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Abstract: A subgroup H of a finite group G is called s*-normal in G if some normal subgroup 7" of
G satisfies H; < T, G = HT, and the quotient (H N T)/H¢ has square-free order, where Hg is the

core of H in G. This paper gave several new criteria for finite groups to be solvable by considering the
s*-normality of certain n-maximal invariant subgroups under coprime actions, where n € {1, 2, 3}.

Keywords: solvable group; n-maximal subgroup; s*-normal subgroup; coprime action

1. Introduction

Unless otherwise stated, every group considered in this paper is finite. For a group G, its order
is written as |G|, and m(G) denotes the set of primes dividing |G|. Given a prime p € n(G), we use
G, to represent a fixed Sylow p-subgroup of G, while Syl (G) stands for the collection of all Sylow
p-subgroups of G. The remaining notation and terminology are used in their usual sense, as in [1].

A significant theme in group theory is to derive solvability criteria from the properties of certain
n-maximal subgroups, where n > 1. Let H be a subgroup of a group G, and denote by H the core of H
in G. We say that H is s*-normal in G if there is a normal subgroup T of G satisfying H; < T,G = HT,
and such that (H N T)/Hg is of square-free order. This concept first appeared in [2, Chapter 5], where Li
and Lv called it c*-normality. In the present paper we adopt the name s*-normality, in order to distinguish
it from the notion used in [3]. The connection between this embedding condition and solvability was
established in [2]. More precisely, it was shown there that a group G is solvable whenever either all
maximal subgroups of G or all 2-maximal subgroups of G are s*-normal in G. Later, Li et al. considered
a local form of this condition with respect to a fixed prime p in [4], which further extended this direction
of research. The notion of s*-normality also contains several classical subgroup embedding conditions
as special cases or consequences. For example, a subgroup H of G is said to be c-normal in G if there
exists a normal subgroup 7 of G such that G = HT and H N T < Hg (see [5]). Moreover, H is called a
CAP-subgroup, or a subgroup with the cover-avoid property, if for each chief factor K/L of G, either


https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026253

5690

HK = HL or HN K = H N L holds; see [6]. According to [2,4], every c-normal subgroup is covered
by the framework of s*-normality, and, in the case of maximal subgroups, the cover-avoid property
implies s*-normality. Therefore, the results obtained in these works may be viewed as extensions of
corresponding theorems concerning c-normal subgroups and CA P-subgroups.

Suppose that a group A acts on a group G by automorphisms and that the action is coprime, namely,
(|Al,1G]) = 1. The study of the A-invariant structure of G under coprime actions has received considerable
attention in recent years. In particular, many authors have investigated how the global structure of G is
influenced when certain A-invariant subgroups satisfy prescribed embedding or structural conditions.
For example, Beltran and Shao proved in [7] that if all maximal A-invariant subgroups of G are nilpotent
whereas G itself is not nilpotent, then G must be solvable; moreover, the order of G involves precisely
two distinct prime divisors, and G possesses a normal Sylow subgroup which is invariant under the
action of A. They later studied, in [8], the structure of groups for which every 2-maximal A-invariant
subgroup is nilpotent, and also the corresponding case where such subgroups are abelian. Meng and
Ballester-Bolinches obtained a local version of a result of Beltrdn and Shao in [9] by considering certain
maximal A-invariant subgroups that are p-nilpotent. Another characterization was obtained in [10]: a
group G is solvable exactly when each maximal A-invariant subgroup of G is AC-normal. Moreover,
related solvability and p-nilpotency criteria involving ACA P-subgroups were subsequently established
by Liu et al. in [11]. Zhang et al. further studied C-normal and S -semipermutable subgroups under
coprime action in [12]. In [13], they also established a new criterion for p-nilpotency and solvability
of groups. Sun et al. obtained another p-nilpotency criterion with an application to coprime action
in [14], while Lv et al. established several p-solvability criteria by studying c,-normality under coprime
action in [15]. The results concerning AC-normality and ACA P-subgroups are especially relevant to the
present work. For completeness, we recall the two relevant definitions. An A-invariant subgroup H of G
is said to be AC-normal in G if there is an A-invariant normal subgroup T of G such that G = HT and
HNT < Hg. On the other hand, H is called an ACA P-subgroup of G if, for every AG-chief factor K/L
of G, one of the following two alternatives holds:

HK=HL or HNK=HNL.

The notions of AC-normality and ACA P-subgroups are coprime action analogues of c-normality and
the cover-avoid property, respectively. Since s*-normality unifies these notions in the classical setting
under suitable hypotheses, we proceed with the following definition.

Definition 1.1. Let A act coprimely on G, and let H be an A-invariant subgroup of G. We say that H is
AS "-normal in G if there exists an A-invariant normal subgroup T of G with H; < T such that G = HT
and (H N T)/Hg has square-free order.

