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Abstract: To address the performance degradation of fully connected tensor network decomposition
under high missing rates, where relying solely on global low-rank priors is insufficient, we proposed
a novel FCTN decomposition method based on factor double sparsity regularization, termed FCTN-
FDS. The proposed method jointly incorporated gradient factor regularization and structural sparsity
regularization into the FCTN framework, constraining the model at the same time from two levels:
Factor representation ability and network structure, to enhance the robustness of rank selection and
reduce redundant parameters. Furthermore, an efficient algorithm based on proximal alternating
minimization was designed to guarantee convergence and computational efficiency. Experimental
results on color image, multispectral image, and MRI recovery tasks demonstrated that the proposed
method achieves superior performance in recovering fine details and complex textures compared to
existing approaches, validating its effectiveness and strong representational capability.

Keywords: tensor decomposition; low rank constraint; sparsity regularization; tensor completion; Full
connected tensor network

1. Introduction

With the rapid advancement of science and technology, real-world applications have increasingly
generated high-dimensional complex data, such as hyperspectral images, medical imaging, and seismic
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data. During the acquisition of high-dimensional data, missing and corrupted elements inevitably occur
due to environmental constraints, unstable imaging equipment, and other practical factors [1], which
severely hinder subsequent downstream applications [2]. High-dimensional data recovery aims to
accurately reconstruct intact, clean data from incomplete, noisy observations [3,4]. Its core is to
leverage the latent prior knowledge embedded in the original data [5,6], thereby converting ill-posed
problems into well-posed, computationally tractable ones. Common intrinsic priors include global
correlation [7], local continuity [8], and nonlocal self-similarity [9,10].

Moreover, tensors have emerged to effectively characterize high-dimensional data [11]. As the
high-dimensional extension of vectors and matrices, tensors possess inherent multidimensional
structural properties that naturally preserve the intrinsic correlations across data modes and better
represent high-dimensional data in real-world scenarios [12,13]. Nevertheless, the use of tensors for
data processing also introduces the challenge of the “curse of dimensionality” [14], in which storage
and computational costs increase exponentially with the growth of tensor order. This promotes the
development of tensor decomposition. Through multilinear operations, high-order tensors can be
decomposed into a set of low-rank latent factors, which excavate the intrinsic structure of original tensors
and substantially reduce storage and computational costs. Consequently, tensor decomposition has
been widely applied in numerous fields, including machine learning [15,16], computer vision [17,18],
and image processing [19,20].

Classic tensor decomposition methods include CANDECOMP/PARAFAC (CP)
decomposition [21,22] and Tucker decomposition [23]. These methods have achieved remarkable
results in the field of data recovery. CP decomposition aims to approximately decompose a high-order
tensor into the sum of R rank-one tensors. Herein, R denotes the CP rank, which is defined as the
minimum number of rank-one tensors required to reconstruct the original tensor. Tucker decomposition
decomposes the original tensor into the product of a core tensor and matrices of each mode, which can
be regarded as high-order principal component analysis. The Tucker rank is a vector whose elements
specify the rank of the unfolding matrix along the corresponding mode of the original tensor. These
early methods laid the foundation for tensor decomposition, but each has its own limitations. CP
decomposition enjoys a unique representation and favorable interpretability. However, determining
the CP rank is an NP-hard problem [24]. CP decomposition assigns equal importance to each
component across all modes, severely limiting its fitting capability for practical data and leading to
unstable optimization performance. In contrast, Tucker decomposition supports mode-wise
independent rank assignment, offering superior flexibility to characterize heterogeneous structural
features across distinct dimensions. Nevertheless, Tucker decomposition suffers from inherent defects:
The parameter scale of the core tensor grows exponentially with the tensor order, leading to prohibitive
computational complexity in high-order tensor scenarios. Furthermore, matrix-based tensor unfolding
destroys the intrinsic multidimensional structure, thereby failing to capture global interdependencies
across unfolding modes.

To address these challenges, the tensor network (TN) theory, originally developed in condensed
matter physics, has provided researchers with a novel perspective and has been introduced into
computational science and signal processing [25,26]. For instance, Cichocki [27] addressed the curse
of dimensionality in high-dimensional data by combining tensor networks with low-rank tensor
decompositions. TN decomposition decomposes an N th-order tensor into a series of small-scale
matrices/tensors (referred to as TN facts) via tensor contraction operations. The TN rank refers to a set
of non-negative integer parameters that define the size of the shared dimensions connecting adjacent
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tensor cores. The topological structure of TN [28] can be formally formulated as a simple graph, where
nodes correspond to tensor cores, and edges characterize the contraction relationships between tensors.
Each elementary element of the TN rank further quantifies the weight of the corresponding edge. The
tensor train (TT) decomposition, proposed by Oseledets [29], decomposes an N th-order tensor into
two matrices and N —2 third-order tensors, featuring a “chain-like” topology. The tensor ring (TR)
decomposition, proposed by Zhao et al. [30], replaces the two matrices in the TT decomposition with
cyclically connected third-order tensors, decomposing an N th-order tensor into N third-order
tensors and featuring a “ring-like” topology. Based on TT and TR decompositions, these methods
suffer from two limitations due to constraints imposed by their inherent topological structures [31].
First, TT and TR decompositions establish multilinear operations only between adjacent cores, limiting
their ability to characterize correlations within the original tensor. Second, TT decomposition is
invariant only under reverse permutation of the original tensor modes, whereas TR decomposition is
invariant only under circular shift permutation. Consequently, TT and TR decompositions are highly
sensitive to the ordering of the original tensor modes.

In recent years, Zheng et al. [32] proposed the fully connected tensor network (FCTN)
decomposition with a fully connected topological structure. Specifically, an N -order tensor is
decomposed into a set of N -order factor tensors via FCTN. FCTN decomposition constructs
multilinear operations between any two core tensors, which can characterize the relationships between
the modes of the original tensor and better capture the global correlation of the data. In addition, FCTN
decomposition exhibits permutation invariance. Nevertheless, this network structure also brings new
challenges. First, the FCTN decomposition involves extensive computations of core tensors for high-
order tensors, leading to high computational complexity. Second, FCTN decomposition cannot

adaptively determine the tensor rank, and the FCTN rank ofan N order tensor contains N (N —1) / 2

parameters. Accordingly, it is difficult to select an appropriate FCTN rank.

Although the FCTN model exhibits remarkable advantages in characterizing the global
correlation of high-order tensors, relying solely on global low-rank properties fails to yield satisfactory
recovery results under extremely high missing rates. Therefore, introducing additional intrinsic priors
via regularization terms plays a vital role in improving the model’s stability, computational efficiency,
and robustness. Among them, factor regularization imposes low-rank constraints or norm penalties on
factor tensors during the optimization of FCTN decomposition. This strategy maintains the stability
and sparsity of the factors, thereby reducing the risk of overfitting and enhancing the model’s
robustness. For instance, Zheng et al. [33] introduced a factor regularization term into the objective
function to constrain the representation capability of each factor tensor. This method promotes local
continuity of the target tensor, further strengthening the model’s data recovery ability under high
missing rates, and has achieved promising performance on tasks such as image inpainting and video
restoration. On the other hand, structural sparsity regularization constrains the model from a tensor
network perspective. By imposing sparse regularization constraints on tensor factor matrices, it can
reduce the redundant complexity among factors and improve computational efficiency. For example,
Huang et al. [34] imposed structural sparsity regularization constraints on FCTN factors. This enables
the model to reduce redundant parameters while preserving tensor structural information, thereby
improving the effectiveness and stability of decomposition, especially in high-dimensional data
recovery tasks.

