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Abstract: The objective of this work is to address Sturm-Liouville boundary value problems associated
with fractional p-Laplacian equations, where instantaneous as well as non-instantaneous impulses are
taken into account. Using variational methods, we establish the existence and multiplicity of solutions
for the stated problem. The main novelty of this paper is the combination of a weakened super-
p-linear growth condition (which relaxes the classical Ambrosetti-Rabinowitz (AR) condition) with
the concave-convex splitting technique in the mixed impulsive Sturm-Liouville p-Laplacian setting.
Lastly, the correctness of the key results obtained in this paper is demonstrated through an example.
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1. Introduction

Impulsive differential equations (DEs) serve as a powerful tool for modeling dynamic processes
characterized by abrupt state changes, and they have attracted considerable research interest in recent
decades owing to their broad range of applications. Based on their duration, impulses can be divided
into two categories: instantaneous impulses (with extremely short duration) and non-instantaneous
impulses (with finite-duration action). Additional technical details are available in [1]. It was
Hernandez and O’Regan [2] who, in their groundbreaking 2013 paper, initiated the study of
non-instantaneous impulses. Since then, considerable research efforts have been devoted to
non-instantaneous impulsive DEs [3,4]. As a representative example, in 2019, Tian and Zhang [5]
pioneered the application of Ekeland’s variational principle to establish the solvability of
second-order DEs that incorporate instantaneous as well as non-instantaneous impulses.

For more than a decade, as the unique advantages of fractional calculus theory for capturing
nonlocality, reliance on past states, as well as hereditary properties have become increasingly
prominent, fractional-order impulsive DEs have emerged as a significant research focus in diverse
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fields including mathematical physics, biomedical engineering applications, and control theory for
complex systems [6—8]. A case in point is the 2018 work of Khaliq and Rehman [9], who adopted the
Lax-Milgram theorem as a tool to examine whether fractional differential equations (FDEs) that
involve non-instantaneous impulses are solvable when subjected to boundary conditions (BCs). In the
year 2020, the first systematic study of FDEs equipped with instantaneous as well as
non-instantaneous impulses governed by Dirichlet BCs was carried out by Zhang and Liu [10]. With
variational methods as the analytical tool, the problem described above was shown to be solvable,
given that the nonlinear term fulfills a sublinear growth assumption. Subsequently, Zhou et al. [11]
extended the above FDEs to the case involving a p-Laplacian operator, and Li et al. [12] further
applied the three-critical-point theorem proposed by Ricceri to obtain multiplicity results. Related
studies have been further extended in references [13—15].

On the other hand, since Jiao and Zhou [16] pioneered the application of critical point theory to
FDEzs, this theory has become an important research tool, although early studies primarily focused on
Dirichlet problems. It was not until 2017 that Tian and Nieto [17] made a groundbreaking extension
to FDEs with Sturm-Liouville BCs. Following Tian and Nieto’s foundational contributions, the
systematic implementation of critical point theory by subsequent researchers has yielded substantial
advances in the field [18-20]. For instance, in 2019, Nyamoradi and Tersian [21] employed genus
theory and the mountain pass theorem as tools to explore the solvability of FDEs involving
p-Laplacian operators under Sturm-Liouville BCs. In 2021, Min and Chen et al. [22] further extended
the research to scenarios involving instantaneous impulses, demonstrating the multiplicity result for
FDEs incorporating p-Laplacian operators, subject to Sturm-Liouville BCs. It is noteworthy that,
compared to the relatively mature research on instantaneous impulses, the study of non-instantaneous
impulse problems remains at the frontier of exploration. 2024 saw the work of Qiao et al. [23], who
utilized critical point theory to explore whether FDEs with instantaneous as well as non-instantaneous
impulses are solvable within the framework of Sturm-Liouville BCs. Specifically, for the more
challenging case of the p-Laplacian operator, Zhang and Ni [24] obtained a triple-solution result for
FDEs equipped with p-Laplacian operators, under Sturm-Liouville BCs and with the inclusion of
both instantaneous and non-instantaneous impulse effects. Their proof relies on a three critical point
theorem under the sub-p-growth condition on the nonlinear term. Building upon the aforementioned
research, this paper will break through the limitations of conventional growth order conditions and
establish a more general theoretical framework.

Remark on the Ambrosetti-Rabinowitz condition. The classical Ambrosetti-Rabinowitz (AR)
condition, which requires 0 < 6F(t,u) < f(t,u)u for some 6 > p and |u| large, is commonly used to
ensure the boundedness of Palais-Smale sequences in superlinear problems. However, this condition is
restrictive and excludes many nonlinearities. Over the past decade, various weakened versions of the
AR condition have been proposed. In particular, conditions of the form

. O-F(ta I/t) - f(ta I/t)l/l
lim sup
|| >0 Iulp

<0 forsomeo > p

have been used to relax the standard AR condition. For fractional p-Laplacian problems, Qiao et al.
[25] proved the existence of nontrivial solutions using the mountain pass theorem under condition (AS),
which is exactly of the above form. In the present paper, we adopt this weakened growth condition
(see (H3) and (H})) to study the fractional p-Laplacian problem with mixed impulsive effects under
Sturm-Liouville BCs.
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Building on this motivation, the present study establishes existence criteria for p-Laplacian-type
FDEs governed by Sturm-Liouville BCs, taking into account instantaneous as well as
non-instantaneous impulses, with weaker growth-order restrictions. The detailed setting is below:

t

(h( =1l (h( CD"u(t))) +a ()¢, w®) = Af; tu ), 1€ (siutil, i=0,....n,

a1h(0) ¢, (u(0)) - az (zD(;_l (

oy (1O "CD?”(O)))) )

