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Abstract: In this paper, we explored the following p-Kirchhoff equation with the L”-mass constraint

—(a+b L, 1Vul dx) Ayu = Aul u+ |l u, x € R>
1
(s lul” dx)” = ¢ >0,

wherea > 0,0 > 0,2 <p<3, p<g<p = 33_—pp, Ayu = a’iv(qul”_2 Vu), and A € R appears as a
Lagrange multiplier. We considered L”-mass subcritical , L”-mass critical, and L”-mass supercritical
cases. Making full use of the Gagliardo-Nirenberg inequality, we established the existence of the
minimizers in L”-mass subcritical and L”-mass critical cases and the nonexistence in the L”-mass
critical case. For the L”-mass supercritical case, a radially symmetric ground state was obtained using
the Nehari-Pohozaev manifold method. On the other hand, employing a o-homotopy stable argument
of fountain theorem type, we obtained infinitely many radial normalized solutions. In addition, the
asymptotic behavior of normalized solutions as b — 0" was also explored. Finally, we proved the

uniqueness of normalized solutions and provided precise descriptions when % <p<2

Keywords: p-Kirchhoff equation; normalized solution; ground state; multiplicity; asymptotic
behavior

1. Introduction

In this paper, we explore the following p-Kirchhoff elliptic problem

- (a + bf |Vul? dx) Apju = ulP > u+ul"u, xR’ (1.1)
R3
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with the L”-mass constraint 1

(f [ul” dx| =c¢>0, (1.2)
R3

wherea > 0,5 > 0, 2 < p<3,p<qg<p = 3pp, Ayu = a’iv(qulf”_2 Vu), and A € R appears as a

3,
Lagrange multiplier.
Whena =1and b =0, Eq (1.1) is reduced to the well-known p-Laplacian problem

—Apu = Aul’u+ul"*u, xR (1.3)

In physics, the p-Laplacian operator A, can be used as models for a wide range of problems. For
example, the value 1 < p < 2 corresponds to a pseudo-plastic fluid in the fluid mechanics, while p = 2
and p > 2 correspond to Newtonian and dilatant fluids, respectively. Hence, the operator is closely
related to the motion of the fluid involving the p-Laplace. In the case p = 2, a problem comes also
from the well known Schrodinger equation

i0,¥ + AY + u|P|*¥ + f(P) =0 in (0, 0) x RY,

where i is the imaginary unit, f : C — C satisfies f(s) = f(s) for s € R, g(e'%2) = e?8(z) for z € C
and @ € R, and ¥ : (0, 00) x R¥ — C. One can verify that if ¥(z, x) is a solution of the above equation
with the Cauchy initial function W(0, x), then it preserves the L?>-mass. In nonlinear optics, the mass
prescribed corresponds to the power supply. Furthermore, in Bose-Einstein condensates, it represents
the number of particles. Therefore, it is meaningful to explore problem (1.1) with the prescribed mass.

The solutions of (1.3) with the prescribed L?-mass have attracted a great deal of attention.
Wang et al. [1] studied (1.4) with the LP-mass constraint and g satisfying L? supercritical growth.

2N

They proved the existence of solutions for max{s%5, 1} < p < N if the mass is small enough. In [2],

Zhang and Zhang studied the following p-Laplacian equation with combined nonlinearities
-Aju=A4 P u+ pul" u + g(u), x e RY

with the prescribed mass (1.2) in RY, where g is L”-mass subcritical or critical and g satisfies L-mass
supercritical. With the aid of a natural manifold method, they obtained a ground state for suitable . On
the other hand, they also establish the existence of infinitely radial normalized solutions by a fountain
theorem type argument. In addition, combining genus theory and deformation arguments, they proved
the existence of infinitely many normalized solutions for the above problem. Following [2], Lou and
Zhang [3] studied the multiplicity of normalized solutions under the L” mass constraint (1.2). Using
the Nehari-Pohozaev manifold method, they obtained a ground state for Eq (1.3). In addition, they
showed the existence of another solution of mountain-pass type and concentration of solutions. For
additional p-Laplacian problem works, we refer the reader to [4, 5].
When p = 2, Eq (1.1) is reduced to the general Kirchhoff problem

- (a + bf |Vul? dx) Au= Au+u?%u, xR, (1.4)
R3

which was first proposed by Kirchhoff in [6] and is highly related to the free vibration of the motions of
moderately large amplitude and elastic strings. In other physical and biological systems, the solution
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u for nonlocal problems like (1.4) describes a process that depends on its own average, such as the
population density. After a functional setting was constructed in the significant work of Lions [7],
this problem has been widely studied in the last two decades (see [8] for the p(x)-Kirchhoff problem
and [9-11)).

