̂M(ẑN), which ensures that the

numerators of P and P̂adj are positive. When M → ∞, we generally have R̂M(ẑSAA
N ) > R̂∗M and

R̂M(ẑSAA
N ) > R̂M(z∗), which ensure that the denominators of P and P̂adj are positive as well. Therefore,

we have limN,M→∞ P(N; M) > 0 and limN,M→∞ P̂adj(N; M) > 0 almost surely.
Second, according to Proposition 1, we have limM→∞ R̂M(z∗) ≥ limM→∞ R̂∗M almost surely.

Therefore, we have limN,M→∞ P(N; M) ≤ limN,M→∞ P̂adj(N; M) almost surely.
Third, as mentioned in Section 3.1, for some potential predictive prescriptions ẑN(·) and under

appropriate conditions, as N approaches infinity, we have R(ẑ) = R(z∗). Therefore, for a general
prescriptive analytics method, as N approaches infinity, we have R(ẑ) ≥ R(z∗), and thus we have
limN,M→∞ R̂M(ẑN) ≥ limM→∞ R̂M(z∗) almost surely. Therefore, we have limN,M→∞ P̂adj(N; M) ≤ 1
almost surely.

Finally, if N is fixed and relatively small, the efficacy of the prescriptive analytics method may be
no better than that of the SAA method on s̄M, i.e., R̂M(ẑSAA

N ) ≤ R̂M(ẑN). If the denominators of P and
P̂adj are still positive, then we may have P ≤ 0 and P̂adj ≤ 0. Moreover, if M is fixed and relatively
small, (i) a predictive prescription ẑN(x̄ j) might coincidentally be the same as the deterministic perfect-
foresight decision zfore(ȳ j) ( j ∈ {1, ...,M}) and, accordingly, we would have R̂M(ẑN) = R̂∗M, resulting
in P = 1; (ii) the average performance of a predictive prescription ẑN(·) might be even better than the
full-information optimum (note that ẑN(·) and z∗(·) are feasible solutions to the deterministic perfect-
foresight counterpart problem), i.e., R̂M(z∗) > R̂M(ẑN) ≥ R̂∗M, resulting in P̂adj > 1.

Remark 9. Proposition 2 should be interpreted as an asymptotic almost-sure comparison. For any
realized test sample, the inequality c(z∗(x̄ j); ȳ j) ≥ minz∈Z c(z; ȳ j) holds because z∗(x̄ j) is feasible for
the deterministic perfect-foresight problem; hence R̂M(z∗) ≥ R̂∗M holds for every realized test dataset.
However, with limited data, the ordering of the normalized coefficients can still be unstable because
the predictive prescription may perform no better than SAA, the denominators may be close to zero,
or sampling noise may make R̂M(ẑN) appear better than R̂M(z∗) on a particular finite test set. Therefore,
when N or M is small, P and P̂adj should be interpreted together with the raw out-of-sample costs and
the magnitudes of their denominators.

5. Case study: The newsvendor problem

In this section, we describe the classic newsvendor problem in Section 5.1, conduct comprehensive
computational experiments using synthetic data in Section 5.2, and numerically demonstrate the
deficiencies of P and the strengths of P̂adj.
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5.1. Problem description

In the newsvendor problem, we suppose the product to be sold is ice cream. Let Y ∈ Y ⊂ R+ be
tomorrow’s random demand for ice cream. Consider two feature variables related to Y: tomorrow’s
temperature (◦C) and humidity (%RH) (note that we can know the values of these two meteorological
indicators in advance through weather forecasts with high accuracy), which are denoted by X(1) and
X(2), respectively. Generally, the higher the temperature and the lower the humidity (i.e., the drier the
weather), the higher the sales of ice cream. Thus, we have the covariate vector X = (X(1), X(2)) ∈ X ⊂

R2.
The underlying true joint distribution of (X, Y) is denoted by FX,Y , i.e., the cumulative distribution

function (cdf). The conditional distribution of Y given X is denoted by FY |X, which is assumed to
have a bounded first moment. Therefore, we define the set F as the collection of all possible joint
distributions that satisfy these conditions:

F = {F | X ∈X ⊂ R2, Y ∈ Y ⊂ R+, EF[Y |X] < ∞}, (5.1)

and the data of (X, Y) are assumed to be i.i.d. draws from a distribution in F (i.e., FX,Y ∈ F ), ensuring
that the expected cost is well-defined [40].