1
Bih(T) ¢, (u(T)) + B, (ﬂ;‘1 (W ¢y (h(T) SD?um))) =

A(tD%_1 (h( v >ép (h (t;) §DYu(t; )))) =uli(u@), i=1,...,n,

D3~ ( T ¢, (h(t) CD“u(t))) = D¢ (h(ﬁ)p > ¢p(h(t]) § D u(t! ))) te(t,sl, i=1,...,n,

1 1
D7 (h TE ¢ (h(s)) §DIu(s))| = D§! [W ¢y (h(s?) §Dfu (s,-*))], i=1,....n,
(1.1)

where @ € (1/p, 1], p > 1, a1, @2,B1,52 > 0, 4, u > 0, CD", D7 are the left-sided Caputo fractional
differential operator and the right-sided Riemann-Liouville type fractional differential operator of order
@, respectively, ¢, (x) = |x|”‘2x, and I; € C' (R,R), with the property that for some i € {1,---,n}, I;
is nonzero. The time nodes satisfy 0 = s < ;) < 51 <t < -+ < §, <ty = T. The functions f;
belong to C! ((s;, ;411 X R, R), a(t) € C([0,T],R") with bounds 0 < ay = minra(t) < a(t) < a =
max rja (t), and h(t) € L*([0, T], R™) with essential infimum Ay = ess infjo ;2 () > 0. Moreover,

1
A (tDch—l (h_)p_2¢p (h (t;) $Du (ti))))

—

1

———— ¢, (h(t) § DO u(t} ))) D‘;—l( ¢, (h(t)) S DY u(t; )))

h(t; )P~2

_ 1 i\ Cra. (ot e 1 o
Dy W‘ﬁp (h(ti_) 6 DYu (r] ))J = tlgln D§~! (h( = 5 p (h(t) Cp u(t)))

1

h(sf)p_2

Variational approaches serve as the tool for establishing existence results for solutions to (1.1).
After constructing a variational setting, we invoke the mountain pass theorem to demonstrate that (1.1)
admits solutions under super-p-linear growth hypotheses that are less restrictive than the classical AR
condition. We subsequently separate the nonlinearity into two different scenarios: one satisfying a
super-p-linear growth condition (weakened AR) and the other a sub-p-linear growth condition. With
this decomposition in place, genus theory is employed to prove that multiple solutions exist for (1.1).

Several novel features distinguish this work from the existing literature. First, we overcome the
restrictions of the classical AR condition by adopting a weaker super-p-linear growth condition that

a—1
D7

0y (n(s3) § D <s,-+>)] = tim Dy (

1
vt (o gD;'u(z))) .

Electronic Research Archive Volume 34, Issue 8, 5703-5722.



5706

has been successfully applied in recent variational literature (see Qiao et al. [25]). The novelty lies not
in the condition itself, but in its combination with the concave-convex splitting technique in the setting
of fractional p-Laplacian equations with mixed (instantaneous and non-instantaneous) impulses under
Sturm-Liouville BCs. Second, by decomposing the nonlinearity into a concave part (sub-p-linear) and
a convex part (super-p-linear with weakened AR condition), we obtain infinitely many weak solutions
via genus theory. This approach significantly extends the established theoretical framework. Third,
unlike Zhang and Ni [24], who dealt only with the sub-p-growth case, the present paper encompasses
both super-p-linear and sub-p-linear regimes under broader assumptions, yielding more comprehensive
existence and multiplicity findings. A comparison with [24] is summarized in Table 1.

Table 1. Comparison between the present work and Zhang and Ni [24].

Zhang and Ni [24] Present paper
Growth condition Sub-p-growth only Super-p-linear (weakened AR) & sub-p-linear
Impulsive type Mixed Mixed
Boundary condition Sturm-Liouville Sturm-Liouville
Method Three critical point theorem Mountain pass theorem + genus theory
Main result Three solutions Infinitely many solutions (under symmetry)

Particularly noteworthy is the distinction from the findings reported in [24], which deals solely with
sub-p-growth, whereas this paper not only encompasses super-p-growth conditions but also yields
more comprehensive existence as well as multiplicity findings under broader assumptions.

The rest of this work proceeds as outlined: It is in Section 2 that the essential definitions and
technical lemmas are assembled, serving as the groundwork for our subsequent theoretical
discussions. Using the variational framework constructed in Section 3, one can derive existence as
well as multiplicity outcomes concerning solutions to (1.1). A summary of the present work is
provided in Section 4, along with a discussion of future research prospects.

2. Preliminaries

Definition 2.1 [17]. Let p € (1,00), @ € (1/p, 1]. We now proceed to introduce the fractional function
space by setting
E*" ={ue AC([0,T],RY) : §Dfu e L7 ([0,T],RV)},

1
where [l = ([ [§DFuof'dr+ [ wopar)
Remark 2.1. The condition u € E®” implies that u belongs to L” ([O, T],RY ) and
§Du e L7 ([0, T],RY).
Lemma 2.1 [21]. Assume that a(f) belongs to C([0, T],R*) and is bounded below by a, and above by

a®. h(t) lies in L=([0, T],R*), hy = ess infjo 7y A (7) > 0. Consequently, the equivalence of [|ull, , to ||ul|,
is proved, with the latter defined as

1
T T P
luall, = ( f h@|SDyu 0| drt + f a(?) Iu(t)lpdt) , Yu e E™.
0 0
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Lemma 2.2 [26]. Let u € AC([x,y]), @ € (0, 1]. Then

@ (04 M(X) —a (01 (04 I/l(y) —a
“Du(t) = .Du(t) - m(t—x) , fDSu (D) :,Dyu(t)—m(y—t) , te[xyl

In particular, for u € E®, it holds that
SDMu (1) = oDfu (), “Dju(r) = Diju(r).

