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Abstract: This paper presents a stochastic human immunodeficiency vrius transmission model driven
by a log-normal Ornstein—Uhlenbeck process, designed to capture the stochastic fluctuations in the
transmission rates across multiple stages of infection while incorporating co-infection characteristics.
First, by constructing suitable Lyapunov functions, the existence and uniqueness of the global posi-
tive solution to the model are proved. Subsequently, it is shown that the system admits a stationary
distribution when RS > 1; under this condition, an analytical expression for the probability density
function around the quasi-equilibrium state is derived. Furthermore, a sufficient condition for disease
extinction is established, namely Rg < 1. Finally, the theoretical results are validated through numer-
ical simulations, and the impacts of the stochastic process’s parameters on disease transmission are
investigated. The results indicate that a smaller reversion speed and a larger fluctuation intensity of the
Ornstein—Uhlenbeck process tend to destabilize the epidemic system.

Keywords: stochastic HIV epidemic model; log-normal Ornstein—Uhlenbeck process; stationary
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1. Introduction

Human immunodeficiency virus (HIV) is a virus that specifically targets and attacks the human
immune system. When the virus causes severe damage to the immune system, the condition progresses
to acquired immunodeficiency syndrome (AIDS). The progression from HIV infection to AIDS typically
consists of three stages. The first stage, known as the acute infection stage, may present with symptoms
such as fever, pharyngitis and adenopathy [1-3]. The second stage is referred to as the asymptomatic
infection stage, during which patients generally exhibit no clinical symptoms; this phase usually lasts
from 10 to 20 years [4]. The third stage is termed the AIDS stage, characterized by extensive damage to
the immune system and eventual functional collapse. During the asymptomatic stage, the persistent
destruction of the immune system by HIV results in immunodeficiency, thereby rendering infected
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individuals highly susceptible to a spectrum of opportunistic infections [5]. Without appropriate
screening and treatment for associated conditions, disease progression accelerates, the asymptomatic
period shortens, and the transition to AIDS occurs more rapidly [6-9]. According to the 2025 Global
AIDS Progress Report [10] released by the Joint United Nations Programme on HIV/AIDS (UNAIDS),
by the end of 2024, a total of 40.8 million people worldwide were living with HIV. Throughout the
year 2024, 630,000 deaths were caused by AIDS-related illnesses. The prevention and control of AIDS
have become a major global public health issues.

Mathematical models play a critical role in the prevention and control of infectious diseases. Huo
and Feng [11] developed an epidemiological model for HIV/AIDS that incorporates varying latency
periods and treatment measures. Sharma and Samanta [12] further distinguished two infectious stages
following HIV infection, categorized into the asymptomatic and symptomatic phases, and established
an SI; I, TR model accordingly. Hernandez-Vargas and Middleton [13] proposed a mathematical model
capable of describing the entire course of HIV infection, including initial infection, the asymptomatic
phase, and the symptomatic stage. Additionally, Cheneke et al. [14] formulated an SWIA model to
identify optimal control strategies for HIV. Chen et al. [15] developed an HIV model that accounts for
HIV’s co-infection with other diseases and incorporates two distinct asymptomatic infected groups.

ds — _ -

T II-51SI = BoShL —B3SW —puS,

dw . _ -

A =LSL +BSL+B3SW—(0+ W,

d;

E = pHW— (al +61 +,Ll)]1 +5212, (11)
dl,

T (I =p)OW — (az + 62 + Wl + 6114,

dA

E =a; + anl, — (d+,u)A

where S (1), W(?), I,(¢), I,(¢), and A(?) represent the number of susceptible individuals, acutely infected
individuals, fast asymptomatically infectious individuals, slow asymptomatically infectious individuals,
and individuals with AIDS at time ¢, respectively. The interpretations of the other parameters are
provided in Table 1.

Chen et al. derived the basic reproduction number R, of the model (1.1) as follows:

Bl N Bill(pimy + p262) + BoIl(pamy + pi6y)
0 =
u(@ + ) (0 + p)(mimy — 6167)

) (1.2)

where
pr=pb,pr=0-p),m =a; +6,+u,my =ay+0d +p. (1.3)

Moreover, they proved that if Ry < 1, then the disease will die out and the disease-free equilibrium
point Qp = (%, 0,0,0, 0) of the model (1.1) is globally asymptotically stable. Conversely, if Ry > 1,
then the disease will become endemic, and the endemic equilibrium point Q* = (§*, W, I}, I, A*) of
the model (1.1) is globally asymptotically stable, where

§* = (@ + w)(mymy — 6102)
B3(mimy — 6162) + B1(p262 — pimy) + Ba(p16y — pamy)’
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Table 1. Parameter explanations in the model (1.1).

Parameter Meaning

I1 The recruitment rate
B The transmission rate of fast asymptomatically infected individuals
B> The transmission rate of slow asymptomatically infected individuals
Bs The transmission rate of acutely infected individuals
u The natural death rate
0 The transition rate from acute infection to asymptomatic infection
p The proportion of co-infection as identified through early diagnosis and screening
) The transition rate from fast asymptomatic infection to AIDS
173 The transition rate from slow asymptomatic infection to AIDS
01 The recover rate of other diseases
02 The probability of co-infection in slow asymptomatically infected individuals
d The death-diseased rate
,_ 1 N p(mym, — 6,6,)
O+p  By(mimy —6165) + B1(p262 — pima) + Ba(p161 — pamy)’
o pb—pimy) f(p2by — pimy)
L@+ wmmy = 6162)  Ba(mymy — 6185) + B1(pada — pima) + Ba(p161 — pamy)’
. (pi61 — pomy) N u(p161 — pamy)

2T+ wmimy = 6162)  Ba(mymy — 616,) + Br(p26s — pima) + Ba(p16) — pomy)’
A = 1 ai(p20: + pimy) + az(pi6) + szl)W*
d+pu mymy — 6162 '

However, the transmission of infectious diseases in reality is always accompanied by a significant
degree of uncertainty and is highly susceptible to various stochastic factors. Traditional deterministic
models exhibit notable limitations in describing the dynamics of epidemics. To enhance the accuracy
and predictive capability of such models, a growing number of researchers are striving to incorporate
stochastic processes into modeling frameworks, aiming to more faithfully represent the complexity and
uncertainty inherent in the spread of infectious diseases. Epidemiological studies have confirmed that
random fluctuations of the external environments such as temperature and humidity affect an epidemic’s
prevalence mainly by changing the virus’s survival conditions and human contact transmission efficiency,
with the transmission rate as the key affected parameter. In contrast, biological parameters such as
natural mortality, the recovery rate, and the isolation rate are relatively stable and less affected by
short-term environmental stochastic disturbances. Meanwhile, introducing noise into the transmission
rate has become a mature and widely adopted modeling strategy in stochastic epidemic dynamics
research. If random perturbations are added to all parameters simultaneously, the model’s structure will
be excessively complicated, which hinders the qualitative dynamic analysis and threshold derivation.
Considering both the realistic biological background and theoretical tractability, this work introduces
stochastic factors into the transmission rate only to reasonably characterize the core influence of
environmental noise on the epidemic’s spread. Currently, the characterization of environmental noise
mainly involves two distinct approaches. The most commonly used method in stochastic process
modeling involves the introduction of white noise to capture randomness in environmental fluctuations
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or the system’s parameters [16-20].

In white noise-based stochastic epidemic models, it is commonly assumed that the transmission rate
is subject to Gaussian white noise, which can be expressed as follows:

dB(r)

B =B+o P TRE (1.4)

where o is the environmental noise intensity and B(¢) is a standard Brownian motion, which satisfies
B(t) ~ N(0, #). For any time interval [0, ¢], integrating Eq (1.4) and dividing by ¢, we obtain

2
f,B( )ds = B + Q~N(ﬁ(z). (1.5)

It can be easily observed that the variance of 5(¢) approaches infinity as ¢ tends to zero, which implies
that white noise cannot accurately describe the stochastic disturbances in dynamic systems. Another
approach is to assume that the model’s parameters satisfy an Ornstein—Uhlenbeck process [21-25]. It is
described by the stochastic differential equation as follows:

dB(t) = w(B — B(1))dt + £AB(2). (1.6)

The parameters w and & represent the reversion rate and noise intensity, respectively, while 5 denotes
the baseline transmission rate. We can calculate

Bt) = e "Bo+ Bl —e™) + e f e dB(s),
0

where B, represents the initial value of (f). We assume B, = 8 and calculate the mean value of 5(f)
as follows:

/ . )
B(t) = 1 f B(s)ds :B + l f é(1 - ew(s_t))dB(s) ~ (ﬁ i(l —Za)t))
t 0 t 0 W

The expectation and variance are straightforward to compute E[3(f)] = 8 and Var[B(1)] = 4o,
respectively, where o(#?) is a higher-order infinitesimal of 2. It can be seen that the time- averaged
variance of the Ornstein—Uhlenbeck process tends to zero as t approaches 0. Therefore, the Ornstein—
Uhlenbeck process can more accurately characterize stochastic disturbances in dynamic systems. To
ensure the positivity of the contact rate 8 and thus maintain the model’s validity, we assume that 3
satisfies a log-normal Ornstein—Uhlenbeck process, which can be expressed as follows:

dIng() = w(nf — InB(t))ds + £dB(1). (1.7)

Therefore, we assume that 3, 3,, and 33 in the model (1.1) satisfy log-normal Ornstein—-Uhlenbeck
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processes, which leads to the following stochastic model:

ds

Fri H-1OShH —Ba)S L = B3()SW — S,
dw

Fr BiOSL + (S L + B3(DS W — (6 + )W,
dr,

E = p@W — (a1 + 51 +/J)Il + 52[2,

% :(1—p)9W—(a2+52 +/J)]2+51[1, (18)
% =a ] + apxlr — (d +/,l)A,

dInp (1) = wi(InBy — InB(1))dt + £,dB (1),
dInps(t) = wa(In B — InBo(1))dt + £dBs(1),
dInBs(r) = ws(InBs — InB3(1))dr + £3dB(1).