Although these regularization methods have, to some extent, addressed the challenges of rank
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estimation and high computational complexity in FCTN decomposition, existing approaches typically
focus on a single type of regularization strategy, making it difficult to balance factor representation
capability and network structure optimization simultaneously. How to effectively integrate factor and
structural sparsity regularization to further enhance the algorithm’s robustness and computational
efficiency remains a topic worthy of in-depth investigation.

To address the aforementioned issues, we introduce gradient factor regularization and structural
sparsity regularization within the FCTN decomposition framework, proposing a novel method termed
FCTN-Factor Double-Sparse (FDS) (FCTN based on FDS regularization). This method imposes
constraints on the model from two perspectives: Factor representation capability and FCTN network
structure, thereby effectively mitigating the performance degradation problem of FCTN models while
enhancing the robustness of rank selection. The major contributions of this paper are as follows:

1) We propose a novel FCTN decomposition method based on factor double-sparse
regularization and establish a corresponding tensor completion model. By incorporating factor
regularization and structural sparsity regularization into the FCTN framework, the proposed model
effectively constrains factor complexity and reduces redundant information, thereby significantly
improving the robustness of rank selection.

2) To solve the proposed model, we construct an efficient algorithm based on Proximal
Alternating Minimization (PAM). This algorithm maintains high recovery accuracy while ensuring
computational efficiency.

3) The effectiveness of the proposed method is validated through experiments on tasks, including
color image, multispectral image, and magnetic resonance imaging (MRI) restoration. Experimental
results demonstrate that the proposed method possesses superior representation capability, particularly
in recovering fine details and complex textures.

2. Notations and preliminaries
2.1. Notations

In this paper, we use x, x, X and X to denote scalars, vectors, matrices, and tensors,
respectively, where scalars, vectors, and matrices can be regarded as zero-order, first-order, and

second-order tensors, respectively. Given a matrix Xe R™ | we use X", X, X", and X' to
denote its transpose, conjugate, conjugate transpose, and Moore-Penrose pseudoinverse, respectively.

R[1X12X' =Xy

Given a tensor Xe€ , its (@,i,,...,1,) -th element is denoted by X(i,i,,...,i,), where

i €[], ne[N],and [N] denote the set {1,2,...,N}.Giventwo N -th order tensors X and ),

their inner product is defined as (X,)) = z Xty i)Yy, 1y ) - The Frobenius norm

isiy e

of atensor X is denoted by | X |F =(X,X) . More detailed notations can be found in Table 1.
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Table 1. Definitions of notations.

Notations Explanation
X~ X+ X\ X Scalar, vector, matrix, tensor
X(@,1,,...,05) The (i,i,,...,iy)-thentry of X
x,, or {x,}i_ Ordered Set {x,,x,,"--,x,}
B Matrix nuclear norm
I, Frobenius norm
e The tensor transpose of X based on n
The generalized unfolding of X
X[nl:d ‘ nd+l:N]
The mode- £ unfolding of X
X
k -mode unfolding X
X<k>
My Tensor contraction
Mg

Fully-connected tensor network decomposition and

X =FCTN({G,};_,) and ryepy FCTN rank

2.2. Preliminaries

Definition 1 [32] (Generalized tensor transpose): Let X' e R be a tensor of order N, and

n=(n,n,, --,n,) be an arbitrary permutation of (1,2,---, N). The tensor obtained by rearranging
the pattern of X in the order specified by n is called the tensor transpose of X based on n,

Ly Xy, %X

denoted as A" e R™" . In this paper, the corresponding transpose operation and its inverse

operation are represented by X" = permute(X,n) and X = permute(X",n), respectively.

Definition 2 [32] (Generalized tensor unfolding): The generalized tensor unfolding of X" is defined

d N
as a matrix X[nml npy OF S1ZE Hln‘_ X H I, , whose elements satisfy
i=1 i=d+1

X[nl:d\ndH:N](jl’.jZ)ZX(il’l.Z’...’l.N)ﬁ (1)
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d s—1 N s—1
where j, =i, +Z((iﬂ$ —I)H I, J, Jo =i, + Z [(z’ns —-1) H I, J The corresponding unfolding
s=2 m=1

s=d+2 m=d+1

operation and its inverse operation are represented by X, , = GUnfold(X,n, |n,,.) and

Mg gy

X =GFold(X,, n., | n,,.y ), respectively.

1 [asin 12

In this paper, X is used to represent D I and this special case of X 1is called

the modulo % expansion of A" . In this paper, X__ is used to represent X, |» and this

> eoklk+1, N

special case of X' 1is called the £ -modulo expansion of X .

Definition 3 [32] (Tensor contraction): Let Xe RV be a tensor of order N , and

Ve R ™ be a tensor of order M . They satisfy I =J , where i=1,2,---,d . Here,

m;

n=(n,n,, --,n,) and m=(m,m,,---,m, ) are respectively a rearrangement of (1,2,---,N) and
(L,2,---,M), satistying n,, <n,,<--<n, and m,, <m,, <---<m, . The tensor contraction

between the n,,-th mode of X and the m,,-th mode of )V, denoted as X X::f Y, results in a tensor

of order (N + M — 2d)

Z = Xxnmll:;l ye Rl'mlx"')(]"zv X g %Xy . (2)
d

The formula for calculating its elements is

Z(l"uﬂ’.”’Z"N"]mdﬂ’”."]’"M):

I T s : &)
ZZZ‘X (lnl7'“’lnd’lnd+1"“’lnN)y (lnl’“.’an7.]md+l’.“7.ij)'

iy=li,=l i, =1
Definition 4 [32] (FCTN decomposition): FCTN decomposition aims to decompose a tensor

Ry jXRy j - KBy j XL xRy gy Xy

X e R v of order N into a set of factor tensors GeR of order N,

where k£ =1,2,---, N, and establish the connection between any two factors. Mathematically, FCTN

decomposition can be represented as
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5729

Rl.Z Rl,3 RN—I,N

X(ipsiyseenniy)= D, D0 Y

fa=lriz=l v y=l
(G Gistinstiss i)

gz(rll’iz:rzga---,Vz’N)'-- (4)
gk(rl’k’rz’k"'"rk—l,k’ik’rk,kﬂ,-..,Vk’N)-..

gN(Vl,N’rz,N" . "VN—I,N’iN))‘
In addition, in this paper, X =FCTN({G,}\,) isused to denote the FCTN decomposition, where

{G. 1, is the set of all FCTN factor tensors, and the FCTN rank is defined as a set of vectors

— N(N-1)/2
l“FCTN _(R,2’Rl,3""7R1,N7R2,3’R2,4" "’RZ,N9" '912N—1,N)e R . (5)

Definition 5 [32] (FCTN composition): The process of generating X using the FCTN factor

ge RF R R B xRy 15 .. N is called FCTN composition. In addition, if one of the
factors G, (ke {l,2,...,N}) is excluded, it is denoted as M, = FCTN({G,}",,/G,) in this paper.

t=1°

Remark 1: Assume X =FCTN({G}Y) and M, =FCTN({G'",,/G,) , then the following

equation holds

X = Gk(k>Mk[mm,1\nm4]’ (6)

,i=1,2,...,N-1.

