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Abstract: This study focused on the modified F-expansion method and the %—expansion method
to find exact solutions to the (1 + 1)—dimensional Kaup—Kupershmidt (KK) equation, an important
nonlinear model that incorporates both dispersive effects and higher-order nonlinearity. By applying
these analytical techniques, several classes of exact solutions, including periodic, bright, and singular
soliton solutions, were successfully obtained. The graphical representation of these solutions was
evaluated by creating two-dimensional, three-dimensional, and contour plots for each solution type to
explore the wide range of dynamic behaviors associated with these solutions. Additionally, modulation
instability for the equation was determined with linear stability analysis. Observing the outcomes, it is
clearly evident that the suggested methods are significant mathematical tools to solve nonlinear partial
differential equations arising in various areas of applied mathematics and physics. The novelty of the
work lies in the combined application of the ﬁ—expansion and modified F-expansion methods to
the KK equation, providing broader classes of exact solutions and deeper insight into the equation’s
nonlinear dynamics beyond earlier studies in the literature.
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1. Introduction

Nonlinear evolution equations (NLEEs) are of central importance because they are extensively
employed to model a broad range of physical phenomena encountered in science and engineering
[1,2]. The concept of solitons and the study of nonlinear wave equations have contributed to many
developments in the field of applied sciences [3]. Solitons as well as solitary waves arise across a wide
range of settings, for instance in biological models, optical communication systems, water shallow
waves, Bose—Einstein condensates, and deep water wave dynamics [4,5].

In the 1800s, John Scott Russell, a naval architect and Scottish civil engineer, first saw these waves [6].
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After making this first discovery, he described the phenomenon as “the great wave of translation.” A
soliton is a special kind of wave solution that moves at a constant speed without losing its shape in a
nonlinear medium [7]. Optical solitons [8] are a big part of soliton theory because they are used in many
ways in communication and information technologies.

In recent years, many researchers have found the analytical ways to study the NLEEs, one of the most
interesting and exciting area of scientific research. As a result, numerous novel techniques have been
developed including the modified generalized Riccati equation mapping method [9], the sine-Gordon
expansion method [10], the modified simple equation method [11], the new extended direct algebraic
method [12], expansions of the new generalized (G’/G)-method [13], the new ¢6 model [14], the
modified Khater method [15], the new auxiliary equation method [16], the Hirota’s bilinear method [17],
the exp(—¢(&))-expansion method [18], the inverse scattering method [19], the generalized Kudryashov
method [20], the sine-cosine method [21], Lie group methods [22], and other approaches. New studies
for nonlinear dispersive wave models have explain the cruciality of analytical structures, instability
analysis, bifurcation analysis, and graphical illustrations to comprehend complex wave dynamics.
Specially, the combined need of exact, approximation, and stability approaches has been given deeper
understanding for wave propagation, parameteric sensitivity, and existence of closed wave families in
nonlinear physical models. The generalized (2 + 1)-dimensional KK equation is given by

AU, + Qollsy, + AUl + Ayl + asu’il, + Aglhyry + a76;1uyy + aguuy, + agux(');luy =0, (1.1)

where (1 = u(x,y, t)) represents the wave function, while the constraints (a;, (i = 1,2,...,9)) denote
strengths of temporal fraction, higher-order dispersion, nonlinear interaction, and transverse perturbation
effects, respectively. By selecting right parametric values, the generalized model converts to the very
specific (2 + 1)- dimensional KK model [23]:

75
Ou, + us, + 15uu,,, + ?uxuxx +450%u, + SO Uy — 50'6;1uyy + 150 uu, + 150'ux8;1uy =0. (1.2

Here, the fifth-order derivative term represents higher-order dispersion effects, the nonlinear terms
describe wave interaction mechanisms, and the y-dependent terms characterize the influence of transverse
perturbations in the propagation dynamics. In the present study, the normalized parameter value o = 1
is adopted, which is commonly used in the literature to simplify the mathematical analysis while
preserving the essential nonlinear, dispersive, and transverse characteristics of the KK model. Different
values of 0 modify the strength of the transverse perturbation effects and may influence the amplitude,
width, and propagation behavior of the resulting wave structures. The remaining parameter values
are selected according to the analytical constraints of the employed analytical methods and to obtain
physically meaningful localized wave profiles. Furthermore, 8;' denotes the inverse differential operator,
defined by 9! = f dx. When u, = 0, one obtains the the classical (1+1)-dimensional KK equation [24]:

75
Ou, + us, + 15uu,,, + o b + 45u%u, = 0. (1.3)

The KK equation is an important higher-order nonlinear evolution model that arises along the study for
nonlinear wave propagation and integrable systems in mathematical physics. It consists of significant
utilizations in fluid dynamics, wave theory, shallow water, plasma physics, and nonlinear dispersive
media, where it is used to describe the interaction and propagation of nonlinear solitary waves. Because
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of rich mathematical structure or physical importance, the equation has attracted attention when
investigating exact traveling wave solutions and nonlinear wave phenomena. Special polynomial
and vortex solutions related to the KK and Sawada—Kotera equations were examined by Demina and
Kudryashov [25]. Akbulut et al. [26] solved the fifth-order (1+1)-dimensional Kdv equation analytically
and derived conservation rules. Furthermore, Inc et al. [27] utilized the new sub-equation method for
constructing conformable fractional solutions, whereas Igbal et al. [28] used special integral transform
techniques to analyze the fractional-order form of the KK equation. Moreover, Kim et al. [29] established
Liouville correspondences between the KK and Degasperis—Procesi hierarchies, which demonstrated
the intimate relationships among integrable systems. Collectively, these investigations underscore the
equation’s richness, generality, and significance in the mathematical study of nonlinear phenomena.

