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Abstract: We propose a lowest equal-order stabilized mixed finite element method for an elliptic
optimal control problem with box control constraints. First, optimality conditions are derived based
on the variational principle, transforming the original problem into a coupled system consisting of
the state equation, the costate equation, and a variational inequality. The state and costate variables
are approximated using the lowest equal-order mixed finite element pair, and the control variable is
approximated by piecewise constant functions. A stabilization term for velocity projection based on
the difference between two local Gauss integrations is introduced to circumvent the Ladyzhenskaya—
Babuska—Brezzi (LBB) condition. Subsequently, a priori error estimates for the state, costate, and
control variables are derived. Finally, 2D and 3D numerical experiments are performed to validate the
theoretical analysis and the efficiency of the method.
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velocity projection stabilization method; a priori error estimates

1. Introduction

Optimal control is fundamental to scientific and engineering simulations, with applications in many
areas such as drug delivery [1], crystal control [2], and financial economics [3]. Various efficient
numerical methods have been developed for broad applications, including the finite element method [4],
the finite difference method [5], the spectral method [6], and so on.

For optimal control problems governed by elliptic equations, numerous studies have addressed error
estimates and superconvergence phenomena. Specifically, a priori error estimates were studied in works
such as [7, 8], a posteriori error estimates were investigated in [9, 10], and superconvergence results
were presented in [11, 12]. Recently, Brenner et al. [13] presented theoretical and numerical results for
two P, finite element methods for solving an elliptic distributed optimal control problem with pointwise
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state constraints. Langer et al. [14] studied standard tracking-type distributed elliptic optimal control
problems with L? regularization and their finite element discretization. Shakya et al. [15] developed
a posteriori error analysis of a nonconforming finite element method for a linear quadratic elliptic
distributed optimal control problem with integral state constraints. Gong et al. [16] proposed a new
finite element method for elliptic optimal control problems with pointwise state constraints in energy
spaces. Lin et al. [17] presented a priori and a posteriori error analysis of the hp-finite element method
for elliptic optimal control problems with a Robin boundary condition. It should be pointed out that all
of the above works focused on the finite element method.

Although the finite element method has successfully been applied to many optimal control problems,
it is not well-suited for solving a certain class of optimal control problems, in which the objective
functional contains the gradient of the state variable. For example, in the flow control problem, the
gradient represents the Darcy velocity, which is an important physical quantity. Thus, mixed finite
element methods are often the preferred choice for these control problems, as they can approximate
both the scalar variable and its flux with the same accuracy. It is well-known that the choice of mixed
element spaces must strictly satisfy the Ladyzhenskaya—Babuska—Brezzi (LBB) condition [18,19]. Chen
et al. [20] investigated the discretization of optimal control problems using the lowest-order Raviart—
Thomas element for the state and costate, and piecewise constant functions for the control. Peralta et
al. [21] proposed mixed and hybrid space-time finite element discretizations for the optimal control
of the wave equation written as a first-order hyperbolic system in terms of the pressure and velocity.
However, the LBB condition restricts the use of simple interpolations; therefore, some well-known and
widely used finite element spaces are excluded. Moreover, constructing classical mixed finite element
spaces is challenging, especially for high-dimensional problems, and their implementation is complex.

In mixed formulation, equal-order finite element pairs are highly appealing due to their computational
convenience in parallel processing and multigrid contexts, a practical uniform data structure, and
adequate accuracy. Chen et al. [22] proposed a new mixed finite element scheme employing the Pi_]—Pk
pair for solving partial differential equations (PDEs). The gradient of the state variable for this method
belongs to the L*(Q) space instead of the classical H(div; Q) space. Building upon this work, Hou et
al. [23] investigated error estimates and superconvergence of this new mixed finite element method for
elliptic optimal control problems. Xu et al. [24] developed a two-grid mixed finite element scheme
for distributed optimal control problems governed by semilinear elliptic equations. Tang et al. [25]
proposed a novel fully discrete mixed method for optimal control problems governed by parabolic
equations under low regularity conditions.

However, most equal-order finite element pairs do not satisfy the discrete LBB condition and
therefore cannot be directly employed in mixed formulations. To overcome this difficulty, various
stabilization techniques have been developed in the literature, including least-squares methods [26],
H'-Galerkin methods [27], streamline upwind Petrov—Galerkin methods [28], and so on. Among these
approaches, projection-based stabilization methods are particularly attractive because they preserve the
simplicity of equal-order approximations while avoiding the introduction of complicated stabilization
parameters and higher-order derivative terms.

A representative example is the velocity projection stabilization method proposed by Shi et al. [29]
for the Poisson equation. This method does not require stabilization parameters, avoids edge-based
data structures, and can be implemented efficiently at the element level. Owing to these advantages,
projection-based stabilization techniques have been successfully extended to a variety of PDEs. Recently,
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stabilization ideas have also been applied to optimal control problems; see, for example, [30-32]. These
developments motivate us to investigate whether the velocity projection stabilization framework can
be combined with the lowest equal-order P}—P; pair for elliptic optimal control problems with box
control constraints.

Despite the extensive development of mixed finite element methods for optimal control problems,
the lowest equal-order P1—P; pair has not yet been investigated for elliptic optimal control problems
with box control constraints. Existing studies mainly focus on the RT,—P, pair [20] or the P%—Pl
pair [23]. Although the P?-P; pair possesses a simple structure, low implementation cost, and attractive
computational properties, its application to optimal control problems remains unexplored.