Lemma 2.3 [16]. Let ¢;,¢, > 1, 8 > 0, and either q—ll + qlz <1l+por ql—l + qiz =1+B8,q1 #1,q, # 1.
Then for any x € L% ([0, T]1,RN ), y € L% ([0, T]1,RN ), the following equality holds:

T T
fo [oD[ﬁx(t)]y(t)dt: fo [tD;ﬂy(t)]x(t) dr.

Lemma 2.4 [17]. Let the parameter satisfy p € (1, o) with the additional condition @ > % If weak

convergence u; — u holds in E*?, then strong convergence u; — u is obtained in C([0,T],RN),
meaning ||u; — ullc — 0 as k — oo.
For the space E*”, we set up a new norm:

T n
||u||:(fO h(r)|gD$u(t)|”dr+Zf
i=0 VSi

Lemma 2.5 [24]. Equivalence holds between ||u||, and ||u||; that is, one can find o, 0, > O satisfying

lit1

a(t)|u (t)lpdt]p. (2.1

ollully < llull < oollully, Yu € E“P.

Lemma 2.6 [24]. Assuming o > <, % + }1 = 1, the following estimate holds for the infinity norm of u:

1
p
llulle < M {lull,

wherein M is specified as

TQ—;h(;ll’ op-1 { ( Te )p}:|p
M = Tt . max{1l,|— .
T(@)[(@-1)g+1]s |Ti(min{ho,ao}) T(a+1)

Lemma 2.7 [27]. Consider a Banach space E over the real field that is reflexive. In addition, consider
a bounded and weakly order-closed set ® where ¢ satisfies the property of order-weakly lower
semicontinuity. For ¢ : @ C E — [—o00, +00] and ® # (), the minimization problem min,ce ¢(u) = € is
solvable.
Lemma 2.8 [28]. Assume ¢ € C!(E,R) with ¢(0) = 0 and that the Palais-Smale (PS)-condition holds
for ¢. Further, suppose ¢ meets the two conditions stated below:

(1) One can choose p, o > 0 with the property that ¢(uy) > o holds for every uy, € E whose norm
equals p;

(i1) Some u; € E lies outside the ball of radius p and satisfies ¢(u;) < o.
It then follows that ¢ admits a critical value &, which is at least 0. Additionally, the following
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expression holds for & g = infyey maxepo,1) @(k(s)), in which
Y ={keC (10,11, E) : k(0) = uo. k(1) = uy .

Then we present a lemma on the property of genus.
Lemma 2.9 [28]. Assume we are given a Banach space E and an even C' functional ¢ on E that
meets the (PS)-condition. Let n € N and z € R be arbitrary. Denote by X the collection of all closed
O-symmetric subsets of E \ {0}, and set X, = {UeZX:yU)=>n} Moreover, let
K. ={ueE:pu)=z ¢w)=0}and z, = infyes, sup,., ¢(u). Consequently,

(i) Suppose X, is nonempty and z, € R. Then z, is a critical value associated with ¢.

(i) If the sequence {z,} becomes constant at a value z # ¢(0) for [ + 1 consecutive indices starting
fromn (i.e., z, = -+ = Z,.y = 2), then K, is at least [ + 1.
Remark 2.2. [28, Remark 7.3] tells us that K, € X with genus greater than 1 implies K has infinitely
many distinct members.
Definition 2.2. Given u € E*? fulfills the following relation:

tit]

f el CACOREAD) CD“vdHZ f a ()@, (vt + Y 1 w(t) v (1)
0 i=1

+ —h 0) ¢, (u(0))v(0) + I'[B?lh (T, u(T)v(T) =24 Z fM fi(t,u)vdt, Vv e E"?,
i=0 Vi

then we call u one weak solution of (1.1).
Remark 2.3. The equivalence between weak solutions of (1.1) and critical points of ¢, can be justified
as follows. If u is a weak solution of (1.1), then by Definition 2.2, it satisfies

lit1

T
f(; h(1)P=2 ———¢p(h(D) CDau) CDav dt + Z f a()e,(u)v dt

—h(0)¢p(u(0))V(0) + %h(T)¢p(u(T))V(T)

+ Z; L)) = ZO: f ft,uyvdt, ve E.

Comparing this with the expression for {(¢’,(u), v) in (2.3), we obtain {¢’,(u),v) = 0 for all v € E*7?, i.e.,
¢ (u) = 0. Conversely, if ¢/ (1) = 0, then (2.3) yields the integral identity in Definition 2.2. By the
fundamental lemma of calculus of variations (since C’([0, T'], R) is dense in E*”), u satisfies (1.1) in
the weak sense. Therefore, the correspondence between weak solutions of (1.1) and critical points of
@, is bijective.