For convenience, we use the notation defined in Eq (1.3) and because the fifth equation makes no
contribution to the dynamic analysis of the model (1.8). Therefore, we conduct a study on the following
stochastic model:

ds

O M-S —B()S L — B3()SW — S,
daw

Fr BiOST + LS L+ B3()SW — (0 + )W,
dl;

— =piW—ml + 6,1,
(ﬂf (1.9)
d_t2 = poW —molr + 611,

dIngi(t) = wi(InBy — InB(1)dt + &dB; (1),
dInBy(r) = wy(InBs — InBa(1))dt + £dBy (1),
dInBs(7) = w3(InBs — InB3(1))dr + £dBs(0).

This study aims to construct a stochastic multi stage HIV transmission model to accurately char-
acterize the random fluctuations of the transmission rate in real-world environments. By introducing
log-normal Ornstein—Uhlenbeck processes to model the transmission rates, we describe their inde-
pendent random perturbations across the acute infection stage, fast asymptomatic stage, and slow
asymptomatic stage, and systematically analyze the model’s dynamic behavior to derive the threshold
conditions for the disease’s extinction and persistence. This research not only overcomes the key
limitation of traditional white noise models that cannot guarantee the non-negativity of transmission
rates, but also refines the analytical methods for stochastic modeling of multi-stage infectious diseases.

The paper is structured as follows. Section 2 is dedicated to proving the existence and uniqueness of
global solutions for the stochastic model. Section 3 establishes the requirements for the existence of
a stationary distribution. Section 4 derives the analytical formula for the probability density function
near the quasi-equilibrium state. In Section 5, a sufficient condition for disease extinction is derived.
Section 6 validates the theoretical results via numerical simulations. Finally, Section 7 summarizes the
paper and emphasizes the main findings.
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2. Existence and uniqueness of a global positive solution

Theorem 2.1. For any initial value (S (0), W(0), 1,(0), 1,(0), 81(0), 8(0), 53(0)) € R X R3, there is a
unique positive solution (S (1), W(2), I,(2), L(t), B1(2), B2(), B3(1)) on t > 0, which remains in Rt x R?
with probability one.

Proof. Obviously, the coeflicients of the model (1.9) satisfy the local Lipschitz condition. Thus,
we can get a unique solution (S (¢), W(?), I,(?), L(1), B (1), B2(1), B5(¢)) on t € [0, 7,) with the initial
value (S (0), W(0), 1,(0), 15(0), 51(0), 5,(0), 83(0)), where 7, is the explosion time. In order to prove this
solution is global, we only need to show that 7, = oo a.s.

Let ky be a large enough constant such that S (0), W(0), 1,(0), 1,(0), 81(0), 5,(0), and B5(0) € [%, ko].
For any positive integer n > ko, we define the following stopping time:

1
7 = inf{r € [0, 7] - min(S (1), W(0), [1(0), L(1). B1(D). B2(1). B5(0)) < -
or max(S (1), W(0), 1,(0), L(1), B1 (1), B2(1), B3(1)) = n},

where we assume that inf ) = co (0 represents an empty set). Obviously, 7, is monotonically increasing
as n tends to infinity. Defining 7, = lim,_, 7,,, we have 7., < 7,. We will then prove that 7., = co a.s.,
which means 7, = oo a.s. Therefore, we can confirm that the solution is global. Next, we will use a
contradiction to verify our conclusion. Assume that 7., # co. Hence for any n > ky, a pair of positive
constants T, & € (0, 1) exists such that P(t., < T) > &. If k; > ko, then P(t, < T) > g, for any n > k;.
For any n > ky and ¢ < 7,, we can compute the total population as follows from the model (1.9):

2.1)

dS +W+6L + 1) = (H—IU(S + W+ + L) —a1l; — axly)dt

(2.2)
<T—u(S + W+ 1, + I))dr.

Thus the following inequality can be obtained:

E, S0)+ W)+ 1,(0) + I,(0) <

S+W+L+1 < H
S0) + W(O0)+1,(0) + I,(0), SO)+ W)+ I,(0) + I,(0) >

b

= |8=13

Denote K = max{%, S0)+ W) + 1,(0) + I,(0)}. Hence, we obtain S + W+ 1, + I, < K.
Consider a function f(x) = x — 1 — Inx. Obviously, for any x > 0, f(x) > 0. Consequently, define a

C?—function U : R? x R? — R, as follows:

UGS, W11, 1, 81,52, 83) = f(S) + f(W) + f(Ih) + f(L2) + f(B1(D) + f(B2(D) + f(B3(1)). (2.3)
We can get the following results by applying 1t6’s formula [26] to U:

3
dU = LUdr + )" £(Bi(0) - DB, (2.4)
i=1

where

I1
LU =Il-u(S + W+ 1L + L) —al, —al, - 3 + L1 = (D) = Bi(DOW + u
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+ 0+ +m +
w w 11 11 12 12

3
_ 1
+ le[w,w,-(r) = D(ng; = Ini(1) + 5EB:(0)]

3
<IT+60+m +my+2u+ Z[wi(ﬁi(l) - D(ng; - Inpi(1)) + %fizﬁi(l) + KBi(1)]
i=1

=T+ 60 +my +my + 2+ g(B1(0) + g(B2(1) + g(B3(0)),

where
g(Bi(1) = (K + %é + w;(InB; — 1nﬁi(t)),3i(t) —w(InB(t)-Inp), i=12,3.

Obviously, g(Bi(t)) — —oo as Bi(t) — 0* or Bi(t) — +o0,i = 1,2,3. So it is easy to know there is a
positive constant M, which satisfies
sup g(Bi(1)) < M.

Hence, we obtain
LU <11+ 6 +my +my +2u+ 3N, =Ky, (2.5)

where K is a positive constant. Next, integrating both sides of Eq (2.4) from O to 7, A T, we obtain
T AT Ty AT 3 T, AT
f dU < f Ko dt + Z f E(Bi(0) — 1) dB(). (2.6)

Finally, taking the expectation on both sides of the integral inequality Eq (2.6) yields

ElUS @ AT), W(tu AT), ity AT), L(Ty AT), B1(Ta AT), Bo(Tw AT), B3(T5 AT))I
T, AT

< U(S(0), W(0),11(0), 1(0), 81(0), 52(0), B3(0)) + E ) Kodr
< U(S(0), W(0), 1:(0), 15(0), B1(0), 52(0), 83(0)) + KoT..

For k > k;, let Q; = {1ty > T}. Then P(£)) > &y. Obviously, for any v € €, at least one of S (1, v),
W(ty, v), 11 (T, v), L(Tk, V), B1(Tk, V), Ba(Tk, ), and B3(74, v) can equal k or % Therefore, we have

US@AT), W AT), Ltk NT), L(ti ANT),B1(ti AT), Bo(Ti ANT),B3(Ti A T)])
2.7
Z(k—l—lnk)/\(%—1+lnk)/\%(lnk)2 = h(k), 7
where h(k) is a function of k. Because of ]}im h(k) = oo ,we can know that
U(S(0), W(0), 1,(0), 1(0), 8:1(0), 82(0), 55(0)) + KoT

> E{lq UIS(ti AT), Wt AT), [i(ti AT), L(tix AT),B1(ti AT),Bo(7 AT),B3(, AT)]} (2.8)
> P(Quh(k) > eh(k).
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When k — oo, it is easy to know that co > U(S(0), W(0), I, (0), 1,(0), 81(0), 5,(0), 53(0)) > oo, which is
conflicting. Therefore, 7., = oo a.s.; that is to say 7, = co a.s. We complete the proof of the existence of
global solutions.
In this paper, we always assume that S (0) + W(0) + 1;(0) + 1,(0) < % by which it is straightforward
to find that the positively invariant set of the model (1.9) is
I1

r:mawu@mﬁwmemeﬁs+W+h+bs;=m.