In the present work, we focus on AS *-normality for selected n-maximal A-invariant subgroups,
where n € {1,2}, and use this condition to prove new solvability criteria. We also analyze non-
solvable groups whose 3-maximal A-invariant subgroups all satisfy AS *-normality, obtaining several
corresponding structural conclusions. Consequently, our results provide common extensions of some
theorems in [2, 10, 11].

We now record the notation needed later. Throughout, let A act coprimely on G. Given a positive
integer n, let MA(G) be the set consisting of all n-maximal A-invariant subgroups of G; in the special
case n = 1, we write M*(G) instead of EUE?(G). When the action of A on G is trivial, this notation reduces
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to M,(G) := MA(G). Moreover, for each p € n(G), we denote by Sylﬁ(G) the family of all Sylow
p-subgroups of G that are fixed under the action of A. Unless otherwise mentioned, the terminology and
notation for coprime actions follow [16].

2. Preliminaries

In this section, we collect several basic facts which will be needed in the proofs of our main results.

Lemma 2.1. ([16, 8.2.3, 8.2.5, 8.2.6]) Let A act coprimely on G by automorphisms, and let p € n(G).
Then, the following statements are valid.

1) Syly(G) # 0;

2) Every proper A-invariant subgroup of G is contained in an element of MA(G);

3) Suppose that H is an A-invariant subgroup of G and that P € Syl;‘(G). If H is normalized by
Cg(A), then PN H € Syl (H);

4) If G is n-separable, then there exists an A-invariant Hall n-subgroup of G. Moreover, any two
such Hall m-subgroups are conjugate by an element of Cg(A).

Lemma 2.2. Assume that A acts coprimely on G by automorphisms, and take H to be an A-invariant
subgroup of G.

(i) For any A-invariant subgroup K of G satisfying H < K, the AS *-normality of H in G implies its
AS *-normality in K;

(ii) Suppose that N is an A-invariant normal subgroup of G and N < H. Then, H is AS *-normal in
G precisely when H/N is AS *-normal in G/N.

Proof. Suppose that H is AS *-normal in G. Then, there is an A-invariant normal subgroup 7" of G such
that H; < T,G = HT, and (H N T)/Hg has square-free order.

1) Let K be an A-invariant subgroup of G containing H. Since G = HT, we have K = KN HT =
H(KNT). Also, H; < Hg. Put Ty = Hg(K N T). Then, T, is an A-invariant normal subgroup
of K, Hy < Ty, and K = HT,. Moreover, by Dedekind’s law, H N Ty = Hx(H N T), and so
(HNTy)/Hxk = (HNT)/(HkNT).Since H; < Hx N T, we have (H N T,))/ Hk has square-free order.
Hence, H is AS *-normal in K.

2) Let N be an A-invariant normal subgroup of G with N < H. Since N < G, we have N < Hg,
and hence N < T. Thus, T/N is an A-invariant normal subgroup of G/N, and G/N = (H/N)(T/N).
Moreover, (H/N)g,y = Hg/N and (H/N) N (T/N))/(H/N)g,ny = (H N T)/Hg, which is of square-free
order. Therefore, H/N is AS *-normal in G/N.

Conversely, assume that H/N is AS *-normal in G/N. Then there exists an A-invariant normal
subgroup T'/N of G/N such that (H/N)g,y < T/N,G/N = (H/N)(T/N), and (H/N)N(T/N))/(H/N)gn
has square-free order. Since N < Hg, we have (H/N)g/,ny = Hg/N. It follows that H; < T and G = HT.
Furthermore, (H N T)/Hg = (H/N) N (T/N))/(H/N)g,n, and so (H N T)/Hg has square-free order.
Hence, H is AS *-normal in G. O

Lemma 2.3. ( [10, Theorem 3.1]) Assume that A acts coprimely on G by automorphisms. Then, G is
solvable if, and only if, each member of WM*(G) is AC-normal in G.

Lemma 2.4. ( [17, Theorem]) Assume that A acts coprimely on G by automorphisms. If G possesses a
maximal A-invariant subgroup which is nilpotent and whose Sylow 2-subgroup has nilpotency class less
than 3, then G is solvable.
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Lemma 2.5. ( [7, Theorem E]) Assume that A acts coprimely on G by automorphisms. If every element
of MA(G) is supersolvable, then G is solvable.

Lemma 2.6. ( /9, Theorem 3]) Assume that A acts coprimely on G by automorphisms. If every element
of MA(G) is 2-nilpotent, then G is solvable.

Lemma 2.7. ( [8, Theorem 1.1]) Assume that A acts coprimely on G by automorphisms and that
all members of‘Jﬁé(G) are nilpotent. Then, either G is solvable, or G = PSL(2,5) or G = SL(2,5).
Moreover, in the two exceptional cases, A acts trivially on G.