{21', ifi<k, {21‘—1, ifi<k,
where m, = n, =

2i—1, ifi>k, 2i, ifi>k,
Theorem 1 (Exact and fast solution of the Sylvester matrix equation [33]): Suppose that Ae C™"

and Be C™ are two matrices satisfying that I, ® A+B" ®1,, is invertible and the matrices A and

B can be represented as A =UAU" and B=V®V" (AeC”™ and ®cC™ are diagonal
matrices, Ue C™" and Ve C”™ are unitary matrices), then the unique solution the Sylvester

equation AX+XB =Y (XeC”™ and Ye C"™) can be fast calculated as
X=U(12Q)o(U"YV))V", (7)
where Q =repvec(diag(A), n) + (repvec(diag(®),m)) € C™", © and @ represent element-wise
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multiplication and element-wise division, respectively. The operation repvec(a,n) returns a mxn

matrix formed by concatenating the vector a with the same mXx1 columns side by side # times.
When the input variable is a diagonal matrix, the operation diag() returns a column vector containing

the elements on its main diagonal.
3. Proposed method

Real-world data typically exhibits repetitive textures and structures; consequently, it is often
assumed to be low-rank. While FCTN decomposition can effectively capture global correlations in
high-dimensional data, relying solely on them fails to yield satisfactory recovery when the missing rate
is high. To further enhance the representation capability of FCTN decomposition, we introduce two
regularization terms, gradient factor and structural sparsity regularization, and propose the FCTN-FDS
decomposition. Specifically, the organization of this section is as follows: In Section 3.1, we provide
a brief introduction to gradient factor regularization. In Section 3.2, we present a brief overview of
structural sparsity regularization. In Section 3.3, we detail the proposed FCTN-FDS model. Finally, in
Section 3.4, we describe the PAM algorithm designed for the proposed model. The technical
framework of this paper is illustrated in Figure 1.

Gradient factor

I 1,
' E | G
X
1
: 0
|-l
T Hz:l &,k Hl;ikﬂ Rk,J

Gradient factor regularization

WO v
2

min [D, Gy [, = min [0V, ], < i[O, [V} <m
Gy 1 E My — gy, 17 Tellr =gy, 1T ke I TElr =gy,

(a) FCTN decomposition (b) Gradient factor regularization
g, @ 9, s up 172 R, ; H}LM R;, %”5 g I R, H}LM R
1, Ij m’: &’J E RLJ
|& N z 4 E: y

Ry —@)—1— g, — Ry B X :
| | x—a —_— Q:N
R R -9 o
= =
g@g, - ~

=reshape(Gy(;) G,y R, w/o Group Sparsity R, Group Sparsity

X : Matrix multiplication @ : Tensor contraction O : Non-zero small-value components O : Zero components @ O : Non-zero big-value components

(c) Sparse constraints on tensor contraction structure

Figure 1. Schematic diagram of the FCTN-FDS technical framework.
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As illustrated in Figure 1(a), there is only one common dimension between any pair of small-

scale factor tensors. As illustrated in Figure 1(c), the tensor contraction between ¢, and G, is

equivalent to a reshape operation following the multiplication of their corresponding unfolded matrices.
However, selecting an excessively large FCTN rank results in the presence of abundant near-zero
elements within the unfolded FCTN factors. These elements are the primary cause of the model’s
sensitivity to rank selection. To address this issue, we introduce a structural sparsity constraint. This
term forces the non-structurally sparse near-zero elements in the unfolded factor matrices to shrink to
exact zeros, thereby reducing the model’s sensitivity to parameter selection.

3.1. Gradient factor regularization

The objective of gradient factor regularization is to incorporate prior information on local
continuity into the FCTN model, thereby enhancing its ability to recover image details and textures
under high missing rates. The schematic illustration is shown in Figure 1(b).

RRI JXRy g% KBy XU KRy iy ¥Ry

Property 1: Let G, € ,where k=1,2,---,N,bethe FCTN factor of the

N -order tensor X'€ R ¥ then the following inequality holds

Rank(X,,,) <Rank(G,,) <[], . R (8)

i=lizk = ki
where if &k >i,then R, =R,.
Based on Property 1, we realize the low-rank hypothesis by assuming that the mode- k£ unfolding

matrix G, of the factor tensor is low-rank. In addition, considering that sparsity in the gradient

(k)

domain is often regarded as an equivalent characterization of local continuity in the original domain,
we formulate a regularization term in the gradient domain to enforce local continuity. The following
difference matrix can represent the gradient operator:

-1 1
0 -1 ... 0

D,=|: . |eRW (9)
0 0 11
1 0 0 -1

The rank of D, 1is [, —1. Therefore, we can obtain

Rank(X ;) < Rank(G,,,) < Rank(D, G, ,,) +1. (10)

(k)

Inspired by the above analysis, we perform low-rank decomposition D,G, , under the FCTN

k(k)

Electronic Research Archive Volume 34, Issue 8, 5723-5757.
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.. . N N Ry ;
decomposition framework. Specifically, let D, G, o =U,V,, where U, e R"", V,eR o LY ’

. . . N
and in all experiments, 7, < min{/ k’H,-

R, ;} 1is set to max{R, ,R ,R, v} - According to

=1,izk k22

Property 1, HN R, the upper bound of the rank of X . From

i=l,izk (k)

Rank(X,,) < Rank(G,,) < Rank(D,G,,,)+1, it can be seen that the low-rank decomposition of

(k)

D,G,,, In this paper can further enhance the low-rank property of X thus improving the

(k) 2
robustness of FCTN rank selection. In addition, we apply Tikhonov regularization to the LRMF factors

U, and V, to promote the local continuity of the target tensor X .

3.2. Structural sparsity regularization

Structural sparse regularization indirectly promotes the low-rankness of the target tensor by
enforcing low-rankness across shared dimensions of the interaction factor unfolding matrices.
Furthermore, performing zeroing operations on groups avoids information loss. In this paper, the sum
of the squared Frobenius norms of the corresponding sub-factor tensors is collectively referred to as a
group. The schematic illustration is shown in Figure 1(c). The detailed derivation is presented as follows:

Theorem 2 (Lemma 3 in [35]): Given a matrix Xe R™" with rank(X)=r <min(m,n) and

non-zero singular values o, (i =1,2,---,r), there exist two factor matrices A =[a,,a,,---,a,]e R™

and B=[b,,b,,-,b,Je R™, where r<d <min(m,n), such that the Schatten - 1/2 norm of X,

,
denoted and defined as [ XIly> £ 0}, satisfies
i=l

& [ILa, 5+ b, 15
172 _ . k2 k2
I X2 =min . /;:Jf, (11)

where the equality holds when the singular value decomposition of X satisfies X =UZV" ,

1 1
A =UX?, and B=VX?. In addition, the extension of the above content to the tensor version is

defined as follows

d J” A SiH B, 02

v
I Xllg" =min,_ g > 5
k=1

where A@B denotes tensor contraction between A and B with one dimension.
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Inspired by Theorem 2, we propose a structural sparse regularization for the tensor under the
FCTN decomposition framework, which is formulated as follows

N-1 N R,

I ANNEDY (Il GZ7IE+1 G I3 )2, (13)

i=l j=i+l r=

where G!"!  denotes the r -th sub-tensor of ¢, along the j -th dimension, i.e.,
G =G(1:R, ][R, L[ R L[ R D). gj"’} is defined analogously. The first two

summations correspond to the (N (N — 1))/2 FCTN ranks, while the remaining

R ;

1

Z(H G+ G )E reflect the structural sparsity of the unfolding matrices of G, and G, .
r=1

Minimizing the structural sparse regularization term enhances the low-rankness of the contraction
result of the two factor tensors, thereby promoting the overall low-rankness of the target tensor.
Specifically, structural sparse regularization induces rows or columns in the factor unfolding matrices
to approach zero. Consequently, this regularization facilitates the recovery of a low-rank factor tensor
without incurring the computational burden of the Singular Value Decomposition (SVD). Furthermore,
pruning the corresponding near-zero rows and columns (collectively referred to as near-zero groups)
can adaptively enhance the robustness of FCTN rank selection.

