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Abstract: The objective of this work is to address Sturm-Liouville boundary value problems associated
with fractional p-Laplacian equations, where instantaneous as well as non-instantaneous impulses are
taken into account. Using variational methods, we establish the existence and multiplicity of solutions
for the stated problem. The main novelty of this paper is the combination of a weakened super-
p-linear growth condition (which relaxes the classical Ambrosetti-Rabinowitz (AR) condition) with
the concave-convex splitting technique in the mixed impulsive Sturm-Liouville p-Laplacian setting.
Lastly, the correctness of the key results obtained in this paper is demonstrated through an example.
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1. Introduction

Impulsive differential equations (DEs) serve as a powerful tool for modeling dynamic processes
characterized by abrupt state changes, and they have attracted considerable research interest in recent
decades owing to their broad range of applications. Based on their duration, impulses can be divided
into two categories: instantaneous impulses (with extremely short duration) and non-instantaneous
impulses (with finite-duration action). Additional technical details are available in [1]. It was
Hernandez and O’Regan [2] who, in their groundbreaking 2013 paper, initiated the study of
non-instantaneous impulses. Since then, considerable research efforts have been devoted to
non-instantaneous impulsive DEs [3, 4]. As a representative example, in 2019, Tian and Zhang [5]
pioneered the application of Ekeland’s variational principle to establish the solvability of
second-order DEs that incorporate instantaneous as well as non-instantaneous impulses.

For more than a decade, as the unique advantages of fractional calculus theory for capturing
nonlocality, reliance on past states, as well as hereditary properties have become increasingly
prominent, fractional-order impulsive DEs have emerged as a significant research focus in diverse
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fields including mathematical physics, biomedical engineering applications, and control theory for
complex systems [6–8]. A case in point is the 2018 work of Khaliq and Rehman [9], who adopted the
Lax-Milgram theorem as a tool to examine whether fractional differential equations (FDEs) that
involve non-instantaneous impulses are solvable when subjected to boundary conditions (BCs). In the
year 2020, the first systematic study of FDEs equipped with instantaneous as well as
non-instantaneous impulses governed by Dirichlet BCs was carried out by Zhang and Liu [10]. With
variational methods as the analytical tool, the problem described above was shown to be solvable,
given that the nonlinear term fulfills a sublinear growth assumption. Subsequently, Zhou et al. [11]
extended the above FDEs to the case involving a p-Laplacian operator, and Li et al. [12] further
applied the three-critical-point theorem proposed by Ricceri to obtain multiplicity results. Related
studies have been further extended in references [13–15].

On the other hand, since Jiao and Zhou [16] pioneered the application of critical point theory to
FDEs, this theory has become an important research tool, although early studies primarily focused on
Dirichlet problems. It was not until 2017 that Tian and Nieto [17] made a groundbreaking extension
to FDEs with Sturm-Liouville BCs. Following Tian and Nieto’s foundational contributions, the
systematic implementation of critical point theory by subsequent researchers has yielded substantial
advances in the field [18–20]. For instance, in 2019, Nyamoradi and Tersian [21] employed genus
theory and the mountain pass theorem as tools to explore the solvability of FDEs involving
p-Laplacian operators under Sturm-Liouville BCs. In 2021, Min and Chen et al. [22] further extended
the research to scenarios involving instantaneous impulses, demonstrating the multiplicity result for
FDEs incorporating p-Laplacian operators, subject to Sturm-Liouville BCs. It is noteworthy that,
compared to the relatively mature research on instantaneous impulses, the study of non-instantaneous
impulse problems remains at the frontier of exploration. 2024 saw the work of Qiao et al. [23], who
utilized critical point theory to explore whether FDEs with instantaneous as well as non-instantaneous
impulses are solvable within the framework of Sturm-Liouville BCs. Specifically, for the more
challenging case of the p-Laplacian operator, Zhang and Ni [24] obtained a triple-solution result for
FDEs equipped with p-Laplacian operators, under Sturm-Liouville BCs and with the inclusion of
both instantaneous and non-instantaneous impulse effects. Their proof relies on a three critical point
theorem under the sub-p-growth condition on the nonlinear term. Building upon the aforementioned
research, this paper will break through the limitations of conventional growth order conditions and
establish a more general theoretical framework.

Remark on the Ambrosetti-Rabinowitz condition. The classical Ambrosetti-Rabinowitz (AR)
condition, which requires 0 < θF(t, u) ≤ f (t, u)u for some θ > p and |u| large, is commonly used to
ensure the boundedness of Palais-Smale sequences in superlinear problems. However, this condition is
restrictive and excludes many nonlinearities. Over the past decade, various weakened versions of the
AR condition have been proposed. In particular, conditions of the form

lim sup
|u|→∞

σF(t, u) − f (t, u)u
|u|p

≤ 0 for some σ > p

have been used to relax the standard AR condition. For fractional p-Laplacian problems, Qiao et al.
[25] proved the existence of nontrivial solutions using the mountain pass theorem under condition (A5),
which is exactly of the above form. In the present paper, we adopt this weakened growth condition
(see (H3) and (H′3)) to study the fractional p-Laplacian problem with mixed impulsive effects under
Sturm-Liouville BCs.
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Building on this motivation, the present study establishes existence criteria for p-Laplacian-type
FDEs governed by Sturm-Liouville BCs, taking into account instantaneous as well as
non-instantaneous impulses, with weaker growth-order restrictions. The detailed setting is below:

tDα
T

(
1

h(t)p−2 ϕp

(
h (t) C

0 Dα
t u(t)

))
+ a (t) ϕp (u(t)) = λ fi (t, u (t)) , t ∈ (si, ti+1] , i = 0, . . . , n,

α1h (0) ϕp (u (0)) − α2

(
tDα−1

T

(
1

h(0)p−2 ϕp

(
h (0) C

0 Dα
t u(0)

)))
= 0,

β1h (T ) ϕp (u (T )) + β2

(
tDα−1

T

(
1

h(T )p−2 ϕp

(
h (T ) C

0 Dα
t u(T )

)))
= 0,

∆

(
tDα−1

T

(
1

h(ti)p−2ϕp

(
h (ti) C

0 Dα
t u (ti)

)))
= µIi (u (ti)) , i = 1, . . . , n,

tDα−1
T

(
1

h(t)p−2 ϕp
(
h(t) C

0 Dα
t u(t)

))
= tDα−1

T

(
1

h(t+i )p−2 ϕp
(
h(t+i ) C

0 Dα
t u(t+i )

))
, t ∈ (ti, si], i = 1, . . . , n,

tDα−1
T

 1

h
(
s−i

)p−2 ϕp

(
h
(
s−i

) C
0 Dα

t u
(
s−i

)) = tDα−1
T

 1

h
(
s+i

)p−2 ϕp

(
h
(
s+i

) C
0 Dα

t u
(
s+i

)) , i = 1, . . . , n,

(1.1)
where α ∈ (1/p, 1], p > 1, α1, α2, β1, β2 > 0, λ, µ > 0, C

0 Dα
t , tDα

T are the left-sided Caputo fractional
differential operator and the right-sided Riemann-Liouville type fractional differential operator of order
α, respectively, ϕp (x) = |x|p−2x, and Ii ∈ C1 (R,R), with the property that for some i ∈ {1, · · · , n}, Ii

is nonzero. The time nodes satisfy 0 = s0 < t1 < s1 < t2 < · · · < sn < tn+1 = T . The functions fi

belong to C1 ((si, ti+1] × R,R) , a(t) ∈ C([0,T ],R+) with bounds 0 < a0 = min[0,T ]a (t) ≤ a (t) ≤ a0 =

max[0,T ]a (t), and h(t) ∈ L∞([0,T ],R+) with essential infimum h0 = ess inf[0,T ] h (t) > 0. Moreover,

∆

(
tDα−1

T

(
1

h(ti)p−2ϕp

(
h (ti) C

0 Dα
t u (ti)

)))
= tDα−1

T

(
1

h(t+i )p−2 ϕp
(
h(t+i ) C

0 Dα
t u(t+i )

))
− tDα−1

T

(
1

h(t−i )p−2 ϕp
(
h(t−i ) C

0 Dα
t u(t−i )

))
,

tDα−1
T

 1

h
(
t±i
)p−2 ϕp

(
h
(
t±i
) C

0 Dα
t u

(
t±i
)) = lim

t→t±i
tDα−1

T

(
1

h(t)p−2 ϕp

(
h (t) C

0 Dα
t u(t)

))
,

tDα−1
T

 1

h
(
s±i

)p−2 ϕp

(
h
(
s±i

) C
0 Dα

t u
(
s±i

)) = lim
t→s±i

tDα−1
T

(
1

h(t)p−2 ϕp

(
h (t) C

0 Dα
t u(t)

))
.