The (1 + 1)-dimensional KK model has been extensively investigated in literature for its essential
applications in nonlinear wave propagation, fluid dynamics, and mathematical physics. Different exact
techniques, including the Hirota bilinear method [30], inverse scattering transform [31], tanh-function
method [32], Jacobi elliptic function approaches [33], Exp-function method [34], (G’ /G)-expansion
method [35], and Béicklund transformation [36], have been employed to derive exact solutions of the KK
equation. However, most of the previous studies mainly focused on standard forms of solution methods
and produced limited classes of periodic wave solutions and solitary wave solutions. In particular, the
classical (G’/G)-expansion method often generates solutions that are equivalent to previously reported
hyperbolic or trigonometric forms. Recent studies have further explored analytical and semi-analytical
techniques for solving nonlinear evolution equations, using different expansion and transformation
methods [37, 38]. In particular, several works have reported new exact soliton solutions and their
physical behaviors, demonstrating the richness of solution structures in such nonlinear models. In
contrast, the present study applies the generalized (G’ /(bG" + G + a))-expansion method together with
the modified F-expansion method to derive more comprehensive exact solutions of the KK equation.
The inclusion of additional free parameters in the (G’ /(bG” + G + a))-expansion method increases the
flexibility of the solution structure and yields wider families of trigonometric, rational solutions, and
hyperbolic solutions, whereas the modified F-expansion technique provides abundant periodic wave
solutions and Jacobi elliptic solutions in a unified framework. Therefore, compared with earlier works,
the present study extends the existing literature by constructing richer and more generalized exact
traveling wave solutions and by demonstrating the effectiveness of these improved analytical techniques
for higher-order NLEEs. In this current work, our main concern is to explore some new and general
exact traveling wave solutions of the KK equation, with the help of the modified F-expansion method
(MFEM) [39] and the 7=~ +G —-expansion technique [40]. Motivated by the requirement for efﬁcient and
reliable analytical methods, the present paper applies the modified F-expansion method and the m
expansion technique for constructing novel exact solutions of governing model. These approaches
provide systematic methodology for deriving diverse structures, including bright, periodic, or singular
soliton solutions. Also, the graphical investigation with modulation instability analysis [41,42] offers
deeper insight into the dynamical behavior and stability properties of the obtained solutions, which may
contribute to future studies in nonlinear science and applied mathematics. The MFEM represents an
extended form of the conventional F-expansion approach. In the modified form, more parameters or
transformation functions are added to the method in order to make it more flexible and applicable to a
wider range of nonlinear equations. By eliminating the need for time-intensive bilinear transformations
and intricate symbolic computations, these techniques provide an easier method for obtaining solutions

Electronic Research Archive Volume 34, Issue 9, 5968-5992.



5971

that is more systematically structured, and can produce a wider range of exact solutions, such as rational,
trigonometric, hyperbolic, and mixed-type solitons. This adaptability strengthens the model’s analysis
by allowing exploration of a broader range of parameter regimes while helping to detect wave behavior
which may not be visible through other methods. These methods provide a way of solving problems
and may help one understand more about the behavior of waves depending on the physical situation,
particularly in dispersive media. Moreover, fractional extensions for integrable equations have been
shown to extract richer solitons compared with classical integer-order models. Therefore, extending
the suggested model into the fractional-order equation may supply deeper comprehension in memory
dependent nonlinear propagation and be known as a crucial future direction of research [43—45].

The remainder of this paper is organized as follows: Section 2 presents the MFEM and its implemen-
tation. In Section 3, we describe the ﬁ method and apply it to the governing model. Section 4
provides the physical interpretation of the obtained results. Section 5 discusses the modulation instability
of the given equation, while Section 6 discusses novelty of the paper. Section 7 concludes the paper
with final remarks.

2. Modified F-expansion technique

Step 1. 1In this step, the traveling wave transformation is applied to obtain the nonlinear ordinary
differential equation (NODE). Consider the given nonlinear partial differential equation (NLPDE):

G(I/t, l/tx, uxx’ M[, uxta e ) = O (21)

The subscripts in Eq (2.1) represent the partial derivative of u with respect to x and ¢. The corresponding
expressions for the wave solution and the transformation are given as follows:

u(x,t) =U(H), 0 = x + ct. 2.2)

The parameter ¢ in Eq (2.2) denotes a real constant whose value is to be determined. By inserting
Eq (2.2) into Eq (2.1), one obtains the following NODE:

MU®),U’'(6),U" (), U*@)U"®H),...) =0, (2.3)

where M is a polynomial in U(6).

The proposed formulation provides a general analytical framework before it is specialized to the
considered KK equation.
Step 2. We suppose that Eq (2.3) admits a solution that can be expressed in the following series form:

U®) = > AE). (2.4)
j=-n
InEq (24), A_,,...,Ay,...,A, are real constants that will be found later, where A_, and A, are not

allowed to vanish simultaneously. The integer n denotes the balancing term, determined via the
homogeneous balance principle by equating the highest degree of nonlinear terms and the orders of the
highest derivative in Eq (2.3).

The function E(6) satisfies the following differential equation (DE):

dE(0)

—5 = T,E*(0) + T\E©) + T, T, # 0, (2.5)
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where T, T, and T, are provided in Table 1.

Step 3. Upon inserting Eq (2.4) and its corresponding derivatives into Eq (2.3), together with Eq (2.5),
one obtains a polynomial expression in terms of E(6). Setting the coefficients of each power of E(6)
equal to zero produces a system of algebraic equations for the unknown constants A_,,, ..., A,, To, T, T>,
and c.

Step 4. Solving the above system provides several possible solution sets. Combining the suitable set
with Egs (2.2) and (2.4) gives the corresponding solution of the NLPDE in Eq (2.1).

The solution forms listed in Table 1 satisfy the auxiliary Riccati-type equation given in Eq (2.5) under
the corresponding parameter values of T, 71, and 7,. Similar auxiliary forms have also been reported
in previous studies [39]. The expressions were further verified symbolically during the derivation
procedure.

Table 1. Relationship between the values of T, T, T, and the corresponding forms of E(6) in
Eq (2.9).