Lemma 2.8. ( [18, Lemma 2.3]) Assume that A acts on G by automorphisms and that G admits a direct

decomposition G = H; X --- X H, whose factors are permuted by A, that is, H € {H,,--- ,H,} for
everya € A and everyi € {1,2,--- ,n}. Suppose further that this action of A on the set {H,,--- ,H,} is
transitive. Choose H € {Hy,--- ,H,}, put B= Ns(H), and let S be a set of representatives for the cosets

of Bin A. Then, C5(A) = Cy(B).

Lemma 2.9. ( [19, Theorem B]) Assume that A acts coprimely on G by automorphisms. If the fixed-point
subgroup Cg(A) is nilpotent, then G is solvable.

Lemma 2.10. ( [9, Lemma 7]) Assume that A acts coprimely on a non-abelian simple group G by
automorphisms. Then, the following conclusions hold:

(1) If G is an alternating group or a sporadic group, then A = 1.

(2) Suppose that G is a group of Lie type and that C5(A) is solvable. Then, A coincides with the full
group of field automorphisms of G. In addition, one of the following cases occurs:

(2.1) G = PSL(2,2"), where n > 2, and C5(A) = PSL(2,2);

(2.2) G = PSL(2,3"), where n > 2, and Cg(A) = PSL(2, 3),

(2.3) G = PSU(3,2%"), where n > 2, and C5(A) = PSU(3,4) = (C3 X C3) = Qy;

(2.4) G = Sz(2*™*"), where n > 1, and C5(A) = Sz(2).

Lemma 2.11. ( [20, Lemma 2.3]) Let G = PSL(2,q), where q is a power of a prime p, and put
d=2,q+1). Let r € n(G) and choose R € Syl (G).

(1) When r = p, one has Ng(R) = R C%,'

(2) If r # 2 and r divides %, then Ng(R) = C% < Cy;

(3) If r # 2 and r divides %1, then Ng(R) = C%l > Cy;

(4) Suppose that p + r = 2.

(4.1) If g = £1 (mod 8), then Ng(R) = R;

(4.2) If g = £3 (mod 8), then Ng(R) = (Cy X Cy) % C3.

Lemma 2.12. Let G = Sz(2°"*"), where n > 1. Then, G possesses two cyclic Hall subgroups U, and U,
of respective orders |U,| = 2*"' + 2! + 1 and |U,| = 2*"*! — 2! + 1. Moreover, Ng(U;) = U; < Cy,
where i =1, 2.

Proof. This is obtained from [21, Chapter XI, Theorem 3.10]. O

We shall use the following consequence of [22, Theorem 4.7].
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Lemma 2.13. ( [22, Theorem 4.7]) Assume that G is a non-abelian simple group and that every member
of M3(G) has square-free order. Then, G belongs to one of the following classes:

(1) PSL(22,4) = PSL(2,5) = As;

(2) PSL(2, p), where p > 5, p* # 1 (mod 5), p*> # 1 (mod 16), and one of the conditions below
is satisfied:

(2.1) p+1 = 4s, and either Ng(G,) = C, > C,2 whenever p—1 = 212, or Ng(G,) = C, = C, whenever
p — 1 =21, where G, € Syl (G), s, r are odd primes, and t is an odd square-free integer;

(2.2) either p+1 = 2w? or p + 1 = 2u, and Ng(Gp) = C, < Cy, whenever p — 1 = 4v, where
G, € Syl,(G), v,w are odd primes, and u is an odd square-free integer.

Now, we present two fundamental results in number theory.

Lemma 2.14. ( [15, Lemma 2.8]) Let r be an odd integer, and suppose that 2" + 1 = p*, where p is
prime and k is an integer with k > 1. It follows that p = 3 and r € {1, 3}.

Lemma 2.15. Let r be an odd integer. Suppose that 2" — 1 = v°, where v is prime and s is a positive
integer. Then, r is prime and s = 1.

Proof. Suppose, to the contrary, that r is composite. Write r = ab, where b is the smallest prime divisor
of r. Clearly, a,b > 1 and both a and b are odd. Hence,

V=2 1= 0= (200 420D g 1),
Thus, v divides both factors. Moreover,
200°D 4 240D 4 ...y 1=b  (mod 29— 1).

Therefore, v | b. Since v and b are prime, we have v = b, and hence b | 2¢ — 1. By Fermat’s little theorem,
271 =1 (mod b). Consequently,

b | ng (2a _ 1,217—1 _ 1) — 2gcd(a,b—1) —1.

By our choice of b, we have gcd(a,b — 1) = 1. It follows that b | 1, a contradiction. Therefore, r is prime.
Now, suppose s > 2. Then, 2" — v* = 1, a contradiction by the Catalan-Mihailescu theorem [23].
Thus, s = 1. O

3. Main results

We will use Lemma 2.1 without further mention in the proof of the following theorems.