Variational approaches serve as the tool for establishing existence results for solutions to (1.1).
After constructing a variational setting, we invoke the mountain pass theorem to demonstrate that (1.1)
admits solutions under super-p-linear growth hypotheses that are less restrictive than the classical AR
condition. We subsequently separate the nonlinearity into two different scenarios: one satisfying a
super-p-linear growth condition (weakened AR) and the other a sub-p-linear growth condition. With
this decomposition in place, genus theory is employed to prove that multiple solutions exist for (1.1).

Several novel features distinguish this work from the existing literature. First, we overcome the
restrictions of the classical AR condition by adopting a weaker super-p-linear growth condition that
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has been successfully applied in recent variational literature (see Qiao et al. [25]). The novelty lies not
in the condition itself, but in its combination with the concave-convex splitting technique in the setting
of fractional p-Laplacian equations with mixed (instantaneous and non-instantaneous) impulses under
Sturm-Liouville BCs. Second, by decomposing the nonlinearity into a concave part (sub-p-linear) and
a convex part (super-p-linear with weakened AR condition), we obtain infinitely many weak solutions
via genus theory. This approach significantly extends the established theoretical framework. Third,
unlike Zhang and Ni [24], who dealt only with the sub-p-growth case, the present paper encompasses
both super-p-linear and sub-p-linear regimes under broader assumptions, yielding more comprehensive
existence and multiplicity findings. A comparison with [24] is summarized in Table 1.

Table 1. Comparison between the present work and Zhang and Ni [24].

Zhang and Ni [24] Present paper
Growth condition Sub-p-growth only Super-p-linear (weakened AR) & sub-p-linear
Impulsive type Mixed Mixed
Boundary condition Sturm-Liouville Sturm-Liouville
Method Three critical point theorem Mountain pass theorem + genus theory
Main result Three solutions Infinitely many solutions (under symmetry)

Particularly noteworthy is the distinction from the findings reported in [24], which deals solely with
sub-p-growth, whereas this paper not only encompasses super-p-growth conditions but also yields
more comprehensive existence as well as multiplicity findings under broader assumptions.

The rest of this work proceeds as outlined: It is in Section 2 that the essential definitions and
technical lemmas are assembled, serving as the groundwork for our subsequent theoretical
discussions. Using the variational framework constructed in Section 3, one can derive existence as
well as multiplicity outcomes concerning solutions to (1.1). A summary of the present work is
provided in Section 4, along with a discussion of future research prospects.

2. Preliminaries

Definition 2.1 [17]. Let p ∈ (1,∞), α ∈ (1/p, 1]. We now proceed to introduce the fractional function
space by setting

Eα,p =
{
u ∈ AC

(
[0,T ] ,RN

)
: C

0 Dα
t u ∈ Lp

(
[0,T ] ,RN

)}
,

where ∥u∥α,p =
(∫ T

0

∣∣∣C0 Dα
t u (t)

∣∣∣pdt +
∫ T

0
|u (t)|pdt

) 1
p
.

Remark 2.1. The condition u ∈ Eα,p implies that u belongs to Lp
(
[0,T ] ,RN

)
and

C
0 Dα

t u ∈ Lp
(
[0,T ] ,RN

)
.

Lemma 2.1 [21]. Assume that a(t) belongs to C([0,T ],R+) and is bounded below by a0 and above by
a0. h(t) lies in L∞([0,T ],R+), h0 = ess inf[0,T ] h (t) > 0. Consequently, the equivalence of ∥u∥α,p to ∥u∥α
is proved, with the latter defined as

∥u∥α =
(∫ T

0
h(t)

∣∣∣C0 Dα
t u (t)

∣∣∣pdt +
∫ T

0
a (t) |u (t)|pdt

) 1
p

, ∀u ∈ Eα,p.
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Lemma 2.2 [26]. Let u ∈ AC([x, y]), α ∈ (0, 1]. Then

C
x Dα

t u (t) = xDα
t u (t) −

u (x)
Γ (1 − α)

(t − x)−α, C
t Dα

y u (t) = tDα
y u (t) −

u (y)
Γ (1 − α)

(y − t)−α, t ∈ [x, y].

In particular, for u ∈ Eα, it holds that

C
0 Dα

t u (t) = 0Dα
t u (t) , C

t Dα
T u (t) = tDα

T u (t) .

Lemma 2.3 [16]. Let q1, q2 ≥ 1, β > 0, and either 1
q1
+ 1

q2
≤ 1 + β or 1

q1
+ 1

q2
= 1 + β, q1 , 1, q2 , 1.

Then for any x ∈ Lq1
(
[0,T ] ,RN

)
, y ∈ Lq2

(
[0,T ] ,RN

)
, the following equality holds:∫ T

0

[
0D−βt x (t)

]
y (t) dt =

∫ T

0

[
tD
−β
T y (t)

]
x (t) dt.

Lemma 2.4 [17]. Let the parameter satisfy p ∈ (1,∞) with the additional condition α > 1
p . If weak

convergence uk ⇀ u holds in Eα,p, then strong convergence uk → u is obtained in C([0,T ],RN),
meaning ∥uk − u∥∞ → 0 as k → ∞.

For the space Eα,p, we set up a new norm:

∥u∥ =

∫ T

0
h(t)

∣∣∣C0 Dα
t u (t)

∣∣∣pdt +
n∑

i=0

∫ ti+1

si

a (t) |u (t)|pdt


1
p

. (2.1)

Lemma 2.5 [24]. Equivalence holds between ∥u∥α and ∥u∥; that is, one can find ϱ1, ϱ2 > 0 satisfying

ϱ1∥u∥α ≤ ∥u∥ ≤ ϱ2∥u∥α, ∀u ∈ Eα,p.

Lemma 2.6 [24]. Assuming α > 1
p , 1

p +
1
q = 1, the following estimate holds for the infinity norm of u:

∥u∥∞ ≤ M ∥u∥ ,

wherein M is specified as

M :=
Tα− 1

p h
− 1

p

0

Γ (α)
[
(α − 1) q + 1

] 1
q

+

[
2p−1

T1 (min {h0, a0})
max

{
1,

(
Tα

Γ (α + 1)

)p}] 1
p

.

Lemma 2.7 [27]. Consider a Banach space E over the real field that is reflexive. In addition, consider
a bounded and weakly order-closed set Θ where φ satisfies the property of order-weakly lower
semicontinuity. For φ : Θ ⊆ E → [−∞,+∞] and Θ , ∅, the minimization problem minu∈Θ φ(u) = ε is
solvable.
Lemma 2.8 [28]. Assume φ ∈ C1(E,R) with φ(0) = 0 and that the Palais-Smale (PS)-condition holds
for φ. Further, suppose φ meets the two conditions stated below:

(i) One can choose ρ, σ > 0 with the property that φ(u0) ≥ σ holds for every u0 ∈ E whose norm
equals ρ;

(ii) Some u1 ∈ E lies outside the ball of radius ρ and satisfies φ(u1) < σ.
It then follows that φ admits a critical value ε, which is at least σ. Additionally, the following
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expression holds for ε: ε = infk∈Y maxs∈[0,1] φ(k(s)), in which
Y =

{
k ∈ C1 ([0, 1] , E) : k (0) = u0, k (1) = u1

}
.