Cases Ty T, T, E©)

1 0 1 -1 % + %tanh(0/2)

2 0 -1 1 % - % coth(6/2)

3 1/2 0 -1/2 tanh(6) ¥ i sech(#), coth(6) ¥ csch(6)

4 1 0 -1 tanh(6), coth(0)

5 1/2 0 1/2 tan(6) + sech(6), csch(6) — cot(6)

6 -1/2 0 -1/2 csc(6) + cot(), sec(d) — tan(H)

7 1 0 1 tan(6), cot(0)

8 -1 0 -1 tan(6), cot(0)

9 Arbitrary constant #0 0 (e’ = R)/S, where S and R are real constants

2.1. Application of modified F-expansion method

Consider the following wave transformation:
u(x,t) = U(@0),0 = x + ct. (2.6)

The expression € = x + ct is mathematically equal to the more commonly used form, i.e., 8 = x — ct,
distinct only by the sign of the propagation parameter c. Here, ¢ has been treated as an algebraic wave
speed parametric value occurring from the traveling wave transformation; therefore, the sign convention
has no affect on the correctness of the extracted solutions, given it is used continuously throughout the

study.
du\ da&°U d*U\ 75 (dU\(d*U , (AU
90(%) T T ISU(W) "2 (%) (W) +HU (%) =0 o

Additionally, the governing model has been carefully rechecked to make sure there is consistency among
terms with nonlinear derivatives appearing in this equation and in the reduced (1 + 1)-dimensional
equation. Specifically, the terms that that have a product of derivatives are keenly written in the reduced
form as U'U", respectively, to the u,u,, contribution after reduction.
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The balancing term, n = 2, is obtained by using the homogeneous balance principle. Thus, Eq (2.4)
takes on the following form:

U=ALE?+A_E'+Ay+AE + AE?, (2.8)

where U satisfies the relation given in Eq (2.5). The combination of Eq (2.8) with Egs (2.7) and (2.5)
yields the following system:

[E@©)]": —720T;A_, — 810T3A%, — 90T,A°, = 0,

[E@0)]°: —2400A_,Ty T, — 120A_,T; — 2010A%,T5T, — 825A ,A_,T; — 90A%, T,
—225A%,A 1T, =0,

[E(@)]7 : —224A )T T, — 400A T T} — 48A_ Ty T| — 220A%,T3T, — 216A2,T,T;
— 262A LA | T3T) — 48A ,A(T; — 22A, T3 — 12A%,T, — 56A%,A_| T,
— 24A%,A0Ty — 24A ,A% Ty — 6A° | Ty — 56A%,T; — 36A_,A_ AT
— 108A ,A0T3T) — 200A LA ToT7 — 206A 1A T, T, — 344A%,To T, T,
— 18A%,A Ty — 528A LT, T T, — 24A ,A* | T) — 24A%,AoT; — 30A%,A_ T,
— 12A_1AoT; — 49A% | T3T) — 18A LA\ T; — 52A_\T;T} - 32A_\ T, T,
—228A,T;T; =0,

[E@)]™*: —45A_°Ty — 420A%,T; — 270A 1A ATy — 810A LA T3 T, — 1500A ,A T T}
— 1545A ) A\ T3 T, — 2580A2,TT T, — 135A%,A, Ty — 3960A ,T3T T,
735

— 180A_,A_\*T, — 180A%,A(T, — 225A%,A_ T, — 90A_,AT; - TA_lzTgT1

— 1354 ,A Ty — 390A_ | T T} — 240A_ Ty T, — 1710A,T;T; = 0,

[E@)]7 : — 12324 ,T3T; — 3104A LT3 T{T, — 4224 ,To T} — 480A_ T T, T,
— 180A_, T3T; — 990A%,ToT; — 960A%, T T, — 2250A LA | ToT T,
—360A ,A_ | T; — 6004 ,A0T3T, — 570A LA ToTi — 285A LA\ T3 T,
— 60A A T; — 270A%  T3T, — 255A% Ty T7 — 180A_1A¢T, T, — 15A_, AT}
— 180A%,A0T, — 135A%,A\T| — 90A%,A, T, — 1804 ,A* T,
—270A_,A_1AoT) — 180A_,A_1A Ty — 90A ,ATy — 45A° | T, — 90A ,AoT,
— 184 _5¢T, = 0,
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[E@)]7%: = 180A A, ToT} — 195A ,A\T;Ty — 750A 1A T{Ty — 795A LA T T3
—292A_\ T3T{T, — 884A T Ty — 17T12A_, T3 T\ T5 — 90A 2A0A Ty
—90A_,A_1A;Ty — 180A LA ATy — 270A ,A_1AoT, — 30A_ A\ T3T,

— 105A_AgToT} — 120A_ | AgT3T, — 345A2 Ty T\ T, — 120A LA, T T,

— 780AA¢ToT Ty — 31A_, ToT} — 136A_ T, T5 — 9A_icTy — 15A_1 AT}
— 18A 5Ty — 45A_ | AjT, — 45A% A Ty — 90A% | AgT) — 90A ,AZT,

— 1204 ,A0T; — 90A%,A,T) — 135A%,A\ T, — 690A,T,T; — 32A ,T;
—45A°\ T, - 1A T} =0,

[E@)]" : = 272A,T;T; — 584A 2Ty T T, — 62A 5T\ Ty — 136A_ T, T T, — 52A_ToT; T,
— AL T; — 150A%,T; — 465A LA T\ T3 — 240A ,AoToT; — 210A LA T T,
— 2104 LA ToT Ty — 30A A\ T; — 60A LA, T3 T, — 60A LA, ToT}
— 105A% , ToT5 — 90A%  TiT, — 120A_1A¢ToT T, — 15A_, AT} — 154 A\ T3 T,
— 15A A\ Ty T} = 15A A, T3 T, — 90A%,A,T, — 180A ,A_ AT,
—90A A 1 A;T) — 90A ,A3T, — 90A ,AA | T) — 90A% Ao T, — 45A% AT,
—45A_1AJT, — 18A ,cT, — 9A_ T, = 0,