Theorem 3.1. Assume that A acts coprimely on G by automorphisms. Then, G is solvable if, and only if,
every element of WA(G) is AS *-normal in G.

Proof. Note that AC-normality implies AS *-normality. Hence, by Lemma 2.3, it remains to prove the
sufficiency of the stated condition. Suppose, to the contrary, that the assertion is not true, and choose
a counterexample G of minimal order. If M*4(G) = {1}, then G is of prime power order, and so G is
solvable, contrary to our choice of G. We may therefore assume that M4 (G) # {1}.
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Assume first that G contains no proper nontrivial A-invariant normal subgroup. Then, for each
M € MA(G), the hypothesis implies that M has square-free order. Hence, M is supersolvable by [24,
Chapter 3, Theorem 3.37]. It follows from Lemma 2.5 that G is solvable, again a contradiction. Thus, G
has a nontrivial A-invariant normal subgroup.

Let N be a minimal A-invariant normal subgroup of G. We next look at G/N. If MA(G/N) = {1},
then G/N is solvable. Otherwise, [*(G/N)| > 1, and by Lemma 2.2, the quotient G/N satisfies the
same hypothesis as G. The minimality of G then gives that G/N is solvable. Now suppose that G has
two different minimal A-invariant normal subgroups N; and N,. Applying the preceding argument to
each N;, we see that G/N; is solvable fori = 1,2. Since Ny NN, = 1, G = G/(N, N N,) is isomorphic
to a subgroup of G/N; X G/N,. Consequently, G is solvable, a contradiction. Hence, G has a unique
minimal A-invariant normal subgroup, denoted by N. Since G itself is not solvable, this subgroup N
cannot be solvable.

Let p € n(N), and choose N, € Sylﬁ(N). By the Frattini argument, G = Ng(N,)N. If Ng(N,) = G,
then N, 2 G, which forces N = N, by the minimality of N; this is impossible since N would be solvable.
Hence, Ng(N,) < G, and so there is some M € MA(G) with NGg(N,) < M. Thus, G = NM. Since
N is the unique minimal A-invariant normal subgroup of G and N £ M, we obtain M; = 1. By the
hypothesis, M is AS *-normal in G, so there exists an A-invariant normal subgroup 7 of G such that
G = MT and M NT has square-free order. Since N is minimal and nontrivial, we have N < T'. Therefore,
N, <MNN < MnNT,and hence N, has square-free order. As this holds for every p € m(N), the order
of N is square-free, which makes N solvable, a final contradiction. m]

It is worthwhile to characterize the solvability of a group via certain maximal A-invariant subgroups.
In [10], it was proved that a group G is solvable provided that it contains a solvable maximal A-invariant
subgroup which is AC-normal in G (respectively, an ACAP-subgroup of G; see [11]). However, this
conclusion fails in general when AC-normality or the ACAP is replaced by AS *-normality.

Example 3.2. Let Gy = As and E = C3, where As is the alternating group of degree 5 and C; is an
elementary abelian group of order 8. Let G = Gy X E and let A = {(a) = C; act on G via a homomorphism

a: A — Aut(G),

defined by a(a) = ¢, where ¢ = idg, X ¢r and @g acts faithfully on E via an automorphism of order 7
in GL(3,2). Thus, the action of A is trivial on G, and nontrivial on E. Hence, A acts nontrivially and
coprimely on G via automorphisms.

Choose a solvable maximal subgroup B of G, say B = Dypor B = S5, and put M = BX E. Hence, M
is a solvable maximal A-invariant subgroup of G. Moreover, M = E, so that ( MNG)/Mg = M/Mg = B,
which has square-free order. Consequently, M is AS *-normal in G. Nevertheless, G is not solvable,
since it has a normal subgroup isomorphic to As.

Moreover, by [10, Theorem 3.5] and [11, Theorem 3.3], the solvability of G can be characterized
as follows: every non-nilpotent maximal A-invariant subgroup of G with composite index is AC-
normal in G, respectively, is an ACAP-subgroup of G. However, the analogous statement fails for
AS*-normality: Example 3.2 provides a counterexample. In particular, under the trivial action, As is
already a counterexample, since its maximal subgroups of composite index are exactly those isomorphic
to Dy and S 3, both of square-free order.
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We next establish a solvability criterion for G in terms of certain families of maximal A-invariant
subgroups. For convenience, for each p € n(G), let F*4(G) denote the set of all maximal A-invariant
subgroups of G which contain the normalizer of some A-invariant Sylow p-subgroup of G.

Theorem 3.3. Assume that A acts coprimely on G by automorphisms. Then, G is solvable if, and only if,
every element of F*A(G) is AS *-normal in G.