Motivated by the velocity projection stabilization technique developed in [29], this paper proposes a
stabilized mixed finite element method for elliptic optimal control problems with box control constraints,
based on the lowest equal-order P3—P; finite element pair. The stabilization term is constructed from the
difference between two local Gauss integrations for the velocity, yielding a stable discretization without
introducing user-defined stabilization parameters. To the best of our knowledge, this is the first work
to apply a velocity projection stabilization technique based on two local Gauss integration to elliptic
optimal control problems. We further derive the corresponding discrete optimality system and establish
a priori error estimates for the control, state, and costate variables. Numerical experiments in both two
and three dimensions confirm the theoretical results and further demonstrate that the proposed method
achieves higher accuracy for the state and costate variables than the Pi—P; and RT,—P, approximations.

The rest of this paper is organized as follows: In Section 2, we construct a lowest equal-order
stabilized mixed finite element approximation scheme for an elliptic optimal control problem with box
control constraints, and give its equivalent optimality system. In Section 3, we derive a priori error
estimates for the control variable, the state variables, and the costate variables. In Section 4, 2D and 3D
numerical experiments are presented to validate our theory. Finally, we give some concluding remarks
in Section 5.

In this paper, we adopt the standard notation for Lebesgue and Sobolev spaces, as detailed in [33].
The standard Sobolev space W"?(Q) is equipped with a norm || - [|,, ,. For p = 2, let H"(Q2) = wm2(Q),
and write || - [|,, = || - |l,.2 for m > 0. Additionally, C denotes a generic positive constant that may take
different values in different occurrences. It is independent of the mesh size A, but may depend on the
domain and the regularity norms of the exact solutions.

2. Lowest equal-order stabilized mixed finite element method
In this section, we shall construct a lowest equal-order stabilized mixed finite element approximation

scheme for an elliptic optimal control problem. Consider the following linear quadratic optimal control
problem for the state variables p, y, and the control variable u with pointwise box constraints:

min {300 = gl + 31 P + S}, @)
subject to the following first-order elliptic system:
Vep=f+u xeQ, (2.2)
p=-Vy, x €Q, (2.3)
y=0, X €0Q, (2.4)
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where Q is a bounded domain with a smooth boundary 9Q. p,, y; are two known functions, v > 0 is a
given penalty parameter, and f € L?(Q) is a source function.
Here, the admissible control set U,q for the control variable u is given by

U= {uel*(Q): & <u<é, ae inQ), (2.5)

where the bounds &, &, € R satisfy & < &,.
Define the state function spaces as follows:

V= (L*(Q)*, W=H)Q). (2.6)
To simplify the notation, we introduce a generalized bilinear form
B((p,y), w,w)) = (p,v) + (Vy,v) = (p, VW), ¥ (p,y),(v,w) € VXW, 2.7)

where (-, -) denotes the L*(Q) inner product. Applying Green’s formula to the problem (2.1)—(2.4), we
obtain the following weak formulation: Find (p,y,u) € V X W x U,q4 such that

. 1 ) 1 s Voo
Inin {Ellp - pall” + Elly = yall” + Ellull } (2.8)
B((p,y),v,w) =(f +u,w), Y@,w)eVxW (2.9)

As the objective functional is strictly convex, it then follows from [34] that the optimal control
problem (2.8) and (2.9) has a unique solution (p, y, u), and a triplet (p, y, u) is the solution of (2.8)
and (2.9) if and only if there is a pair of costate variables (q,z) € V X W such that (p, y, q, z, u) satisfies
the following continuous optimality system:

B((p,y), v,w)) =(f +u,w), Yir,w)e VXW, (2.10)
B((q,2), w,w)) = =(p = pa,v) + (Y — Ya, W), Y(v,w) e VXW, (2.11)
(vu+z,ii—u) =0, Vit e Uy. (2.12)

Following the approach in [35], inequality (2.12) can be expressed as
u = max{é,, min(é, ->). (2.13)
14

Let 7, be a regular triangulation of the polygonal domain €, let 47 denote the diameter of element 7',
and set 4 = maxyeq, hr. Let V), X W), C V X W be defined by the following finite element pair P%—P]:

V,={v, € (COQ) NV : wlr € (PI(T))* VT € T}, (2.14)
W, = {Wh S CO(Q) NnNwW: Wh|T S Pl(T), VT € Th}, (215)

where P(T) denotes the space of linear functions on 7.
Furthermore, due to the limited regularity of the optimal control, we consider piecewise constant
elements for the approximation of the control variable, that is,

U, ={iiy € Uy : @iy|r = constant, YT € 7). (2.16)
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For the finite element spaces V;, and W), defined above, it is well known that, for any y € W N H*(Q)
and p € V N H'(Q), the following approximation estimate holds:

lly = Jiyllo + hdlly = Iyl + lIp = Lipllo) < CR(lyll + lipll), (2.17)

where I, : H'(Q)N'V — Vj, and J;, : H}(Q) N W — W, are the standard interpolation operators.
There is a problem with the choice of V), and W, as the inf-sup condition is not uniformly satisfied.
To circumvent the LBB condition, we employ a stabilized mixed finite element approximation based on
the velocity projection stabilization method, as proposed in [29]. The stabilized mixed finite element
discretization of (2.8) and (2.9) can be expressed as follows: Find (py, yu, u,) € V;, X W), X U}, such that