3. Stationary distribution

In this section, we investigate the condition for the existence of a stationary distribution in the
stochastic model. As the deterministic basic reproduction number R, cannot be directly applied to
judge whether the stochastic system admits a stationary distribution, we define the following stochastic
threshold Ry :

s Bsll N Bill(pimy + p26y) + Boll(pamy + p161)
T CEYD) (O + ) (mim; ~ 616,)

b

. - 48 . -8 _ 8
whereﬁl = ,816“’1 ,ﬁz = ﬁze“’z ,,83 = ﬁ3€‘“3 .
Lemma 3.1. ( [27]) Assume that there is a bounded closed domain U, € T and satisfies the following
limit inequality, for any initial value Qy = (S (0), W(0), 1,(0), 1,(0), 5:(0), 52(0), 85(0)) € I':

1 !
lim inf — f P(t, Qp, Uy)dr > 0,
0

t—oco

where P(t, Qo, U,) denotes the transition probability of Q. Under these conditions, the stochastic
system possesses at least one stationary distribution.

Theorem 3.2. If R(S) > 1, then the stochastic model (1.9) has an ergodic stationary distribution for any
initial value (S (0), W(0), 1(0), 12(0), 81(0), 82(0), 83(0)) € R} X R.

Proof. Let S = % and let W, I, and I, satisfy the following equations:

W —mI + 6,1, = 0,

_ _ _ 3.1
p2W —myl, + 611 = 0.
If we let W = 1, then
7o Pmt P20y 5 _ P10+ pam
! mll712—5162, 2 m1m2—5152'
Define
~ S~ W - L -~ L . A X
S==, W=—==W, L==, L=2=, m:@,m:@,m:@. (3.2)
S W I] 12 Bl ,82 :83

Consider a function f(z) = 1 — % Obviously, for any z > 0, we have f(z) < Inz. Let L be the
infinitesimal generator of the stochastic process defined by model (1.9). By applying Itd’s formula, we
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calculate

L(—=InS§) = IJ(1 - %) + Bl + Bor + B3W

(3.3)
<pInS +Bily +Baols + B3W,
Similarly, we obtain
—  — BST — o — BST  — o . —
L-tnw) = -5 1,2 L Sﬁzlzﬁzw 2SS + 0+
< GBI, + ST W - SR, + 5Bk + SIS - AL anT + gy O
—Bziz(ln}; + lnﬁz) — lIl,ég + §B]7] + EBQTZ + §B3 +0 +u
Using Itd’s formula and the two equations in Eq (3.1), we obtain
w + 6,0, 6L b
L-lnl)=-212 217092702 02722
I I I I
— 0h), ~ 6L, ~
< -éﬂlnw({ﬂ . #]mh _abyg
| w 1157 § sl 1, ! G-2)
+
L-lnk)=-22 227001 O]
L I I L I
— &I ~ o). ~
BRSNS LITIN (@ . 4]11112.
I, I, I, I,
Define a function as follows:
Vi=—ciInS —InW-c;Inly —c3Inlh, —cysInBy —cs5In By — ¢ InBs. (3.6)
where ¢; (i = 1,2,---,6) are positive, and the specific expressions will be given in the proof below.

Applying 1t6’s formula to V; and combining Eqs (3.3)—(3.5), we get

LV] < (clu _Bljl +Bgi2 +B3) ln§+ (§B171 + Eﬁzig - @ — %) In W
! p
+6,05) —a - Sl . ~ +61) —=x - Sl . ~
+[C2(P1_ 22)—Sﬂ111—c3_1 1]1n11+[c3(p2_ 11)_Sﬂ212_02_2 21T,
I, I, I, I

+ (cawy — STBJ])lnﬁ] + (cswy — Eﬁzjz) lnﬁz + (cows — §B3) 1n[33 - §3171 - EBZiZ
= SBs+ 0+ p+ci(Bil + Boly + B W).
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Let the coefficients of In §, In W, lnTl, In 72, In [31, In [32, and In ,33 be zero. Therefore, we have

C1H —,[3171 +sz2 +B3 =
Sﬂ]]] +S,8212 - % - @ = 0,
I, I
+00))  —a - 611
Cz(Pl_ 21>) _SBI, - C3_1 1 0,
I I
+6011) —x - 6,1 (3.7)
6‘3([72_ i1y _Shl, - 202la _ 0,
I, I
csw; — SPil, =0,
cswy =SBl = 0,
Cez — §B3 =0
By solving the system of equations above, we obtain
-3
~7 +~7 +~ Sﬂl p2+611+5212 +Sﬁ26[ §~
c1:,311 Bl ,33>0’ C) = ( ) >0, c6:ﬁ>0,
H pip2 + pi6ily + prdals w1
—_— _2 —_ —_ —_ _3
SBoly\p1 + 6111 + 621) + §B1621 SB,1 SB,1
Cc3 = 2( p— ) = 2>O, C4:£>0, C5 = B22>0.
pip2 + p161ly + p26als wi Wy
Thus, we obtain
LV, < =0+ ) (Ry = 1)+ c1(Bi]y + oo + B3 W). (3.8)

To bound the nonlinear transmission terms, we use the following form of Holder’s inequality: For
any positive constant A > 0, we have ab < 1a* + 3 b2 This form allows us to separate the transmission
coeflicients from the state variables. Applying th1s inequality yields

£ &
L R LU X))
U

1 11
Bily < (A5 + )l < Aﬁ%—

407  u 41
12 M., 8 I, Al _, 8
Boly < (AB3 + —)12 < Aﬁz T Tﬁéewz tot 7(3% - Bre™), (3.9)
H Wooall, & W Al 1
BsW < (455 + _)W /1,83 i _ﬂ§9”3 tat 7(3% - Bse).

After applying Holder’s inequality to bound the transmission terms, to cancel the constant terms arising
from S;(¢), we choose A to satisfy the following condition:

O, 4 I, N, 4\ 6+
lel(_ﬁle”ll + _,823'”2 + _ﬁzem) ==K (RS - 1) (3.10)
M u M 2
By combining Egs (3.9) and (3.10), we get
All All _, & L+L+W
LV, S_(9+/1)(Rg —1)+C1;(7ﬁ2€‘“1 + (ﬂ?—ﬁlewi))+cl (%)
9+,u s (11+12+W)
=— R, -1 —— |+ F(B1,52.53),
(Rs = 1) +er(—; (B1,Pa. B3)
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where
2

ATl g
F(Brofn ) = == (B = Bre).
i=1

Define
C1

4A(mymy — 6162)
Thus, by applying It6’s formula, we obtain

Vo=V + [(n’l2 + (5])]1 + (m1 + 52)[2] (311)

0+ L+L+W +6
2”(Rg—1)+c1(1 2 )+ ci(m +01) (p1W —myl, + 6,1L)

- 4/1 4/l(m1m2 - 61(52)
ci(my + 62)
W —myl, + 6111) + F(B1, 52,
A (mymy — 6162)(p2 mypis 1) (B1,2,83)
0+u
=T (R‘S - 1) + OW + F(B1,52,8),
where
_ ci(my + 61)pi 4 ci(my + 62)p2 + <
4/1(7’]11]712 - 5162) 4/1(7’/11]”12 - 5152) 4/1
Define

3
Vs=—1InS —lnll—ln12+Z(,B,~—1—ln,B,~). (3.12)
i=1

By calculating, we obtain

I w 8,1 114

LV3:—§+ﬁlll+ﬁzlz+ﬁ3ww—p‘l +m1—%—p;
1 1 2

Sy < _ 1,
tmy = =4 3 0B~ DAn, ~ (1) + 5B
2 i=1
i w 114
S—§+ﬁ1]1+,8212+,83W+,u—p} +m1—p; + my
1 2

3
. Z] B0~ I, ~ o) + 3E6D)

n pw p,Ww

== —-—-——+F ’ s >
S T 7 181,82, 83)

where
3
_ 1
Fi(B1,B2,83) =Bili + Bolr + BsW +my +my +u + Z wi[(Bi(1) — D(Ang; — In (1)) + 55,-2,31‘1
P

Obviously, regardless of whether g, (i = 1,2, 3) approaches positive infinity or tends to zero, F
always diverges to negative infinity. By the continuity of F, in the invariant set I', F'; must admit a
finite supremum.
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Assume that M is a sufficiently large positive constant such that

M@ +
AL (Rg - 1) + sup Fi(B1,52,83) < -2,
2 BeR3
where 8 = (81, 82, 83). Define
Vy=MV, + Vi.

(3.13)

Obviously, V, — +o0 as (S, W, 11, 1,51, 5,,3) tend to the boundary. Thus V, has a minimum V;,.

Define a non-negative C>-function as follows:

V = V4 - Vmin-
By applying It6’s formula, we obtain
M@ + Inm pPw
LVS—M(Rg ~ 1)+ MOW - ¢ — —
S I
P,

7 + F1(B1, 52, 83) + MF(B1, 82, 83)
= G(S, W11912,ﬁ19ﬁ29ﬁ3) + MF(ﬂl9BZ’ﬁ3)'

In invariant set I', we define a bounded closed set U as follows:

1
U ={(S,W,11,,61,52.8:) €Tle < B1,B2, B3 < = W>g,8 281 >, > &)
£

We can partition the set of I' \ U into 10 subsets.