Proof. Note that F*(G) € MA(G) and that AC-normality implies AS *-normality. Hence, by Lemma 2.3, it
remains only to prove the sufficiency. Assume that this is not the case, and choose G to be a counterexample
of minimal order. If some P € Sle(G) is normal in G, then G is solvable. Thus, no member of Sylgx (G)
is normal in G. In particular, F*(G) # (0. Suppose first that G contains no nontrivial A-invariant normal
subgroup. Take M € F*(G). By the hypothesis, M is AS *-normal in G. Hence, there is an A-invariant
normal subgroup 7T of G such that M; < T,G = MT, and (M N T)/M; has square-free order. Since
G has no nontrivial A-invariant normal subgroup, we get 7 = G and M = 1. Therefore, M itself has
square-free order. In particular, a Sylow 2-subgroup G, of G has square-free order, and so |G| = 2.
By Burnside’s normal p-complement theorem ( [16, Theorem 7.2.2]), G is 2-nilpotent, whence G is
solvable, a contradiction. Consequently, G has a nontrivial A-invariant normal subgroup.

Let N be a minimal A-invariant normal subgroup of G. We consider the quotient G/N. If F*(G/N) =
2, then G/N is solvable. We may therefore suppose that F4(G/N) # 0. Let P/N € Syl5(G/N). Then,
P = G,N for some G, € Sylg(G), and G, is not normal in G. By [1, Chapter 1, Lemma 7.7],
Ngw(GaN/N) = Ng(G2)N/N. Hence, there exists M/N € MA(G/N) such that Ng(G,)N/N < M/N, and
so Ng(G,) < M. Thus, M € F*A(G). It follows from Lemma 2.2 that M/N is AS*-normal in G/N.
Hence, G/N satisfies the hypothesis of the theorem, and the minimality of G gives that G/N is solvable.
As in the proof of Theorem 3.1, we may assume further that N is the unique minimal A-invariant normal
subgroup of G and that N is not solvable.

Choose N, € Sle(N). By Burnside’s normal p-complement theorem ( [16, Theorem 7.2.2]), we
have |[N,| > 2. Moreover, N, = N N G, for some G, € Syl?(G), and Ng(G,) < Ng(N,) < G. By the
Frattini argument, G = NNg(N-). Hence, there is some M € §*(G) such that G = NM. We claim
that M; = 1. Indeed, if Mg # 1, then the uniqueness of N yields N < M; < M, and consequently
G = NM = M, impossible. By the hypothesis again, M is AS *-normal in G. Since M; = 1, there exists
an A-invariant normal subgroup 7" of G such that G = MT and M N T has square-free order. From the
minimality and uniqueness of N, we have N < T'. Thus, N, < NN M < M N T, which implies that N,
has square-free order. Hence, |N,| = 2, a contradiction. This completes the proof. m]

We proceed to study the solvability of G through the members of M4 (G), where n = 2, 3.

Theorem 3.4. Assume that A acts coprimely on G by automorphisms and every element of W5 (G) is
AS*-normal in G. Then, G is solvable.

Proof. Assume, on the contrary, that the assertion is not true, and choose a counterexample G of
minimal order. Suppose first that G has no nontrivial A-invariant normal subgroup. Then, for each
H € M (G), the hypothesis forces H to have square-free order. Hence, every 2-maximal A-invariant
subgroup of G is supersolvable by [24, Chapter 3, Theorem 3.37]. By Lemma 2.5, each member
of MA(G) is solvable. Moreover, Lemma 2.1 implies that, for every M € IMA(G), either [n(M)| = 1
or |m(M)| > 2, and M has square-free order. Thus, M is 2-nilpotent in both cases. It follows from
Lemma 2.6 that G is solvable, a contradiction.
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Let N be a minimal nontrivial A-invariant normal subgroup of G. We first prove that G/N is solvable.
If ‘JJEQ(G/N ) = {1}, then G/N is of prime power order, and so it is solvable. Hence, we may suppose
that [, (G/N)| > 1. By Lemma 2.2, the quotient G/N also satisfies the hypothesis of the theorem. The
minimal choice of G therefore gives that G/N is solvable. Using the same reduction as in the proof of
Theorem 3.1, we may further assume that N is the unique minimal A-invariant normal subgroup of G
and that N is nonsolvable. In particular, 2 € 7(N) and N is not a 2-group.