3.3. The proposed tensor completion model

As can be seen from Figure 1(b),(c), the gradient factor regularization and the structural sparse
regularization act on the orthogonal directions of the factor tensor unfolding matrices. Therefore, the
two regularization terms do not interfere with each other, avoiding the loss of important information.

Let O denote the partial observations of the target tensor X . The tensor completion model
proposed in this paper is formulated as follows:

min_ | X ~FCTN({G, })IE + A8(G )+ D B, U IEHI VI,
k=1

X,G0,Up Vi

(14)
st. DG, =UV,, B(X-0)=0, k=1,..,N

) with k:1,2,...,N’ and Gk(k)ER (H,, H/— )

Ry xR g% Xy j XX Ry e ¥Ry v

where G, eR s the

modulo % expansion matrix of G, ; A>0 is the structural sparse regularization parameter, A
represents the set {4,,4,,...,4,}, B, >0 is the gradient factor regularization parameter, D, € R"*"

and is the first-order difference matrix. Q is the index of the observed elements, and let 7,(X) be

the projection operator. This operator preserves the elements at the observed indices while setting the
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remaining entries to zero.

In (14), for the regularization term || X — FCTN({G,})_)l7, the global low-rankness of the target

tensor is achieved by decomposing X into factor tensors of small dimensions. The detailed

N
explanation of how the factor regularization term »_ 8, (I U, I+l V,I) enhances local continuity is
k=1

as  follows: Based on the equation D,G,,=UyV, , we can obtain
[ Dka(k)pr =0, VIt <ULV IE.. Therefore, minimizing U , and V, can result in a smaller
| Dka(k)pr. The local continuity of each column of G, , is enhanced by left-multiplying a
difference matrix D, to the unfolding matrices of the factor tensors. Furthermore, since

X =6, M as stated in Remark 1, it follows that each column of X, is a linear

klmyyylmyo ]

combination of the columns of G Consequently, enhancing the local continuity of the columns of

k(k)*
G,., promotes the local continuity of the columns of X ,,. The structured sparse regularization term

further enforces the low-rank structure of the precise target tensor by jointly constraining sparsity
across the factor tensor network.

By introducing the indicator function of the penalty term min ZL 4 DG, )~ UV,

{0, if XesS, .
1 (X) = with S:={X: P, (X - 0) = 0}. (15)

o, otherwise,

Applying the constraint of Eq (15) to Eq (14), we have

min_ | X —FCTN({G Dl + 4,6({G, 1)

X.G,Up, Vg

N (16)
+ (1D, G = UV IE + B U IEH VL)) +15(X),
k=1

where 4, >0, k=1,2,---,N is the penalty parameter.

The calculation of the structured sparse regularization term A& ({G,}, ) involves square roots,

making it difficult to minimize directly. However, by applying the inequality of arithmetic and
geometric means, we obtain
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fo 1, o1,
1 X
(lo [ +lo L) s——5—— a7)
For any x>0 , the equality holds when x= \/Hg},{m”i +Hg}i,h‘ 2F In Eq (16),
N-1 N Ri; A A 1 N- Hg{J 7} Hg{w
GG, L) =z z Z(H G Al gj"’}HzF)z Z Z . . Therefore, we adopt an
i=l j=i+l r=1 i=l j=i+l r=1

iteratively reweighted least squares strategy to solve the following model instead:

min_ | X—FCTNGGDE +4 53" 3000 g+ G112

Xg/ k> / i=l j=i+l r=1 (18)

N
+3 (11 D, G, UV, IE + B, UL VIE)) +215(),

k=

(@) _l: 1
o2 e
x I GUrIRH g

where 7,

3.4. PAM solver for the proposed model

In this subsection, we adopt the PAM framework to present the solution algorithm for the
proposed model. The optimization problem in the Eq (16) can be solved by alternately updating the
following system of equations:

G =argminll X —=FCTN(G;"), G, Gl + 4,1 D, G, , — U VIl

G
k=1 Rix
+4, ZZH““H G+ A, Z ZUU”)H G+ pll G, -G2II7
i=l r=l1 J=k+1 r=1
U™ =argmin g, | D (G, —U, VOl + BINUIE + ol U, —UPIE (19)

Uy

Ve = argvmin 41D, (Gf“))(k) —UVIE + B VIE +pll V= VIR
k

X =argminll X ~FCTN({GE 1R +4, () + pll X = XIR
X

where £ =1,2,---,N, s is the iteration index, and p >0 is a proximal parameter. The PAM-based

algorithm adopts the relative error of the reconstructed tensor between two adjacent iterations as the
convergence stopping criterion, which is defined as follows:

| O~ O/ X9, <5x107, (20)
Ja F
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In this paper, the tolerance is set to 5x10~ to balance the fitting accuracy of tensor

reconstruction and computational efficiency.

Forthe G, sub-problem, the summation term 277(l Ol G can be regarded as the weighted

r=l1

(i.k)

squared Frobenius norm of G, , where the weights /77,""" are assigned to the r -th group of G,

R
along the i-th dimension, that is an”“” G =1 we OGk(l)||,2p , where each column of W

r=1

T Rk'/ . .
is [\/771(”"),\/né”k),---,‘/ngjkk)} . The same applies to » 7"/l GV II. . Since computing the
r=1

derivative of the objective function in tensor form is intractable, we transform it into the following
matrix form:

2 2

k-1 .
: ~ (i)
=argminll X)) -G, , M} + 4> ‘W OGk(k)

(54D +, z

J=k+1

(k) W QGk(k)

1)

G

()37 ()2 (s) 2
+1Uk|| Dka(k) -UVe HF +pll Gk(k) _(Gks )(k)HF’

where MY =GUnfold( M, m|n), M =FCTN(G"",G,,G")..,/G,), and the vectors m and n

~(i,k

are set the same as in Remark 1; W is reshaped from W via the transformation from (G, )i

to (G,),» specifically involving mode-i folding and mode- & unfolding, for i=1,2,..., k—1.The

(k. )) )
same applies to W for j=k+1,...,N . Since all columns of W"* are identical, all rows of

U] S . . . : »
are also identical. We utilize this common row vector to construct a diagonal matrix A" by

placing the vector along the diagonal. Consequently, we have the relationship
= (i) .
W oGy, =(G, )(k)@)(”") . Equation (21) is differentiable; therefore, its solution can be obtained
by solving the following Sylvester matrix equation which is calculated by setting
2 2
+A, z

J=k+1
+ﬂk” Dka(k) _UlcS)Vk(S)lev +pll Gk(k) _(Gl:))(k)nlzv

JG,

k.j)

|| X{;) - W OGyu|

©|R
0 =G M1 +/l,(z

i=1

W @Gk(k)