Then we present a lemma on the property of genus.
Lemma 2.9 [28]. Assume we are given a Banach space E and an even C1 functional φ on E that
meets the (PS)-condition. Let n ∈ N and z ∈ R be arbitrary. Denote by Σ the collection of all closed
0-symmetric subsets of E \ {0}, and set Σn = {U ∈ Σ : γ(U) ≥ n}. Moreover, let
Kz = {u ∈ E : φ(u) = z, φ′(u) = 0} and zn = infU∈Σn supu∈U φ(u). Consequently,

(i) Suppose Σn is nonempty and zn ∈ R. Then zn is a critical value associated with φ.
(ii) If the sequence {zn} becomes constant at a value z , φ(0) for l + 1 consecutive indices starting

from n (i.e., zn = · · · = zn+l = z), then Kz is at least l + 1.
Remark 2.2. [28, Remark 7.3] tells us that Kz ∈ Σ with genus greater than 1 implies Kz has infinitely
many distinct members.
Definition 2.2. Given u ∈ Eα,p fulfills the following relation:∫ T

0

1
h(t)p−2

(
ϕp

(
h (t) C

0 Dα
t u

))
C
0 Dα

t vdt +
n∑

i=0

∫ ti+1

si

a (t) ϕp (u) vdt +
n∑

i=1

Ii (u (ti)) v (ti)

+
α1

α2
h (0) ϕp (u (0)) v (0) +

β1

β2
h (T ) ϕp (u (T )) v (T ) = λ

n∑
i=0

∫ ti+1

si

fi (t, u) vdt, ∀v ∈ Eα,p,

then we call u one weak solution of (1.1).
Remark 2.3. The equivalence between weak solutions of (1.1) and critical points of φλ can be justified
as follows. If u is a weak solution of (1.1), then by Definition 2.2, it satisfies∫ T

0

1
h(t)p−2ϕp

(
h(t) C

0 Dα
t u

) C
0 Dα

t v dt +
n∑

i=0

∫ ti+1

si

a(t)ϕp(u)v dt

+
α1

α2
h(0)ϕp(u(0))v(0) +

β1

β2
h(T )ϕp(u(T ))v(T )

+

n∑
i=1

Ii(u(ti))v(ti) = λ
n∑

i=0

∫ ti+1

si

fi(t, u)v dt, ∀v ∈ Eα,p.

Comparing this with the expression for ⟨φ′λ(u), v⟩ in (2.3), we obtain ⟨φ′λ(u), v⟩ = 0 for all v ∈ Eα,p, i.e.,
φ′λ(u) = 0. Conversely, if φ′λ(u) = 0, then (2.3) yields the integral identity in Definition 2.2. By the
fundamental lemma of calculus of variations (since C∞0 ([0,T ],R) is dense in Eα,p), u satisfies (1.1) in
the weak sense. Therefore, the correspondence between weak solutions of (1.1) and critical points of
φλ is bijective.

Take φλ : Eα,p → R to be the energy functional given by

φλ (u) =
1
p
∥u∥p +

α1

pα2
h (0) |u (0)|p +

β1

pβ2
h (T ) |u (T )|p + µ

n∑
i=1

Ji (u (ti)) − λ
n∑

i=0

∫ ti+1

si

Fi (t, u) dt, (2.2)

with Ji (u) =
∫ u

0
Ii (s) ds, Fi (t, u) =

∫ u

0
fi (t, s) ds. The fact that fi and Ii are continuous yields φλ ∈
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C1(Eα,p,R) and

〈
φ′λ (u) , v

〉
=

∫ T

0

1
h(t)p−2

(
ϕp

(
h (t) C

0 Dα
t u

))
C
0 Dα

t vdt +
n∑

i=0

∫ ti+1

si

a (t) ϕp (u) vdt +
α1

α2
h (0) ϕp (u (0)) v (0)

+
β1

β2
h (T ) ϕp (u (T )) v (T ) + µ

n∑
i=1

Ii (u (ti)) v (ti) − λ
n∑

i=0

∫ ti+1

si

fi (t, u) vdt.

(2.3)
In this setting, the map associating weak solutions of (1.1) with critical points of φλ is bijective.

3. Main results

To begin with, this paper sets forth the assumptions on which its principal results and supporting
lemmas rely.

(H1) Given p > 1, one can find li within [0, p − 1) together with constants Ki, Li > 0 (i = 1, n) for
which the assumption of subcritical growth takes the form

|Ii (u)| ≤ Ki|u|li + Li, u ∈ R.

(H2) The asymptotic condition lim sup|u|→0
Fi(t,u)
|u|p = 0 (i = 0, · · · , n) is satisfied uniformly for t in

(si, ti+1] for almost every such t.
(H3) Assume that a superlinear constant σ > p exists such that, for each i = 0, 1, · · · , n, the limiting

condition

lim sup
|u|→∞

σFi(t, u) − fi(t, u)u
|u|p

≤ 0

is satisfied uniformly for t in (si, ti+1] for almost all such t.
(H4) Subsets Ωi ⊂ (si, ti+1] of positive measure (meas(Ωi) > 0) can be chosen so that, uniformly for

almost every t ∈ Ωi,

lim inf
|u|→∞

Fi(t, u)
|u|p

> 0, i = 0, n.

Lemma 3.1. Provided that hypotheses (H1) and (H3) hold, φλ is verified to fulfill the (PS)-condition.

Proof. Take an ordered sequence {um}m∈N ⊂ Eα,p for which the sequence {φλ(um)}m∈N remains bounded
and φ′λ(um) → 0 as m → ∞. As a result, one can select N > 0 for which the uniform estimates are
satisfied:

|φλ (um)| ≤ N,
∥∥∥φ′λ (um)

∥∥∥
∗
≤ N, m ∈ N. (3.1)

The proof of boundedness for {um} proceeds via contradiction. The unboundedness of {um} implies
∥um∥ → ∞. Define vm = um/∥um∥, which yields ∥vm∥ = 1. In view of Lemma 2.4, whenever vm ⇀ v0

holds in Eα,p, we have vm → v0 in C([0,T ],R) as m→ ∞. By virtue of Lemma 2.6 together with (H1),

Electronic Research Archive Volume 34, Issue 8, 5703–5722.



5710

we find from (3.1) a constant N1 > 0 for which(
σ

p
− 1

)
∥um∥

p = σφλ (um) − φ′λ (um) um + µ

n∑
i=1

Ii (um (ti)) um (ti) − σµ
n∑

i=1

∫ um(ti)

0
Ii (s) ds

−

(
σ

p
− 1

) [
α1

α2
h (0) |um (0)|p +

β1

β2
h (T ) |um (T )|p

]
+ λ

n∑
i=0

∫ ti+1

si

(σFi (t, um) − fi (t, um) um) dt

≤ N1 (1 + ∥um∥) + µ
n∑

i=1

(
KiMli+1 ∥um∥

li+1 + LiM∥um∥
)

+ σµ

n∑
i=1

(
KiMli+1 ∥um∥

li+1

li + 1
+ LiM∥um∥

)
+ λ

n∑
i=0

∫ ti+1

si

(σFi (t, um) − fi (t, um) um) dt.