US={W < e}, US=1{S <&}, U ={W>¢elI <&,

1
Us={W=ehL <& Us={0<p <&, Ug = {81 > =),
&

1 1
U§:{O<,82<s},U§:{ﬁ2> LU ={0 < B3 < ¢, 1()_{ﬂ3>

(3.14)

(3.15)

(3.16)

Fori = 1,2, 3, we choose a sufficiently small positive constant € such that the following inequalities hold:

M 0+
( MO+ 1) (RS - 1) + MOc¢ + sup Fi(B1,52,63) < -1,
,BERg
M9 + 11 II P, P
_M “)( 1)+ MO~— —min{—,— —2}+ sup F1 (81,8, B3) < —1,
u e & ¢ peR’
M@+ I
( ,u)( 1)+ MO=— + Lng+ sup(Fl(,Bl,ﬁz,,B3)——lnﬁl)< -1,
M 2 ,BERz
M@0+ H ;Ine
( “)( ~1)+M GG | up(Fi(Br. o, B3) + wl,B, g < -1,
,U € per3

Next, we will discuss each case.
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Case 1: If (S, WI],IQ,B],ﬁQ,,B:},) S UC, we have
G(S’WII9I29ﬁl9ﬁ2’ﬁ3) < _2 + M®8 < _1
Case 2: If (S, WI],IQ,B],ﬁQ,,B:},) € UC, we have
I1 II1 P, P
G(S, W, 11,1, 1, B2 B3) < =2 + MO— —mm{— —1,—2} <-1.
g & ¢
Case 3: If(S, W/,I],Iz,ﬁ],ﬁz,ﬂ3) S U3, we have
I1 P, P
G(S, W, 1, I, B1, 2, 33) < =2 + MO— —mm{— —1,—2} <-1.
g & ¢
Case 4: If (S, W, I,, 1, 31,2, B3) € Uy, we have
I1 P, P
GS, WL, L,B1,3,5) < -2+ MO— —min{— -1 —2} <-1.
g & ¢

Case 5: If (S, W, 1, I, 1,82, 33) € US, we have

M0
G, W, 11,1, B1,52,83) < — #(

I1 w1
RS —1)+MO— + —1
0 ) P ) ng

+ Fy(B1.Ba. Bs) % Ing,

M@0 II
_—M(Rg — 1)+M®—+ﬂlng
2 u 2
+ sup{Fi(B1,52,63) — = 111,31}
BeR3
Case 6: If (S, W, 1,, 1,,[1,,,53) € US, we have
M@+ II w
GO, W, 1 o o) <~ L (RS 1) 4 o — — PP ing,
u 2
+ Fi(B1,52,83) + lﬁl Ing,
M@
_—M(Rg - 1)+M®—+ﬂlng
2 u  2e
1ﬁ1
+ sup{F1(B1,B2,83) + Ingi} <
BeR3
Case 7: If (S, ‘/V,Il,lz,ﬁl,ﬁz,ﬁ3) € U;, we have
MO + 1) I w
G(S. W, 11, 1P, Bosfs) < = == (RS — 1) + MO+ Z g,

+ F1(B1. B2 By) — 5 Infy

M@ 1
< MOLR (s 1)+M®—+ﬂlng
2 poo2
+ sup{F(B1,52.83) — = 111,32}

BeR3
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Case 8: If (S, WI],IQ,B],ﬁQ,,B:},) S UC, we have

I
Rg—l)+M®——‘”2'32
u 2

M(9+,U)(
2

G(S’WII,IZ’ﬁI’ﬁZaﬁ3) <- 1nﬁ2

wof33

+ Fl(ﬁl,ﬁ29ﬁ3) + 2

M@ + I1
S—M(Rg—l)+M®—+ﬁlng
2 u o 2e

W
+ sup{F1(B1, B, 83) + "f 2 Ing,) < —1.
BeR3

Inf3,

Case 9: If (S, W, I}, I, B1, B2, B3) € Ug, we have

G S, W, 11, 1, B1,B2,83) < — W(

I1 w1
RS — 1)+ MO— + —1
0 ) r 3 np;

+ Fi(B1,B2.63) — % InB;

M@+ I1
s—(—“)(Rg ~1)+MO—+ e
2 u 2
w
+ sup{F1(B1,B2,83) — 71 Ings} < -1.
BeR3

Case 10: If (S, VV,Il,IQ,ﬁl,ﬁg,ﬁ3) S UTO’ we have

I
R§—1)+M®——w3’83
u 2

M(9+,U)(
2

G(S"/VallaIZ’ﬁlaﬁZaﬁ?)) <- 1nﬁ3

w333

+ Fi(B1,B2.63) + >

M@+ I
g—(—“)(Rg—l)+M®—+%1ng
2 u  2e

w
+ sup{F1(B1, B2, 8) + f > Ings) < —1.
BeR3

In 3

For clarity, we summarize the defining conditions of the 10 subsets and the corresponding uniform
upper bound in Table 2. In each case, we have G(S, W, I}, I, 81,52,53) < 1.

We can conclude that G(S, W, I, I, 81,52,53) < —1 for any (S, W, I, 15,51,5,,83) € I'NU. Since
G(S,W, 1, 1,,B1,0,,3) is continuous on U, we can find a positive constant H, which satisfies the
following inequality for any (S, W, I, I, 81,52,83) € I

G(S’ W113129ﬁ1’ﬁ2’ﬁ3) S H.

For notational simplicity, write Q(t) = (S(1), W(), 1,(t), L(1), B1(1),B2(1), B3(¢)) and Q(0) =
(5(0), W(0), 1,(0), 1,(0), 51(0), 82(0), B3(0)). Applying Itd’s integral to Eq (3.15) and taking the ex-
pectation for any initial value Q(0), we obtain
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Table 2. Summary of the 10 subsets and the corresponding upper bounds for G.

Subset Defining condition Subset Defining condition
U{ W<e Ug B > é

U; S <e Us O0<pBr<e

U5 W>e I, <& Ug ,82>£

U W>e I <& U 0<pBs<e

Us O0<pBi<e Ui, ,83>£

Note. For all subsets listed above, we have G(S, W, I, I, 81, 3,,53) < —1.

. E[V(tQ(t))] :E[Qt((m . % f E[LV(Q(7))ldr
0

" t 3 &2
SE(%(O)) +% fo E[G(Q(T))]dr+cl/l;[M% fo D [(Bi(s) — Bre)dr.
i=1

By calculating, we obtain

&

-1[2 - 4 -112 - 4 -1t2 50
lim — Bi(s)dr = Bie~, lim-— Br(s)dr = Bse~, lim - B3(s)dr = Bze«.
t—oo 0 t—oo 0 t—oo f 0

Letting t — oo, we have

0 <lim infl f E[G(Q(r))]dT
0

t—o00 t

e e A
=liminf — f E[G(Q(T))I{Q(T)eU}]dT + hgn inf ; f E[G(Q(T))I{Q(T)EF\U}]CIT
0 - 0

t—ooo  f

, , (3.17)
<H lim inf% f P{Q(7) € Uldr — lim inf% f P{Q(7) € I\U}dr
t—00 0 1—o00 0

l !
<=1+ (H+1)liminf f P{Q(7) € Uldr,
11— 0

where 1preyy and 1jgmeruy represent the indicator functions. Finally by Lemma 3.1 and the
invariance of I', the inequality establishes the existence of an invariant probability measure 7 on I'.
The proof is completed.

Remark 1. Obviously, the expression for Rg implies that RS > Ry; equality holds if and only if
& =0 (i =1,2,3). Therefore, for the stochastic model (1.9), RS > 1 can be regarded as the threshold
condition for the persistence of the disease in both the stochastic and deterministic models.

4. Probability density function

In this section, we will derive the exact expression of the probability density function for the
model (1.9). If Rf) > 1, then the quasi-endemic equilibrium E* = (§*, W™, I}, I],In 8], In 8, In 37)
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satisfies the following equations:

- BS'T; B3 L; ~ IS W — uS* =0,
BiSI: +BiS L+ BiS W* — (0 + )W =0,
W —m I} + 6,15 = 0,

PaW* = ol + 6117 = 0,

wi(InB; —Inp;) =0,

w(InB; —Inp;) =0,

w3(InB; —InpB;) = 0.

By solving the equations, we obtain

Let

(0 + p)(mimy — 6167)

> B3(mimy — 616) + Bi(p262 — pima) + Bo(p161 — pamy)’
W = I1 N pu(mimy — 6167)
O+p  Bs(mimy —66,) + Bi(p262 — pima) + Bo(pi61 — pamy)’
[I(p262 — prmy) N u(p202 — p1my)

@+ p)mmy = 8,16,)  Ba(mimy — 6162) + Bi(pady — pimy) + Ba(pi6) — pamy)’

. (pi61 — pomy) N u(p16y — pamy)

2T O+ pmmy — 616y)  Ba(mimy — 816) + Bi(pads — pimy) + Bapi6) — pamy)’

InB} =gy, Ing; = Inps,InB; = Inp,.