. 1 , 1 , V ’
min {§||Ph - pall” + §||yh —vall” + §||Mh|| }, (2.18)
Bi((Pr>yn)s Wiy wp)) = (f + up,wp), Y Wp,wp) € Vi X Wy, (2.19)

where the discrete generalized bilinear form B,((py, yr), Vi, wy)) is defined as

Bi((Prs Yn)> Wn wi)) = BU(Ph, yi)> Wi wi)) + G(Pr, Vi), (2.20)

and the stabilization term G(py, v;) can be rewritten in detail as

G(pn,vy) = (pn — Tpp, vy — V) = Z (f prvidx — f DV dx). (2.21)
T,2 T,l

TeT,

Here, fT ,(-) denotes an appropriate Gauss integral over the element 7', which is exact for polynomials
with degree up to 2i — 1. The operator 7 : V — Py is the standard projection with the following properties:

(pa V) = (ﬂ-pa V), VP € V’v € PO’ (222)
Izplly < Cliplly, YpeV, (2.23)
lp — 7plly < Chllpllgr, ¥ p e (H'(Q), (2.24)

where Py ={v € V :v|r € Po(T), YT € 7},}.

For the discrete case, the problem (2.18) and (2.19) has a unique solution (p;, y,, 4;), and a triplet
(pn, Yn, up) 1s the solution of (2.18) and (2.19) if and only if there is a pair of costate variables (g, z,) €
V,, X W), such that (py, y, g, 21, up) satisfies the following discrete optimality system:

Bi((Pr>yn)s W, wi)) = (f + up, wp), Y (i, wp) € Vi X Wy, (2.25)
Bi((qns z1)s Vs wi)) = =(Pn = Pa> Vi) + Oh = Ya» Wh)s Y vpwi) € Vi X Wy, (2.26)
(vup, + zp, iy, — up) 2 0, Vi, € Uy. (2.27)

The discrete optimality system (2.25)—(2.27) constitutes a coupled nonlinear system due to the
variational inequality (2.27), which, via the projection formula (2.13), defines the control u;, implicitly
in terms of the costate z;,. To solve this system, we employ the following fixed-point iteration, which
can be interpreted as a primal-dual active set (PDAS) strategy [36].
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Algorithm 1
Step 1. Initialize ug = (, fix a tolerance £ > 0 for the outer iteration, and set k := 0.

Step 2. Given u ), solve the coupled discrete Karush—Kuhn—Tucker (KKT) system for (pﬁlk), yzk), qﬁlk), ,k))

Bh((pﬁf),yh D W wi) = (f + Mzk), Wh), VWi, wi) € Vi X Wy,
Bh((qzk)7zh ), Wy W) = —(P(k) — Pa>Vn) + (yzk) = Yd> Wh), Y(Wn, wi) € Vi X W,

Step 3. Update the control via the projection formula:

ket 1 .
u§1+ ) = max {¢,, min(&, —zh)/v)}

Step 4. If ||u(k+l) u,(f)no < g, stop and accept it. Otherwise, set k := k + 1 and return to Step 2.

Several remarks on the algorithm are in order.

(R1) Monolithic linear solve. In practice, Step 2 assembles and solves a single fully coupled linear
system involving the six variables (py, p2,y, 41, q2, z). The coefficient matrix remains unchanged
throughout the iteration process, whereas only the right-hand side is updated via u ). Hence, the
matrix can be preassembled once and reused across all fixed-point iterations. In our 1mplementat10n,
the linear system is solved using the generalized minimal residual (GMRES) method with an
incomplete lower-upper (ILU) preconditioner. The GMRES solver employs a relative tolerance of
10~ and an absolute tolerance of 1072, For the moderate-sized meshes considered in this work,
this iterative approach is both efficient and memory-efficient.

(R2) Semismooth Newton / PDAS interpretation. The projection formula defines a semismooth
nonlinearity. Consequently, the above fixed-point iteration can be interpreted as a PDAS strategy,
which is closely related to the semismooth Newton method for this class of problems [36]. The
PDAS method is known to exhibit fast local convergence and has been widely used for control-
constrained PDE optimization problems [37,38]. Although semismooth Newton and primal-dual
active set methods offer superior local convergence rates for large-scale problems, the fixed-point
iteration scheme is adopted here due to its robustness and simplicity in implementation for the
moderate-sized meshes used in our numerical validation. This choice is further motivated by
the fact that the coefficient matrix remains fixed throughout the iterative process, allowing for a
single upfront assembly and precomputation of the preconditioner, which significantly reduces the
per-iteration cost of the fixed-point approach.

(R3) Alternative methods. For completeness, we note that first-order methods such as the alternating
direction method of multipliers (ADMM) [39] or block coordinate descent (BCD) [40] can also be
applied. These methods exploit the separable structure of the objective and the projection operator,
and are attractive for very large-scale problems due to their low per-iteration cost. However,
they typically exhibit only linear convergence, whereas the PDAS/semismooth Newton approach
provides fast local convergence, which motivates their use in this work.

To derive a priori error estimates for the proposed scheme, we introduce some intermediate
variables. For any ii € U,q, we define the state solution (p(it), y(it), q(it), z(i1)) € (V x W)? associated
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with i that satisfies

B((p(@), y(@)), v, w)) = (f +ii,w), Y, w)e VX W, (2.28)
B((q(@), z(@w)), (v, w)) = =(p(@t) = pa,v) + V(i) = Ya, W), Yv,w) e VXW. (2.29)

For any @i € U,, we define the discrete state solution (py(it), y,(it), gu(it), zp(i1)) € (Vi X W,)?
associated with i that satisfies

B ((pr(@t), yu(it), Wh, wi)) = (f + i1, wy), YW, wi) €V x Wy,  (2.30)
B ((qn(it), zu(@)), Vi, wi)) = —(Pu(@) = pa, vi) + Gu(@) = ya, wn), YW, wp) € Vi X Wy (2.31)

Thus, as we defined before, the exact solutions and their corresponding numerical approximations
can be expressed as follows:

(P.y.q.2) = (p(w), y(u), q(u), z(u)), (2.32)
(P> Yis Gn> 2n) = (Pun), yi(un), gn(upn), 2n(up)). (2.33)

3. A priori error estimates

In this section, we give a priori error estimates for the proposed method. To derive the main
results, we first need the following lemmas. The generalized bilinear form B, ((py, yr), Vi, wy)) satisfies
continuity and coercivity properties.