The solutions of (1.4) with prescribed L?>-mass have attracted much attention. Using minimization
methods, Ye [12] studied the existence of constrained minimizers for the Kirchhoft equation (1.4) and
obtained the sharp existence of normalized solutions under different assumptions (see [13] for the
related Kirchhoft-Choquard problem). Following [12], Zeng and Zhang [14] proved that the
normalized solution for Eq (1.4) is unique. They make full use of the unique property of the optimizer
for the Gagliardo-Nirenberg inequality. In the L?>-mass subcritical case, Ni et al. [15] show the
multiplicity and concentration of normalized solutions for (1.4). Moreover, following the work in [1],
Ren and Lan [16] studied the existence of solutions for the p-Kirchhoft equation (1.1) with the
L?-mass constraint.

Motivated by the above works, we explore Eqs (1.1) and (1.2). In the variational setting, solutions
to (1.1) and (1.2) can be considered the critical point of the following C'-functional

b 2
Iy = 2 f |Vu|"a’x+—( f IVulpa’x) _ - f ul? dx (1.5)
P Jr3 2p \Jgs q Jr3
S(c) = {u e WPRY) : (f |ual? dx)p =c> 0}
RS

WP (R?) = {u e L’(RY) : f |Vul? dx < oo}
R3

constrained on

where

and A appears as a Lagrange multiplier. Moreover, we define

i(c) := ugl(fc)l(u). (1.6)

Now, we give the major results obtained in the L” subcritical and critical cases:

Theorem 1.1. (/) Let p<g < p+ sz2, then
(i) when p < g < p + p—z, i(c) has a minimizer for any ¢ > 0.

3
(ii) when g = p + p—z, i(c) has a minimizer if and only if ¢ > a»* |Q|,, where | - |; denotes the norm of
L'(R3) and Q € W'P(R?) is a ground-state solution to the following equation

_3a-p),

(p—3)q-p)
p2 2

u+|l+
g ( p

) P2 u = [ul%u, xR
2 2
(iii) when p + % <g<p+ 2% there exists ¢* > 0 such that i(c) has a minimizer if and only if
c > c*, where
P
2p?-3¢+3p 3¢-3p=p2 | pa—34+3p
ap »? bp »?

2p*> =3q+3p) 6pq — 8p°

"= P|Q|f,_p(
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Moreover, forany p < g < p + 27172 and ¢ > 0, if i(c) has a minimizer, then Egqs (1.1) and (1.2) have
a couple of solutions (u, 1) € W'P(R?) X R such that u € S(c) and A < 0.
2
(2) When g = p + 2%, i(c) has no minimizer for all ¢ > 0.

In what follows, we study Eqs (1.1) and (1.2) in the L”-mass supercritical case. In this case, /
constrained in the mass sphere S (c¢) is not bounded from below, which leads to many difficulties. To
overcome the lack of compactness, we work on the radially symmetric functional space WP (R?) and
explore the following minimization problem:

m(c) = inf 1(u), (1.7)
where

M(c) :={u€S,(c): Pu) =0}, S,(c):={lul, = c:ueWR
and

3(g —
P(u) :=a |Vu|§ +b IVulf,” - (qp—qp) |U|Z =0.

The functional P(u) can be derived from the Nehari identity, and the Pohozaev identity for Eq (1.1)
and M(c) is the so called Nehari-Pohozaev manifold, which is quite helpful to obtain the ground states
for prescribed mass problems (see [2, 17]).

Definition 1.2. (u, 4) a ground-state solution to (1.1) and (1.2), if (u, A) is a solution to (1.1) and (1.2)
and u has the least energy among all solutions of the L”-norm.