T
X = (x1, X2, X3, X4, X5, X6, X7)

= -S" W-W"I,-I,L-I,Ing;, —Ing,Ing; — InS,,Ing; — Inps)"

4.1

Therefore, the model (1.9) near the quasi-equilibrium state £* can be transformed into the following
linear system:

where

Electronic Research Archive

dx; = (-ayx; — apx; — a;3X; — aXy — a15Xs — dieXe — dy7x7)de,
dxy = (az1 X1 + anxy + apzxs + apxs + ajsxs + aeXe + aj7x7)dt,
dxs = (—aznx; — azzxz — asx)de,

dxy = (—asx; — agxs — auxy)dr,

dxs = —w;xsdt + £;dB; (1),

dxe = —wrxedt + £,dB,(2),

dx; = —w;3x7dt + £3dBs(1).

aj :Bllik +BzI§ +B3W* + U, din =B3S*,6113 :B]S*,am :st*,
ais :BIS*IT’QM :BZS*I;’aU :B3S*W*,azl :BIIT +521; +B3W*,

n *
ay = BW" =0 —u,az = pi,as3 = my,azs = 02,04 = Pr,as3 = My, das = 0.

4.2)
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The system (4.2) can be written in the following matrix form:
dX = AXdr + HdB(2), 4.3)

Where H = dlag(oa Oa 0’ 09 ‘fla 52’ 63)’ B(t) = (O, 0, 0’ O, Bl(t), BZ(I)’ B3(t))T’ and

—ajp —ap —a;3 —ag —dis —die —dig
a —daxp 4z ajg as aie ay
0 asy —as3 asq 0 0 0
A= 0 asn ags —a44 0 0 0 . (44)
0 0 0 0 -w O 0
0 0 0 0 0 -w O
0 0 0 0 0 0 -—ws

Theorem 4.1. If RS > 1, then the model (1.9) around the quasi-stationary state E* has the unique
normal probability density function ®(S, W, I, I, In By, InB,,1nB3), the form of which is as follows:

| 1
DS, W, 1), I, In 1, 1nBa, InB3) = 27) % [2]°2 exp{—EXZ_lXT},

where X is a covariance matrix and its specific expression is given in the following proof.

Proof. The characteristic polynomial ¢4(1) of matrix A is easily obtained as follows:
@a(Q) = |47 — Al| = (A + 0 + W)(A + w3)(A* + Vi + A2 +v3d + vy), (4.5)
where
Vi =ap — ax + aszz + aa,
V2 = —dpdy t andasz + apda + apd — apas;
— A14Q42 — Q22033 — 22044 + 433044 — (34043,
vz =(ar1 — a»)(as3a44 — a34a43 — A13G32 — A14042)
+ asi(an(ass + ass) + apzaxn + aag),
v4 =(az1 — a11)(a13a32a44 + a13034042 + 414032043 + A14033042)
+ (anaxn — anas)(azaqs — azzag).
Obviously, 41 = —w; < 0, 4, = —w; < 0, and A3 = —w;3 < 0 are the three eigenvalues of Matrix A.
Additionally, the polynomial ¢o(d) = (A4* + v12% + 124> + v31 + vy) is the characteristic polynomial of the
Jacobi matrix at the equilibrium point O of the deterministic model (1.1). According to reference [15],
the equilibrium point Q* is globally asymptotically stable. It can be concluded that all roots of the
polynomial ¢(A1) have negative real parts. Hence, all eigenvalues of Matrix A likewise have negative

real parts, which implies that A is a Hurwitz matrix. According to references [28,29], the probability
density function can be expressed in the following algebraic equation:

H>+ AT +3AT =0 (4.6)

Since the three Brownian motions in the Ornstein—Uhlenbeck process are independent of each other,
by the finite independent superposition principle, Eq (4.6) can be reduced to the algebraic sum of the
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following three equations:
H} + A, + AT =0,
Hy + A%, + AT = 0, 4.7
Hi + AZ; + AT = 0.

where
H, = diag(0,0,0,0,0,&,0,0), H, = diag(0,0,0,0,0,0,&,0), H; = diag(0,0,0,0,0,0,0,&;).

Moreover, we have £ = X, + X, + X3 and H = H; + H, + H;. Next, we divide the proof into three steps.
Step 1: Consider the first algebraic equation.

H? + AT, + AT = 0. (4.8)

To move w; to the first row and first column, we define the permutation matrix J; as follows:

0 00O0OT1TO0DPO
01 00O0O0©O0
001 00O0@O0
Ji=]1]0 001 0 0 0f. 4.9)
1100000
0 00O0O0OT1DPO0
000 O0O0O0OT1
Letting A} = J;AJ;", we obtain
—w 0 0 0 0 0 0
ais —dz +axn aiz  ap asi aie a7
0 asy —das33 asy 0 0
A1 = 0 aqn ags —ay4 0 0 0
0 ajp —app —day +an 0 0 —ap + an 0 0
0 0 0 0 0 -w; 0
0 0 0 0 0 0 -ws

To eliminate the non-zero entries in the second column of the fourth and fifth rows of A;, we define the
transformation matrix J, as follows:

1 0 0 0 00O
0 1 0 0 00O
00 1 0 00O
L=l0 0 ~ga 10 0 of (4.10)
0 0 a%(—6111+6112+6121—6122) 01 00
00 0 0010
00 0 0 001
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Let A, = J,A,J;'. Thus, we get

—w 0 0 0 0 0 0
ais  —ax tan r ajy asy aig  ay
0 asy —aszz + % aszq 0 0
A2 = 0 0 ry —A44 — % 0 0 0 ,
0 0 r3 —% (an —an —ay +axy) —ap +ay 0 0
0 0 0 0 0 —w, 0
0 0 0 0 0 0 -—ws
where
ry = _a (azasz + apagn + az (ay —ap — ax + ax)),
32
_ 1, 2
1 = — (a3a43 + azag (a33 — aga) — azay, ), “4.11)
az;
1
=5 (axnazs — ax (an — ax) — asag) (@ — ap — ax +axn).
32

To eliminate the non-zero entry in the fourth column of the fifth row of A,, we define the transformation
matrix J5 as follows:

1 00 0 O0O0O
010 0 O0O0O
001 0 0O00O0
J;=10 0 0 1 0 0 0Of. 4.12)
000 _:_Z 1 00
000 O 010
000 0O 001
Letting A3 = J3A,J;"', we obatin
—w»y 0 0 0 0 0 0
ais  —ap taxn r r3 azg aje  ary
0 asn —aszz + % aszq 0 0 0
A3 = 0 0 ry —a4q4 — % 0 0 0 ,
0 0 0 T4 —ap + an 0 0
0 0 0 0 0 —w, 0
0 0 0 0 0 0 —-ws
where
ry = or (=azrs(ai — ax) — azry () — apn — ax + axn) + r3(anau + azsas)) .
32h2
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We can calculate the standard matrix of As.

where

q1 q2 q3  4a qs A16A32F2 4 A17A321774
0 anrrs qs g (—an +ax)’ 0 0
0 0 rary gy (—ap + 021)2 0 0
M, = 0 0 0 Ty —ai + an 0 0 N (413)
0 0 0O O 1 0 0
0 0 0O O 0 1 0
0 0 0O O 0 0 1

q1 =a154321F4, 4y = A3pFaly (—an +axn —azz — ay),
o,
_ 2 2 274
qsz =Ihy (’”1 + ax, (6134”2 + (a1 — az) )) + _a (azpasz — azsag) (a)) — az + azs + dag)
32

nry
+ T( (a32@aq + a34042) (A32044 + a3y (@11 — ag1) + A34042) ),
az;
_ 3
g4 =ry (—61347”2 (a1 — ax +asz + as) + (032 (@142 + azir3) — (an — az) ))
Iy

2
- _a ((0326144 + assas) (6134’”2 + (a1 —ay) ))
32

4
+ — (a3au + asnagp) (andu + ax (a1 — az1) + dzasn)
32

_ 4 _
qs =axiaxnrrs + (A — az)" ,qe = rra(—ai + ax — asz — aa) ,

2\, 14
q7 =T4 (0347’2 + (an —az) ) + 2 ((@32a44 + azaas) (azau + ax (an — az) + asas)),

32
_ ( 0346142)
qs =r4|—ap + dz; — Aaq — .
asp
Let By = MA;M;'. We obtain
-dy —-d, —-ds —-d, -ds -—-d¢ -—d;
1 0 0 0 0 0 0
0 1 0 0 0 0 0
Bi=|0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0O —-w, O
0 0 0 0 0 0 —ws

where

dy =vi+wi,dy = vy +Viwy,d3 = V3 + Vw1, ds = V4 + V301,

ds = v4wy,ds = ajeaznrry (wr — wy),d7 = ayraznrr, (W3 — wy) .

Thus, algebraic equation Eq (4.7) can be transformed into the following form:

MHM" + By(MZ,M") + (M, M")BT = 0. 4.14)
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where M = M\J3J,J;. Assume that £, = ¢;2[(M1J3J2J,)Z1(M,J3J5J1)"]. Equation (4.14) can be

reduced to
H% + B]i] + EB{ =0,

where H} = (1,0,0,0,0,0,0). According to [30,31], we can get

D, dydy—dyds

R OV S
dydy—dds 8D _ dydy—ds 20D

2D 2D

0 0 0 0

0 0 0 0

where

D, = dy(d\ds — ds) + d»r(ds — dad3),
D, =d(d\ds — ds) + ds(ds — d,d>),

(4.15)

(4.16)

o
SO OO O oo
O O O O O O O

D =2[(didy — ds5)* + (d3 — d\d>)(d3d, + d>ds)].