[EO)]° : =224 ToTiT3 — 120A_,ToT T; + 30A_1AyToT} + 45A_|AyTT,
— 15A_1A¢T{ Ty = 30A_AgTo T — 30A LA T T, — 45A LA ToT,
— 90A AT\ T3 + 1204, T3 T, Ty + 22A, Ty T T + 90A_ 1 AgA, Ty
+90A A A, Ty — 90A_,AgA Ty — 90A A AT,
+90A0A> Ty Ty + 1540A  ToT} — 16A_T{T; — AL\ T T, + ZATTT,
+75A1A2T; — 30A LT T; + 9cA Ty + 16A,To T + A T T} + 30A,T,T;
— T5ALAT; — A%\ T\ T; — 45A,A5T, + 4541, ATT, + 45A5A T,
—45A% A\ Ty — 9A_;cT, + 30A0A, T3T, = 0,

[E@)]' : 136A,T;T T; + 52A,ToT; Ty + AT} + 272A,T;T; + 584A, T3 T T, + 62A,T, T}
+ 15A AT T; + 60A 1A, ToT; + 60A LA, TiT, + 15A_ 1A\ T, T
+ 15A_ 1A\ TET, + 210A_ Ay ToT Ty + 30A_ Ay T + 120A0A, Ty T T
+ 15A0A T} + 240A0As Ty T, + 210A0A2To T} + 105ATT T, + 90ATT T}
+465A, AT Ty + 150A5T; + 90A LA ATy + 90A ,A5T + 90A_1AgA, T,
+45A_ AT, + 180A_ 1A Ay T + 45A5A Ty + 90AFAL Ty + 90A0AT T + 9cA; T,
+ 18¢A, Ty = 0,
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105
[E(O)]* : 45A7T, + TAfo +32A,T; + 195A_ Ay ToT; + 180A_,A,TiT,

+ 1204 ,A,T T; + 30A_ 1A T T3 + 292A, ToTiT7 + 1712A,T3T, T3
+ 884A,TT; T, + 270A0A ATy + 180A_ A1 As T + 90A_ | AgA, T,
+90A A Ay Ty + 7954, AT T + 7504, A, To T} + 105A0A, T T,

+ 345A7ToT Ty + 120A0A, ToT; + 120A0A,T; + 18cA,T + 9cA T,
+ 15A A\ T; + 31A\T{T, + 136A,T3T; + 90A0AIT, + 90AZA, T,
+45A5A, T + 135A_ 1 A5T + 45A_ AT, + 90A LA5T) + 690A5T5 T,
+780A0ATo T, T, = 0,

[EO)] : 480A,ToT\T; + 180AT;T5 + 1232A,T3T5 + 3104A, T T T + 422A,T T,
+60A A T; + 15A A T35 + 285A_ 1Ay T T3 + 180A0A, T, T; + 600A0A, T, T
+570A0A, T T, + 270ATTo T3 + 255A5T; T, + 2250A, A2 T T, T> + 360A,A,T;
+990A3T5T, + 960A5T,T7 + 90A LA5T, + 180A_ 1A AT, + 135A_A3T,
+90A3A2Ts + 90AATT, + 270A0A A, Ty + 180A0A5T, + 45A5T, + 180A3A,T,
+ 18¢A,T, =0,

[E@)]" : 180ATA,T; + 180A0A5T, + 1710A,T; T5 + 390A, T T; + 240A,ToT,
+ 135A_1A3T, + 45A7T, + 420A3T; + B2ATT\T; + 90A0A T,
+ 1354,A_1T; + 270A0A AT, + 2580T,A3T T + 15004, A, T T,
+ 1545TgA Ay T3 + 810A0AL T T3 + 3960A,To T, T5 + 225A,A5T, = 0,

[EO)] : 360A,T, T35 + 1680A,ToT5 + 3000A,T;T; + 360A0A,T; + 165A%T;
+ 1965414, T, T5 + 1650A5T(T;5 + 1620A5T T, + 180A0A5T, + 180A7A,T),
+225A,A5T, + 90A3T, = 0,

[E(@)]° : 120A,T; + 2400A,T, T3 + 825A,A,T; + 2010A5T, T5 + 225A,A5T, +
90A3T, = 0,
[E@)]” : 720A,T; + 810A5T; + 90A3T, = 0.

The above system yields multiple solution sets. The resulting algebraic equations are solved using
Wolfram Mathematica (Version 14.2).

2
A,=0, A, =0, Ay=-=(8T;+T}),
Set 1: 3 1
A; = -8T,T,, A,=-8T;, c= —?(4T§ - T7).
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1 2 2
A,=0, A, =0, Ay= ﬁ(—8TO - T}).

Set 2: 1 )
_ _ _ _72 _ 2 _ g2
Av=-ToTy, Ay=-Tj, c=-—0 (475 - 17)".
A,=-T:, A= Ay =~ S T3
o =-Ty, 1= -ToTh, 0=13 (—STO - Tl),
Set 3: |
Av=-ToTh, Ay=-Tg, c=—2 (-256T; — 1121377 - T}).

Using the above solution set along with Eqgs (2.8) and (2.2), and Table 1, leads to the following
solution function of Eq (1.3).

We discuss only those cases that produce physically meaningful wave structures. Cases 1 and 2 are
omitted because they yield only constant solutions and do not provide additional information about the

wave behavior of the considered model. Therefore, only Cases 3-9 are presented and analyzed in detail.
Set 1:

Case3: If To=5,7T,=0,T, = —%, and A, # 0, then the solution is

1

2’
4 . 2

ui(x, 1) = —3" 2(tanh(x + ct) + isech(x + ct))~. (2.10)

Cased: If Ty =1,T, =0, 7T, = —1, and A, # 0, then the solution is

16
ur(x, 1) = —8 tanh?(x + ct) — 3 (2.11)

Case 5: After inserting 7o = 5, 71 = 0, T, = 5, and A, # 0, the solution is

1 1

2 2
, 4

us(x,t) = =2(tan(x + ct) + sech(x + ct))* — 3 (2.12)

Case 6: By applying Ty = —%, T,=0,T, = —%, and A, # 0, the solution is

us(x, ) = =2(cot(x + ct) + csc(x + 1))’ — g. (2.13)

Case 7: Substituting of 7o = 1,7, = 0, T, = 1, and A, # 0, the solution is

1
us(x, 1) = =8 tan’(x + ct) — ?6. (2.14)

Case 8: Substituting 7o = —1, 71 = 0, T, = —1, and A, # 0, the solution is
) 16
ug(x,t) = =8 cot”(x + ct) — 3 (2.15)

Case 9: With Ty = Constant, A, # 0, T, = 0, and T, # 0, the resulting solution is given by

8 ( oxets _ R)2 8 ( errers _ R)
s? - S

u;(x,t) = — - 6. (2.16)
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Set 2:

Case3: If Ty = %, T,=0,T, = —%, and A, # 0, then the solution is

1 1
ug(x, 1) = i Z(tanh(x + cf) + isech(x + ¢f))>.