=0, that is

Gk(k)M(S)(M(S)) +27<(2Gk(k)(®(l k)) + Z Gk(k)(g(k j)) }

Jj=k+1

(22)

+;UkDZDka(k) +pG oy = Xy

) (Mlj)) + ﬂszUlcS)Vk(S) + p(GlcS))(k)-
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k—1 N
Furthermore, the diagonalization of M’ (M{”)" +quZ:((9("’k))2 + 4 Z (©@“”)* and DD,

i=1 j=k+l1

is realized by means of eigenvalue decomposition and one-dimensional Fast Fourier Transform,
respectively. Consequently, we obtain

k=1 N
MM+, (@) +4, 3 (@) =POP! -
i=1 J=k+1 ,

D,D, =F"AF
where A:diag((el,gz,...,qu)T)eR‘“X‘“’ , CD:diag((é‘l,fZ,...,fpk)T)eR”m’k , and &,

k-1 N
(i=1,2,..., p,) is the eigenvalue of M}’ (M{")" +/1,(Z:(9(’4’k))2 + 4, Z (@)’ and Pe R”¥ is

i=1 j=k+1
an orthogonal matrix, whose I-th column corresponds to the real eigenvector p, of the eigenvalue

¢, . €,(j=12,...,q,) is the eigenvalue of D,D,, and Fe C*“ denotes the one-dimensional

discrete Fourier transform matrix, which is a unitary matrix.
Based on Theorem 1, the closed-form solution to the Sylvester matrix equation in Eq (22) is
derived as follows:

(s+5)
(G’ =F"(12Q) O (FKP))P" o
1 ol
G = GFold((G, )y 2k |1,k =1,k +1,...N),

where Q = y,repvec(diag(A), p, ) + (repvec(diag(®),1,))" + pones(/,, p,) )
K=X{ (M) +4D, UV + p(Gf))(k) ; the operation ones(/,,1,,...,1,) returns a tensor of size

1,,1,,...,1,, with all elements being 1.

. (s+2) . .
After solving for G, 2, we shrink the near-zero elements in the FCTN factors to zero. As shown

in Figure 1(c), after performing the G @Qj = reshape(GE j)G j(i)) shrinkage operation, a large number
of near-zero elements exist in the FCTN factor unfolding matrices. In this paper, we employ a rank-
elimination operator to directly shrink near-zero elements in G; » and G, to zero. We define a

threshold «;ifthe column sum G; ;) 18 lower than this threshold, the column is set to zero. Similarly,

if the row sum G o is below the threshold 7, the row is cleared.
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1 1
s+ s+ ) AU+
(gi( 1)’ gj( l)) — RankE(Q 2 ,gj 2 7), (25)

where i=1,2,---N—1, j=i+1,---,N, and RankE is the rank-elimination operator.

After updating G, , the weights are updated according to the following equation

Algorithm 1: FCTN-FDS

1.
Input: Observation tensor Oe RV indices of known elements £,
maximum value of FCTN rank Iy, parameters A4,, f,, 4,, p=0.1,and s,_ ,
initial target tensor xX0=0 | and initial factor tensor
QJEO) =rand(R ;, Ry ;.. Ry o Lo R oo Ry ) ) no=max{R, R,
k-1
""Rk—l,k’Rk,kH""’Rk,N} > UEcO) =rand(/,,r) , Vk(O) = rand(rk’Hi:l R, H,j;l:kﬂ Rkaj)
where k=1,2,---,N;
2 For s=1:s_,.
3. (S+i)
Update G, 2 by Eq (24);
4. Update G°*" by Eq (25);
> Update 77" and 7" by Eq (26);
6. Update U, by Eq (28);
7. Update V, by Eq (30);
8.
Update X by Eq (31);
J- I 1 X — X9,/ X9, <5%107
10. break;
11.  End For.
12.

Output: Reconstructed tensor X .
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; 1
77i k) = \/H g‘{k’r}Hz +|| g{i,V}HZ
i F k F : (26)
nr(kaj) — 1

{J.r}|2 tk.ri|2
J G G

where » = 1,2,...,R,.,k .
By setting
(2, DUGL™) UVl + BN UL+ pll U, —ULIE )
ou, (27)
=24, (U, V=D, (G, ) (V) +28U, +2p(U, -UY) =0,

U, can be obtained

S+ s+ s s s g h
US: 1) — (ﬂka ((;5C 1))(]()(\]; ))T +pU2))(ﬂkVI§ )(V]i ))T +(ﬂk +p)IVA ) . (28)

By setting
3 (4]l DLGE™) y, ~ US4 B V,IE + pll V, = VO )
oV, (29)
+ T s+ s+ s
= (Ugf 1)) (Ui "V, -D,(G; l))(k))+ 2BV, + 2p(Vk -Vi )) =0

V, can be obtained

S+ s+ s+ B st s+ g
VoD :(/’lk(UEC YT 1 (B, +p)l;~k) (ﬂk(Uﬁf ") D, (GE™),, + PV, )), (30)
X can be obtained

FCTN({G*"1Y, ) + px®
I+p

X =T, +7(0). (31)

Finally, the pseudo-code of the proposed model based on the PAM optimization algorithm is
summarized in Algorithm 1.

3.5. Computational complexity analysis

For notational simplicity, we assume that the input N -order tensor X has a size of

N(N-1)

IXIXIX-+XI and an FCTN rank of (RxRxRx--xR)eR 2 .As shown in Algorithm 1, the
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computational cost is primarily composed of the update operations for four components: G,, X, U,,

and V, . Specifically, updating G, via (25) involves FCTN factor, matrix eigenvalue decomposition,

1D FFT, matrix multiplication, component-wise multiplication, and component-wise division, which

incur computational costs of (’)( Z:_;IkRk(N_k)+k_l) , O(RS(N_U) , O((12+IRN*1)10g1) ,
O([N“RZ(N_I) +(N-1)R""'+ I +INRN"), (’)(IRN‘I), and O(IRN’l), respectively. Moreover, the
cost of updating X via (31) is O( :: 1 kRk(N_k)+k_l) . Additionally, the computational cost of
updating U, through (28) is O(I 2RN“) . Thus, updating V, via (30) incurs a cost of
(’)(1 R+ IR" ) . Therefore, the total computational complexity of Algorithm 1 per iteration is

O(X RO N (N 1) RV 4 NI R 4 NFP).

4. Experiments
4.1. Experiment description

In this section, we comprehensively evaluate the performance of the proposed FCTN-FDS on
representative high-dimensional data recovery tasks. The experiments are conducted on color images,
multispectral images (MSI), and magnetic resonance imaging (MRI) datasets. We adopt a random
sampling strategy to obtain incomplete observations from the data. Typically, the sampling ratio (SR)
is defined as the proportion of observed entries to the total number of entries. The competing methods
in this paper include: the Tucker decomposition-based method (Tmac [36]), the t-SVD-based methods
(TNN [37], METNN [38], 3DLogTNN [39]), the TR decomposition-based methods (TRGFR [§],
TRLREF [40]), and the FCTN decomposition-based methods (FCTN [32], FCTNFR [33], FCTNGS [34]).
It is worth noting that, for third-order data, the FCTN decomposition is essentially equivalent to the
TR decomposition. Since they share the same topological structure, their performance is identical. To
objectively evaluate the performance of different methods, we use the Peak Signal-to-Noise Ratio
(PSNR) and the Structural Similarity Index Measure (SSIM) as image quality metrics. Generally,
higher values of PSNR and SSIM indicate better quality of the recovered images.