It is readily seen that £, = q,(M,J3J,J,)"'Z,[(M,J3J>J,)T]~!. Furthermore, the fifth-order submatrix of

X, is positive definite as follows:

Dy 0 d3zdy—dads 0 _dids—ds
2D dyds—dyds 2(? didy—ds (Z)D
0 _43d47dads a1a4=ds
2‘:(5) — dsydy—dyds éD _ dids—ds 26) dydr—ds
1 2D 2D 2D
0 d1d24D—d5 0 _di C;ZD—ds 0
_dids—ds 0 didy—d3 0 D>
2D 2D 2dsD

Step2. Consider the second equation.

H; + A%, + AT = 0.

(4.17)

Unlike Step 1, we now move w; to the first row and first column. We define the permutation matrix Ji

as follows:
000 O0O0OT1TTPO
01 00O0O0O0
O0010O0O0O0
=0 00 1 0 0 0f.
1100000
0O000O0O1O0O0
00 0O0O0OO0T1
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Let Ay = J3,J1A(J3J,J1)7!, where J, and J;5 are the same in Step 1. We obtain

—w) 0 0 0 0 0 0

ale —az t+an r ap + % asy ais  arr
A 0 asp —az3 + % aszq 0 0 0
A3 = 0 0 ry —A44 — % 0 0 0
0 0 0 T4 —dap + dy 0 0
0 0 0 0 0 —ass 0

0 0 0 0 0 0 -—ap

By calculation, we find the standard matrix of A,.

q q2 q3 44 qs QA15a3212F4  A17A321274
0 axnnr g5 g7 (—ai + 6121)3 0 0
0 0 rary qs (—ap + a21)2 0 0
M, =1|0 0 0 T4 —dp + ann 0 0 , (419)
0 0 0O O 1 0 0
0 0 0 O 0 1 0
0 0 0 O 0 0 1
where §; = ajganrry. Letting B, = MaA;M;', we have
—0?1 - Az - A3 - A4 - As - A6 - A7
1 0 0 0 0 0 0
0 1 0 0 0 0 0
B,=]0 0 1 0 0 0 0 |,
0 0 0 1 0 0 0
0 0 0 0 0 —-w; O
0 0 0 0 0 0 -—ws
where
dAl =v + (1)2,6/1\2 =V, + V](Uz,j} =v3+ Vzwz,dA4 = V4 +V3W2,
6?5 = V4w2,6?6 = ayeazrrs (W — W) ,627 = ayaznrrs (W3 — ws) .
Similarly to Step 1, the Eq (4.17) is converted into
MoH; MY + By(MLE M3 + (Mo MY)BY = 0. (4.20)

where Mz = M2J3J2j1. Assume that 22 = @Iz[(MlJ3J2j1)22(M1J3J2j1)T]. The Eq (4—20) can be
reduced to

H? + B2, + B! =0, 4.21)
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where I-_Ig =(1,0,0,0,0,0,0). By calculation, we can get

where

$(5) _
2=

Dy
2D
0
d3dy—dods
2D
0
_ didy—ds
2D

0

0

dsds—dds

dids—d
MOM 2b Moa RETN
_ddy—dpds 0 41da—ds 0 00
5D _ L,i\1 L24—dA5 20D 3132_33 0 0
A 2D A 2D
d1cé4D—d5 0 _dld;ﬁ_d} 0 0 o}, (4.22)
didr—d D
0 # 0 2:252[) 00
0 0 0 0 00
0 0 0 0 00

Dy = dy(dids — ds) + dy(ds5 — dady),

D, = d\(didy - ds) + ds(d; — didb),

D = 2[(dids = ds)* + (ds = dido)(d>ds + dod5)).

It is readily seen that X, = g, (M2J3J2f D (M J5 o J )'1-!. Furthermore, the fifth-order submatrix of
Y, is positive definite as follows:

Dy
2D
0
d3dy—dyds
2D
0
_ didy—ds
2D

0

dydy—dods

2D
0

dyds—ds
2D

0

Step 3. Consider the third algebraic equation

H; +A%; + 3347 = 0.

d3dy—dyds 0 _d 34:45
2D Jdd 2D
144—ds
o= 0
_d|d4—d5 0 dle_dS
2D o 2D
_dida-ds
0 25 0
d1d2:d3 0 Dy

2D 2dsD

(4.23)

Similarly, to apply w; to the first row and first column, we define the permutation matrix J; as follows:

Let Ay = J5J,J1A(J5J,J,)7", where J, and J5 are the same as in Step 1. We obtain

ary

0
0
0
0
0

Electronic Research Archive

0
—dy + dx»

asp

0
0
0
0

—ass

00 0O0O0O0OT1

01 00O0O00©O0

0O 010O0O0O0

00 0T1O0O0 O0]. 4.24)
1100000

0O 00O0OT1O0DPO

0O 00O0O0OT1DPO

0 0 0 0 0
r apg + % ary ais  de
+ % aszy 0 0 0
r —d44 — % 0 0 0
0 Iy —ap + an 0 0
0 0 0 -w; 0
0 0 0 0 -w
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By calculation, we find the standard matrix of As.

a1 q2 q3  4a qs ai5a33rry  A16A321274
0 anrnry g q7 (—an + 6121)3 0 0
0 0 rry gy (—an +axn) 0 0
M3 =10 0 0 ry —ap + an 0 0 s (425)
0 0 0O O 1 0 0
0 0 0O O 0 1 0
0 0 0O O 0 0 1
where §; = aj7asrary. Let By = M3A; M5! Thus we obtain
—671 - ~2 - ~3 - ~4 - ~5 - ~6 - ~7
1 0 0 0 0 0 0
0 1 0 0 0 0 0
B;=] 0 0 1 0 0 0 0 1,
0 0 0 1 0 0 0
0 0 0 0 0 —-w O
0 0 0 0 0 0 -w
where
671 =V + wz,gz =V + V](.t)2,673 =v3+ Vzwz,d4 = V4 +V3W2y,
675 = V4(U2,J6 = a16a3121rs (W) — wy) ,677 = apaznrrs (ws — wy).
Similarly to Step 1, Eq (4.23) is converted into
M3H3 M3 + By(MsE, ML) + (MZ,M2)B) = 0. (4.26)

where M5 = MsJ5JoJ;. Assume that £5 = §;%[(M3J3J2J1)23(M3J3J,J,)"]. Equation (4.26) can be
reduced to
H; + B,Z; + B =0, (4.27)

where H; = (1,0,0,0,0,0,0). By calculating, we can get

D dydy—dod: dydy—ds
o 0 fded g 4k oo
0 -9&ed o 4S9 00
dydy—dod dydy—d. d\dr—ds
| 0 5 0 55T 000
L= 0 hdids 0 -4 o0 0 0f (4.28)
dids=d dydy~ds D
—ddds 0 b 0 75 00
0 0 0 0 0 00
0 0 0 0 0 00

where
D, = dy(d\d, — ds) + dy(ds — d>d3),
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D, = d\(d\d, — ds) + dy(d; — d\dy),
D =2[(d\d; — d5)* + (d; — d d>)(d3d, + dods)).

It is readily seen that X3 = §;(M3J3JoJ,) ' Z3[(M3J3J,J,)717!. Furthermore, the fifth-order submatrix of
33 is positive definite as follows:

& 0 d~3d~4—d~2d~5 O _d~1d~4_d~5
2D N 2D o 2D
O _ dsdy —~d2d5 0 dy d4~_d5 0
<) _ | dsdi-dvd 2P dd-d X Gded
$O) _ | dsda=dpds 0 _di1ds—ds 0 4ads
3 2D e . 2D L. 2D
O d1d4~—d5 O _ d d2~_d3 0
Y 2 . 2D
_d1d4jd5 O d1d2~_d3 O &
2D 2D 2dsD

We now proceed to prove that matrix X = X; + X, + 25 is a positive matrix. For any matrix M, we
define the following symbols:

M > 0: M is at least a positive semi-definite matrix,

M > 0: M is a positive definite matrix.

Therefore, we obtain

(O]

) 0 .
Y = A(MJaJ.J) 2 N (M 3T, J) T = A
1= q,(MJ3J2J1) (02><5 02><2[( 1W3LJ) T =2 A

5
2(2 ) O5><2

Y, = 2 (MyJ3JrJp) 7!
2 = qy(MaJ3J>2J1) (02><5 02 % 2

) [(MyJ3J,J) ™ = 2,

5
20 05

Y5 = GP(MaJ3 I )7
3 = q,(M3J3J>J4) (02><5 02 % 2

)[(M3J3J2j1)_1]T > A

S OO O OO OO O OO O OO OO OO -
S OO OO~ O OO0 OoO O OO0 Ooo —Oo
SO OO P OO OO OoOO LR OO OO0 o~ Oo o
S OO R O OO O OO OO0 oo, oo
S OO OO OO O OO0 OO~ OO o0
S OO OO OO OO OO0 OO oo o oo
—_ O O O OO OO OO OO0 OO OO o o0
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where 1;, 1, and A3 denote the minimum eigenvalue of 2(15), 2(25) , and 2(35) , respectively. Thus, we obtain
T=3+3+ 3> A7, (4.29)
where 1 = min{1;, 1,, 1;}. Hence, we prove X is a positive definite matrix and

5
2(1) 0552
02><5 02><2
5
Zg) 05><2
02><5 02><2

S =A(MyJ3J20;) " ( )[(MleJle)‘l]T

+ﬁm&&&ﬂY% ﬁm&&&ﬂrﬂT

i S (20 .
+ﬁ@@hhh)%®l éfﬁw@hhh>ﬂ?
X X

This completes the proof.