Cased: If Ty=1,T, =0, 7T, = —1, and A, # 0, then the solution is

2
ug(x, ) = — tanh?(x + ct) — 3

Case 5: After inserting 7o = 5, 71 = 0, T, = 5, and A, # 0, the solution is

1 1

22 2
1 , 1

upo(x, t) = —Z(tan(x + ct) + sech(x + ct))” — <

Case 6: By applying Ty = —3, T} = 0, T> = —3, and A, # 0, the solution is

1 1
up(x, 1) = —Z(cot(x + ct) + cse(x + c1))? — <

Case 7: Substituting 7o =1, T, =0, T, = 1, and A, # 0, the solution is

2
up(x, 1) = —tan’(x + ct) — 3

Case 8: Substituting 7o = —1, 71 = 0, T, = —1, and A, # 0, the solution is

2
uz(x, 1) = —cot’(x + ct) — 3

Case 9: With Ty = Constant, A, # 0, T, = 0, and T, # 0, the resulting solution is given by

(ex+ctS _ R)2 ex+ctS _R 3
uia(x, 1) = - e —— 7

Set 3:

Case3: If Ty = %, T,=0,T, = —%, and A, # 0, then the solution is

I I 1
t) = ——(tanh(x + ct) + isech(x + c1))* — -—.
s 1) = =g (anhrk e+ iseeh Gt o) = (e + cr) + isech(x + e 6

Cased: If Ty =1,T, =0, 7T, = —1, and A, # 0, then the solution is
2 2 2
ui6(x,t) = —tanh“(x + ct) — coth“(x + ct) — 3

Case 5: After inserting Ty = 5, T; =0, T, = 5, and A, # 0, the solution is

1 1
2’ 2
(x,7) l(t (x + ct) + sech(x + c1))? : :
u7(x, r) = —=(tan(x + ct) + sech(x + cr))” — - —.
& 4 4(tan(x + ct) + sech(x + c1))? 6

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Case 6: By applying Ty = -1, T} = 0, 7> = —1, and A, # 0, the solution is

_ I 2 _ 1 1
ug(x, 1) = 4(cot(x + ct) + csc(x + ct)) pTERT T s —— 2.27)

Case 7: Substituting 7o = 1,7, = 0, T, = 1, and A, # 0, the solution is

2
uo(x, 1) = —tan’(x + ct) — cot’(x + ct) — 3 (2.28)
Case 8: Substituting 7o = -1, 7, =0, T, = —1, and A, # 0, the solution is

2
Uro(x, 1) = — tan’(x + ct) — cot>(x + cf) — 3 (2.29)

Case 9: With Ty = Constant, A, # 0, T, = 0, and T, # 0, the resulting solution is given by

2

(e’”'“s - R) S2 extas _ R S 3
uy (x, 1) = — 3 - P - S ~w TR 4 (2.30)
3. The G’'/(bG’ + G + a)-expansion technique
Assume that the solution of the reduced ODE can be written as:
N .
@) = ) AF©). 3.1
i=0
where the coeflicients A; (i =0, 1,2, ..., N) represent unknown parameters to be evaluated, while the

positive integer N is determined by applying the homogeneous balance principle. Here,

Gl

F=F@) = ——,
© bG'+G+a

a and b are non-zero parameters (b # 0), and G = G(0) satisfies the following auxiliary differential

equation:
A A ua

G'=-——-G -—=G-—, 3.2
b b? b? (3-2)
where A and yu are real constants.
Differentiating F(0) = bG,f;; — with respect to 6 and applying the quotient rule produces an expression

involving G, G’, and G”. By substituting the auxiliary differential equation given in Eq (3.2) into the
resulting expression and simplifying the obtained terms, the Riccati-type equation is obtained:

g+(2/1—/1)

F'=-
» b

F+Q—u—-1DF> (3.3)

To avoid singularities or undefined expressions, the restrictions b # 0 with 4 — u — 1 # 0 have
been imposed where required in the analysis. Moreover, the admissible parameteric domains in corre-
spondence with hyperbolic, trigonometric, or rational solution are extracted according to discriminant
restrictions arising from Eq (3.3).
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Type 1: If A = A2 —4u > 0, then G = —a + p1en VM0 4 prenCA+VA6  and p, are arbitrary
constants satisfying a* + p7 + p3 # 0.
In this case, F = F(6) can be represented as follows:

PiA+ VA) + py(d = VA)e 0

F =
b pi(d=2+ VA) +b py(d—2 — VA)e

(3.4)

The function F = F(6) admits the following equivalent hyperbolic representation:

(A(p2 = p1) = VA(p2 + p1)) sinh(326) + (A(p2 + p1) = VA(p2 = p1)) cosh(326)

F =
b((A=2)(p2 = p1) = VA(p2 + p1)) sinh(Z26) + b ((A = 2)(p2 + p1) = VA(p2 = p1)) cosh(326)

o If (1-2)(p2 — p1) — VA(p2 + p1) = 0, then

_ A2 VA vA
= m—— - -1 tanh( T 0). 3.5

o If (1 = 2)(p2 + p1) = VA(p2 — p1) = 0, then

_ A= VA VA
= m—" - A1) coth( T 0). (3.6)