Take N, € Sylg‘(N). Then, there is some P € Sylg‘(G) such that N, = NN P. Clearly, N, < P <
Ng(N). If Ng(N,) = G, then N, < G, and the minimality of N gives N = N,, which is impossible since
N is nonsolvable. Thus, N, < P < Ng(N,) < G. By the Frattini argument, G = NNg(N,). Hence, there
exists M € MA(G) such that N;(N,) < M and G = NM. Notice that N, < M; otherwise G = NN, = N,
a contradiction. Choose H € M4 (G) with N, < H < M. By the hypothesis, H is AS*-normal in G.
Thus, there exists an A-invariant normal subgroup 7" of G such that H; < T,G = HT,and (HNT)/Hg
has square-free order. If H; > 1, then the choice of N yields N < Hg, and hence G = NM = M, a
contradiction. Therefore, H; = 1. Consequently, N < T and H N T have square-free order. Since
N, < HN N < HNT, the subgroup N, has square-free order. Hence, N is 2-nilpotent by Burnside’s
normal p-complement theorem [16, Theorem 7.2.2], and so N is solvable, again a contradiction. O

Theorem 3.5. Assume that A acts coprimely on a non-solvable group G by automorphisms. If G has
no nontrivial A-invariant normal subgroup and every element of ED?g‘ (G) is AS *-normal in G, then G is
isomorphic to one of the types listed below:

(1) either G = As, or G = PSL(2, p), where p > 7 is a prime, p*> £ 1 (mod 5), p> £ 1 (mod 16),
and in both cases, A = 1. Moreover, if G = PS L(2, p), then one of the following holds:

(1.1) p+1 = 4q, and either Ng(G,) = C, > Cp whenever p—1 = 2, or Ng(Gp) = C, < Cy whenever
p — 1 =2k where G, € Syl (G), g, are odd primes, and k is an odd square-free integer;

(1.2) either p+1 = 2a*> or p + 1 = 2b, and Ng(Gp) = Cj, = Cy, whenever p — 1 = 4w, where
G, € Syl,(G), a,w are odd primes, and b is an odd square-free integer;

(2)G =81 XS, X---X8,withn > 1, where the S; are pairwise isomorphic non-abelian simple
groups, and A acts nontrivially on G. Let S := S . Then, one of the following holds:

(2.1)S = PSL(2,2") and C5(A) = PS L(2,2), where r > 5 is prime, and 2" + 1 is square-free, and
2" —lisaprime. Ifuy | 2"+ 1) is prime and U, € Syl (S), then Ng(U) has square-free order; and if
vi =2"—1and Vi € Syl, (S), then Ns(Vy) = C,, = C,.

(2.2)S =2 PSL(2,3")and Cg(A) = PSL(2,3), where r > 5 is prime and 3" +1 = 4uy and 3" — 1 = 2v,,
where u, and v, are primes. If Uy € Syl (S) and V, € Syl (S), then Ny(Us) = Cy,, < C; and
Ns(V3) = C,, < C,.

Proof. We use induction on |G| + |A|. We show, in several steps, that G is isomorphic to one of the cases
given in (1) or (2).

Step 1. M(G) # {1}.

If not, then every element of M4 (G) is an abelian group whose order is a power of some prime. Now
by Lemma 2.7, it follows that G = PSL(2,5) or S L(2,5), and the action of A on G is trivial. Thus,
MY(G) = M(G) and ML = M3(G). We note that, up to isomorphism, the 3-maximal subgroups of
PS L(2,5) are only {1, C,}, while those of S L(2, 5) are {C,, C3, C4, Cs}, which yields a contradiction.

Step 2. Every element of 9t} (G) is a group whose order is square-free.
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Let H € M{(G). By hypothesis, H is AS*-normal in G. Hence, there is an A-invariant normal
subgroup T of G with H; < T, such that G = HT and (H N T)/Hg is of square-free order. Since
G has no nontrivial A-invariant normal subgroup, we obtain 7 = G and H; = 1. Consequently,
H = (H N T)/Hg has square-free order.

Step 3. Let K € M5(G). Then, either

(1) |7(K)| = 1 and the nilpotency class c¢(K) of K is at most 2;

(1) or [m(K)| > 2 and K has square-free order.

If K has no nontrivial A-invariant subgroup, then clearly K is abelian and its order is a prime
power. Thus, we may assume that M4 (K) # {1}. If |x(K)| > 2, then any A-invariant Sylow subgroup
of K is included in an element of M5(G). By Step 2, K has square-free order, giving case (ii). If
|7(K)| = 1 and K is not abelian, then K > Z(K) > 1. Assume that Z,(K) < K, where Z,(K) is defined by
Z,(K)/Z(K) = Z(K/Z(K)). Then, 1 < Z(K) < Z,(K) < K is an A-invariant subgroup chain, and by Step 2,
Z,>(K) has square-free order. Hence, Z(K) = 1, a contradiction. Therefore, ¢(K) < 2, which is case (i).

Step 4. Let M € MA(G). Then, M is solvable. Moreover, one of the following conclusions holds:

(i) M has square-free order whenever |r(M)| > 3;

(11) every A-invariant Sylow subgroup of M has nilpotency class no greater than 2 whenever |[r(M)| = 2.