Take ¢, : E*” — R to be the energy functional given by

lit]

1
@1 @) =l + R O)lu O)F + [2 h(T)|u<T)|P+uZJ(u(r>) AZ f Fi(tu)dr, (22)

with J;(u) = ["I;(s)ds, Fi(t,u) = [)' fi(t,s)ds. The fact that f; and J; are continuous yields ¢, €
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CY(E*?,R) and

, T 1 @ @ ;
AORYE f = (o (@ EDI)ED v + ) f

- /’;—;h (1) g (TN V() +p ) L@@ v() =2 f v,
i=1 i=0 VYSi

tit1

a(t) ¢p (u) vdt + %h (0) ¢, (e (0)) v(0)

(2.3)
In this setting, the map associating weak solutions of (1.1) with critical points of ¢, is bijective.

3. Main results

To begin with, this paper sets forth the assumptions on which its principal results and supporting
lemmas rely.

(H;) Given p > 1, one can find /; within [0, p — 1) together with constants K;, L; > 0 (i = I,_n) for
which the assumption of subcritical growth takes the form

I )| < Kilul" + L;, u€R.

(H>) The asymptotic condition lim sup,, u I"L(J;,”) =0 (@ =0,---,n) is satisfied uniformly for ¢ in
(s;, t;+1] for almost every such ¢.
(H3) Assume that a superlinear constant o~ > p exists such that, foreachi =0, 1, - - - , n, the limiting
condition
lim sup oFilt,w) — it wu <0
|| >0 |M|‘D

is satisfied uniformly for # in (s;, #;41] for almost all such z.
(Hy4) Subsets Q; C (s;,1;+1] of positive measure (meas(£2;) > 0) can be chosen so that, uniformly for
almost every ¢ € Q;,

limint 2%
|u]— o0 |u|!’

>0, 1=0,n.

Lemma 3.1. Provided that hypotheses (H;) and (H3) hold, ¢, is verified to fulfill the (PS)-condition.

Proof. Take an ordered sequence {u,,},,en C E®? for which the sequence {¢,(u,,)} e remains bounded
and ¢ (u,,) — 0 as m — oo. As a result, one can select N > 0 for which the uniform estimates are
satisfied:

o )l < N, ||’y wa)||, < N, m e N. 3.1)
The proof of boundedness for {u,,} proceeds via contradiction. The unboundedness of {u,,} implies
||tt|| = oo. Define v,, = u,,/||ull, which yields ||v,,|| = 1. In view of Lemma 2.4, whenever v,, — vy

holds in E*?, we have v,, — vy in C([0, T],R) as m — oo. By virtue of Lemma 2.6 together with (H;),
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we find from (3.1) a constant N; > O for which

U (1)

(% - 1) ltnll” = o () = @'y )t + 1 " Ly i (1)t (1) = T ) | fo I:(s)ds
i=1 i=1

lit+1

b 1)) f (O F; (1) — f; (1, ) ) dlt
i=0 VSi

_ (Z _ 1) [ﬂh (O) it O + 21 (Tt (TP
p s B2

< Ny (Ll + 23 (KM a1+ LM )

tit1

i=1
o (KM Ju ]| C
+O',Ll;( li +1 +L1M||um” +/l;‘£ (O-Fz ([, um)_ﬁ(t’ um) um)dt

The fact that ||u,,|| — oo implies that

o Ny (1 + [lunl) S (KM g I LMl
— =1l £ ————+0 +
( ) ol Z (i + D) Nlumll? |75

i=1

1 ti+1
" : : (O F; (t,un) = fi (¢, ty) W) dt 392
Z(KiM’l“ (7 e L,-Mllumll) . ﬂié) L f (3.2)

lleell” llet]”

i=1 ”um”p

We now justify the passage from the pointwise lim sup in (3.3) to the integral lim sup needed in (3.2).
For each i, define
O-Fi(t’ um(t)) - ﬁ(t’ um(t))um(t)

et '
By (H,) and the growth conditions on f;, the sequence {g,,} is bounded in L'((s;, #i;]). From (3.3), we
have limsup,, .., g(f) < O for almost everywhere ¢ € (s;, ti+1] \ Q. Applying Fatou’s lemma to the
non-negative sequence {g;} (where g = max{g,,0}), we obtain

gm(t) =

ti+1 ti+]
lim sup f gm(t)dt < f lim sup g,,(1)dt < 0.

m—oo m—o00

Therefore, the integral lim sup in (3.2) is justified.
Hypothesis (H3) entails the existence of a negligible set Q;, (where meas(€;,y) = 0) within the
interval (s;, #;11], excluding which the subsequent inequality is satisfied uniformly:

oFi(t,u) — fi(t,u)u <

lim sup <0.
|| >0 |u|p
Our assertion is that
Fi t’ m) — Ji l, m m
lim sup ZEL e tn) =Sl tn) Q. (3.3)

p
m—sco et

If it does not exist, then there exists ¢y € (s;, #;41] \Q;o together with a subsequence (again called {u,,})
with

. o F; (to, uy (10)) — fi (to, m (t0)) Uy, (1)
1m sup >

0. (3.4)
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On the assumption that {u,,(y)} is bounded, we can find N, > 0 satisfying |u,, (t))] < N,, Ym € N.
Given the continuity of f; over ), it can be concluded that

o Fi(to, uy (1)) — fi (to, wy (to)) uy, (to) < (c+1DN,
(71 T lwnll?

— 0, m - oo,

which stands in contradiction to (3.4). It therefore follows that {u,, (fy)} admits a subsequence exhibiting
divergence: |u,, (fy)| = o0, m — oo. Hence,

o F; (to, uy (10)) — fi (o, wy (o)) t, (fo)

lim sup
Mmoo et l”
Fit’111t_itaint mt .
:limsupo- (to, um (19)) f((;u (to)) u (0)-11m|vm(t0)|”
m—o0 |t (20) m—c0
<0.