Lemma 3.1. [29] For all pairs, (pn, yi), Wn, wi) € Vi, X W), there exist positive constants C and f3,
independent of h, such that the bilinear form satisfies the following properties:

1B (DY) @i wi)| < ClPallo + Iyl Aallo + will), G.1)
1B((Prs Y1), s W)
sup P Il B BN S sipalle + llyill)- (3.2)
(V/l,W/l)GVhXWh ||Vh||0 + ”Wh”l

Lemma 3.2. Let (p,y, q, z) be the solution to (2.10) and (2.11), and let (p,(u), y,(u), q,(u), z,(1)) be the
solution to (2.30) and (2.31). If the solutions satisfy p, q € (H'(Q))? and y,z € H*(Q), then

1P = pr@llo + lly = yu@lly < Ch(llplly + llyll2), (3.3)
llg — gr@llo + llz = zu@)lh < Ch(llplls + Iyl + liglh + lizll2). (3.4)

Proof. We subtract (2.30) from (2.10) and subtract (2.31) from (2.11) to obtain the error equations

B((p — pr(w),y = yu)), Wp, wi)) — G(pu(),vy) = 0, (3.5)
B((q — qi(w), 2 = 25 (), W, wi)) = G(gn(), vi) = —=(p — pu(u), vi) + v = yu(u), wp),  (3.6)

for any v, € V;, and wy, € W,.
We can reformulate the above equations as

B((p = pu(w),y = yu(), W, wi)) + G(p = pu(w), vi) = G(pr(u), vi) + G(p — pu(u), vy), (3.7
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B((q — qi(w), z — zp(w)), Wp, wp)) + G(q — qin(w), v) = G(qn(w),vy) + G(q — qin(u),vy)
—(p— pr(u),vy) + (y — yn(u), wp), (3.8)

and then, by the definition of 8, and the linearity of G, we obtain

Bi((p = pr(w), y = yu(W), W, wi)) = G(p,vp), (3.9)
Bi((q = qn(w), z = zs(w)), Vi, wi)) = G(q,vi) = (P = Pr(u), vi) + (v = ya(u), wh). (3.10)

First, let e, = I,p — py(u) and e, = J,y — y,(u). Then, from (3.9), we have

Bi((ep, €y), W, wi)) = G(p,vi) = Bp((p = 1P,y = Iny), V4, wi)). (3.11)

Using the definition of the stabilization term G in (2.21), the continuity of ($;) in (3.1), the approx-
imation properties of I, and J;,, and the boundedness and approximation properties of the projection
operator 7, we can further derive the following estimate:

Bi((eps €y), Vi, wi)) < |G(p,vi)l + 1Bu((p — 1P,y — J1y), Wi, wi))l
<|(p —7p,vi — i)l + C(llp = Lupllo + lly = Juylli)(allo + llwall1)
< lp = #pliolvi — wvallo + Ch(llpll + 1Iyll2)(wallo + lIwall)
< Ch(llplly + 1yI)(vallo + lwally). (3.12)

Using the coercivity of 8B, (3.2), we further obtain

B ,ey), (Vn,
Blleso +llel) < sup  2ep e O W) e i), (3.13)

Wpw)EVIXW), vallo + llwalls

By the triangle inequality, combined with (3.13), we have

(2 = pr@)llo + lly = ya@)ll < llp = Inpllo + llepllo + Iy = Juylli + lleylls
< Chllpll + Chllyll2 + Ch(lIplli + llyll>)

< Ch(llplly + lIyll2) (3.14)

which implies (3.3).
Next, using an analogous approach to (3.3), we let e, = I;,q — q,(u), and e, = J,z — z;(u). Then,
from (3.10), we have

Bi((eq, ez), Vi, wp))
= G(q,vi) — (p — pr(w),vp) + (y = yn(w), wp) — B,((q — 1rq, 2 — Jn2), W, Wi))
<(q —nq, vy, —7vy) + |lp — pu@)lolvallo + [ly = ya(@llollwallo
+C(llg = Ingllo + llz = Juzll))(wallo + lwall1)
< Chligllilvillo + Ch(llpllr + [I¥I)Ivallo + Ch(lpll + lIVlI)IWall
+ Ch(llqlli + llzll2)(Ivallo + lIwall1)
< Ch(llplly + 1Iyll2 + liglh + llzll)(vallo + [wall). (3.15)
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By the coercivity of 8B, (3.2), combined with (3.15), one may obtain

Bh((e , € )a (v/’l’ Wh))
Bllegllo + llecll) < sup £ < Ch(liplly + Il + ligll + llzll2). (3.16)
Wpwn)EVIXW), vallo + llwalli