Type 2: If A = 1 — 44 < 0, then G = —a + 3 (p; cos(526) + p, sin(520)).
In this case of type 2, the function F' = F(6) can be wrltten in the followmg representation:

(/1171 ﬂpz) COS( A0) + (/lpz - ﬂpl)mn( 6)

F = (3.7)
b((A-2)pi - \/Ipz)cos( 26)+b((1-2)p2 + V=Api) sin(A-26)
o If (1-2)p> + V=Ap, = 0, then
A—=2u V-A V-A
= b= n-1 - o) MO (3-8)
o If (1 - 2)p; — V=Ap, = 0, then
A-% _ N-A cot( ﬂe). (3.9)

T A-pu—-1) 2b(A-pu-1) 2b

By substituting Egs (3.1) and (3.3) in the transformed ODE, followed by setting the coefficients of F’
equal to zero, we produce a system of algebraic equations. Solving this system yields the values of the
arbitrary constants.
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3.1. Application of the G’ [(bG" + G + a)-expansion method

Consider the solution of (2.7) as:
U=Ay+AF +AF (3.10)

By substituting Eq (3.10) into Eq (2.7) and equating the coefficients of the terms F°, F, F?, F3, F*, F>,
F®, and F” to zero yields a system of algebraic equations. Solving this system yields the following set
of solutions:

2(A2-12u+4u(3u+2) 8(A=2)(A—u—1 11(A%-4u 2
{AO— ( " )A_( “)(“)A——S(—/l+,u+l)2,c:— (%4) X

Type 1: If A = 2> — 4y > 0, then we obtain:

8 2(=A% + 12u — 12u% — 8u
u(x, t) = —ﬁ[(/l—lu)(/l—/,t— DF + (u+ 1 —/1)2F2] + ( e ) (3.11)
where ‘
pz(/l— \//_\)e b + p1 (/l+ \/K)
pa(~a+ VA+2)e — py(1+ VA-2)
o If (1= 2)(p2 = p1) = VA(p2 + p1) = 0, then
2(-3A tanh® (52 + 202 - 8y)
u(x,t) = e : (3.12)
o If (1= 2)(p2 + p1) = VA(p> = p1) = 0, then
et = 2(-3A coth? (42) + 222 - 8y) .
T 3b2 ' '
Type 2: If A = 2% — 4u < 0, then we obtain:
2(22 = 124 + 4u(p + 2))
9t = -
u(x,r) 302
8-+t 1] cos(LE2) (Ap; — V=A pa) + sin( 252 (A, - \/—Apz)]
(3.14)

[b cos( )((/1 2)p1 — V-Ap) +b sm( )((/1 2)ps — ﬂpz)]

8(4 == DA = 2] cos(252) (Apy = V=A p2) + sin(5552) (Ap2 = V=A po)]
bbcos(“ER) (A= 2p1 = V=A pa) + bsin(“62) (A= 2p2 - V=Ap2)|

o If (1-2)p, + V=Ap; =0, then
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2(-3A tanh® (52 + 227 - 8y)

u(x,t) = 32 . (3.15)
o If (1—-2)p; — V=Ap;, =0, then
2 (-3A coth? (222) + 242 — 8u
u(x, 1) = ( () ) (3.16)

3b?
For the validation of the obtained solutions, each analytical solution was substituted into the correspond-
ing reduced ODE. The required derivatives were evaluated symbolically with the help of Mathematica,
and after simplification, the resulting expressions became identically zero. Hence, the obtained analytical
solutions satisfy the governing equation under the stated parameter conditions.

4. Graphical representation

In this section, the dynamical characteristics of the derived solutions are analyzed through graphical
visualization. To improve the presentation of the obtained results, only non-repeated and physically
significant solutions are included in this study. The obtained wave structures are classified according
to their graphical and physical characteristics, including W-shaped soliton, dark, singular, bright,
and periodic-singular solutions. The corresponding parameter values are explicitly provided in the
captions of each figure. Dark-soliton profiles are characterized by localized intensity depressions
that propagate on a continuous, nonzero background, whereas the bright-soliton structures represent
stable localized wave pulses. The W-shaped solutions suggest double-localized waveforms exhibiting
symmetric propagation. Moreover, the singular and periodic-singular solutions clearly demonstrate
localized divergence and oscillatory propagation behavior caused by nonlinear and dispersive effects.
Although some obtained solutions contain negative constant shifts, the basic propagation properties of
the waves and their stability remain intact during propagation. With the help of Mathematica, various
traveling wave solutions, such as rational, trigonometric, and hyperbolic ones, were constructed. 3D,
2D, and contour plots were used to analyze the solitary wave dynamics of the obtained solutions.

For the MFEM, we use different values of ¢ to construct the graph based on the values of T, T, and
T5, which are mentioned in the Table 1.

Figure 1 shows the dark soliton solution corresponding to Eq (2.10) with parameter value ¢ =
—%. The behavior shows a localized dip in wave amplitude propagating with a continuous non-zero
background, which is the characteristic feature of dark-soliton solutions. The wave maintains a stable
shape with velocity during propagation. Figures 2—4 show a singular solution to Eqs (2.11)—(2.13) with
parameter values ¢ = —1;—6 and —%, while Figure 5 shows a singular periodic solution corresponding to
Eq (2.14) with parameter value ¢ = —1°.

These profiles exhibit sharp localized singularities, demonstrating the strong nonlinear behavior
of the obtained solutions. Figure 6 is the graphical representation of the Eq (2.17), which shows a
dark soliton solution with parameter value ¢ = ——-. On the contrary, Figure 7 illustrates a bright

—
profile for Eq (2.18), using parametric value ¢ = —%, and the solution forms stable localized pulse along

9>
concentrated wave energy. Figures 8 and 9 represent periodic singular soliton structures associated with
Eqgs (2.19) and (2.21), for parameter values ¢ = —ﬁ and ¢ = —é, respectively, and exhibit oscillatory
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wave propagation combined with singular behavior. Figure 10 shows a w-shaped soliton correspond to
Eq (2.24) with parameter value ¢ = —3.