The decision-maker needs to decide today’s order quantity of ice cream for tomorrow after
observing the values of X. Let z ∈ Z ⊂ R+ be the decision variable (i.e., today’s order quantity). Let
co > 0 be the per-unit overage cost for each unsold ice cream, and cu > 0 be the per-unit underage cost
for each unit of unmet demand. Therefore, the decision-maker needs to solve the following CSO
problem with the objective of minimizing the conditional expected cost:

vnewsvd(x) = min
z∈Z
EY∼FX,Y [co(z − Y)+ + cu(Y − z)+|X = x], (5.2)

znewsvd(x) ∈ arg min
z∈Z

EY∼FX,Y [co(z − Y)+ + cu(Y − z)+|X = x], (5.3)

where (·)+ = max{·, 0}.
To solve optimization problem (5.3), it is well-established that an ordering quantity z is optimal

if FY |X=x(z) equals cu/(cu + co). However, in general, there may exist multiple optimal solutions, or
no solution z may satisfy that FY |X=x(z) exactly equals cu/(cu + co). Nevertheless, a full-information
optimal solution can always be defined using the inverse cdf F−1

Y |X=x(·):

z∗FY |X=x
= F−1

Y |X=x

(︄
cu

cu + co

)︄
= min

{︄
z ≥ 0 : FY |X=x(z) ≥

cu

cu + co

}︄
, (5.4)

which selects the smallest among multiple optimal solutions [41]. Specifically, z∗FY |X=x
corresponds to

the cu/(cu + co) quantile of FY |X=x(·), commonly referred to as the critical quantile or the newsvendor
quantile [42].

5.2. Numerical experiments

For the newsvendor problem mentioned above, we consider two scenarios with different settings
of the cost parameters and the assumed joint distributions of (X, Y) (which we refer to as two specific
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problems), where we calculate the values of P and P̂adj for some prescriptive analytics methods to
demonstrate the above-discussed deficiencies of P and strengths of P̂adj.

Scenario 1: Suppose that co = 1, cu = 5, and the joint distribution FX,Y of (X, Y) is defined as
follows. The feature variables X = (X(1), X(2)) ∈ X ⊂ R2 follow uniform distributions:
X(1) ∼ U(20, 38) and X(2) ∼ U(20, 80). The random demand Y ∈ Y ⊂ R+ follows a truncated normal
distribution, where the mean is µ = 10X(1) − 2X(2), the standard deviation is σ = 10, and the truncated
interval is [0, 2µ].

Scenario 2: Suppose that co = 1, cu = 10, and the joint distribution FX,Y of (X, Y) is defined
as follows. The feature variables X = (X(1), X(2)) ∈ X ⊂ R2 follow uniform distributions: X(1) ∼

U(30, 40) and X(2) ∼ U(20, 50). The random demand Y ∈ Y ⊂ R+ follows a truncated normal
distribution, where the mean is µ = (X(1))2 − 10X(2), the standard deviation is σ = −X(1) + 3X(2), and the
truncated interval is [0, 2µ].

These two scenarios are nondegenerate contextual cases in which the conditional distribution of
Y changes with X, so the full-information optimum improves upon the data-poor SAA benchmark
and P̂adj has a meaningful denominator. In the boundary case Y ⊥ X, contextual information has no
prescriptive value; asymptotically, the full-information and data-poor stochastic decisions coincide,
and thus the denominator of P̂adj vanishes. We therefore treat this case as a theoretical boundary case
rather than as a regular numerical scenario.

Under each scenario, based on the assumed joint distribution, we generate several training datasets
sN = {(x1, y1), ..., (xN , yN)} with different sizes of N, ranging from 10 to 104 (where
xi = (xi,(1), xi,(2)) ∈ R2, yi ∈ R+, i ∈ {1, ...,N}), and a test dataset s̄M = {(x̄1, ȳ1), ..., (x̄M, ȳM)} containing
M = 103 samples. Using each generated training dataset, we adopt four common ML models:
k-nearest-neighbors regression (kNN), kernel regression (KR), classification and regression tree
(CART), and random forest (RF). The dataset sN is partitioned into training and validation sets at a
ratio of 4 : 1. Optimal hyperparameters are determined using grid search and 5-fold cross-validation
on the validation set, with MSE used as the training metric. The detailed settings for model training
and hyperparameter tuning results are described in Appendix B. The numerical tests were performed
on a laptop equipped with an Intel(R) Core(TM) Ultra 7255 H processor and 32 GB of RAM. The
code was implemented in Python 3.11.0, using scikit-learn for the kNN, KR, CART, and RF models.
The four ML models are selected not to benchmark state-of-the-art prediction software, but to provide
transparent and commonly used base learners for constructing prescriptions and wSAA weights. They
represent local averaging, kernel smoothing, tree partitioning, and ensemble tree partitioning,
respectively, which is sufficient for isolating the behavior of the proposed metrics. The proposed
coefficients are independent of the specific ML engine and can also evaluate prescriptions generated
by more advanced ML or AutoML pipelines. Similarly, grid search is used because it is transparent
and reproducible for the controlled experiments. More advanced hyperparameter optimization tools,
such as Bayesian optimization or AutoML packages, could be substituted without changing the
definitions or theoretical properties of the proposed coefficients.