The fact that ∥um∥ → ∞ implies that(
σ

p
− 1

)
∥vm∥

p
≤

N1 (1 + ∥um∥)
∥um∥

p + σµ

n∑
i=1

(
KiMli+1 ∥um∥

li+1

(li + 1) ∥um∥
p +

LiM∥um∥

∥um∥
p

)

+ µ

n∑
i=1

(
KiMli+1 ∥um∥

li+1

∥um∥
p +

LiM∥um∥

∥um∥
p

)
+ λ

n∑
i=0

∫ ti+1

si
(σFi (t, um) − fi (t, um) um) dt

∥um∥
p .

(3.2)

We now justify the passage from the pointwise lim sup in (3.3) to the integral lim sup needed in (3.2).
For each i, define

gm(t) :=
σFi(t, um(t)) − fi(t, um(t))um(t)

∥um∥
p .

By (H1) and the growth conditions on fi, the sequence {gm} is bounded in L1((si, ti+1]). From (3.3), we
have lim supm→∞ gm(t) ≤ 0 for almost everywhere t ∈ (si, ti+1] \ Ωi0. Applying Fatou’s lemma to the
non-negative sequence {g+m} (where g+m = max{gm, 0}), we obtain

lim sup
m→∞

∫ ti+1

si

gm(t)dt ≤
∫ ti+1

si

lim sup
m→∞

gm(t)dt ≤ 0.

Therefore, the integral lim sup in (3.2) is justified.
Hypothesis (H3) entails the existence of a negligible set Ωi0 (where meas(Ωi0) = 0) within the

interval (si, ti+1], excluding which the subsequent inequality is satisfied uniformly:

lim sup
|u|→∞

σFi(t, u) − fi(t, u)u
|u|p

≤ 0.

Our assertion is that

lim sup
m→∞

σFi (t, um) − fi (t, um) um

∥um∥
p ≤ 0, t ∈ (si, ti+1] \Ωi0. (3.3)

If it does not exist, then there exists t0 ∈ (si, ti+1] \Ωi0 together with a subsequence (again called {um})
with

lim sup
m→∞

σFi (t0, um (t0)) − fi (t0, um (t0)) um (t0)
∥um∥

p > 0. (3.4)
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On the assumption that {um(t0)} is bounded, we can find N2 > 0 satisfying |um (t0)| ≤ N2, ∀m ∈ N.
Given the continuity of fi over Ωi0, it can be concluded that

σFi (t0, um (t0)) − fi (t0, um (t0)) um (t0)
∥um∥

p ≤
(σ + 1) N2

∥um∥
p → 0, m→ ∞,

which stands in contradiction to (3.4). It therefore follows that {um (t0)} admits a subsequence exhibiting
divergence: |um (t0)| → ∞, m→ ∞. Hence,

lim sup
m→∞

σFi (t0, um (t0)) − fi (t0, um (t0)) um (t0)
∥um∥

p

= lim sup
m→∞

σFi (t0, um (t0)) − fi (t0, um (t0)) um (t0)
|um (t0)|p

· lim
m→∞
|vm (t0)|p

≤ 0.

A contradiction to (3.4) is reached. Consequently, (3.3) must hold.
Using (3.2) together with (3.3), one arrives at lim supm→∞

(
σ
p − 1

)
∥vm∥

p ≤ 0. The fact that σ > p
implies ∥vm∥

p → 0 as m → ∞, which stands in contradiction to ∥vm∥ = 1. As a consequence, {um} is
bounded in Eα,p.

The convergence um → u in Eα,p is proved as follows. The reflexivity of Eα,p guarantees the
existence of an extracted subsequence (again denoted {um}) for which um ⇀ u holds. As a result, the
convergence um → u takes place in C([0,T ],R). We subsequently obtain the following convergences
as m→ ∞:

α1

α2
h(0)

(
ϕp(um(0)) − ϕp(u(0))

)(
um(0) − u(0)

)
→ 0,

β1

β2
h(T )

(
ϕp(um(T )) − ϕp(u(T ))

)(
um(T ) − u(T )

)
→ 0,

n∑
i=1

(
Ii(um(ti)) − Ii(u(ti))

)(
um(ti) − u(ti)

)
→ 0,

and
n∑

i=0

∫ ti+1

si

(
fi(t, um) − fi(t, u)

)(
um − u

)
dt → 0.

Given the convergence um ⇀ u together with φ′λ(um)→ 0, one has

⟨φ′λ(um) − φ′λ(u), um − u⟩ → 0, m→ ∞.

From the inequality in [29], it follows that for ∀x, y ∈ RN , we can find c > 0 satisfying

〈
|x|p−2x − |y|p−2y, x − y

〉
≥

 c |x−y|2

(|x|+|y|)2−p , p ≤ 2,
c|x − y|p, p ≥ 2.
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Thus, we can find cp, dp > 0 satisfying∫ T

0

1
h(t)p−2

(
ϕp

(
h (t) C

0 Dα
t um

)
− ϕp

(
h (t) C

0 Dα
t u

))
C
0 Dα

t (um − u) dt

+

n∑
i=0

∫ ti+1

si

a (t)
(
ϕp (um) − ϕp (u)

)
(um − u) dt

≥


cp

[∫ T

0
h (t)

∣∣∣C0 Dα
t um(t) − C

0 Dα
t u(t)

∣∣∣pdt +
n∑

i=0

∫ ti+1

si
a (t) |um(t) − u(t)|pdt

]
, p ≥ 2,

dp

[∫ T

0
h(t)|C0 Dα

t um(t)−C
0 Dα

t u(t)|
2

(|C0 Dα
t um(t)|+|C0 Dα

t u(t)|)2−p dt +
n∑

i=0

∫ ti+1

si

a(t)|um(t)−u(t)|2

(|um(t)|+|u(t)|)2−p dt
]
, 1 < p < 2.

Equation (2.3) yields the following expansion:

⟨φ′λ(um) − φ′λ(u), um − u⟩ =
∫ T

0

1
h(t)p−2

[
ϕp

(
h(t) C

0 Dα
t um

)
− ϕp

(
h(t) C

0 Dα
t u

)] C
0 Dα

t (um − u) dt

+

n∑
i=0

∫ ti+1

si

a(t)
[
ϕp(um) − ϕp(u)

](
um − u

)
dt +

α1

α2
h(0)

[
ϕp(um(0)) − ϕp(u(0))

](
um(0) − u(0)

)
+
β1

β2
h(T )

[
ϕp(um(T )) − ϕp(u(T ))

](
um(T ) − u(T )

)
+ µ

n∑
i=1

[
Ii(um(ti)) − Ii(u(ti))

](
um(ti) − u(ti)

)
− λ

n∑
i=0

∫ ti+1

si

[
fi(t, um) − fi(t, u)

](
um − u

)
dt.

Consequently, when p ≥ 2, the convergence ∥um − u∥ → 0 holds as m → ∞, which means um tends to
u in Eα,p.

Consider 1 < p < 2. Hölder’s inequality then tells us that∫ T

0
h(t)

∣∣∣C0 Dα
t um(t) −C

0 Dα
t u(t)

∣∣∣p dt ≤ 2
(p−1)(2−p)

2


∫ T

0

h(t)
∣∣∣C0 Dα

t um(t) −C
0 Dα

t u(t)
∣∣∣2(∣∣∣C0 Dα

t um(t)
∣∣∣ + ∣∣∣C0 Dα

t u(t)
∣∣∣)2−p dt


p
2

(∥um∥ + ∥u∥)
p(2−p)

2 ,

and
n∑

i=0

∫ ti+1

si

a(t) |um(t) − u(t)|p dt ≤ 2
(p−1)(2−p)

2

 n∑
i=0

∫ ti+1

si

a(t) |um(t) − u(t)|2

(|um(t)| + |u(t)|)2−p dt


p
2

(∥um∥ + ∥u∥)
p(2−p)

2 .