Theorem 1.3. Let p + 2%2 < g <p foranyc >0, (1.1)and (1.2) has a couple of solutions (u, 1) €
W,l’p(R3) X R with I(u) = m(c) and A < 0. Moreover, u is a radial ground state of (1.1) and (1.2).

Next, we show the multiplicity of normalized solutions to (1.1) and (1.2):

Theorem 1.4. Let p + 23i2 < g < p*and c > 0. Then there exists a sequence {(u,, A,)} of solutions
of (1.1) and (1.2) such that u,, is radially symmetric and A, < O for any n € N*. Moreover, we have
||u,,||W1,p(R3) — 400 and I(u,) — +00 as n — +oo,

Based on Theorem 1.4, we study the asymptotic behavior of normalized solutions to (1.1) and (1.2)
when b — 0". We obtain the following result:

Theorem 1.5. Let p + ZT”Z <q<p,c>0and{u 12} c S.(c) x R be the solutions obtained in
Theorem 1.4. Then, for any {b,} — 07(m — +o0), there is a subsequence {b,,} such that for each

n € N*, uzml — u° in W (R3) and /IZ'"’ - A inRasl — +oo, where {(u%,2%)} € S.(c) xR isa

n’ n
sequence of solutions to the following equation
—al,u — Aul?u = [u"%u, in R>. (1.8)

If 1 < p < 2, up to translation, the ground state of G-N inequality (2.2) is unique (see [18]).

However, the uniqueness has not been fully obtained when p > 2. Thus, in the case 1 < p < 2, we try
2

to find a precise description of the minimizer for i(c) when p < ¢ < p + % and an accurate solution

to (1.1) and (1.2) when p + ZT”Z < g < p*, which is stated in the following two results.
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Theorem 1.6. We assume that % < p <2, then

(1) When p < q < p + pfz, i(c) has a unique minimizer (up to translations) u. = | QI Q(,uqx) where

1
P
‘1_

Hg = = with t, being the unique minimum point of the function
3(q-p)
a b T 34
f,(H) = =t + —1 — —t 7, t€(0,+00). (1.9)
Top 2p plolg”

3
(2) When g = p + v s if ¢ > ar |Ql,, then i(c) has a unique minimizer (up to translations)

3 1 2 Jd

“ 4 ¢ ~aplQl,

Hq a . »
Ue = 0] O(ugx) where u, = - with 1y = ————.
p b 3
plQl,

(1.10)

2 212
. ¢ 3 —ap|Q|
Moreover, i(c) = —zb—p (#) .

bplQl,’
When g > p + 23L2, Theorem 1.1 tells that i(c) has no minimizer. Thus, motivated by [14], we
investigate the critical points of mountain-pass type for I(-) on S (¢).

Definition 1.7. Fixing ¢ > 0, I(-) is said to have a mountain pass geometry on S(c) if there exists
K(c) > 0 such that
v(c) := inf maxI(h(t)) > max{I(h(0)), I(h(1))} (1.11)

heL(c)el0,1]
where I'(¢) = {h € C([0, 11;5(c)) : h(0) € Ak, I(h(1)) < 0} and Ak, = {u € S(c) : [Vul, < K(c)}.

Next, in the case % < p < 2, under the following assumption

217 2]72373[)
2p? 2p? blQl,"

q>p+—30rg= p+T and ¢ > , (1.12)

we investigate some properties of (1.11) by some energy estimates. Let f,(-) be defined in (1.9). It
can be verified that f, has a unique maximum point in (0, +c0) when (1.12) holds. Then, we obtain the
following result.

Theorem 1.8. When % < p < 2, assume that (1.12) holds, and let t, be the unique maximum point

~1
o |Q =l—

of f,(t) in (0,400). Then y(c) = f,(t,) and it can be attained by u, = IQI Q(u x), where i, =
Moreover; u. is a solution of (1.1) and (1.2) with

(q=-p)(1-2) _
| e
p o7

Remark 1.9. We want to point out that our results generalized the previous abundant results of p = 2,
encompassing the existence, multiplicity, asymptotic behavior, and uniqueness results to the general
p-Laplacian case.