(a) 3D (b) Contour (¢) 2D
Figure 1. 3D, contour, and 2D plots for Eq (2.10) with ¢ = —% showing a dark soliton.

u(x,t)

(a) 3D (b) Contour (¢) 2D

Figure 2. A singular solution in 3D, contour and 2D plots for Eq (2.11) with ¢ = —% showing
a singular soliton solution.

J20u(x,t)

N -0

(a) 3D (b) Contour (¢) 2D
Figure 3. 3D, contour, and 2D plots for Eq (2.12) with ¢ = —%, showing a singluar behavior.

For the %—expansion method, Figure 11 gives the graphical illustrations of Eq (3.11), which
makes a bright soliton using parametric values b =2, p, =2, u =1, p, = =1, and 4 = 3. This wave
profile shows a localized bell shape that preserves amplitude during motion, showing the stability of
the extracted results. Figure 12 represents the periodic soliton solution for Eq (3.14) for A =1, u =1,
p; = —2,p, = 1, and b = 2, where the solution demonstrates repeating wave patterns because of the
combined influence of the nonlinearity with dispersion. Overall, the graphical analysis confirms that
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the considered KK model supports a variety of nonlinear wave structures depending on the selected
parameter values. The obtained results verify the effectiveness of the applied analytical methods in
describing different propagation behaviors of nonlinear waves.

-100 -

Iy

(a) 3D (b) Contour (¢) 2D

Figure 4. A singular solution in 3D, contour, and 2D plots for Eq (2.13) with ¢ = —%1.

L

(a) 3D (b) Contour (¢) 2D
Figure 5. A singular periodic solution has been depicted in 3D, contour, and 2D plots for Eq

(2.14) with ¢ = =17¢.

(a) 3D (b) Contour (¢) 2D
1

Figure 6. A dark soliton in 3D, contour, and 2D plots for Eq (2.17) with ¢ = -1
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—Q.B\; -
u(x,)-10.
-1.2 3

(a) 3D
Figure 7. A bright soliton as 3D, contour, and 2D plots for Eq (2.18) with ¢ = —%.

(a) 3D

(b) Contour

(b) Contour

(c) 2D

(¢) 2D

Figure 8. A singluar solution as 3D, Contour, and 2D plots for Eq (2.19) with ¢ = —ﬁ.

(a) 3D

(b) Contour

|

-30}

[

(c) 2D

Figure 9. 3D, Contour, and 2D plots for Eq (2.21) with ¢ = —% showing periodic-singular

behavior.

3

7

7

s

Y b

2

7,

(a) 3D
Figure 10. A W-shaped soliton as 3D, contour, and 2D plots for Eq (2.24) with ¢ = —é.
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(a) 3D (b) Contour (¢) 2D
Figure 11. A bright soliton as 3D, contour, and 2D plots for Eq (3.11) with 4 =3, u = 1,

pr=2,p,=-1,and b =2.
|I|I|I A A

(a) 3D (b) Contour (¢) 2D

Figure 12. Graphical illustration of the periodic soliton solution of Eq (3.14) with 4 = 1,
u=1,p,=2,p,=-1,and b =2.

5. Modulation instability

Dispersive and nonlinear effects result in the phenomenon of modulation instability (MI). This is a
major problem in fiber optic communication systems. In the process of modulation instability, a small
disturbance in the signal grows exponentially due to the fundamental nonlinear effect. In the following
analysis, we explore modulation instability in Eq (1.3) using the linear stability analysis. Consider the
solution to Eq (1.3) given below.

u(x,t) = n, (5.1)

where n is a real parameter. We have perturbed the steady-state solution by introducing a very tiny
disturbance U(x, t):
u(x,t) =n+U,1), |U(x, 1) < 1. 5.2)

Then Eq (1.3) becomes
45n*U (x, 1) + 90nU (x, HU(x, £) + 150U 1 1x(x, 1) + QU (x, 1) + 45U (x, 1)* U, (x, 1)

75
+ S U U6, 0) + DU U (6, 1) + Usen(X, 1) = 0. (5.3)

We neglect the higher-order nonlinear perturbation terms

uu,, Uvu,, U, Uy, UU,,,.
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After linearizing the above equation, we get
4502 U (x, 1) + 150U (X, 1) + QU (X, 1) + Uprrx(x, 1) = 0. 5.4
In order to examine the stability of the solution, we use the normal mode perturbation as follows:
Q(x, 1) = Py @D 4 0,0, (5.5)

Here, P denotes a small-amplitude constant, w represents the associated frequency, and a € R denotes
the wave number of perturbation.
Substituting the above perturbation ansatz into Eq (5.4), we obtain

(_l-)aS P1 e—i(ax—ct) + iaS Ql ei(ax—ct) + 15l-a3 I’lPl e—i(ax—ct) _ 15ia3nQ1 ei(ax—ct)

— 45ian’ P17 + 45ian® Q1" + 9icPie D — 9jc Q" = (. (5.6)

After some simplification, we get the following results:
1
c— 5 (a5 —15a°n + 45an2).

The dispersion relation is

1
c=3 (a5 —154°n + 45an2). (5.7)

As perturbation wave number a and background amplitude n are real quantities, the frequency w stays
absolutely real. Hence, perturbation evolves within an oscillatory manner without exponential temporal
rise. Subsequently, the presented linearized analysis does not show modulation instability in the classical
sense. Despite this, the manuscript indicates that a constant background solution is linearly dispersively
stable under small perturbations.

A real modulation instability would require w to have a nonzero imaginary part a, which would rely
on the exponential growth of the amplitude. Nothing of this sort of instability region occurs using this
dispersion relation.

The dispersion relation (5.4) demonstrates the stability behavior of the steady state. In the case of a
real-valued wave number, the steady state is stable when subjected to perturbation. On the other hand,
the presence of an imaginary wave number means that the steady state is unstable.