5. Extinction

In this section, we will explore the sufficient conditions for HIV to become extinct in the long term.
First, we need to define a threshold

5 i q |
. max{=(e« —2e*i +1)2,i=1,2,3}
Ry = Ro + B B B '
min{=, =, £}
a1’ a’ a3
where q, = Z8umtbo) -, - EB%athm) “and gy = Ry. In this threshold expression, the first term,
mymy—0102 m|m2—'6162

Ry, represents the baseline transmission rate of the deterministic model, reflecting the disease’s
intrinsic transmission capacity in the absence of environmental noise; the second term is a stochastic
correction term, used to describe the impact of environmental fluctuations on the critical conditions
for disease eradication.

Theorem 5.1. If ROE < 1, then for any initial value (S (0), W(0), 1,(0), 1,(0), 81(0), 8,(0), B3(0)) € Rﬁ xRi,
we have

In(a,1; + arlr + azW B, B, B
limsup - h * @b+ asW) s B Br Baype 1y o as (5.1)
00 t a a as
Proof. Define a C?-function U as follows:
U= arl; + a5 + az W. (52)
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Applying 1t6’s formula, we get

_ 1
L(ln U) :5[(13,31(1‘)5' I + a3ﬁ2(t)S L+ (13,83(t)S W — (13(9 + l/t)W
+ a1p1W - almlll + a16212 + azpzW - a2m212 + a251]1]

| _ B, K(p,6, + B,K(p6; +
Sf[a3,83KW—,83KW—'B] (p26> lez)W_,Bz (p161 + pamy)
U nmymy —6162 mymy — 5162
p1K(Bim; +,3251)W _ miK(Bimy + B261) 0, K(B1my + 3,61)

I + I
mimy — 010, mimy — 0102 mmy — 0102

PK(Bomy + B167) myK(Bamy + f3162) 61K (Bamy + B162)
+ W - 12 + I]
m1m2—6162 m1m2—6162 m1m2—5162

+ asBiKIL + aspoK + a3 (B1(1) — B1)S T + as(Ba(t) — B2)S I + a1 (B3(1) — B3)S W]

(B1KI, + BoKI, + B3 KW) a3K(lﬁl(l) _Bl| I+ |,32(f) —Bz| L+ l,33(l) —B3| W)
< (R() - 1) +

aly + axlr + asW aly + axl, + azW

Bi B: Bs {lﬁl(t)—Bll |B2() - o] lﬁ3(t)—B3|}.

<K min{— —}(Ry — 1) + Kmax

(11 a2 as

aq ’ ay ’ as
(5.3)
Integrating Eq (5.3) from O to ¢ and dividing 7, we obtain

InU®@ InU(0) <K B B ,33}( ) - 1)+Kmax{%f Mds,iz 1,2,3).
; ‘

{___

t t ay a; das

(5.4)

By utilizing the ergodicity property of 8;, we can obtain the following inequality:

lim — flﬂ(i B" B’(* 2efw,+1)z. (5.5)
0 i a;

t—oo

Taking the limit superior on both sides of the inequality and combining the Eq (5.5), we obtain

lim sup InU®) <K {ﬁ—1 & &}(Ro -1)+ Kmax{ﬂ (ewz - Zefwr +1)7)

t—00 ! ap ax as

5 B B max{ﬂ’(efz —2efjt + 1)t }
—K min{2%, 22, —3}(R0 + _ 1) (5.6)
mm{B‘ B [ﬁ}

a)’ ay’ az

=K min{—, = —}(RE— 1) <0.
a ap as

Therefore, we can get the following conclusions:

In W(z) Bi B> PBs

lim sup < Kmin{—,=,=}Rf - 1) <
t—o0 t ay dp as
t
lim su p 1() &@@(RE—1)<0
t—c0 ay a as
nl

lim su p 2() {ﬁ_l ﬁ—zé}(RE—l)
t—oo a a; as
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Furthermore, we obtain lim,_,., W(¢) = 0, lim,_,, I;(¢¥) = 0, and lim,_,, Ir(¢) = 0, which indicate that the
disease will go extinct.

Remark 2. From the definition of R, we immediately obtain Ry < R{. This implies that R} < 1 can
be regarded as a common threshold for disease extinction in both stochastic and deterministic models.

6. Numerical example

In this section, we use numerical simulation to study the stochastic HIV model. We obtain the
discrete system of Model (1.9) by Milstein’s high-order method [32].

S =87+ (11— &S TW/ = PASIH — 25 T1 - uSTHAL,
W =W 4 (P STWI + P SI + ST — (0 + WAL,
Y =t oW ]+ 1,
B =t W ot 1
" | o (6.1)
ﬂf“ :IB{ - Q)IIB{AI + & \/Enj + 51(775 - DAy,

. . . &2
BY =Bl — wiBlAL + & VAL + f(&? — DAL,

3
By =Bl — wiBj At + & VA + %({f ~ DAt

where At represents the time step, and let Az = 0.01. Moreover, 1;, 4;, and {; denote independent
random variables obeying a Gaussian distribution N (0, 1) for j = 1,2,--- ,n.

Following the data analysis in reference [15], the parameter values are given in Table 3. These
parameters have been validated in existing studies, which enables the deterministic model to accu-
rately capture the macroscopic evolution of disease transmission and ensures the comparability of our
numerical results with previous work.

Table 3. Value of parameters in System (6.1).

Parameter Meaning Value
I1 The recruitment rate 1.3

Bi The transmission rate of fast asymptomatically infected individuals 0.0242
B2 The transmission rate of slow asymptomatically infected individuals ~ 0.0217
B3 The transmission rate of acutely infected individuals 0.0047
u The natural death rate 0.0071
0 The transition rate from acute infection to asymptomatic infection 0.2161
p Proportion of co-infection identified via early diagnosis and screening 0.0089
a The transition rate from fast asymptomatic infection to AIDS 0.1689
s The transition rate from slow asymptomatic infection to AIDS 0.2953
01 The recovery rate of other diseases 0.2461
02 The probability of co-infection in slow asymptomatic infection 0.2733

Example 6.1 (Stationary distribution and probability density function) For the fluctuation intensity
and mean reversion rate in the stochastic model, the initial values are first set within the interval (0, 1)
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by referring to the common value ranges of similar stochastic epidemic models. Combined with the
threshold conditions and dynamic evolution requirements of the model, the parameters are gradually
adjusted and screened. Finally, the parameter values are determined as w; = w; = w3 = 0.6 and
& =& =& = 0.03. Using the date above, it can be straightforwardly derived that Rg =19.8274 > 1,
which satisfies the condition of Theorems 3.2 and 4.1. Hence, according to Theorem 4.1, we can know
that the solution (S (¢), W(¢), I,(¢t), [,(?), In B1(?), In B,(?), In 55(¢)) follows the normal density function
as follows:

DS, W, 11,1, InB1,In6,,In53) ~ ((9.2484,5.5302, 1.8768,2.8597,1n 0.02421n 0.0217,1n 0.0047), X),

where

0.8389 —0.2295 -0.0836 -0.1308 -0.0469 -0.0641 -0.0269
-0.2295 0.2102 0.0315 0.0742 0.0346 0.0473  0.0198
-0.0836 0.0315 0.0131 0.0201 0.0019 0.0025 0.0011
T =[-0.1308 0.0742 0.0201 0.0362 0.0067 0.0091 0.0038 |[x 1072

-0.0469 0.0346 0.0019 0.0067  0.075 0.0 0.0
-0.0641 0.0473 0.0025 0.0091 0.0 0.075 0.0
-0.0269 0.0198 0.0011  0.0038 0.0 0.0 0.075

Moreover, it is easy to get the following marginal density functions:

@y (S) =4.3556 6—59.6006(S—9.2484)2, Dy (W) = 8.7024 ¢~ BT 9169(W-5.5302
@, (I,) =34.8086 o~3806.4780(1,~1.8768)° @, (I,) = 20.9731 o~ 1381.8895(1,-2.8597)
1 . » P, . .

We choose initial value (S (0), W(0), 1;(0), 15(0)) = (1.2,0.8,0.4,0.6). The left column of Figure 1 shows
the solution trajectories of the stochastic and deterministic models, clearly demonstrating the persistent
existence of susceptible individuals and HIV-infected individuals. The right column of Figure 1 displays
the frequency histograms and marginal density functions of various population groups in the stochastic
model (1.9), which verified the existence of the stationary distribution.

Figure 2 provides the density function fitted from the frequency and the marginal density function. It
can be observed that the two curves have a high degree of coincidence, which confirms that the solution
of the model follows a Gaussian distribution.