In each experiment, all methods utilize only a single incomplete observation as training data. The
hyperparameters of the competing methods are adjusted according to the source codes provided in the
corresponding literature. For the proposed method, the parameters are set as follows in all experiments:

N =3 . The parameters 5,, A,, and g, are uniformly set to 0.5, 0.01, and 1, respectively, for

k=1,2,3 . The threshold 7 is set to 0.001, and the proximal parameter 0 is set to 0.1. All

experiments are conducted on a 14-inch MacBook Pro equipped with an Apple M5 chip, 32 GB of
unified memory, and an Apple M5 integrated GPU. All methods are implemented using MATLAB
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R2025b.
4.2. Color image completion

In this subsection, we present the experimental results for six color images (Castle, Mushroom,
Human, Steeple, Pottery, and Water) from three aspects: quantitative evaluation, qualitative evaluation,
and graftiti removal applications. The test images are shown in Figure 2. In the color image completion
experiments, each image is resized to a spatial resolution of 256 x 256 pixels with three color channels
(RGB). The number of iterations for each algorithm is set to 200. We employ PSNR and SSIM as
metrics to evaluate the quality of the recovery results.

Figure 2. Test image. (a) Castle; (b) Mushroom; (c¢) Human; (d) Steeple; (e) Pottery; (f) Water.
4.2.1.  Color image reconstruction under random uniform data missing

For random missing experiments on color images, we present results for three test images: Castle,
Mushroom, and Human. The missing rate (MR) is set to 20%, 30%, 40%, 50%, 60%, 70%, 80%,
and 90%. Tables 2 and 3 list the quantitative recovery results (PSNR and SSIM) of the restored color
images. The best, second-best, and third-best results are highlighted in bold red, bold blue, and bold
green, respectively. The proposed FCTN-FDS achieves superior recovery across all images and
missing rates, demonstrating strong generalization in various scenarios. These quantitative results
indicate that the proposed FCTN-FDS possesses powerful representation capability in recovering these
color images.

Table 2. PSNR results (dB) of different methods for color image completion.
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Image Method MR
20%  30% 40%  50% 60% 70% 80%  90%
Castle Tmac 39.66 36.38 33.58 31.08 28.67 26.20 23.11 18.00
TNN 4535 39.76 3598 32.61 2941 26.75 23.75 20.20
3DLogTNN 4521 4090 37.74 3431 31.89 29.28 2638 17.06
METNN 45.05 40.05 36.56 33.17 2993 2722 2428 19.00
TRLRF 41.85 38.47 3550 3257 29.69 27.10 2448 21.61
TRGFR 45.54 41.54 38.51 35.29 3234 29.07 2628 23.10
FCTN 40.12 36.99 33.76 31.42 2893 26.11 2320 19.61
FCTNFR 46.82 41.80 38.75 35.16 32.04 29.35 26.81 23.27
FCTNGS 40.89 37.04 3440 31.72 2930 26.74 2448 20.85
FCTN-FDS 46.84 41.95 3896 3548 32.49 29.77 27.13 23.57
Mushroom  Tmac 41.58 38.35 3540 3225 2945 27.15 2425 18.56
TNN 45.18 40.16 36.08 32.82 29.70 26.89 24.24 20.59
3DLogTNN 49.74 45.94 42.69 39.62 36.67 33.61 30.17 26.06
METNN 4533 41.05 37.27 34.08 30.88 2794 2521 20.81
TRLRF 42.51 3949 36.51 33.80 3099 28.25 25.66 22.74
TRGFR 4572 42.60 39.78 36.65 3390 30.61 27.82 24.72
FCTN 39.69 3691 33.78 31.77 29.22 26.82 2392 20.71
FCTNFR 4779 44.18 40.64 36.99 3397 30.71 27.79 24.84
FCTNGS 39.71 37.14 33.84 3182 29.48 27.10 25.10 22.19
FCTN-FDS 47.92 44.33 40.77 37.38 3430 31.09 28.25 25.24
Human Tmac 39.76  36.62 33.74 31.04 28.66 26.29 23.85 17.55
TNN 45.01 39.82 3556 3239 29.25 2646 23.89 20.40
3DLogTNN 16.79 15.65 14.57 13.72 12776 1197 11.13 9.79
METNN 4483 40.19 36.35 3325 2997 27.17 2429 18.19
TRLRF 40.83 37.99 35.09 3238 2955 27.03 2476 22.09
TRGFR 4485 41.12 38.00 3529 32.53 29.70 27.06 23.96
FCTN 38.88 36.01 33.05 3097 28.83 2588 2293 1991
FCTNFR 4734 42.78 39.23 3590 32.50 29.73 27.27 23.91
FCTNGS 39.09 36.35 33.13 31.12 2854 2639 2429 21.17
FCTN-FDS 47.25 42.79 3950 3598 32.87 30.09 27.46 24.21

Table 3. SSIM results of different methods for color image completion.
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Image Method MR
20% 30%  40% 50% 60% 70% 80% 90%
Castle Tmac 0.9819 0.9648 0.9388 0.9047 0.8564 0.7948 0.6646 0.3217
TNN 0.9957 0.9874 0.9707 0.9429 0.8937 0.8242 0.7031 0.4975
3DLogTNN  0.9980 0.9951 0.9900 0.9795 0.9612 0.9268 0.8386 0.3606
METNN 0.9956 0.9890 0.9763 0.9532 0.9090 0.8441 0.7368 0.4558

TRLRF 0.9888 0.9793 0.9623 0.9363 0.8941 0.8315 0.7373 0.5881
TRGFR 0.9962 0.9926 0.9854 09740 0.9547 0.9152 0.8516 0.7108
FCTN 0.9833 0.9693 0.9442 09134 0.8660 0.7876 0.6581 0.4281

FCTNFR 0.9967 0.9925 0.9831 0.9666 0.9385 0.8949 0.8296 0.6679
FCTNGS 0.9841 0.9699 0.9532 0.9246 0.8849 0.8193 0.7372 0.5528
FCTN-FDS  0.9966 0.9927 0.9840 0.9692 0.9446 0.9039 0.8416 0.7030
Mushroom Tmac 0.9843 0.9664 0.9396 0.8862 0.8070 0.7182 0.5673 0.2780
TNN 0.9945 0.9828 0.9603 0.9219 0.8527 0.7507 0.6140 0.4079
3DLogTNN 0.9985 0.9967 0.9935 0.9873 0.9746 0.9494 0.8909 0.7353
METNN 0.9947 0.9859 0.9693 0.9392 0.8798 0.7804 0.6585 0.4243

TRLRF 0.9877 0.9751 0.9557 0.9229 0.8662 0.7798 0.6586 0.4712
TRGFR 0.9952 0.9902 0.9820 0.9665 0.9396 0.8850 0.8000 0.6264
FCTN 0.9770 0.9558 0.9204 0.8803 0.8095 0.7136 0.5567 0.3311