Let M € MA(G). We may suppose that the action of A on M is faithful; otherwise, we replace A by
A/Ca(M). By Step 3 and Lemma 2.6, it follows that M is solvable. Assume that [r(M)| > 3. For each
p € n(M) and each M, € Syl;‘(M), there is some H € sJﬁg‘(G) such that M, < H. By Step 2, M, has
square-free order. Hence, M itself has square-free order. This is case (i).

Now assume |r(M)| = 2. Then, Step 3(i) yields that every A-invariant Sylow subgroup of M has
nilpotency class at most 2, which is case (ii).

Step 5. Completing the proof.

LetG=S8,%xS5,%x---xS,, where n may be equal to 1, and where the subgroups §; are mutually
isomorphic non-abelian simple groups. Denote Q = {§,S5,,---,S5,}, S = 51 and B = N4(S). By
hypothesis, A is transitive on Q. By Lemma 2.8, we obtain C;(A) = Cs(B). If C5(A) = G, then A acts
trivially on G, and hence Lemma 2.13 implies that G is of type (1). Therefore, we may assume that the
action of A on G is faithful; otherwise, passing from A to A/C4(G) allows us to apply induction to the
pair (G, A/C4(G)). Then, by Table 5 in [25], it follows that A = 1, so case (1) holds.

Next assume that Cg(A) < G, that is, A acts nontrivially on G. Repeating the preceding argument,
we may also take the action of A on G to be faithful. If C5(A) = 1, then Lemma 2.9 gives that G is
solvable, a contradiction. Hence, we may assume that 1 < C5(A) < G. By Step 4, Cs(A) is solvable,
and therefore Cg(B) is solvable as well. Note that B acts coprimely on S. If B acts trivially on §, then
Cs(B) = S is solvable, a contradiction. Therefore, the action of B on S is nontrivial, and we may assume
that it is faithful; otherwise, we replace B by B/Cp(S). Recall that neither alternating simple groups nor
sporadic simple groups allow nontrivial coprime actions. Hence, by the Classification of Finite Simple
Groups (CFSG), S must be a simple group of Lie type over a finite field F, with B equal to the full field
automorphism group of S [26, Section 2]. Let |B| = r. Then, r is odd and r > 3. By Lemma 2.10, we
conclude that

S = PSL(2,2"), PSL(2,3"), PSU(3,2%), or Sz(2**").

To prove the desired conclusion, we first state a few facts that will be used later without further
explanation. Let T = {t,1,,- - - ,t,} be a right transversal of B in A, and let V be a B-invariant subgroup
of §. Then, [],e; V' is an A-invariant subgroup of G. Consequently, [],.; V’ is contained in a maximal

Electronic Research Archive Volume 34, Issue 8, 5689-5702.



5698

A-invariant subgroup of G. In particular, if V is a proper B-invariant subgroup of S, then Step 4 shows
that V is solvable.

We now consider these cases one by one.

Casel. S = PSL(2,2").

Letu; | 2"+ 1) and let U; € Sylfl (§). By Lemma 2.11, we have Ng(U,) = Cyry1 > C,, which is
dihedral, and Ng(U,) € MB(S). Note that 7(Ng(U,)) = {2} un(2" + 1). If |[7(2" + 1) = 1, then2" + 1 is a
prime power. By Lemma 2.14, this gives r = 3, and consequently S = PS L(2, 8), contradicting the fact
that PS L(2, 8) has no nontrivial coprime action. Hence, [7(2" + 1)| > 2, and therefore |7(Ngs(U;))| > 3.
Since [],er(Ns(U;)) is contained in a maximal A-invariant subgroup of G, Step 4 shows that Ng(U))
has square-free order. It follows that 2" + 1 is square-free.

Furthermore, let P € Sylg (S). Then, by Lemma 2.10, Ng(P) = P = Cy_y, and note that Ng(P) is
B-invariant. If [7(2" — 1)| > 2, then |7(Ns(P))| > 3. Applying the preceding argument to Ng(P), we
obtain that [[,.7(Ns(P))" is contained in some maximal A-invariant subgroup of G. By Step 4, P has
square-free order. Hence, |P| = 2. By Burnside’s normal p-complement theorem [16, Theorem 7.2.2],
this would make S solvable, a contradiction. Therefore, |7(2" — 1)| = 1. Denote 2" — 1 = v,* for some
prime v; and integer s. Lemma 2.15 gives that r is a prime and s = 1. Hence, 2" — 1 is a prime.

Therefore, G is isomorphic to the group appearing in case (2.1).

Case 2. S = PSL(2,3").