Consequently,∫ T

0

1
h(t)p−2

(
ϕp

(
h (t) C

0 Dα
t um

)
− ϕp

(
h (t) C

0 Dα
t u

))
C
0 Dα

t (um − u) dt

+

n∑
i=0

∫ ti+1

si

a (t)
(
ϕp (um) − ϕp (u)

)
(um − u) dt

≥
dp

2
(p−1)(2−p)

p (∥um∥ + ∥u∥)2−p


(∫ T

0
h(t)

∣∣∣C
0

Dα
t (um − u)

∣∣∣pdt
) 2

p

+

 n∑
i=0

∫ ti+1

si

a(t)|um − u|pdt


2
p


≥
dp

2
(p−1)(2−p)

p max
{
2

2
p−1, 1

} ∥um − u∥2

(∥um∥ + ∥u∥)(2−p) .
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Summarizing the above, we obtain ∥um − u∥ → 0 in Eα,p as m→ ∞.

Theorem 3.1. Under the assumptions (H1)–(H4), suppose further that

∆ =
δp

pMp − µ

n∑
i=1

(
Ki

li + 1
δli+1 + Liδ

)
> 0.

Then (1.1) yields at least a pair of distinct weak solutions provided that λ lies in(
0, min

{
∆

kTδp ,
(1/p +C1)Θ
η(n + 1)

})
,

where C1 and Θ are defined in the proof below.

Proof. We denote by Br the open ball in Eα,p of radius r centered at the origin. Standard reasoning
verifies that Bδ/M is weakly closed and bounded. Lemma 2.7 guarantees that φλ attains its minimum on
Bδ/M at some u0, with φλ(u0) ≤ φλ(0) = 0.

Condition (H2) implies that for each k > 0, we may pick δ ∈ (0, k) such that for almost everywhere
t ∈ (si, ti+1] and all |u| ≤ δ,

|Fi(t, u)| ≤ k|u|p. (3.5)

For u with ∥u∥ ≤ δ/M, Lemma 2.6 gives ∥u∥∞ ≤ δ. Then for u ∈ ∂Bδ/M,

φλ(u) ≥
1
p
δp

Mp − λkT
δp

Mp − µ

n∑
i=1

( Ki

li + 1
δli+1 + Liδ

)
=: Nλ.

If λ ∈
(
0, ∆

kTδp

)
, then Nλ > 0 ≥ φλ(u0). Hence, inf∂Bδ/M φλ > φλ(u0).

Now we construct a test function for the mountain-pass geometry. By (H4), there exist η > 0 and
R > 0 such that

Fi(t, u) ≥ η|u|p for |u| ≥ R, t ∈ Ωi,

where Ωi ⊂ (si, ti+1] with meas(Ωi) > 0.
Choose ψ0 ∈ Eα,p such that

∫
Ωi
|ψ0|

pdt > 0 (possible since meas(Ωi) > 0). Define

w0 :=
ψ0(∫

Ωi
|ψ0|

pdt
)1/p ,

so that
∫
Ωi
|w0|

pdt = 1. Let Θ := ∥w0∥
p > 0, which is a fixed constant independent of ξ.

For sufficiently large ξ > 0, we have |ξw0(t)| ≥ R on Ωi, so Fi(t, ξw0) ≥ η|ξw0|
p. Using (H1) and
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Lemma 2.6, we estimate

φλ(ξw0) =
ξp

p
∥w0∥

p +
α1

pα2
h(0)|ξw0(0)|p +

β1

pβ2
h(T )|ξw0(T )|p

+ µ

n∑
i=1

∫ ξw0(ti)

0
Ii(s)ds − λ

n∑
i=0

∫
Ωi

Fi(t, ξw0)dt

≤
Θξp

p
+

α1

pα2
h(0)MpΘξp +

β1

pβ2
h(T )MpΘξp

+ µ

n∑
i=1

(
KiMli+1

li + 1
ξli+1Θ(li+1)/p + LiMξΘ1/p

)
− ληξp

n∑
i=0

∫
Ωi

|w0|
pdt.

Since
∑n

i=0

∫
Ωi
|w0|

pdt = n + 1, it follows that

φλ(ξw0) ≤
(

1
p
+C1

)
Θξp − λη(n + 1)ξp +C2ξ

lmax+1 +C3ξ +C4,

where

C1 =
1
p

(
α1

α2
h(0) +

β1

β2
h(T )

)
Mp,

lmax = maxi li, and C2,C3,C4 are constants independent of ξ.
Observe that the coefficient of ξp is (

1
p
+C1

)
Θ − λη(n + 1).

Since η > 0 and Θ > 0 are fixed by (H4) and the construction of w0, respectively, we may further
restrict λ so that

λ <
(1/p +C1)Θ
η(n + 1)

holds in addition to the existing assumption λ < ∆
kTδp . Under this choice (which is always possible

since the right-hand side is positive), we have(
1
p
+C1

)
Θ − λη(n + 1) < 0.

Moreover, since li < p − 1 by (H1), we have lmax + 1 < p, so the negative ξp term dominates the
lower-order terms ξlmax+1 and ξ as ξ → ∞. Consequently,

φλ(ξw0)→ −∞ as ξ → ∞.

Choose ξ so large that w1 := ξw0 satisfies ∥w1∥ > δ/M and φλ(w1) < inf∂Bδ/M φλ(u). Applying
Lemma 2.8 together with Lemma 3.1, we obtain a critical point u2 with φ′λ(u2) = 0 and φλ(u2) >
max{φλ(u0), φλ(w1)}. Thus, u0 and u2 are two distinct weak solutions of (1.1).
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We next turn to the case where fi(t, u) in (1.1) admits the splitting fi(t, u) = fi1(t, u) + fi2(t, u).
Define Fi1(t, u) =

∫ u

0
fi1(t, s) ds and Fi2(t, u) =

∫ u

0
fi2(t, s) ds, which will be used in the sequel. We list

the assumptions as follows:
(H2

′) For i = 0, 1, · · · , n, we can choose σ > p satisfying

lim
|u|→∞

Fi1(t, u)
|u|σ

= ∞

uniformly for t in (si, ti+1];
(H3

′) For each i = 0, 1, · · · , n, we can choose k0 > 0 and D > 0 so that

fi1(t, u)u − σFi1(t, u) ≥ −k0up

is valid for all t in (si, ti+1] with |u| ≥ D;
(H4

′) For each i = 0, 1, · · · , n, we can choose 1 < τ < p and A1 ∈ L1((si, ti+1],R+) so that

| fi2(t, u)| ≤ A1(t)|u|τ−1

is valid for all t in (si, ti+1] and u ∈ R.
(H5) For each i = 0, 1, · · · , n, we can choose A2 ∈ C1((si, ti+1],R+) so that

Fi2(t, u) ≥ A2(t)|u|τ

is valid for all t in (si, ti+1] and u ∈ R.

Lemma 3.2. The fulfillment of the (PS)-condition by φλ follows from (H1) and (H′2)–(H′4).

Proof. As a first step, we establish that {um}m∈N ⊂ Eα,p is bounded. This is verified by means of
contradiction. Assume that the sequence {um} satisfies ∥um∥ → ∞ when m→ ∞. Define vm = um/∥um∥,
which yields ∥vm∥ = 1. Lemma 2.4 tells us that vm ⇀ v0 in Eα,p yields vm → v0 in C([0,T ],R) as
m→ ∞. Thanks to hypothesis (H′4), we have

| fi2 (t, u) u| ≤ A1 (t) |u|τ, |Fi2 (t, u)| ≤
1
τ

A1 (t) |u|τ. (3.6)

We split the subsequent discussion into two cases: v0 ≡ 0 and v0 , 0. In the following, o(1) denotes a
quantity that tends to 0 as m→ ∞.