By the triangle inequality, combined with (3.16), we have

g — gn(@llo + llz = a1 < lg = Ingllo + llegllo + llz = Jnzlli + lle:lh
< Chliglly + Chllzll2 + Ch(llpll + [lyll2 + llglh + lIzll2)
< Ch(llplli + 1yl + liglh + llzll2), (3.17)

which implies (3.4), and the proof of Lemma 3.2 has been completed. O
Lemma 3.3. Let (py, yi, qn, 21) and (py(uw), yi(u), (1), z,(1)) be the solutions of (2.25) and (2.26), and
(2.30) and (2.31), respectively. Then, the following estimates hold:

lpn — pr(llo + llyr = ya@lli < Cllue — uyllo, (3.18)
lgn — gn(@llo + llzn — za@lli < Cllu — upllo. (3.19)

Proof. Subtracting (2.25) from (2.30) and (2.26) from (2.31), we obtain the error equations

Bi(pr() = P> yu(W) = yn), W, wi)) = (1 — wy, wy), (3.20)
B ((gn(u) = qpn, zn(w) = 21,), Wi, wp)) = =(Pr(u) = pp,vi) + u(u) = yi, wp), (3.21)
for any v, € V;, and wy, € W,,.

Choosing v, = pn(u) — p, and wy, = y,(u) — yj, in (3.20), and applying the coercivity of B, (3.2), the
Cauchy—Schwarz inequality, and Young’s inequality, we have

Bi(lpn = pa@llo + llyn = ya@)ll,)?
< |l = upllollyn(ue) — yallo

1
< sl + %uyh(u) T
1
< gl + B s = put@llo + s = vl (3.22)
1

which implies (3.18).
Next, choosing v, = ¢,(u) — q, and w;, = z,(u) — z; in (3.21), and similarly employing (3.2), the
Cauchy—Schwarz inequality, Young’s inequality, and (3.18), we have

Bolgn = gn@llo + llzn = za@)lh)?
< IIPh(u) = Pullollgn(0) = gullo + llya(u) - yhllollzh(u) = Zllo

< 5 = Pl + 22t = @l + 5wt = il + o - 2l

B 2,3

=< Zﬂz (||Ph(u) Ph||o + |lyn(u) — )’h||o) + _(||Qh = qp(Wllo + llzn — Zh(M)Ho)
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1
< —lu— ullg + &(“qh = @ @llo + llzn = z@lli)’, (3.23)
23, 2
where 3, and 3, are positive constants independent of 4.
From (3.23), we conclude (3.19), which completes the proof of Lemma 3.3. O

Lemma 3.4. Let (py, yi, qn, 21) and (py(w), yi(u), (1), z,(1)) be the solutions of (2.25) and (2.26), and
(2.30) and (2.31), respectively. Then, we have

(zn(u) — zp, u — uy) = 0. (3.24)

Proof. Choosing v, = ¢,(u) — q, and w, = z,(u) — z, in (3.20) and choosing v, = p,(u) — p, and
wy = —(yp(u) — yp) in (3.21), we obtain

Bi((pr() = > yu(W) — yu), (qn(u) = qp, 20(u) = 23)) = (U — wy, 2,(u) — 25), (3.25)

and

— B1((qn(w) — qn, z2n (1) — z), (Pr(1) = pp, yn(tt) = y1))
= —(pr(u) = pu, pr(u) = pp) — () = yp, yu(u) = yp)
= —[Ipu(u) — pall§ = llyn(u) — yullg < 0. (3.26)

Adding (3.25) and (3.26), and using the definition of the bilinear form 8, we obtain
(=, 25 (u) = 21) = 1Pa() = pullg + llyn() = yall§ = O, (3.27)
which is equivalent to (3.24). O

Theorem 3.1. Let (p,y, q,z,u) and (py, i, qn, 2, up) be the optimal solutions of (2.10)—(2.12) and
(2.25)—(2.27), respectively. Suppose that all conditions of the previous lemmas are valid. Furthermore,
assume that u € H'(Q). Then there exists a constant C > 0 such that

e — upllo < Ch. (3.28)
Proof. We first take it = uy, in (2.12) and &t = Qpu in (2.27), which gives

(vu +z,up, —u) > 0, (3.29)
(vuy, + zp,, Qpu — uy) > 0. (3.30)

Here, Q, is the L*-orthogonal projection operator from U,q4 onto U, which satisfies the following:
Forany u € Uy
(u— Qnu,ity) =0, Vi, € Uy, (3.31)

we have the following approximation property:
llu = Quutll— < CR*luly . 5 =0,1,Yu € W (Q). (3.32)
Combining the above inequalities yields

2
Vil —uplly = vu, u — up) — Vg, u — uy)
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= (vu +z,u — uy) + vy, + 2, wy, — Qpu) + (Vuy + 23, Qpu — 1) + (2, — 2, U — uy,)
< (vup + Zp, Ot — u) + (2 — 2, U — )
= (W(up — u), Qpu — u) + (v + z, Qput — u) + (z4(u) — z, Qptt — u)

+ (zn — zu(u), Qnu — u) + (2 — zp(), u — up) + (2p(u) — z,u — up)
6
= Z T,. (3.33)
=1

1

We now estimate each term separately. The decomposition separates contributions from the control
projection, state/adjoint discretization errors, and coupling terms arising from the optimality system.

Using (3.31)—(3.32), and the Cauchy—Schwarz and Young inequalities, together with standard
approximation properties, we obtain

Ty = v(u — Quut, Qpu — 1) < CH?|Julf},

T, = (vu+z— Qp(vu+2), Oput — u) + (Op(vu + 2), Qpu — u)
< Clvu + z — Qn(vu + 2)llol|Qput — ully < CR?|lvu + 2]y ||uel]

< (lull} +11zIR).