Note that r is odd and 3" = —1 (mod 4). Thus, 3" + 1 = 4m, where m is odd. By Lemma 2.11,
there exist a prime u, | m and a subgroup U, € Sylfz(S ) such that Ng(U,) = C»,, = C,. Observe that
Ns(U,) is B-invariant and that 7(Ng(U,)) = {2} U n(m). If |[x(m)| > 2, then the preceding argument
shows that [],.;(Ng(U,))" is contained in an element of M*A(G). By Step 4, Ng(U,) has square-free
order, which is impossible. Hence, |[7(m)| = 1, and we may write m = u,’. Thus, Ng(U;) = C2ur2 = C,.
Note that U, = Cu is (C, X Cy) > B-invariant. If > 2, then [],c7(C,, = (C, X C3))" is contained in an
element of EUIQ‘(G). By Step 3, this again gives a contradiction. Therefore, f = 1, and hence 3" + 1 = 4us,,
Ns(U,) = Cyy, = C,, where uj, is an odd prime.

Similarly, let 3" — 1 = 2/, where [ is odd, and let v, | [ be a prime. By Lemma 2.11, there exists
V, € Sylfz(S) such that Ng(V,) = C; =< C;. Then, n(Ns(V,)) = {2} U n(l). If |n(])| > 2, then applying the
same reasoning as above, Step 4 gives that Ng(V,) has square-free order. If |7r(/)| = 1, we may write
[ =vj. If s > 3, then H;er(cvg = C,)" is contained in an element of EUVZ‘(G); and, hence, by Step 3,
C,2 > C; has square-free order, a contradiction. Therefore s < 2. Now let P € Syl¥(S). By Lemma 2.11,
we have Ng(P) = P = C;, which is a B-invariant subgroup of S. By Step 3(ii), if s = 2, then P < C,,
has square-free order. Hence r = 1, a contradiction. Therefore s = 1, and consequently 3" — 1 = 2v,,
N5 (V,) = C,, = C,, where v, is an odd prime.

Therefore, G is isomorphic to the group appearing in case (2.2).

Case 3. S = PSU(3,2%).

LetP e Sylf(S). Since ris odd and 2" = —1 (mod 3), we may write 2" + 1 = 3m, where m is odd.
By [27], we have Ng(P) = P > Cpar_yy3. As r > 1, it follows that m > 1, and hence

-1 @2+ D@ 1)

3 3 = (2" - Dm.

Observe that
Q+L,2-D=(2"+DH-2 -1),27-1DH=(12,2"-1) =1,
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so (2" =1, m) = 1. It follows that
I7(Ns(P))l = {2} U n(2" = 1) U r(m)| > 3.

Then [],7(Ns(P))' is contained in an element of MM*(G). By Step 4, we have |P| = 2. Burnside’s normal
p-complement theorem [16, Theorem 7.2.2] would then imply that S is solvable, a contradiction.

Case 4. S = §z7(2¥*h).

By Lemma 2.12, S has a B-invariant Hall subgroup U which is cyclic and satisfies |U| = 221 4+27+1+1,
Furthermore, Ng(U) = U x Cy. If |7(U)| > 2, then [n(Ns(U))| = 3. Since [[,e7(Ns(U))' is contained
in an element of MA(G), Step 4 implies that Ng(U) has square-free order, a contradiction. Hence
|U| = 22! + 2"+! 1 1 is a prime power. Write u = |U| = p°, where p is prime and s is positive. If s > 2,
then a B-invariant subgroup C, = C4 can be chosen; by Step 3, this leads to a contradiction. Therefore
s = 1, and so u is prime. Similarly, S has a B-invariant Hall subgroup V such that V is cyclic and
v =|V| =22+ -2 4 1. Moreover, Ng(V) = V = C4, and v is prime.

Note that
1, ifr=0 (mod 4),

2, ifr=1 (mod4),
2"mod 5 =
3, ifr=3 (mod4),

4, ifr=2 (mod 4).

Since ris odd and r > 1, we divide the proof into two subcases.
Case4.1. r =1 (mod 4).
For this congruence class, 2" = 2 (mod 5), and therefore

v=22*1_2*1 4L 1 (mod 5)
=2x4-2%x2+1 (mod 5)
=0 (mod)5).

Thus v is divisible by 5. Moreover, since r > 1, we have v > 5, which implies that v is composite,
a contradiction.

Case 4.2. r =3 (mod 4).

For this congruence class, 2" = 3 (mod 5), and therefore

u=2""1 42411 (mod5)
=2X9+2x3+1 (mod))
=0 (mod )5).

Thus u is a multiple of 5. Again, since r > 1, we have u > 5, so u cannot be prime, a contradiction.
This finishes the proof. O

Finally, we pose the following question:

Question 3.6. Let A act coprimely on G by automorphisms, and suppose that each member of M5 (G) is
AS *-normal in G. Under which further hypotheses does it follow that G is solvable?
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