A contradiction to (3.4) is reached. Consequently, (3.3) must hold.

Using (3.2) together with (3.3), one arrives at limsup,,_, (% - l) [[vnllP < 0. The fact that o > p
implies |[v,,|[P — 0 as m — oo, which stands in contradiction to ||v,,|| = 1. As a consequence, {u,,} is
bounded in E*7.

The convergence u,, — u in E*? is proved as follows. The reflexivity of E“? guarantees the
existence of an extracted subsequence (again denoted {u,,}) for which u,, — u holds. As a result, the
convergence u, — u takes place in C([0, T],R). We subsequently obtain the following convergences
as m — oo:

%h(o)(%(um(o)) = ¢ ((0))(n(0) — u(0)) — 0,

ﬁ—;hm(@(umm) — BT (un(T) = u(T)) = 0,

n

D Wn(t)) = @) (6 = u(t)) = 0,

i=1

and

n Li+1

(fi(t, ) — fit, )1ty — u) dt — O.

i=0 VSi

Given the convergence u,, — u together with ¢, (u,,) — 0, one has
(@h(tn) — Ph(w), thy —u) — 0, m — oo,

From the inequality in [29], it follows that for Yx,y € RY, we can find ¢ > 0 satisfying

lx=yl?

P 2x = [y 2y, x = y) > { S <2,
ey y
clx—=y’,p=2.
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Thus, we can find ¢, d, > 0 satisfying

T
fo h(r;H (@5 (7 ) § Dftn) = 8, () § D ))§ DY (s = w) i
) f e (¢ @n) = 6 W) Gy = w)dt

i=0 VYSi

¢y fOT h () |SDu(t) — SDue)| dt + z I " (0 lum(8) — u(t)l”dt] P2,

>
- T h(z)|CD“u,,,(t)—gD;’u(t)| Tisl  a(t)|um(H)—u(t)
dy ], z Ji OO O dr| 1 < p < 2.

0 (1 D2t 0)|+|E D2ur)] ) 7d (it O @)

Equation (2.3) yields the following expansion:

T
1
() = @(u0), = ) = fo T (SO 5D ) = 8 (WO G D0 | D (= ) i
+ Z f a0 = 6,00 - w)dr + %h(@[qb,,(um(on — 6,(u(0)|(1(0) — 1(0))

?h(T)[asp(um(T» ¢p(u<T>)](um(T>—u(T>)+uZ I (1)) = Ti(u(t)) |(n(t:) — u(t:)

_ AZ f " |t w) = it 1) |ty — ) it
i=0 VSi

Consequently, when p > 2, the convergence ||u,, — u|| — 0 holds as m — oo, which means u,, tends to
uin EP,
Consider 1 < p < 2. Holder’s inequality then tells us that

T G h(o) D u,, ¢ pru P
f h(t) |§ D2 u(t) =5 Deue)|” dt <272 [f (®) S Dt (t) = ()| ]
O (|0 D u,(1)] + |gD?u(t)|)

and

i s (X (0 a0 ln(t) = w0
) lem(®) — (o)l dt < 2% [ f a )(II A+
Z;f A Tin(0) = 10 Z.: o QO] + O

Consequently,

T
jo\ h(t;p—z (¢p (h (1) oCDj"um) - ¢ (h ® ngu))OCD;l (4, — 1) dt

> 08y o) — 8y @) Gt —
i=0 VSi

2 2

d T c P n fiv1 r

2 e {( f h(r)loDi'(um—u)r’dt) +[Z f a<r>|um—u|Pdt)
277l + a2 [Wo = s

dp 4y = ul?

>
= pbep "
= max{2%_1,1}(||um||+||M||)( P
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Summarizing the above, we obtain ||u,, — u|| = 0 in E*” as m — oo.

Theorem 3.1. Under the assumptions (H)—(H,), suppose further that

_ li+1
pMp U Z ( S Ly 5) > 0.
Then (1.1) yields at least a pair of distinct weak solutions provided that A lies in

(0, min{ A , (1/p+C1)®})’
nn+1)

where C; and ® are defined in the proof below.

Proof. We denote by B, the open ball in E“? of radius r centered at the origin. Standard reasoning
verifies that E(;/M is weakly closed and bounded. Lemma 2.7 guarantees that ¢, attains its minimum on
E;,M at some ug, with ¢, (1) < ¢,(0) =0

Condition (H;) implies that for each k > 0, we may pick ¢ € (0, k) such that for almost everywhere
t€(s;,tiy] and all |u| < 6,

|Fi(t, w)| < klul”. (3.5)

For u with ||u|| < 6/M, Lemma 2.6 gives ||u||. < 8. Then for u € dBsy,
1 6F li+1
¢ﬂ(u)>l—yﬁ—4k ——/JZ o +Li6) = N,.

If 1€ (0, 2

Now we construct a test function for the mountain-pass geometry. By (H,), there exist n > 0 and
R > 0 such that

T )> then Ny > 0 > ¢ (uo). Hence, infyp,, 00 > @a(uo).