Then, to solve the newsvendor problem, we implement the point-prediction method (using RF) and
four wSAA methods (using kNN, KR, CART, and RF), with the corresponding predictive
prescriptions denoted by ẑpoint

N (·), ẑkNN
N (·), ẑKR

N (·), ẑCART
N (·), and ẑRF

N (·), respectively. Here, RF has two
distinct roles. In the point-prediction method, RF produces a deterministic forecast m̂N(x) that is
plugged into the downstream optimization problem. In wSAA (RF), RF is instead used to construct
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distributional weights through tree-leaf co-membership, so the weighted empirical distribution
approximates the conditional distribution of Y given X = x. Since the newsvendor decision depends
on a conditional quantile rather than only on a conditional mean, the distributional use of RF in wSAA
can exploit conditional dispersion and tail information that the point-prediction method discards.
Next, based on the training datasets sN with different sizes N and the test dataset s̄M, we calculate the
values of P and P̂adj for these five prescriptive analytics methods through the following process:

(1) For each test sample (x̄ j, ȳ j) ( j ∈ {1, ...,M}) in s̄M, calculate ẑSAA
N , ẑpoint

N (x̄ j), and ẑwSAA
N (x̄ j) based

on Formulas (2.1), (2.2), and (2.3), respectively, using the training datasets sN .

(2) Calculate R̂M(ẑN), R̂M(ẑSAA
N ), and R̂∗M based on Formulas (2.4)–(2.6), respectively. Then, we

calculate the values of P for the five prescriptive analytics methods based on Formula (2.7).

(3) For each test sample (x̄ j, ȳ j) ( j ∈ {1, ...,M}) in s̄M, calculate z∗FY |X=x̄ j
based on Formula (5.4) (here,

note that we obtain the full-information optimal decision analytically based on the assumed
distribution).

(4) Calculate R̂M(z∗) based on Formula (3.5). Then we can calculate the values of P̂adj for the five
prescriptive analytics methods based on Formula (3.7).

The experimental results of Scenario 1 are illustrated in Table 1 and Figure 1, and those of Scenario 2
are shown in Table 2 and Figure 2.

Table 1. The values of P and P̂adj under Scenario 1.

Metric Method
N (training sample size)

10 22 46 100 215 464 1000 2154 4642 10,000

P

point (RF) 0.189 0.366 0.667 0.659 0.676 0.736 0.751 0.754 0.752 0.761
wSAA (kNN) −0.803 0.229 0.357 0.716 0.769 0.783 0.804 0.828 0.837 0.842
wSAA (KR) 0.042 0.570 0.722 0.749 0.781 0.754 0.746 0.726 0.742 0.736
wSAA (CART) 0.212 0.465 0.558 0.575 0.728 0.787 0.789 0.820 0.827 0.842
wSAA (RF) 0.455 0.520 0.747 0.760 0.780 0.815 0.818 0.834 0.840 0.843

P̂adj

point (RF) 0.222 0.429 0.774 0.775 0.796 0.867 0.884 0.888 0.885 0.896
wSAA (kNN) −0.942 0.269 0.414 0.841 0.905 0.922 0.947 0.975 0.985 0.992
wSAA (KR) 0.050 0.668 0.838 0.880 0.919 0.888 0.879 0.854 0.874 0.867
wSAA (CART) 0.248 0.546 0.647 0.676 0.856 0.927 0.929 0.966 0.975 0.992
wSAA (RF) 0.533 0.609 0.866 0.893 0.918 0.960 0.964 0.982 0.990 0.993
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(a) P (b) P̂adj

Figure 1. The values of P and P̂adj under Scenario 1.

Table 2. The values of P and P̂adj under Scenario 2.