T5 < CllQpu — ullollza(u) = zllo < ClQpu — ully + Cliza(u) - zII3
< CRlull; + CH (lplly + lIyll2 + liglh + lizllo)?

< CI (llull? + 11pIIF + Y1 + liglf} + 112113)

For the remaining terms, Young’s inequality gives
22 2 Y 2
Ty < Cllzn = zn@llol| Qntt — ullo < Chllullillu — unllo < Ch7||ully + 7l = unll,

2.,V 2
Ts < Cllzp(u) = zllollu — uzllo < Cllzp(u) — zlly + ZHM — uplly

4
< C (lpIf; + VI + lglff + 12lB) + e = .

and by Lemma 3.4, we have T5 < 0.
Collecting all estimates yields

v
Vi = wllg < CH? (IIMII% +1IplIT + 115 + llgll + IIZII§) + Sl = nllp. (3.34)

Finally, absorbing the last term into the left-hand side completes the proof. O

Using Lemmas 3.1-3.3, Theorem 3.1, and the triangle inequality, we can easily derive the following
estimates for the state variables and the costate variables.

Theorem 3.2. Let (p,y, q,z,u) and (py, i, qn, Zn, Up) be the optimal solutions of (2.10)—(2.12) and
(2.25)—(2.27), respectively. Suppose that all conditions in Theorem 3.1 are valid. Then, we have

P = pallo + lly = yalli < Ch, (3.35)
llg — gullo + llz = z4lly < Ch. (3.36)

Electronic Research Archive Volume 34, Issue 9, 5887-5906.



5898

Remark 3.1. The velocity projection stabilization method endows the generalized bilinear form with
weak coercivity on V;, X W), thereby circumventing the requirement of the discrete LBB condition
and recasting the original problem into a consistent and stable generalized saddle point problem.

Consequently, the lowest equal-order P%—Pl pair, which does not satisfy the LBB condition, can still
vield a stable solution.

4. Numerical experiments

In this section, we present numerical experiments to demonstrate the accuracy and efficiency of
the proposed scheme. The discretization has already been described in previous sections: The state
and costate variables are discretized using the P}—P; pair, and the control variable is approximated
by piecewise constant functions. For comparison, we also implement the Pé—Pl pair [23] and the
RTy—Py [20] pair. In all numerical examples, the penalty parameter is fixed at v = 1.

Example 4.1. For the first example, we construct exact solutions for a two-dimensional constrained
optimal control problem (2.1)—(2.4) defined on the unit square domain Q = [0, 1]°.

y=- (xl - X%) ()Cz - )Cg) ex1+x2’

(1 - X — x%) (x2 - x%) et

p =
(x1 - xf) (1 — X — x%) et
7=-2 (x1 - x%) (xz - x%) e,

0.5(1 - x —3) (x — x2) e
0.5 (1) — ) (1 - x = a2) 80

u

max{0.05, min(0.3, —z)}.
The source function f and the desired states p, and y,; can be determined using the above functions.

Table 1. Errors and convergence orders by the P?—P; pair.

Nl = upllo Order [Ip — pallo Order Iy — yalls Order |lg — gullo Order ||z — zally Order
8 23222x 1072 - 26248 x 1072 — 1.4248 x 107" — 2.1477x 1072 — 2.5588 x 1071 —

16  1.1317x 1072 1.04 8.0147x103 1.71 6.9475x 102 1.04 6.1041x 1073 1.82 1.2630x 107" 1.02
32 5.6677x 1073 1.00 2.4950x 1073 1.68 3.4393x 102 1.01 1.7099x 1073 1.84 6.2794x 1072 1.01
64 2.8606x 1073 099 8.0142x10™* 1.64 1.7165x1072 1.00 4.8283x10™* 1.82 3.1347x 1072 1.00
128 1.4364x 1073 099 2.6546x 10 1.59 8.5741x1073 1.00 1.3965x10™* 1.79 1.5663x 1072 1.00

In the first example, we show the errors and convergence orders for all variables using the P{—P; pair
in Table 1. The profiles of the exact and numerical solutions for «, y, and p = (py, p2) on the 64 x 64
mesh are displayed in Figure 1. For comparison, we also present the errors and convergence orders of
the state and costate variables obtained by the P}—P;, P3—P|, and RT,—P, pairs in Table 2.
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Figure 1. Exact (top) and numerical (bottom) solutions with contour lines by the P3—P; pair.

(& pin

(h) pay,

Table 2. Numerical results under different finite element pairs.