Fi(t,u) > nu’ for|u| > R, t € Q,,

where Q; C (s;, t;+1] with meas(£2;) > 0.
Choose ¢y € E“? such that fQ [rolPdt > O (possible since meas(€2;) > 0). Define

o

so that fQ [wolPdt = 1. Let © := ||lwo||” > 0, which is a fixed constant independent of &.
For sufficiently large & > 0, we have [éwy(7)] = R on €;, so Fi(t,Ewgy) > nléwe|P. Using (H;) and

Wo =
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Lemma 2.6, we estimate

4
eaEwo) = S lwoll” + L hO)ewo ) + L.
P pa; PP

n Ewol(t:) n
+ 1 Z f I(s)ds — 2 Z f Fi(t, Ewo)dt
i=1 Q;

<& M omres + B‘ ZLwrymresr
P pxm B2

li+1Ui+1)/p . 1/p
+”Z(l+1 ® + LiM¢® )

ey [
i=0 V<

Since Yy [, IwolPdt = n + 1, it follows that

—h(T)IEwo(T)I

1
Pa&wo) < (1—] + C1) O — An(n + 1E + Cré™*! + C3¢ + Cy,

where .
Ci=- (ﬂh(O)
P\

Imax = max; [;, and C,, C3, C4 are constants independent of &.
Observe that the coefficient of &7 is

B )
+—=nT
2 (T)

(l + C1)® —An(n +1).
4

Since n > 0 and ® > 0 are fixed by (H,) and the construction of wy, respectively, we may further

restrict A so that
(I/p+Cp)O
nn+1)

A
kTor*

A<

holds in addition to the existing assumption 4 <
since the right-hand side is positive), we have

Under this choice (which is always possible

1
(—+C1)®—/ln(n+ 1) <0.
P

Moreover, since [; < p — 1 by (H;), we have [,,x + 1 < p, so the negative £” term dominates the
lower-order terms &m*! and £ as & — co. Consequently,

@aléwg) = —c0  as & — co.

Choose ¢ so large that wy := &wyq satisfies |wi]| > 6/M and @ (w) < infap;,, @a(u). Applying
Lemma 2.8 together with Lemma 3.1, we obtain a critical point u, with ¢’ (1) = 0 and @,(u>) >
max{p,(up), p,(w1)}. Thus, uy and u, are two distinct weak solutions of (1.1).
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We next turn to the case where f;(f,u) in (1.1) admits the splitting fi(t,u) = fi1(t,u) + f(t, u).
Define F;i(t,u) = [\ fi(t,s)ds and Fp(t,u) = [' fo(t, s) ds, which will be used in the sequel. We list
the assumptions as follows:

(Hy) Fori=0,1,---,n, we can choose o > p satisfying

Fiu(t,u)
m = 00

oo |u|”

uniformly for ¢ in (s;, t;11];
(H3") Foreachi=0,1,---,n, we can choose ky > 0 and D > 0 so that

ﬁl(t’ l/l)l/l - O-Fil(t’ l/l) > _koup

is valid for all ¢ in (s;, t;41] with |u| > D;
(H,)Foreachi=0,1,---,n, we canchoose 1 <7 < pand A, € L'((s;, ti;1],R") so that

|fiat, )] < Ay ()™

is valid for all ¢ in (s;,#;4;] and u € R.
(Hs) Foreachi=0,1,---,n, we can choose A, € C'((s;, t+1], R") so that

Fo(t,u) > Ax(D)lul
is valid for all 7 in (s;, #;41] and u € R.
Lemma 3.2. The fulfillment of the (PS)-condition by ¢, follows from (H) and (H})—(H}).

Proof. As a first step, we establish that {u,},cx C E*? is bounded. This is verified by means of
contradiction. Assume that the sequence {u,,} satisfies ||u,,|| — co when m — oo. Define v,, = u,,/||u,,l,
which yields ||v,,|| = 1. Lemma 2.4 tells us that v,, — vy in E“? yields v,, — vy in C([0,T],R) as
m — oo. Thanks to hypothesis (H}), we have

1
fio () ul < Ay (Ol |Fip ()] < —Ar () lul”. (3.6)

We split the subsequent discussion into two cases: vy = 0 and vy # 0. In the following, o(1) denotes a
quantity that tends to 0 as m — oo.
Case 1: vy = 0. Thanks to (H}), one can choose k; > 0 so that

ﬁl(t7 u)l/l - O-Fil(t7 l/l) > _koup - kla re (Si9 tl'+1]a ueR. (37)

Moreover, we impose the following smallness condition on the parameters A and k (as required by the
reviewer):

ATkoM? < < 1. (3.8)
p
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Accordingly, on account of (3.1), (3.6), and (3.7), we deduce

n

_— U (1)
Taltn) — 40t :(2-1)+ “ Z(a [ Ii(s)ds_zi(um(ri))um<ri))
0

llutll? p llmllP

* Tl Z; f (it it = OF (1 ) i
llet,nl P B,

Since the boundary term is non-negative, we can drop it to obtain a lower bound. Using (3.6), (3.7),
and Lemma 2.6, we estimate

dDz(%—l)— a 2:«£EL+K)M“WwM“4{0+1MANM®

llmll? li+1

AT A o
kMl + k) (1 n ;)nA]nLIMTnumHT.

llmllP llmllP

Since /; + 1 < p and 7 < p, taking m — oo yields
0> (— — 1) ATkoM?.
p

This contradicts condition (3.8), which guarantees that the right-hand side is strictly positive. Hence,
{u,,} is bounded in E*?.