Metric Method
N (training sample size)

10 22 46 100 215 464 1000 2154 4642 10,000

P

point (RF) −0.096 0.293 0.365 −0.010 0.161 0.250 0.247 0.271 0.292 0.314
wSAA (kNN) 0.200 0.249 0.478 0.539 0.592 0.649 0.650 0.672 0.684 0.699
wSAA (KR) 0.242 0.546 0.596 0.517 0.584 0.612 0.617 0.614 0.626 0.612
wSAA (CART) 0.247 0.495 0.472 0.391 0.584 0.646 0.668 0.700 0.697 0.698
wSAA (RF) 0.413 0.586 0.608 0.580 0.670 0.666 0.685 0.679 0.683 0.694

P̂adj

point (RF) −0.135 0.393 0.512 −0.014 0.227 0.351 0.347 0.380 0.410 0.442
wSAA (kNN) 0.281 0.334 0.672 0.757 0.833 0.912 0.913 0.941 0.961 0.982
wSAA (KR) 0.340 0.734 0.837 0.726 0.821 0.861 0.866 0.860 0.880 0.860
wSAA (CART) 0.347 0.665 0.663 0.548 0.822 0.908 0.938 0.982 0.979 0.981
wSAA (RF) 0.581 0.787 0.855 0.814 0.942 0.936 0.962 0.952 0.959 0.976

(a) P (b) P̂adj

Figure 2. The values of P and P̂adj under Scenario 2.
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From Figures 1 and 2, it is evident that as the training sample size N increases, the following
occurs. First, the P and P̂adj values of the point-prediction method all quickly converge to suboptimal
values under the two scenarios, because the method does not consider the full spectrum of uncertainty
corresponding to each feature X.

Second, the P values of the wSAA methods using kNN, CART, and RF quickly converge to
approximately 0.85 and 0.7 under the two scenarios, respectively (although KR has a slower
convergence speed). That is, 0.85 and 0.7 are the approximate asymptotic upper bounds of P under
the two scenarios, where the settings of the cost parameters and the underlying joint distributions are
different, which illustrates that the asymptotic upper bound of P indeed varies across different
problems. Here, note that we still cannot know the exact values of the asymptotic upper bound of P
under the two scenarios, because (i) we may not be able to find a potentially “excellent” prescriptive
analytics method and obtain the corresponding best predictive prescription; and (ii) we cannot
generate infinite training data. Although we have a sufficiently large number of training data based on
the assumed joint distribution, the number is still fixed and finite.

Third, the P̂adj values of the wSAA methods using kNN, CART, and RF all quickly converge to
approximately 1 under the two scenarios (although KR has a slower convergence speed). Therefore,
due to the arbitrary settings of the cost parameters and the joint distributions for the two scenarios,
it can be concluded that the approximate asymptotic upper bounds of P̂adj are all equal to 1 for all
possible CSO problems.

In summary, through the above experiments, we numerically demonstrate the deficiencies of P and
strengths of P̂adj. Specifically, the asymptotic upper bounds (less than or equal to 1) of P are different
and unknown across different CSO problems, whereas the asymptotic upper bounds of P̂adj are all
approximately equal to 1 in all possible CSO problems. Therefore, using P̂adj, we can address Q1
practically. In other words, using P̂adj, we can fairly compare both the efficacy of a specific
prescriptive analytics method across multiple CSO problems and the generalizability of multiple
prescriptive analytics methods in practice.

6. Conclusions

This paper primarily identifies and addresses two inherent deficiencies of the original coefficient of
prescriptiveness P, and accordingly proposes two novel metrics. The problem-dependent deficiency is
that P lacks a universal scale, i.e., there always exists an inherent, varying, and unknown asymptotic
upper bound (less than or equal to 1) of P in CSO problems. This deficiency results in P only being
analyzable and comparable in one particular CSO problem instead of two or more problems. We
propose a novel metric, termed the adjusted coefficient of prescriptiveness Padj, that always has the
same asymptotic upper bound of 1 theoretically, to address this deficiency, and its estimate P̂adj, which
can be obtained numerically, for practical applications. Using P̂adj, we can compare the efficacy of a
data-driven method across multiple CSO problems, and further compare the generalizability of multiple
prescriptive analytics methods fairly.