Pair N lp=pllo Order Iy — yullo Order _|lg — gullo Order iz — zallo Order
8 26248 x 102 - 4.0661 x 1073 — 2.1477x 1072 - 57184 x 1073 -
16 8.0147x 107% 1.71 1.0287 x 1073 1.98 6.1041 x 107 1.82 1.4093 x 1073 2.02
P2-P, 32 24950 x 10 1.68 25762 x 107*  2.00 1.7099 x 1073 1.84 34979 x 10*  2.01
64 8.0142x 10™*  1.64 6.4677 x 107> 1.99 4.8283x 10™*  1.82 8.7318 x 10°  2.00
128 2.6546x 107 1.59 1.6144 x 1075 2.00 1.3964 x 1074 1.79 2.1795x 107 2.00
8 1.0837 x 1071 — 47111 x 107 — 8.5626 x 102 - 9.7874 x 107 -
16 5.4899 x 1072 0.98 1.2066 x 107 1.97 4.3495x 1072 0.98 25058 x 107 1.97
P3-P, 32 27541 x 1072 1.00 3.0374x 10™* 199 2.1836 x 1072 0.99 6.3045x 10™*  1.99
64 1.3782x 1072 1.00 7.5971 x 107 2.00 1.0929 x 1072 1.00 1.5776 x 107+ 2.00
128 6.8925x 107  1.00 1.9060 x 107 1.99 5.4659 x 107 1.00 3.9494 x 107 2.00
8 7.4542x 1072 — 1.3538 x 102 - 3.7326 x 1072 — 26976 x 1072 -
16 3.8104x 102 0.97 6.7983 x 1073 0.99 1.9055x 1072 0.97 1.3583 x 102 0.99
RTy—Py, 32 1.9155x 1072 0.99 3.4021 x 103 1.00 9.5783 x 1073 0.99 6.8023 x 1073 1.00
64 9.5910 x 107 1.00 1.7014 x 1073 1.00 47956 x 1073 1.00 3.4025x 1073 1.00
128 4.7972x 1072 1.00 8.5073x10™*  1.00 2.3986 x 107 1.00 1.7014 x 1073 1.00
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Example 4.2. For the second example, we construct exact solutions for a two-dimensional constrained
optimal control problem (2.1)—(2.4) defined on the L-shaped domain Q = [0, 1]*\[0.5, 1]%.

y = sin(27xy) sin(27x;,),

(—27r cos(2mx) sin(27rx2)J
p= :

=27 sin(27x;) cos(2mx;)

7 = —sin(27x;) sin(27x,),

21w cos(2mx;) sin(2x;)
|27 sin(27x)) cos(2mx,) )’

u = max{—0.6, min(0.6, —z)}.

The source function f and the desired states p, and y,; can be determined using the above functions.

Table 3. Errors and convergence orders by the P?—P; pair.

N llee = unllo Order  llp — pallo Order  [ly = yall Order  llg — gxllo Order ||z - zulh Order
8  10306x107" - 3.8998x 107 — 2.0518 - 57294 x 107" - 2.0057 -
16 51147x107 101  1.0740x 107" 1.86  85356x 107" 127  1.7052x 107" 175  85281x 107" 123
32 25339x 102 1.01  32658x 102 172 4.0787x 107" 1.07  54571x102 1.64  4.0797x10"" 1.06
64 12735x 102 099  1.0438x 1072 1.65  20150x 107" 1.02  1.8062x 102 1.60  2.0148x 107" 1.02
128  63707x 107 1.00  34543x 107 1.60  1.0040x 107" 1.01  6.1167x 107 1.56  1.0038 x 10" 1.01
Table 4. Numerical results under different finite element pairs.
Pair N llp—pullo Order [y — yullo Order |l — gullo Order iz — zallo Order
8§  3.8998x 10" - 57235x 107 - 57294x 10T — 53162x 107 -
16 1.0740x 107" 1.86  11509x 102 231  1.7052x 107" 175  1.1254x1072 2.24
P2-P, 32 32658x1072 172 27268x 107 208  54571x107 1.64  2.6989x 107  2.06
64  1.0438x 102 165 67279x107* 202  1.8062x102 160  6.6875x10™* 2.01
128 34543x107°  1.60  1.6761x10* 201 6.1167x107° 156  1.6693 x 10  2.00
8§ 14511 - 6.9486 x 102 — 2.3438 - 6.8149x 1072 -
16 74771x107" 096  1.8635x1072 190 12176 094  1.8239x1072  1.90
PP, 32 37676x 107" 099  4.7430x107° 197  6.1482x 107" 099  4.6450x 107  1.97
64  1.8875x 107" 1.00  1.1918x 107 1.99  3.0817x 10" 1.00  1.1662x 107 1.9
128 9.4420x 1072 1.00  29837x107* 200  15418x 107" 1.00  29195x 10 2.00
§  87077x10" - L1153 % 1077 - 87070 x 107" — L1121 x 1077 —
16 43601x107"  1.00  56451x10 098  43600x 107" 1.00  5.6409x 107 0.98
RTo-Py 32 2.1807x 107" 1.00  2.8312x107 1.00  2.1807x 107" 1.00  2.8307x 102 0.9
64 1.0904x 10" 1.00  1.4167x 107 1.00  1.0904x 107" 1.00  1.4166x 102 1.00
128 54522x 1072 1.00  7.0847x 107 1.00  54522x 102 1.00  7.0846x 10~ 1.00

In the second example, Table 3 presents errors and convergence orders for all variables using the

P%—Pl pair. Figure 2 displays the exact and numerical solution profiles for «, y, and p = (p;, p») on the
64 x 64 mesh. Similarly, we show the errors and convergence orders of the state and costate variables
obtained by the P%—Pl, Pé—Pl, and RT(—P, pairs in Table 4. These results validate the efficiency of the

proposed method.
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Figure 2. Exact (top) and numerical (bottom) solutions with contour lines by the P%—Pl pair.

Example 4.3. For the third example, we construct exact solutions for a three-dimensional constrained
optimal control problem (2.1)—(2.4) defined on the unit cube domain Q = [0, 1]°.

y = 2 sin(zx;) sin(rx;) sin(rxs),

=21 cos(mrx;) sin(mx,) sin(wxs)
p = | —2nsin(zx;) cos(mxy) sin(mxs) |,

=27 sin(7rx;) sin(7rx,) cos(mwxs)
z = — sin(mx) sin(7rx,) sin(wxs),

7t cos(mxy) sin(mwx,) sin(7rxz)
q = | wsin(mrxy) cos(mx,) sin(mxs) |,

7 sin(7rxy) sin(wx; ) cos(mx3)
u = max{—0.5, min(0.5, —2)}.