Case 2: vy # 0. Foreachi = 0,1,--- ,n, define Q] = {t € (s;, ;1] : [vo(»)| > 0}, which has positive
measure. Since ||u,|| — oo and |u,,(1)] = [v,u(D)] - |lull, we have |u,, ()] — oo for every r € Q. Combining
(3.1) and (3.6) gives

n tit] » » T T )
Zf F[l(t, I/lm)dl = _QD/l(um) + ||L£m|| + a’]h(())lum(())l + ﬁlh( )lum( )|
‘ A pA pAa; pAB>

n 1 () n tit1
i),
+ = Ii(S)dS - f F,‘z(l‘, l/l)dl

N, ||um||”[1 + MP<Z—;h(O) %h(T))]

A pAa
BN (KM .
Z o+ L) + A
Thus,
liv1 ; t "
Zj‘ “”)smu m — oo, (3.9)

On the other hand, for r € Q!, since |u,,(t)] — oo, there exists M; such that for all m > M;, |u,, ()| > D

(the constant from (H})), and thus = ‘L(’(“t’)’]f)) 0. Moreover, |[v,,(f)| = |vo(t)| > 0 and & 'll(’ (L;’)"lg’)) — oo by

(H). Therefore, by Fatou’s lemma,
1 t m 1 m
“,E‘Lio?fzf e Zf i =3, =
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This contradicts (3.9). Hence, {u,,} is bounded. Following a procedure analogous to the one in Lemma
3.1, we obtain ||u,, — u|| = 0 in E*” as m — oo.

Lemma 3.3. Under the assumptions (H;) and (H}), there exist constants py > 0 and g > 0 such that
pa(u)>pB >0 forallu e dB,,.

Proof. By (H}), we have 1 < 7 < p and |fix(t,u)| < A (O)lu""!. Consequently,

1
Fia(t, w)l < —Ar(Dluf".

Using the subcritical growth of I; from (H;) (with [; < p — 1), together with the Sobolev embedding
||u]|lco < M|lu|| (Lemma 2.6), we obtain for ||u|| = p sufficiently small:

KiMli+l
L+1F

1 1 - ,
eau) > —p” = - =AM p" — p Z ( oy LiMp).
p T i=1

Since 7 < pand [; + 1 < p, the dominant term as p — 0 is épf’. Hence, there exist po > 0 and 8 > 0
such that ¢,(u) > g > 0 for all u € 0B,,,.

Lemma 3.4. Assume that (H,), (H,), (H}), and (Hs) hold, and that f;(z, u) and [;(«) are odd in u. Let
{ej}‘;.‘;l be a basis of E“?, and for each m € N, let E,, = span{ey,...,e,}. Then for every m € N, there
exists R,, > po (Where pg is from Lemma 3.3) such that

w(u) <0 forall u € E,, with |lu|]| > R,,.

Proof. Since E,, is finite-dimensional, all norms on E,, are equivalent. Consequently, there exist
constants c,,, d,, > 0 such that for any u = Z]m=1 Oiej € E,,

m

m
en D107 < Null” < dy D 16,1
j=1

J=1

Define §,, ={u e E,, : Z;”:l 161" = 1}, which is compact. Note that ||u|| > c,]n/p >0forallues,,.

By (Hs) and the continuity of A,(#), there exist 6 > 0 and subsets I1; C (s;, #;41] of positive measure
such that A,(f) > ¢ on II;. (For instance, since A, is continuous and positive on the compact interval
[s;,ti+1], it attains a positive minimum on some subinterval of positive length.) Set A; = ¢, so that
Fip(t,u) > As|ul” on I1;. By (H,), there exist constants A4, As > 0 such that Fj; (¢, u) > Alul” — As for
all u € R.

The maps u — >, fn,' lu(®)|”dt and u — Y7, fn,« |u(t)|"dt are continuous on the compact set S ,,,, so
there exist constants Cy > 0 and C; > 0 such that

Z f lu(0)|”dt > Co, Z f () dt > C;, Nues,,.
i=0 Y1 i

i=0 Vi
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Forn > 0and u € S,,, using Lemma 2.6, we estimate

P | e
@a(nu) < n—llull” +— (—lh(()) + ﬁ—lh(T)) 7" M?||ul
p P\ B2

— U As ) f jul*dt — i Ay ) f ul” dt
i=0 V1L i=0 V1L

n KZ(M )l,-+1 .
FAAST +u ) (%nun’f“ + LMol
i=1 !

D
< %dm + CiPdy — M7 AsCo — A ASCy + Cogfm* + Cyp + Ca,

where C'| = % (Z—;h(O) + ﬁ—;h(T)) M?, |« = max;[;, and C,, C3, Cy4 are positive constants depending on
m, u, A, K;, L;, M, etc. but independent of 7.

Since oo > pand 1 < 7 < p, the term —An” A4Cy dominates as 7 — oo. Hence, there exists 17, > 0
such that ¢,(nu) < Oforallp >n, andallu € S,,. Setn,, = max{n;,po/c,lfp}. Then forallu € S,

(p/l(nmu) < 0.

Setting R,, = 1,, maX,es,, |lull, we have that ||u|| > R, implies u = nit withn > n,, and it € S, and then
(1) < 0. This completes the proof.

Theorem 3.2. Assume that (H,), (H})—(H}), and (Hs) are valid and that fi(t,u) (i = W) and I;(u)
(i = 1,n) are odd functions of u. Then (1.1) yields infinitely many weak solutions.