FCTNFR 0.9967 0.9923 0.9820 0.9662 0.9309 0.8690 0.7779 0.6249
FCTNGS 0.9774 09567 0.9223 0.8662 0.8111 0.7190 0.6282 0.4418
FCTN-FDS  0.9968 0.9928 0.9849 0.9697 0.9375 0.8821 0.7983 0.6520
Human Tmac 0.9795 0.9595 0.9268 0.8766 0.8063 0.7198 0.5903 0.2631
TNN 0.9951 0.9853 0.9625 0.9244 0.8599 0.7620 0.6295 0.4220
3DLogTNN 0.9064 0.8963 0.8851 0.8723 0.8501 0.8121 0.7289 0.4814
METNN 0.9951 0.9869 0.9686 0.9379 0.8765 0.7868 0.6553 0.3463

TRLRF 0.9852 0.9729 0.9508 0.9161 0.8530 0.7687 0.6525 0.4933
TRGFR 0.9954 0.9902 0.9811 0.9667 0.9405 0.8915 0.8066 0.6349
FCTN 0.9767 0.9578 0.9235 0.8806 0.8243 0.7073 0.5438 0.3363

FCTNFR 0.9971 0.9923 0.9818 0.9629 0.9253 0.8649 0.7863 0.6207
FCTNGS 0.9781 0.9609 0.9257 0.8922 0.8250 0.7332 0.6308 0.4409
FCTN-FDS  0.9970 0.9923 0.9832 0.9642 0.9308 0.8780 0.7963 0.6425
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FCTNFR FCTNGS FCTN-FDS

Figure 3. Visual results of “Castle” at MR = 30%.

FCTN FCTNFR FCTNGS FCTN-FDS

Figure 4. Visual results of “Mushroom” at MR = 50%.
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Observe ~ Tmac

FCTNGS

FCTN FCTNFR
Figure 5. Visual results of “Human” at MR = 80%.

For better visual comparison, the reconstruction visual effects of “Castle” at MR = 30%,
“Mushroom” at MR = 50%, and “Human” at MR = 80% are exhibited in Figures 3-5, respectively. It
can be observed that the proposed FCTN-FDS can recover the global structure while well preserving
the local detailed textures and image colors under different missing rates. Therefore, the proposed
method delivers favorable visual reconstruction performance.

4.2.2.  Graffiti removal application

In the context of graffiti removal, we present the experimental results of three color-image-based
graffiti removal methods (Steeple, Pottery, Water). Figures 68 display the visual reconstruction results
for “Steeple” with alphabet doodles, “Pottery” with irregular doodles, and “Water” with mesh doodles,
respectively. Experiments demonstrate that FCTN-FDS provides a significant advantage in subjective
quality. For the “Water” image, the proposed method effectively recovers complex natural textures
while avoiding the blurring artifacts common to other methods. The “Steeple” image exhibits the
strongest edge-preserving ability, yielding the clearest and sharpest architectural structures. Overall,
FCTN-FDS achieves superior visual consistency and detail restoration for images with complex
structures and rich textures. Table 4 presents the quantitative restoration results (PSNR and SSIM) for
the graffiti removal task. In the table, the optimal, suboptimal, and third-best algorithm performance
values are marked in red bold, blue bold, and green bold fonts, respectively. Combined with
quantitative and qualitative analysis, the proposed FCTN-FDS method achieves the overall best
comprehensive performance. FCTN-FDS achieves the highest PSNR and SSIM values in the Steeple
and Water test cases, demonstrating its strong ability to restore fine details and natural textures. In the
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Pottery test case, although FCTN-FDS does not rank first in PSNR and SSIM, it maintains high
reconstruction quality. Overall, the FCTN-FDS method exhibits excellent robustness and restoration

performance in most scenarios.

Table 4. Quantitative analysis of doodle removal applications.

Method Steeple Pottery Water
PSNR SSIM PSNR SSIM PSNR SSIM

Tmac 23.90 0.8272 19.86 0.7094 25.51 0.8147
TNN 27.73 0.8791 29.31 0.8264 28.12 0.8644
3DLogTNN 14.42 0.5382 10.95 0.4794 13.85 0.6057
METNN 27.43 0.8863 26.34 0.7894 28.33 0.8717
TRLRF 28.33 0.8755 2941 0.8175 27.93 0.8518
TRGFR 23.10 0.8413 19.36 0.7161 24.17 0.8224
FCTN 24.74 0.8127 2591 0.7476 24.49 0.8074
FCTNFR 28.07 0.8592 24.72 0.7752 25.03 0.8250
FCTNGS 28.03 0.8617 28.94 0.8189 26.24 0.8313
FCYN-FDS 30.12 0.8947 27.45 0.8098 28.41 0.8697
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Figure 6. Visual results of “Steeple” with alphabet doodles.
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Figure 7. Visual results of “Pottery” with irregular doodles.
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Figure 8. Visual results of “Water” with mesh doodles.
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4.3. Multispectral image completion

In this subsection, we evaluate the robustness of various methods under the extreme condition of
an 80% high-missing rate in the multispectral image “Beers”. The number of iterations is set to 100.
As shown in the visual reconstruction results in Figure 9, 3DLogTNN, FCTN-FDS, and FCTNFR
demonstrate superior reconstruction capabilities. They significantly outperform other methods in
recovering the beer glass’s transparent texture, the color fidelity of the color checker, and overall
structural integrity. Regarding FCTN-FDS and FCTNFR, although their visual effects are similar, a
careful comparison of the residual images at the bottom reveals that FCTN-FDS produces fewer
artifacts, particularly at the glass edges and color checker details. This indicates that the structural
sparse constraint introduced in FCTN-FDS plays a positive role in further optimizing detail fidelity,
enabling more precise recovery of subtle textures and spectral consistency. In summary, FCTN-FDS
exhibits reconstruction performance comparable to, or even slightly better than, FCTNFR in handling
multispectral images with high missing rates, validating the effectiveness of the proposed model in
processing complex spectral data.

4.4. MRI image completion

In this section, we conduct reconstruction experiments on brain MRI images with a high missing
rate of 80%, using the 90th band for visual presentation. The maximum number of iterations is set
to 100. By comparing the visual results and residual images of different algorithms, the performance
of the FCTN-FDS method in medical image inpainting is systematically evaluated. As can be observed
in Figure 10, the 3DLogTNN, FCTN-FDS, and FCTNFR methods achieve superior reconstruction
performance with remarkable visual quality, successfully recovering the fine structural details of brain
tissues, including the boundaries of gray matter and white matter, the textures of cerebral gyri and sulci,
and the contour of the skull. The reconstructed images are clear overall, with no obvious artifacts.

In contrast, the Tmac method suffers from severe block artifacts and structural distortion in
missing regions. The TNN method can preserve only the general outline while blurring fine details and
retaining noticeable noise residuals. The METNN method causes over-smoothing within brain tissues,
leading to the loss of texture details. Although TRLRF and TRGFR can partially restore structural
information, they suffer from insufficient edge sharpness and slight color deviations. Although FCTN-
FDS delivers an overall performance highly comparable to FCTNFR, with both maintaining extremely
low levels of residual images, a detailed comparison reveals that FCTN-FDS produces fewer noise
responses in the texture regions of brain tissues and achieves purer edge details. In conclusion, FCTN-
FDS exhibits state-of-the-art reconstruction capability comparable to FCTNFR and outperforms it in
detail preservation when handling medical images with a high missing rate, thereby verifying the
effectiveness and robustness of the proposed model for complex medical image inpainting tasks.
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FCTN FCTNFR FCTNGS FCTN-FDS

Figure 9. Visual reconstruction results and corresponding residual images of the
multispectral image “Beers” at MR = 80%.
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Figure 10. Visual reconstruction results and corresponding residual images of the MRI
image at MR = 80%.