The source function f and the desired states p, and y,; can be determined using the above functions.

In the third example, Table 5 presents the errors and convergence orders for all variables using the P?—
Py pair. Figure 3 displays the profiles of the exact and numerical solutions for u, y, and p = (p1, p2, p3)
on the 32 X 32 x 32 mesh. Table 6 compares the errors and convergence orders of the state and costate
variables obtained by the P?—Pl,Pg—Pl, and RT—Py pairs. This example confirms the effectiveness of
our scheme in 3D experiments.

From Tables 1, 3, and 5, it can be observed that the numerical results validate the theoretical analysis
presented in Theorems 3.1 and 3.2. Specifically, first-order convergence is achieved for uy,, p;,, and ¢, in
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Table 5. Errors and convergence orders by the P?—P | pair.

N lu—uyllo Order  |p — pullo Order  |ly — yall; Order  [lg — qullo Order iz - zll; Order

8 43191 x 1072 — 1.8972x 107" — 1.0457 - 26116 x 107" — 5.1959 x 107" -

16 2.1829x 102 0.98 5.0937 x 1072 1.90 5.0996 x 1071 1.04 7.1328 x 1072 1.87 2.5461 x 101 1.03
24 1.4555x107%  1.00 2.3646 x 1072 1.89 3.3832x 107" 1.01 3.3341x 1072 1.88 1.6901 x 107" 1.01
32 1.0934x 1072 0.99 1.3702x 1072 1.90 2.5329 x 1071 1.01 1.9400 x 1072 1.88 1.2656 x 107 1.01
40 43771 x 107 1.00 8.9667 x 10 1.90 2.0247x 107" 1.00 12730 x 1072 1.89 1.0116 x 107" 1.00

(@) u (b) u, ©y () ys
(e) pi ® p2 (8 p3
(h) pip () pan G) p3n

Figure 3. Exact and numerical solutions with contour lines by the P;—P; pair.
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Table 6. Numerical results under different finite element pairs.

Pair N llp = pallo Order Iy — yullo Order  |lq — gallo Order ||z = zullo Order
8 1.8972x 107" — 1.8657 x 1072 — 26116 x 107" — 92201 x 107° -
16 5.0937x1072 1.90 43655x 1073  2.10 7.1328 x 107> 1.87 2.1699 x 107 2.09
PT—Pl 24 23646x 1072 1.89 1.9142x 1073 2.03 3.3341x 1072 1.88 9.5320x 10™* 2.03
32 1.3702x 1072 1.90 1.0713x 1073 2.02 1.9400 x 107> 1.88 53391 x10™* 2.01
40 8.9667x 107 1.90 6.8409 x 107  2.01 1.2730x 107> 1.89 3.4093 x 107  2.01
8 9.5841 x 107! - 49389 x 1072 — 1.2260 - 23005 x 1072 —
16 4.8551x10°' 0098 1.2758 x 1072 1.95 6.2300 x 107" 0.98 59124 x 107 1.96
PS—P| 24 3.2447x 107" 0.99 57052 x 1072 1.98 4.1659 x 107" 0.99 2.6419x 1072 1.99
32 24356x 107" 1.00 32162%x 1072 1.99 3.1278 x 107! 1.00 1.4885x 1072 1.99
40 1.9493x 107!  1.00 2.0605 x 1073 2.00 2.5035x 107" 1.00 9.5322x 10™*  2.00
8 5.0145x 1077 — 907588 x 1072 -— 25072 x 1077 — 48794 %1072 -
16 2.5155%x 107"  1.00 49014 %1072 0.99 1.2578 x 10" 1.00 2.4506 x 1072 0.99
RT,—P, 24 1.6780x107" 1.00 32703 x 1072 1.00 8.3902 x 1072 1.00 1.6351 x 1072 1.00
32 1.2588x 107"  1.00 24534 %1072 1.00 6.2940 x 1072 1.00 1.2267 x 1072 1.00
40 1.0072x 107" 1.00 1.9630 x 1072 1.00 5.0361 x 1072 1.00 9.8156x 107 1.00

the L2-norm, and for y;, and z;, in the H'-norm. In fact, the numerical convergence order of p;, and g is
approximately 3/2 for the P}—P; pair, half an order higher than the theoretical order. From Figures 1-3,
it can be seen that the numerical solutions approximate the exact solutions well. Moreover, from Tables
2,4, and 6, we observe that, compared with the P(z)—Pl pair and the RT(—P, pair, the P%—Pl pair yields
better accuracy and convergence order.

The numerical experiments demonstrate a clear advantage of the P%—P 1 method in approximating the
flux variables p and q. Specifically, both the Pg—Pl and RT,—P, methods achieve first-order convergence
in the L?>-norm for p and q, whereas the proposed method attains an improved convergence rate of
approximately 3/2, leading to significantly enhanced accuracy in flux approximation.

5. Conclusions

In this paper, we present a lowest equal-order stabilized mixed finite element method for an elliptic
optimal control problem with control constraints. The stabilization term is based on the difference
between two local Gauss integrations for the velocity. A priori error estimates of this method are derived
for the proposed method. Numerical results demonstrate that the P7—P; pair outperforms both the P—P,
and the RTy—P, pair in the L?>-norm for the state and costate variables. Numerical experiments in 2D
and 3D show the accuracy of this method. Future work will focus on extending the proposed stabilized
mixed finite element method to nonlinear elliptic and parabolic optimal control problems.
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