Dispersion relation

T T
30000[ ':, 1
)
20000 ,,’ ]
/j
Vi
10000} 4! ]
— % 7 = = n->0.5,n"2->1
2 0 - - 7
o 2 = = n->1,n"2->1
/4
-10000} i 1 = = n->15n2->1
4
o
-20000/ 7 ]
b
U
-30000- - .
L L I I L
-10 -5 0 5 10
w

Figure 13. Dispersion relation for increasing n.
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Dispersion relation
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Figure 14. Dispersion relation for decreasing n.

Figures 13 and 14 illustrate variations in the dispersion relation with frequency as n increases or
decreases. The curves become more sudden, so stronger dispersion is occurring at higher frequencies
for decreasing values of n. The increase in n flattens the curve, showing a weaker dispersion effect.

6. Novelty of the results

The KK equation is a nonlinear equation with a strong nonlinear effect and wave dispersion in (1+1)
dimensions. It is a fifth-order equation with a complex form. Although it is a higher-dimensional
equation, it preserves a bi-Hamiltonian structure, a Lax pair, and an infinite number of conservation
laws. Compared with lower-dimensional equations such as the Korteweg-de Vries (KdV) equation,
which mainly describes low-dimensional waves with lower nonlinear effects, the model describes
higher-dimensional waves with various kinds of exact solutions, including multi-soliton solutions,
rational solutions, periodic solutions, etc. Various methods apply to this equation, but here we discuss
this equation with two methods, the %-expansion methodology and the MFEM, because these
methods are flexible, straightforward, and applicable to a wider range of nonlinear equations. Bright,
dark, singular, periodic, and W-shaped solitons are obtained by applying these methods to the proposed
model. The solutions obtained include many known results as special cases, which reveal new wave
forms with special ways of traveling in the sideways direction. Hence, these results greatly enhance the
solutions, which were previously available for the equation, and confirm the effectiveness, reliability,
and applicability of the proposed methods for solving complex nonlinear equations in high dimensions.
The extracted profiles are consistent with the previously reported wave structures in related literature,
including periodic, bright, dark, and singular solitons derived through approaches like the Hirota bilinear
method, the (G’/G)-expansion method or tanh function technique. This presented study not only
provides several dynamical behaviors of the model but also provides generalized wave structures using
the modified F-expansion and ﬁ-expansion methods. Also, the analysis justifies that the extracted
solutions preserve the propagation features with stability properties reported in earlier studies, validating
the seemliness with physical applicability of the proposed techniques.

Unlike optimization-based methodologies such as physics informed neural networks, the suggested
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analytical techniques do not rely on random initials, hyperparameter tuning, and training iterations. So,
the issues like variance among repeated runs, convergence instability, and computational sensitivity
have been avoided in this study. The modified F-expansion and the m—expansion techniques
give deterministic structures which yield analytical wave solutions with stable propagation features.
Additionally, the obtained solutions are expressed in closed form, which confirms a clearer explanation
for nonlinear wave interactions with dispersive dynamics as compared with purely numerical approx-
imations. The study’s novelty also lies in the derivation of many new parametric wave families and
generalized solution structures, which extend previous results for the governing equation. The findings
demonstrate that the proposed techniques are not just computationally appropriate from an analytical
point of view but mathematically necessary for investigating higher-order nonlinear evolution models
arising in mathematical physics.

Table 2. Comparison of analytical methods applied to the (1+1)-dimensional KK equation.

Method Solution type Advantages Limitations

Fan  sub-equation Solitary, periodic, el-  Rich explicit solu-  Mainly traveling
(2011) [46] liptic waves tions waves

(G’ /G)-expansion Unified  traveling Compact represen-  Requires Riccati
(2013) [47] waves tation equation

exp(—®)-expansion
(2015) [34]

Hyperbolic, trigono-
metric, rational

Simple algorithm

Limited to polyno-
mial nonlinearities

Double (G'/G,1/G)
(2020) [27]

Bell, kink, periodic
waves

Generalized
(G’/G) method

Algebraically com-
plex

Modified F-  Soliton, periodic, hy-  Efficient and sys-  Balancing required
expansion  (This perbolic waves tematic

work)

bG+'G+a-expansi0n Generalized soliton Rich parametric so-  Algebraically com-
(This work) and periodic waves lutions plex

7. Conclusions

In this study, we found the exact analytical solutions to the (1+1)-dimensional KK equation, which
is a higher-order nonlinear evolution that arises quite often in mathematical physics. Employing the
ﬁ—expansion technique and the MFEM, various new exact solutions of hyperbolic, trigonometric,
and rational types were obtained. Results were shown graphically to highlight the physical characteristics
of the solutions. Further, the modulation instability of the equation was discussed to check the behavior
of the system when a small disturbance was introduced in the given model. Comparative analyses has
shown that both methods provide a wider range of solutions with greater flexibility for more general
parameters. These findings add to the analytical understanding of nonlinear wave propagation and
provide a useful framework for exploring similar nonlinear models. However, the present work has
some limitations. The applied methods mainly generate particular classes of exact traveling wave
solutions under specific assumptions. Therefore, more complex wave structures, such as rogue waves,
multi-soliton solutions, and breather waves, are not obtained within the present framework. Moreover,
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the derived results depend on the adopted transformations and parameter constraints, which may limit
the range of obtainable solution families. Future work could extend these methods to stochastic versions
of the KK equation or higher-dimensional nonlinear systems. In addition, this work shows that the two
approaches are applicable and effective in the study of complex nonlinear phenomena, and they are
complementary to the mathematical tools when solving the NLEEs of physics and applied mathematics.
Future research may also focus on rogue waves, multi-soliton interactions, breather solutions, and
other higher-order nonlinear wave structures by employing alternative analytical techniques. Further,
the stability analysis and interaction behavior of the obtained soliton solutions may be investigated
numerically to further explore their physical significance and practical applications. Another promising
direction is the extension of the present framework to fractional-order nonlinear models through
operators such as the Atangana—Baleanu, Caputo, and conformable fractional derivatives. These
formulations are much more crucial in describing memory dependent works, hereditary impacts, and
nonlocal, nonlinear wave propagation phenomena happening in plasma physics, fluid dynamics, optical
fibers, and engineering models.
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