Additionally, when applying the original coefficient of prescriptiveness P in a CSO problem, the
training and test datasets we use are realizations of random samples in essence, causing some insights
derived from the P value to depend on specific datasets, which we denote as the data-dependent
deficiency. We propose another novel metric, termed the expected coefficient of prescriptiveness PE,
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to address this deficiency in theory, and its estimate P̂E, which can be calculated numerically, for
practical applications. Using P̂E, we can more fairly evaluate the efficacy of candidate prescriptive
analytics methods and obtain more general insights for a particular CSO problem.

Moreover, we rigorously analyze and demonstrate some theoretical properties of these coefficients.
A case study of the newsvendor problem, along with comprehensive numerical experiments,
illustrates and validates the effectiveness of our proposed metrics. The present numerical study
focuses on validating the proposed metrics rather than exhaustively comparing all prescriptive
algorithms. Since the coefficients are method-agnostic, future work can apply them to prescriptions
generated by more advanced ML models, AutoML or Bayesian hyperparameter-optimization
pipelines, empirical residuals-based SAA, leave-one-out SAA, and other data-driven
optimization methods.

In summary, by establishing these theoretical and numerical coefficients of prescriptiveness, this
paper offers new perspectives on contextual optimization.
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Appendix

A. Calculation of the weights in the wSAA method

The calculation of the weights in the weighted sample average approximation (wSAA) method
motivated by four common and practically effective machine learning (ML) models is as follows [4]:

(1) Motivated by k-nearest-neighbors regression (kNN), the weights of sample (xi, yi) (i ∈ {1, ...,N})
in the dataset sN for a new observation X = x are

wkNN
N,i (x) =

1
k
I[xi is a kNN of x], (A.1)

where I(·) is the indicator function. Ties among equidistant data points are broken either randomly
or by a lower-index-first rule.

(2) Motivated by kernel regression (KR), which uses a kernel K to measure distances to a new
observation X = x, the weights of sample (xi, yi) (i ∈ {1, ...,N}) in the dataset sN are

wKR
N,i (x) =

K((xi − x)/hN)∑︁N
j=1 K((x j − x)/hN)

, (A.2)

where K : Rd → R satisfies
∫︁

K < ∞ and hN > 0, known as the bandwidth.
(3) Motivated by classification and regression trees (CART), given any map R : X → {1, ..., r}, the

weights of sample (xi, yi) (i ∈ {1, ...,N}) for a new observation X = x in the dataset sN are

wCART
N,i (x) =

I[R(x) = R(xi)]
|{ j : R(x j) = R(x)}|

, (A.3)

where j ∈ {1, ...,N}. The map R corresponds to the disjoint partition X = R−1(1)⊔· · ·⊔R−1(r).
(4) Motivated by random forest (RF), given T maps R t : X → {1, ..., rt} (t = 1, ..., T ), the weights

of sample (xi, yi) (i ∈ {1, ...,N}) for a new observation X = x in the dataset sN are

wRF
N,i(x) =

1
T

T∑︂
t=1

I[R t(x) = R t(xi)]
|{ j : R t(x j) = R t(x)}|

, (A.4)

where j ∈ {1, ...,N}.
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B. Settings for model training and hyperparameter tuning results

All experiments are performed on a laptop equipped with an Intel(R) Core(TM) Ultra 7255 H
processor (2.00 GHz) and 32 GB of RAM. The codebase, implemented in Python 3.11.0, leverages
scikit-learn libraries* for the kNN, KR, CART, and RF algorithms. The detailed settings for model
training are as follows:

(1) kNN: We use the Euclidean distance metric to measure distances between samples. We
normalize each feature to mitigate the influence of different feature value scales on the distance
measurement. k is the only hyperparameter to be considered. Referring to Devroye et al. [43], it
is advisable to choose k = ⌊

√
Ntrain⌋ as the starting number, where Ntrain denotes the number of

samples in the training set. Based on this starting point, and considering that our training sample
size N ranges from 10 to 104, we divide the range of N into four intervals and set the search
ranges for k, respectively, with the details shown in Table B.1.

(2) KR: We use the Gaussian kernel function to fit the data, and gamma, which is used to control
the bandwidth, is the only hyperparameter to be considered. We also normalize each feature to
mitigate the influence of different feature value scales on the distance measurement. We divide
the range of N into three intervals and then set the search ranges for gamma, respectively, which
are given in Table B.1.

(3) CART: We consider five hyperparameters: max depth, max features,
min impurity decrease, min samples leaf, and min samples split. As there are only
two features in our case, the number of max features is selected from {1, 2}. For the remaining
four hyperparameters, we divide the range of N into three intervals and then set their respective
search ranges, which are listed in Table B.1.