4.5. Convergence analysis

Figure 11 presents the PSNR convergence curves of different methods on various color images
(Castle, Mushroom, Human, Steeple, Pottery, Water) under a high missing rate of 90%. In terms of the
overall trend, all methods exhibit a consistent convergence characteristic: The PSNR value rises
rapidly with increasing iteration numbers and then stabilizes. Among all competitors, the proposed
FCTN-FDS method (red curve) achieves the fastest convergence speed and the highest final PSNR
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value for most test images, demonstrating stronger robustness and reconstruction capability for image
recovery under high missing rates. By comparison, FCTNFR (blue curve) and FCTNGS (green curve)
can also attain relatively high PSNR values on partial images. Yet, their convergence speed and final
quantitative accuracy are slightly inferior to those of FCTN-FDS. In addition, the baseline FCTN
method (black curve) shows mediocre performance across all test images, further verifying the
significance of introducing structural sparse constraints and gradient factor regularization for
performance improvement. In summary, FCTN-FDS not only outperforms other methods in visual
quality but also demonstrates remarkable superiority in quantitative metrics and convergence
efficiency, demonstrating its effectiveness and superiority in image inpainting tasks with high missing
rates. For the detailed proof of convergence, please refer to [33].
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Figure 11. PSNR convergence curves of various methods for color images at MR = 90%.

4.6 Ablation study

To evaluate the individual contributions of gradient factor regularization and structural sparse
regularization, in this subsection, we assess the performance of four variants: FCTN (baseline), FCTN-
GS (incorporating structural sparse regularization), FCTN-FR (incorporating gradient factor
regularization), and FCTN-FDS (incorporating both gradient factor and structural sparse
regularization).

In Figure 12, we present the PSNR and SSIM bar charts for the color image “Human” under
missing rates (MR) of 70%, 80%, and 90%. Our results indicate that across all missing rates, the three
reconstruction methods achieve varying degrees of improvement in PSNR and SSIM values compared
to the baseline algorithm, FCTN. For example, with PSNR, FCTN-GS improves upon the baseline by
0.50 dB to 1.35 dB. FCTN-FR yields a more significant gain, with improvements ranging from 3.85
dB to 4.34 dB. The proposed FCTN-FDS achieves the highest performance, with PSNR gains ranging
from 4.21 dB to 4.52 dB over the baseline. These results suggest that introducing gradient factor
regularization and structural sparse regularization into the FCTN framework effectively induces the
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sparsity of the factor tensor, thereby enhancing the robustness of rank selection and enabling the
recovery of finer details and textures. Furthermore, since FCTN-FDS outperforms FCTN-FR and
FCTN-GS, the combined effect of the two regularization terms proves beneficial, validating the

effectiveness of the proposed FCTN-FDS.

EEEE FcTN
30+ —— | EEFCTNGS |
C—FCTNFR
ol CIFCTN-FDS

0.7 0.8 0.9
MR

0.8
MR

0.9

Figure 12. Impact of gradient factor regularization and structural sparse regularization on
model performance for the “Human” image under varying MR conditions.

4.7. Parameter sensitivity analysis

In this section, we analyze the sensitivity of the FCTN-FDS method to parameters A4,, f,, and

U, . Parameter A, is selected from 0.0001 to 0.1, while parameter /3, is chosen from 0.001 to 1,

and g, ischosenfrom 0.05 to 7.

Table 5. The impact of A4, on the PSNR values of the color images Castle, Mushroom,

and Human under the condition of MR = 60%.

Picture /lk

0.0001 0.0005 0.001 0.005 0.01 0.05 0.1
Castle 32.25 32.28 32.28 32.30 32.27 32.55 32.49
Mushroom 34.06 34.07 34.10 34.16 34.15 34.25 34.30
Human 32.55 32.70 32.66 32.68 32.74 32.81 32.87

Table 5 presents the performance of the FCTN-FDS method under various values of parameter

A, when MR = 60%. It can be observed that the proposed method exhibits low sensitivity to parameter

A, . Consequently, we set 4, =0.1 for the color image completion experiments. Specifically, the

fluctuation ranges of PSNR are merely within 0.3 dB, 0.24 dB, and 0.32 dB for the test images Castle,
Mushroom, and Human, respectively. These statistical results demonstrate the robustness of the FCTN-

Electronic Research Archive

Volume 34, Issue 8, 5723-5757.



5753

FDS method with respect to parameter A, .

Table 6 presents the performance of the FCTN-FDS method under varying values of parameter
B, with MR = 60%. It can be observed that the FCTN-FDS method exhibits low sensitivity to

parameter [, . Consequently, we set S, =0.5 for the color image completion experiments. The

PSNR fluctuations remain within 0.96 dB, 0.81 dB, and 0.85 dB for the test images Castle, Mushroom,
and Human, respectively. Statistical results confirm that the FCTN-FDS method maintains highly

stable performance regardless of variations in parameter f3, .

Table 6. The impact of /3, on the PSNR values of the color images Castle, Mushroom,

and Human when MR = 60%.

Picture
N B
0.001 0.005 0.01 0.05 0.1 0.5 1
Castle 31.63 31.59 31.69 31.85 31.97 32.49 32.55
Mushroom 33.49 33.54 33.62 33.85 34.01 34.30 34.26
Human 32.05 32.11 32.03 32.21 32.41 32.87 32.88

Table 7 presents the performance of the FCTN-FDS method under varying values of parameter
4, with MR = 60%. It can be observed that the FCTN-FDS method exhibits low sensitivity to

parameter x4, . Consequently, we set x4, =1 for the color image completion experiments. The

fluctuation ranges of PSNR are merely within 1.37 dB, 1.94 dB, and 1.45 dB for the test images Castle,
Mushroom, and Human, respectively. Our results confirm that the performance of the FCTN-FDS

method remains stable regardless of variations in parameter g, .

Table 7. The impact of x4, on the PSNR values of the color images Castle, Mushroom,

and Human when MR = 60%.

Picture

My

0.05 0.1 0.5 1 3 5 7
Castle 32.10 32.50 32.55 32.49 31.86 31.35 31.18
Mushroom 34.01 34.20 34.25 34.30 33.39 32.70 32.36
Human 32.41 32.77 32.85 32.87 32.13 31.60 31.42
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5. Conclusions

In this paper, we propose a novel FCTN decomposition method based on factor-double-sparse
constraint regularization, termed FCTN-FDS. By introducing gradient factor regularization and
structural sparse regularization within the FCTN framework, this method promotes the sparsity of
factor tensors from two perspectives: The factors themselves and the network structure. Furthermore,
it enhances the robustness of rank selection by adaptively pruning near-zero groups. Based on the
proposed decomposition, we design a corresponding tensor completion model and solve it using the
PAM algorithm. Extensive experiments on third-order datasets, including color, multispectral, and
MRI images, validate the effectiveness of FCTN-FDS. However, there is room for improvement in
two aspects. On one hand, the parameters of FCTN-FDS require time-consuming manual tuning. On
the other hand, despite its superior performance in image restoration, the high computational cost
remains a significant issue. In future work, we aim to introduce modules that adaptively select
parameters to reduce the burden of manual tuning. Additionally, we will explore more efficient solvers
to lower computational costs, thereby improving the method’s practicality and extending its application
to higher-dimensional data.
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