Case 1: v0 ≡ 0. Thanks to (H′3), one can choose k1 > 0 so that

fi1(t, u)u − σFi1(t, u) ≥ −k0up − k1, t ∈ (si, ti+1], u ∈ R. (3.7)

Moreover, we impose the following smallness condition on the parameters λ and k0 (as required by the
reviewer):

λTk0Mp <
σ

p
− 1. (3.8)
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Accordingly, on account of (3.1), (3.6), and (3.7), we deduce

σφλ(um) − φ′λ(um)um

∥um∥
p =

(
σ

p
− 1

)
+

µ

∥um∥
p

n∑
i=1

(
σ

∫ um(ti)

0
Ii(s)ds − Ii(um(ti))um(ti)

)
+

λ

∥um∥
p

n∑
i=0

∫ ti+1

si

( fi(t, um)um − σFi(t, um)) dt

+
(σ/p − 1)
∥um∥

p

[
α1

α2
h(0)|um(0)|p +

β1

β2
h(T )|um(T )|p

]
= o(1).

Since the boundary term is non-negative, we can drop it to obtain a lower bound. Using (3.6), (3.7),
and Lemma 2.6, we estimate

o(1) ≥
(
σ

p
− 1

)
−

µ

∥um∥
p

n∑
i=1

((
Kiσ

li + 1
+ Ki

)
Mli+1∥um∥

li+1 + (σ + 1)LiM∥um∥

)
−

λT
∥um∥

p
(k0Mp∥um∥

p + k1) −
λ

∥um∥
p

(
1 +

σ

τ

)
∥A1∥L1 Mτ∥um∥

τ.

Since li + 1 < p and τ < p, taking m→ ∞ yields

0 ≥
(
σ

p
− 1

)
− λTk0Mp.

This contradicts condition (3.8), which guarantees that the right-hand side is strictly positive. Hence,
{um} is bounded in Eα,p.

Case 2: v0 , 0. For each i = 0, 1, · · · , n, define Ω′i = {t ∈ (si, ti+1] : |v0(t)| > 0}, which has positive
measure. Since ∥um∥ → ∞ and |um(t)| = |vm(t)| · ∥um∥, we have |um(t)| → ∞ for every t ∈ Ω′i . Combining
(3.1) and (3.6) gives

n∑
i=0

∫ ti+1

si

Fi1(t, um)dt = −
φλ(um)
λ
+
∥um∥

p

pλ
+
α1h(0)|um(0)|p

pλα2
+
β1h(T )|um(T )|p

pλβ2

+
µ

λ

n∑
i=1

∫ um(ti)

0
Ii(s)ds −

n∑
i=0

∫ ti+1

si

Fi2(t, u)dt

≤
N
λ
+
∥um∥

p

pλ

[
1 + Mp

(α1

α2
h(0) +

β1

β2
h(T )

)]
+
µ

λ

n∑
i=1

(KiMli+1

li + 1
∥um∥

li+1 + LiM∥um∥
)
+

Mτ

τ
∥A1∥L1∥um∥

τ.

Thus,
n∑

i=0

∫ ti+1

si

Fi1(t, um)
∥um∥

σ
dt ≤ o(1), m→ ∞. (3.9)

On the other hand, for t ∈ Ω′i , since |um(t)| → ∞, there exists Mi such that for all m ≥ Mi, |um(t)| ≥ D
(the constant from (H′2)), and thus Fi1(t,um(t))

|um(t)|σ ≥ 0. Moreover, |vm(t)| → |v0(t)| > 0 and Fi1(t,um(t))
|um(t)|σ → ∞ by

(H′2). Therefore, by Fatou’s lemma,

lim inf
m→∞

n∑
i=0

∫
Ω′i

Fi1(t, um)
∥um∥

σ
dt ≥

n∑
i=0

∫
Ω′i

lim inf
m→∞

Fi1(t, um)
|um|

σ
|vm|

σdt = ∞.
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This contradicts (3.9). Hence, {um} is bounded. Following a procedure analogous to the one in Lemma
3.1, we obtain ∥um − u∥ → 0 in Eα,p as m→ ∞.

Lemma 3.3. Under the assumptions (H1) and (H′4), there exist constants ρ0 > 0 and β > 0 such that

φλ(u) ≥ β > 0 for all u ∈ ∂Bρ0 .

Proof. By (H′4), we have 1 < τ < p and | fi2(t, u)| ≤ A1(t)|u|τ−1. Consequently,

|Fi2(t, u)| ≤
1
τ

A1(t)|u|τ.

Using the subcritical growth of Ii from (H1) (with li < p − 1), together with the Sobolev embedding
∥u∥∞ ≤ M∥u∥ (Lemma 2.6), we obtain for ∥u∥ = ρ sufficiently small:

φλ(u) ≥
1
p
ρp − λ ·

1
τ
∥A1∥L1 Mτρτ − µ

n∑
i=1

(
KiMli+1

li + 1
ρli+1 + LiMρ

)
.

Since τ < p and li + 1 < p, the dominant term as ρ → 0 is 1
pρ

p. Hence, there exist ρ0 > 0 and β > 0
such that φλ(u) ≥ β > 0 for all u ∈ ∂Bρ0 .

Lemma 3.4. Assume that (H1), (H′2), (H′4), and (H5) hold, and that fi(t, u) and Ii(u) are odd in u. Let
{e j}

∞
j=1 be a basis of Eα,p, and for each m ∈ N, let Em = span{e1, . . . , em}. Then for every m ∈ N, there

exists Rm > ρ0 (where ρ0 is from Lemma 3.3) such that

φλ(u) ≤ 0 for all u ∈ Em with ∥u∥ ≥ Rm.

Proof. Since Em is finite-dimensional, all norms on Em are equivalent. Consequently, there exist
constants cm, dm > 0 such that for any u =

∑m
j=1 θ je j ∈ Em,

cm

m∑
j=1

|θ j|
p ≤ ∥u∥p ≤ dm

m∑
j=1

|θ j|
p.

Define S m = {u ∈ Em :
∑m

j=1 |θ j|
p = 1}, which is compact. Note that ∥u∥ ≥ c1/p

m > 0 for all u ∈ S m.
By (H5) and the continuity of A2(t), there exist δ > 0 and subsets Πi ⊂ (si, ti+1] of positive measure

such that A2(t) ≥ δ on Πi. (For instance, since A2 is continuous and positive on the compact interval
[si, ti+1], it attains a positive minimum on some subinterval of positive length.) Set A3 = δ, so that
Fi2(t, u) ≥ A3|u|τ on Πi. By (H′2), there exist constants A4, A5 > 0 such that Fi1(t, u) ≥ A4|u|σ − A5 for
all u ∈ R.

The maps u 7→
∑n

i=0

∫
Πi
|u(t)|σdt and u 7→

∑n
i=0

∫
Πi
|u(t)|τdt are continuous on the compact set S m, so

there exist constants C0 > 0 and C1 > 0 such that

n∑
i=0

∫
Πi

|u(t)|σdt ≥ C0,

n∑
i=0

∫
Πi

|u(t)|τdt ≥ C1, ∀u ∈ S m.

Electronic Research Archive Volume 34, Issue 8, 5703–5722.



5718

For η > 0 and u ∈ S m, using Lemma 2.6, we estimate

φλ(ηu) ≤
ηp

p
∥u∥p +

1
p

(
α1

α2
h(0) +

β1

β2
h(T )

)
ηpMp∥u∥p

− λητA3

n∑
i=0

∫
Πi

|u|τdt − λησA4

n∑
i=0

∫
Πi

|u|σdt

+ λA5T + µ
n∑

i=1

(
Ki(Mη)li+1

li + 1
∥u∥li+1 + LiMη∥u∥

)
≤
ηp

p
dm +C′1η

pdm − λη
σA4C0 − λη

τA3C1 +C2η
lmax+1 +C3η +C4,

where C′1 =
1
p

(
α1
α2

h(0) + β1
β2

h(T )
)

Mp, lmax = maxi li, and C2,C3,C4 are positive constants depending on
m, µ, λ, Ki, Li, M, etc. but independent of η.