(4) RF: We consider five hyperparameters: max depth, max features, min samples leaf,
min samples split, and n estimators. The number of max features is also selected from
{1, 2}. Regarding min samples leaf and min samples split, we search them from {1, 2, 4}
and {2, 5, 10}, respectively. The search ranges for max depth and n estimators are presented
in Table B.1.

*Available at https://scikit-learn.org/stable/.
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Table B.1. Hyperparameter search ranges for four ML models.

Model Hyperparameter Range of N Search range

kNN n neighbors

N < 50 {1, 2, ..., 8}
50 ≤ N < 1000 {1, 2, ..., 20}
1000 ≤ N < 10,000 {1, 2, ..., 50}
N ≥ 10,000 {1, 2, ..., 100}

KR gamma

N < 100 {0.001, 0.01, 0.1}
100 ≤ N < 1000 {0.01, 0.1, 1}
N ≥ 1000 {0.1, 1, 10}

CART

max depth

N < 1000 {3, 5, 10, None}
1000 ≤ N < 10,000 {5, 10, 20, None}
N ≥ 10,000 {10, 20, 30, None}

max features 10 ≤ N ≤ 10,000 {1, 2}

min impurity decrease

N < 1000 {0.0, 0.1}
1000 ≤ N < 10,000 {0.0, 0.05}
N ≥ 10,000 {0.0, 0.01}

min samples leaf

N < 1000 {3, 5, 10}
1000 ≤ N < 10,000 {5, 10, 20}
N ≥ 10,000 {10, 20, 50}

min samples split

N < 1000 {5, 10, 20}
1000 ≤ N < 10,000 {10, 20, 50}
N ≥ 10,000 {20, 50, 100}

RF

max depth

N < 1000 {3, 5, 10, None}
1000 ≤ N < 10,000 {10, 20, 30, None}
N ≥ 10,000 {20, 30, 50, None}

max features 10 ≤ N ≤ 10,000 {1, 2}

min samples leaf 10 ≤ N ≤ 10,000 {1, 2, 4}

min samples split 10 ≤ N ≤ 10,000 {2, 5, 10}

n estimators
N < 1000 {50, 100, 200}
N ≥ 1000 {100, 200, 300}

Based on a training dataset sN , we use grid search and 5-fold cross-validation for hyperparameter
tuning with mean squared error (MSE) as the metric during the training of the four ML models (kNN,
KR, CART, and RF), and the hyperparameter tuning results under the two scenarios are shown in
Tables B.2 and B.3, respectively.
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Table B.2. The hyperparameter tuning results of four ML models under Scenario 1.

Model Hyperparameter
N (training sample size)

10 22 46 100 215 464 1000 2154 4642 10,000
kNN n neighbors 1 1 1 3 4 4 8 13 22 40

KR gamma 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

CART

max depth 3 3 5 10 10 10 10 20 10 20
max features 1 2 2 1 2 2 2 2 2 2
min impurity decrease 0.0 0.0 0.0 0.0 0.1 0.0 0.05 0.0 0.0 0.01
min samples leaf 3 3 3 3 3 3 5 5 5 10
min samples split 5 5 5 5 5 5 10 10 20 20

RF

max depth None None None None None None None 10 10 10
max features 1 2 2 2 2 2 2 2 2 2
min samples leaf 1 1 1 1 1 2 4 4 4 4
min samples split 2 2 2 2 2 2 2 10 10 10
n estimators 200 50 50 100 100 200 50 300 300 300

Table B.3. The hyperparameter tuning results of four ML models under Scenario 2.

Model Hyperparameter
N (training sample size)

10 22 46 100 215 464 1000 2154 4642 10,000
kNN n neighbors 2 2 2 5 6 12 11 27 43 88

KR gamma 0.01 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

CART

max depth 3 3 5 10 5 10 10 10 10 10
max features 1 1 1 2 2 2 2 2 2 2
min impurity decrease 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.05 0.05 0.0
min samples leaf 3 3 3 3 5 5 10 20 20 50
min samples split 5 5 5 10 5 5 10 10 50 20

RF

max depth 3 None None 5 5 5 10 10 10 10
max features 2 2 2 2 2 2 2 2 1 2
min samples leaf 1 1 1 1 4 4 4 4 4 4
min samples split 2 2 2 2 2 10 10 10 10 2
n estimators 50 100 200 200 200 200 200 300 300 300
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