Proof. Clearly, ¢, is an even function and ¢,(0) = 0. Lemma 3.2 establishes the (PS)-condition.
Step 1. Positive lower bound on a small sphere. By Lemma 3.3, there exist oo > 0 and 8 > 0
such that

pa(u) 2B >0 forallu e dB,,. (3.10)

Step 2. Negativity on finite-dimensional subspaces for large norm. Let {e j}52, be a basis of E*P,

For each m € N, let E,, = span{ey, ..., e,}. By Lemma 3.4, for every m € N, there exists R,, > po such
that

p(w) <0 forall u € E,, with ||u|| > R,,. 3.11)

Step 3. Application of the symmetric mountain pass theorem. We have verified:

(i) ¢, € CY(E*P,R) is even and ¢,(0) = 0;
(i1) ¢, satisfies the (PS)-condition (Lemma 3.2);
(iii) There exist py > 0 and 8 > 0 such that ¢,(u) > S for all u € dB,,, by (3.10);
(iv) For each finite-dimensional subspace E,, C E“?, there exists R,, > po such that ¢,(u) < 0 for all
u € E,, with ||u|| > R,, by (3.11).

These are precisely the hypotheses of the symmetric mountain pass theorem (see Lemma 2.9 together
with Remark 2.2). Consequently, ¢, possesses infinitely many distinct critical points. Equivalently,
problem (1.1) admits infinitely many distinct weak solutions.
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Example 3.1. We now study a DE with fractional derivatives subject to BCs:

D} (¢ (507 u)) + a 0163 0 = w(l L @ D fe Gl i= 0,1,
85 @(O) = D} (93§D} u®)) = 0, g3 ) + D7 (45 (D7 uCh)) =0,
A (o5 (7w ) = 28 e, .

1
D (¢3 (gDé u)) =D (¢3 (h(H)) (gDéu(ﬁ))) re (s,
(8: (DFuesD))) = o0y (85 (S s

where 0 = 5o <1 =5 <5 =% <n =1, =1 Letus select a(t) = In(1 + %), where ¢ € [0, 1]. Then,
we have 0 < ay = mina(t) < a(t) < a° = In2. We now verify all hypotheses of Theorem 3.2.
Verification of (H,). Choose I;(u) = sinu for i = 1. Then |[;(u)| = |sinu| < 1 for all u € R. Taking
I, =0,K, =1,and L; = 1, we have [I,(u)] < 1 -|ul’ + 1 = 2, which satisfies (H;) since p = 3 and
L=0€e[0,p-1)=10,2).

Verification of (H,') and (Hy'). Let fii(t,u) = u’(1 + sint) and Fyy(t,u) = [1' fu(t, 8)ds = wsing
Choose o = 4 (note that p = 3, so o > p). Then

Fu(t,u) _ lim u®(1 +sint)/6 _ lim (1 + sin Hu? -

[u|— o0 |u|0— |u|— 00 ut |u|— o0 6
uniformly in #. Thus, (H,") holds. Moreover,
ub(1+sins) _ u®(l +sino) .
6 - 3 -

for all u. Hence, (H3") holds with kp = 0 and any D > 0 (e.g., D = 1).

n 4/3
Verification of (H,") and (Hs). Let fi(1,u) = u'*(2 + cos 1) and Fi(t,u) = [ fo(t, s)ds = W
Choose 7 = ‘5‘. Since p =3, wehave 1 <7 = ‘5‘ < p = 3. Then

fat,wu — oFi(t,u) = ub(1 +sinf) — 4 -

[fa(t,w)| = Jul' P2 + cos 1) < Ay(@)|ul™!
with A;(f) = 2 + cost < 3 € L'([0, 1], R*). Thus, (H,") holds. For (Hs), we have

3u*3(2 + cos?)
Fi(t,u) = 1 > Ay(Dlul’

with A(f) = 2259 > 0 and 7 = £. Hence, (Hs) holds.

Verification of oddness. Both fi(t, u) = u’(1 +sint)+u'/3(2+cos ) and I, (1) = sin u are odd functions
of u, since (—u)’> = —u’, (—u)'® = —u'’3, and sin(—u) = —sinu. Therefore, the oddness condition
required in Theorem 3.2 is satisfied.

Verification of the parameter condition. For the chosen parameters, we verify that condition (3.8)
holds. Recall that p = 3, o = 4 (from the verification of (H})), 4 = 1/4, T =1, ky = 0 (from the
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verification of (H})), and M is the Sobolev embedding constant from Lemma 2.6 (which is finite). We

have

1 4
/lTkoM”:Z-1~O-M3:O<§—1:

1
3
Thus, condition (3.8) is satisfied for the chosen parameters.

Since all hypotheses of Theorem 3.2 are verified, it follows that (3.12) possesses infinitely many
weak solutions.

4. Conclusions

This work focuses on fractional Sturm-Liouville boundary value problems equipped with the p-
Laplacian and mixed impulsive effects. First, we invoke the mountain-pass theorem. Under growth
requirements that are less stringent than the super-p-th order condition, weak solutions for (1.1) are
established. For the precise conclusions, we refer to Theorem 3.1. Second, suppose the nonlinear term
satisfies a combined growth condition. Both super-p-linear and sub-p-linear growth are incorporated
within this condition. Following this, multiple weak solutions are derived through the application of
genus theory. For further details, see Theorem 3.2. Unlike the classical AR framework, the superlinear
condition introduced here overcomes its inherent limitations. This work imposes less restrictive growth
conditions on the nonlinear terms than those found in the existing literature [24]. Promising avenues
for future work involve the extension to variable exponent spaces and broader classes of fractional
operators, aiming to characterize solutions under critical growth conditions.
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