Since σ > p and 1 < τ < p, the term −λησA4C0 dominates as η → ∞. Hence, there exists η′m > 0
such that φλ(ηu) ≤ 0 for all η ≥ η′m and all u ∈ S m. Set ηm = max{η′m, ρ0/c

1/p
m }. Then for all u ∈ S m,

φλ(ηmu) ≤ 0.

Setting Rm = ηm maxu∈S m ∥u∥, we have that ∥u∥ ≥ Rm implies u = ηũ with η ≥ ηm and ũ ∈ S m, and then
φλ(u) ≤ 0. This completes the proof.

Theorem 3.2. Assume that (H1), (H′2)–(H′4), and (H5) are valid and that fi(t, u) (i = 0, n) and Ii(u)
(i = 1, n) are odd functions of u. Then (1.1) yields infinitely many weak solutions.

Proof. Clearly, φλ is an even function and φλ(0) = 0. Lemma 3.2 establishes the (PS)-condition.
Step 1. Positive lower bound on a small sphere. By Lemma 3.3, there exist ρ0 > 0 and β > 0

such that
φλ(u) ≥ β > 0 for all u ∈ ∂Bρ0 . (3.10)

Step 2. Negativity on finite-dimensional subspaces for large norm. Let {e j}
∞
j=1 be a basis of Eα,p.

For each m ∈ N, let Em = span{e1, . . . , em}. By Lemma 3.4, for every m ∈ N, there exists Rm > ρ0 such
that

φλ(u) ≤ 0 for all u ∈ Em with ∥u∥ ≥ Rm. (3.11)

Step 3. Application of the symmetric mountain pass theorem. We have verified:

(i) φλ ∈ C1(Eα,p,R) is even and φλ(0) = 0;
(ii) φλ satisfies the (PS)-condition (Lemma 3.2);

(iii) There exist ρ0 > 0 and β > 0 such that φλ(u) ≥ β for all u ∈ ∂Bρ0 by (3.10);
(iv) For each finite-dimensional subspace Em ⊂ Eα,p, there exists Rm > ρ0 such that φλ(u) ≤ 0 for all

u ∈ Em with ∥u∥ ≥ Rm by (3.11).

These are precisely the hypotheses of the symmetric mountain pass theorem (see Lemma 2.9 together
with Remark 2.2). Consequently, φλ possesses infinitely many distinct critical points. Equivalently,
problem (1.1) admits infinitely many distinct weak solutions.
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Example 3.1. We now study a DE with fractional derivatives subject to BCs:

tD
1
2
1

(
ϕ3

(
C
0 D

1
2
t u

))
+ a (t) ϕ3 (u) =

u5 (1 + sin t)
4

+
u

1
3 (2 + cos t)

4
, t ∈ (si, ti+1] , i = 0, 1,

ϕ3 (u(0)) − tD
− 1

2
1

(
ϕ3

(
C
0 D

1
2
t u(0)

))
= 0, ϕ3 (u(1)) + tD

− 1
2

1

(
ϕ3

(
C
0 D

1
2
t u(1)

))
= 0,

∆

(
tD
− 1

2
1

(
ϕ3

(
C
0 D

1
2
t u (t1)

)))
= 2I1 (u (t1)) ,

tD
− 1

2
1

(
ϕ3

(
C
0 D

1
2
t u

))
= tD

− 1
2

1

(
ϕ3

(
h(t+1 )

) (C
0 D

1
2
t u(t+1 )

))
, t ∈ (t1, s1] ,

tD
− 1

2
1

(
ϕ3

(
C
0 D

1
2
t u(s−1 )

))
= tD

− 1
2

1

(
ϕ3

(
C
0 D

1
2
t u(s+1 )

))
,

(3.12)

where 0 = s0 < t1 =
1
3 < s1 =

2
3 < t2 = 1, λ = 1

4 . Let us select a(t) = ln(1 + t2), where t ∈ [0, 1]. Then,
we have 0 < a0 = min a(t) ≤ a(t) ≤ a0 = ln 2. We now verify all hypotheses of Theorem 3.2.
Verification of (H1). Choose I1(u) = sin u for i = 1. Then |I1(u)| = | sin u| ≤ 1 for all u ∈ R. Taking
l1 = 0, K1 = 1, and L1 = 1, we have |I1(u)| ≤ 1 · |u|0 + 1 = 2, which satisfies (H1) since p = 3 and
l1 = 0 ∈ [0, p − 1) = [0, 2).
Verification of (H2

′) and (H3
′). Let fi1(t, u) = u5(1 + sin t) and Fi1(t, u) =

∫ u

0
fi1(t, s)ds = u6(1+sin t)

6 .
Choose σ = 4 (note that p = 3, so σ > p). Then

lim
|u|→∞

Fi1(t, u)
|u|σ

= lim
|u|→∞

u6(1 + sin t)/6
u4 = lim

|u|→∞

(1 + sin t)u2

6
= ∞,

uniformly in t. Thus, (H2
′) holds. Moreover,

fi1(t, u)u − σFi1(t, u) = u6(1 + sin t) − 4 ·
u6(1 + sin t)

6
=

u6(1 + sin t)
3

≥ 0

for all u. Hence, (H3
′) holds with k0 = 0 and any D > 0 (e.g., D = 1).

Verification of (H4
′) and (H5). Let fi2(t, u) = u1/3(2 + cos t) and Fi2(t, u) =

∫ u

0
fi2(t, s)ds = 3u4/3(2+cos t)

4 .
Choose τ = 4

3 . Since p = 3, we have 1 < τ = 4
3 < p = 3. Then

| fi2(t, u)| = |u|1/3(2 + cos t) ≤ A1(t)|u|τ−1

with A1(t) = 2 + cos t ≤ 3 ∈ L1([0, 1],R+). Thus, (H4
′) holds. For (H5), we have

Fi2(t, u) =
3u4/3(2 + cos t)

4
≥ A2(t)|u|τ

with A2(t) = 3(2+cos t)
4 > 0 and τ = 4

3 . Hence, (H5) holds.
Verification of oddness. Both fi(t, u) = u5(1+ sin t)+u1/3(2+cos t) and I1(u) = sin u are odd functions
of u, since (−u)5 = −u5, (−u)1/3 = −u1/3, and sin(−u) = − sin u. Therefore, the oddness condition
required in Theorem 3.2 is satisfied.
Verification of the parameter condition. For the chosen parameters, we verify that condition (3.8)
holds. Recall that p = 3, σ = 4 (from the verification of (H′2)), λ = 1/4, T = 1, k0 = 0 (from the
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verification of (H′3)), and M is the Sobolev embedding constant from Lemma 2.6 (which is finite). We
have

λTk0Mp =
1
4
· 1 · 0 · M3 = 0 <

4
3
− 1 =

1
3
.

Thus, condition (3.8) is satisfied for the chosen parameters.
Since all hypotheses of Theorem 3.2 are verified, it follows that (3.12) possesses infinitely many

weak solutions.