Example 6.2 (Sensitivity analysis) To assess the impact of each parameter on the basic reproduction
number R}, this paper adopts the partial rank correlation coefficient (PRCC) method to conduct a
global sensitivity analysis. Taking the baseline values of the parameters listed in Table 3 as the
benchmark, a relative perturbation amplitude of « = 0.1 is set, and random sampling is performed
within the perturbation interval of each parameter. The Rg values corresponding to each set of parameter
combinations are calculated; on this basis, the PRCCs between each parameter and Rg are computed.
The absolute value of the PRCC reflects the strength of the parameter’s influence on RS, while its sign
indicates the direction of the influence: A positive value indicates that an increase in the parameter will
lead to an increase in Rg, and a negative value indicates that an increase in the parameter will lead to a
decrease in Rg. Figure 3 shows the results of this analysis, where red bars indicate a positive correlation
between the parameter and R>, and blue bars indicate a negative correlation.

Example 6.3 (Extinction) Let IT = 0.5, 8; = 0.00242, 8, = 0.00217, and 85 = 0.00047. Moreover, keep
all the other parameters unchanged. Hence, we can calculate the threshold value R} = 0.9139 < 1,

Electronic Research Archive Volume 34, Issue 8, 5758-5794.



5787

Susceptible population

Frequency histogram and marginal density function of S(t)

9.6
---- Stochatic 4 [ Frequency Histogram

_94 F=l —— Marginal Density Function
=) o)
@ S2

9.2 &

04
[ 250 500 750 1000 1250 1500 1750 2000 8.8 9.0 9.2 9.4 9.6
Time t
Acute infection population Frequency histogram and marginal density function of W(t)

56 ; ) b ) i ; ---- Stochatic 75 [ Frequency Histogram
7 1 .i H H . —— Determin z —— Marginal Density Function
£ ! 1 3 5.0
=554 v g i §

] U i Q25
54 ' ' ! 00
[ 250 500 750 1000 1250 1500 1750 2000 ’ 53 5.4 5.5 5.6 57 5.8
Time t
Fast asymptomatic infection population Frequency histogram and marginal density function of 11(t)
1.900 ---- stochatic 30{ EEE Frequency Histogram
— 2 —— Marginal Density Function
1875 220
- 810
1.850
0
0 250 500 750 1000 1250 1500 1750 2000 1750 1775 1.800 1.825 1.850 1.875 1.900 1.925
Time t
Slow asymptomatic infection population Frequency histogram and marginal density function of I(t)

2.90 ) 4 ; N 4 4 i ---- Stochatic 20 [ Frequency Histogram
= P 4. 0 H H —— Determin 2 —— Marginal Density Function
s @

285 I =y f g <10
1l o o
f Rt | ¥ ¥ n § y o
2.80 i 0
0 250 500 750 1000 1250 1500 1750 2000 2.750 2775 2.800 2.825 2.850 2.875 2.900 2.925
Time t

Figure 1. The left column show the trajectories of the stochastic and deterministic models
and the right column show the the frequency histograms and marginal density functions of

various population groups in the stochastic model.
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S (1), W(), I,(¢), and I,(¢) in the stochastic model (1.9).

Electronic Research Archive

Volume 34, Issue 8, 5758-5794.



5788

PRCC Sensitivity Analysis of R§
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Figure 3. Global sensitivity analysis of parameters for R .

which satisfies the condition of Theorem 5.1. That is to say disease will become extinct exponentially
in the long term. Figure 4 shows the time evolution curves of each population under the conditions of
Theorem 5.1. It can be observed that in the long-term behavior, the three classes of infected individuals
tend to zero, while the susceptible population stabilizes at a constant value, indicating that the disease
eventually becomes extinct.

Example 6.4 (The impact of 6,) To investigate the effect of d, on the disease dynamics, we calculated
the extinction time and the time to reach equilibrium for different values of ¢,. In Figure 5(a), based on
Example 2, as ¢, increases, the extinction time gradually lengthens. Figure 5(b), based on Example 1,
shows that as d, increases, the times for /;(z) and I(¢) to reach their respective equilibria gradually
shorten. Taken together, regardless of whether the disease eventually becomes extinct or becomes
endemic, an increase in 6, makes the disease harder to control.

Example 6.5 (The impact of volatility intensities and regression rate) The fluctuation intensity charac-
terizes the disturbance magnitude of environmental stochastic noise on the transmission parameters,
and quantitatively describes the random fluctuation range of transmission coeflicients deviating from
the long-term baseline level. A larger value indicates that uncertain external factors exert a more
prominent impact on the transmission process, and the short-term oscillation of systemic transmission
levels becomes more drastic, which objectively reflects the widespread dynamic uncertainty in actual
infectious disease transmission. To explore the effect of fluctuation intensity, we fix the mean reversion
rate at w; = 0.6 (i = 1,2, 3), and select the fluctuation intensity & (i = 1,2,3) as 0.03, 0.3, and 0.6,
respectively. Figure 6 displays the evolutionary trajectories of each system state variable under different
fluctuation intensities. When the noise intensity is low, the sample trajectory presents small and regular
oscillations around the deterministic steady state, the system maintains satisfactory stability, and the
fluctuation range of the population size in each compartment is limited. As the noise intensity increases
further, the sample trajectory undergoes drastic and violent oscillations, and the population of each
compartment fluctuates frequently and significantly. This reveals that high-intensity environmental noise
will greatly weaken the stability of the transmission system and make the epidemic trend unpredictable,
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which corresponds to a substantial increase in the difficulty of public health prevention and control.
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Figure 6. The trajectories of S (¢), W(), I,(¢) and I,(¢) in the stochastic model under &; = 0, 03,
& =0.3,and & = 0.6, (i=1,2,3).

The mean reversion rate describes the recovery speed of the transmission coefficient toward its
long-term average after being disturbed by environmental stochastic shocks. A larger value indicates
the stronger ability of the transmission system to resist disturbances and self-correct, enabling it to
return to a stable and regular transmission state more quickly after being disturbed. From a public health
perspective, it reflects the response efficiency and overall stability of prevention and control management
strategies as well as the population’s behavior adjustments. To investigate the influence of the mean
reversion rate, we fix the fluctuation intensity at & = 0.25 (i = 1,2, 3), and select the mean reversion
rate w; (i = 1,2,3) as 0.1,0.25, and 0.9, respectively. Figure 7 displays the evolutionary trajectories of
each system state variable under different mean reversion rates. When the mean reversion rate is large,
the system has strong self-correction ability, the sample trajectory shows a small oscillation amplitude,
each variable can quickly recover near the steady state, and the overall stability is good. As the mean
reversion rate gradually decreases, the oscillation amplitude of the trajectory increases, the speed of the
system returning to the steady state slows down, the degree of each variable deviating from the steady
state intensifies, and the disease’s dynamic behavior tends to be unstable. This indicates that a higher
mean reversion rate helps to suppress the interference caused by environmental noise and to enhance
the robustness of the transmission system.

7. Conclusions

This study constructs an HIV model driven by the Ornstein—Uhlenbeck process, which incorporates
different stages of HIV infection while accounting for co-infection. For the contact rates at various
infection stages, log-normal Ornstein—Uhlenbeck processes are introduced. This approach not only
avoids the inherent issue of unbounded variance growth in white-noise-driven models, thereby enhancing
model stability and reliability, but also mathematically ensures the strict positivity of contact rates
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Figure 7. The trajectories of S (¢), W(), I;(¢) and I,(¢) in the stochastic model under w; = 0, 03,
w; = 0.25, and w; = 0.9, (i=1,2,3).

through log-normal transformation. Furthermore, the model can be directly adapted to the study of
other infectious diseases with stage-specific characteristics, providing a unified theoretical tool for
formulating control strategies for various types of infectious diseases.

In theoretical terms, this study proves the existence and uniqueness of the global positive solution to
the stochastic system. When the threshold R} > 1, the system has a stationary distribution, indicating
that the disease will prevail persistently in the long run. The stationary distribution can characterize the
statistical properties of populations at each infection stage during long-term prevalence, and provide
stage-specific references for identifying weak links in prevention and control. Meanwhile, the analytical
expression of the system’s probability density function is derived, which supplies a theoretical foundation
for describing the distribution characteristics of the epidemic’s fluctuations under random perturbations.
When the threshold R} < 1, the infection tends to extinction, providing a clear criterion for evaluating
whether intervention measures can block disease transmission. Numerical simulations further show
that a smaller reversion rate lengthens the time for the system to restore its steady state, enlarges the
fluctuation range of infected populations, and enhances the instability of the disease dynamics. In
addition, a higher fluctuation intensity triggers fiercer oscillations of the system’s trajectories and greatly
increases the uncertainty of disease transmission.

In the field of modeling HIV transmission dynamics, age structure is a key biological influencing
factor, and its mechanism of action and quantitative effects on the transmission system still require
further integration into model frameworks for in-depth consideration. Additionally, given the specific
progression of AIDS, incorporating time-delay effects into the model design to better align with the
actual development patterns of the disease also holds significant research importance. Therefore, future
research can focus on developing stochastic HIV models that integrate the infection’s age structure and
time-delay effects.
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