4. Conclusions

This work focuses on fractional Sturm-Liouville boundary value problems equipped with the p-
Laplacian and mixed impulsive effects. First, we invoke the mountain-pass theorem. Under growth
requirements that are less stringent than the super-p-th order condition, weak solutions for (1.1) are
established. For the precise conclusions, we refer to Theorem 3.1. Second, suppose the nonlinear term
satisfies a combined growth condition. Both super-p-linear and sub-p-linear growth are incorporated
within this condition. Following this, multiple weak solutions are derived through the application of
genus theory. For further details, see Theorem 3.2. Unlike the classical AR framework, the superlinear
condition introduced here overcomes its inherent limitations. This work imposes less restrictive growth
conditions on the nonlinear terms than those found in the existing literature [24]. Promising avenues
for future work involve the extension to variable exponent spaces and broader classes of fractional
operators, aiming to characterize solutions under critical growth conditions.
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4. P. Yang, J. R. Wang, D. O’Regan, M. Fečkan, Inertial manifold for semi-linear non-instantaneous
impulsive parabolic equations in an admissible space, Commun. Nonlinear Sci. Numer. Simul., 75
(2019), 174–191. https://doi.org/10.1016/j.cnsns.2019.03.029

5. Y. Tian, M. Zhang, Variational method to differential equations with instantaneous
and non-instantaneous impulses, Appl. Math. Lett., 94 (2019), 160–165.
https://doi.org/10.1016/j.aml.2019.02.034

6. Z. B. Bai, X. Y. Dong, C. Yin, Existence results for impulsive nonlinear fractional differential
equation with mixed boundary conditions, Boundary Value Probl., 2016 (2016), 1–11.
https://doi.org/10.1186/s13661-016-0573-z

7. J. R. Wang, Y. Zhou, Z. Lin, On a new class of impulsive fractional differential equations, Appl.
Math. Comput., 242 (2014), 649–657. https://doi.org/10.1016/j.amc.2014.06.002

8. Q. Li, W. L. Zhou, M. Wei, Existence of periodic mild solutions for fractional impulsive evolution
equation with piecewise Caputo derivative and delay, Fract. Calc. Appl. Anal., 29 (2026), 1096–
1124. https://doi.org/10.1007/s13540-026-00500-1

9. K. Adnan, M. M. Rehman, On variational methods to non-instantaneous
impulsive fractional differential equation, Appl. Math. Lett., 83 (2018), 95–102.
https://doi.org/10.1016/j.aml.2018.03.014

10. W. Zhang, W. B. Liu, Variational approach to fractional Dirichlet problem with
instantaneous and non-instantaneous impulses, Appl. Math. Lett., 99 (2020), 105993.
https://doi.org/10.1016/j.aml.2019.07.024

11. J. W. Zhou, Y. M. Deng, Y. N. Wang, Variational approach to p-Laplacian fractional differential
equations with instantaneous and non-instantaneous impulses, Appl. Math. Lett., 104 (2020),
106251. https://doi.org/10.1016/j.aml.2020.106251

12. D. P. Li, F. Q. Chen, Y. H. Wu, Y. K. An, Multiple solutions for a class of p-Laplacian type
fractional boundary value problems with instantaneous and non-instantaneous impulses, Appl.
Math. Lett., 106 (2020), 106352. https://doi.org/10.1016/j.aml.2020.106352

13. W. J. Yao, H. P. Zhang, Multiple solutions for p-Laplacian Kirchhoff-type fractional differential
equations with instantaneous and non-instantaneous impulses, J. Appl. Anal. Comput., 15 (2025),
422–441. https://doi.org/10.11948/20240118

14. Z. L. Li, G. P. Chen, W. W. Long, X. Y. Pan, Variational approach to p-Laplacian fractional
differential equations with instantaneous and non-instantaneous impulses, AIMS Math., 7 (2022),
16986–17000. https://doi.org/10.3934/math.2022933

15. Y. Qiao, F. Q. Chen, Y. K. An, Variational method for p-Laplacian fractional differential equations
with instantaneous and non-instantaneous impulses, Math. Method. Appl. Sci., 44 (2021), 8543–
8553. https://doi.org/10.1002/mma.7276

16. F. Jiao, Y. Zhou, Existence of solutions for a class of fractional boundary value
problems via critical point theory, Comput. Math. Appl., 62 (2011), 1181–1199.
https://doi.org/10.1016/j.camwa.2011.03.086

Electronic Research Archive Volume 34, Issue 8, 5703–5722.

https://dx.doi.org/https://doi.org/10.1016/j.aml.2017.02.019
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2019.03.029
https://dx.doi.org/https://doi.org/10.1016/j.aml.2019.02.034
https://dx.doi.org/https://doi.org/10.1186/s13661-016-0573-z
https://dx.doi.org/https://doi.org/10.1016/j.amc.2014.06.002
https://dx.doi.org/https://doi.org/10.1007/s13540-026-00500-1
https://dx.doi.org/https://doi.org/10.1016/j.aml.2018.03.014
https://dx.doi.org/https://doi.org/10.1016/j.aml.2019.07.024
https://dx.doi.org/https://doi.org/10.1016/j.aml.2020.106251
https://dx.doi.org/https://doi.org/10.1016/j.aml.2020.106352
https://dx.doi.org/https://doi.org/10.11948/20240118
https://dx.doi.org/https://doi.org/10.3934/math.2022933
https://dx.doi.org/https://doi.org/10.1002/mma.7276
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.03.086


5722

17. Y. Tian, J. J. Nieto, The applications of critical-point theory to discontinuous fractional-
order differential equations, Proc. Edinburgh Math. Soc., 60 (2017), 1021–1051.
https://doi.org/10.1017/S001309151600050X

18. Y. Qiao, F. Chen, Y. An, Existence and multiplicity of weak solutions for a class of fractional
Sturm-Liouville boundary value problems with impulsive conditions, J. Appl. Anal. Comput., 10
(2020), 2537–2556. https://doi.org/10.11948/20190416

19. X. X. Yang, P. Liu, W. B. Wang, Multiplicity and nonexistence of positive solutions to
impulsive Sturm-Liouville boundary value problems, Boundary Value Probl., 2024 (2024), 51.
https://doi.org/10.1186/s13661-024-01840-8

20. D. D. Min, F. Q. Chen, Three solutions for a class of fractional impulsive advection-dispersion
equations with Sturm-Liouville boundary conditions via variational approach, Math. Method.
Appl. Sci., 43 (2020), 9151–9168. https://doi.org/10.1002/mma.6608

21. N. Nyamoradi, S. Tersian, Existence of solutions for nonlinear fractional order p-Laplacian
differential equations via critical point theory, Fract. Calc. Appl. Anal., 22 (2019), 945–967.
https://doi.org/10.1515/fca-2019-0051

22. D. D. Min, F. Q. Chen, Variational methods to the p-Laplacian type nonlinear fractional order
impulsive differential equations with Sturm-Liouville boundary-value problem, Fract. Calc. Appl.
Anal., 24 (2021), 1069–1093. https://doi.org/10.1515/fca-2021-0046

23. Y. Qiao, F. Q. Chen, Y. K. An, Variational methods for a fractional advection-dispersion equation
with instantaneous and non-instantaneous impulses and nonlinear Sturm-Liouville conditions, J.
Appl. Anal. Comput., 14 (2024), 1698–1716. https://doi.org/10.11948/20230340

24. W. Zhang, J. B. Ni, Study on a new p-Laplacian fractional differential model generated by
instantaneous and non-instantaneous impulsive effects, Chaos, Solitons Fractals, 168 (2023),
113143. https://doi.org/10.1016/j.chaos.2023.113143

25. Y. Qiao, F. Q. Chen, Y. K. An, Nontrivial solutions of a class of fractional differential
equations with p-Laplacian via variational methods, Boundary Value Probl., 2020 (2020), 67.
https://doi.org/10.1186/s13661-020-01365-w

26. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, Elsevier, 2006. https://doi.org/10.1016/s0304-
0208(06)x8001-5

27. E. Zeidler, Nonlinear Functional Analysis and Its Applications-III: Variational Methods and
Optimization, Springer, 1985. https://doi.org/10.1007/978-1-4612-5020-3

28. P. H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential
Equations, American Mathematical Society, 1986. https://doi.org/10.1090/cbms/065
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