A=-11
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We organize the paper in the following way: In Section 2, we present some preliminary results.
In Section 3, we study the existence of minimizers for i(c) in the L”-subcritical and critical cases. In
Section 4, we obtain a normalized ground state in the L”-supercritical case. In Section 5, we study the
multiplicity and asymptotic behavior in the L”-supercritical case. In Section 6, we show the existence
and uniqueness of normalized solutions when % <p<2

2. Preliminaries

In this section, we introduce some preliminary results.

Lemma 2.1. (Gagliardo-Nirenberg inequality of p-Laplacian type, [19]) For p € (%, 3) and any q €
[p, p"), it holds that

34=p) 1— 3(g=-p)

R 7
|u|qﬁ(gw) |Vu|pq |u|p w- (21)

where |ul, is the norm of L'(R?), and up to translations, Q € W'"P(R?) is a ground-state solution to the
following equation [20]

3(g—p)
P>

(p—=3)g-p)
2

Au+|1+
! ( p

) P2 u = [ul'%u, xR (2.2)

Furthermore, when 1 < p < 2, the equality holds if and only if u(x) = aQ(Bx) for some a, 5 € R\{0}.

Lemma 2.2. Let p € (3,3), g € (p, p*), if (u, 1) € W'P(R?) X R is a weak solution of (1.1) and (1.2),
then the following identity

3(g —
P(u) = alVull + b IVul? - 29— o~ (2.3)
rq

holds. Moreover, it can be obtained that A < Q.

Proof. The proof is similar to [21, Lemma 2.3] and [12, Lemma 2.6], so we omit it. O

Next, we introduce a useful elementary inequality that is important for us to overcome the
difficulties derived from the nonlinearity of the p-laplace operator.

Lemma 2.3. There exists c; > 0 such that for any x,y € R3,

<|x|s_2 X — |y|S_2 V, X — y>R3 >colx =yl for 2<s5<3, 0.4
(ol + Iy (W2 x = Iy 2y x = y) 2 e e =y for 1<s5<2,
where (-, -)ps denotes the standard inner product in R>.
For u,v € W'"P(R?), from (2.4), follows that for 2 < p < 3,
c, f |Vu — Vv[Pdx < f 3 (IVulP>Vu — [VvP2 V)V (u — v)dx, (2.5)
R3 R3
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and for 2 < p <2,

c: f Vi — VlPdx
R3

< f (T () * (Vi +
R3

(2.6)

2p
2

< ( f (VulP2Vu — [Vv]P2Vv)V(u — v)dx)2 ( f (|Vu| + |Vv|)1’dx)
R3 R3

where
T(u,v) = (|Vul’> Vu = [V Vo, Vi = V),

note that the integration domain in (2.5) and (2.6) can be replaced by any open domain of R3.

Lemma 2.4. (/22, Lemma 3]) Let I € CY(W'P(R?),R), if {u,} C S(c) is bounded in W'P(R?), then
Us@) (u) = 0 in (W“’(R3)), asn — oo

1 :
& 1 (1) = — (I (), ) | 4, > 0 in (WH®R)) asn — oo.
C
3. Proof of Theorem 1.1

In this section, we explore the L”-mass subcritical and critical cases, i.e., p < g < p + 22 We first
give some important lemmas before the proof of Theorem 1.1.

Lemma 3.1. Assume that p < g < p + 2” , then
(1) For each c > 0, 00<l(c)<0
(2)pr<q<p+ thenl(c)<0f0rallc>0
(3)Ifq:p+ thenl(c)<0f0reachc>av |0, and i(c) = 0f0reach0<c<a% 10l
(4)pr+%2<q<p+7, then i(c) < 0 for each ¢ > c¢* and i(c) = 0 for each ¢ < c*, where

_ “p ap I bp 72
Piely (2p2—3q+3p)) (6pq—8p2

5 5 PR
2p~=3q+3p 3g-3p-p :lpquJr%p

Proof. (1) For any ¢ > 0 and u € S(c), by the G-N inequality (2.1),

z(q P)
C‘l 3(g-p)

pigr T (3.1)

b
I(w) > — IVulp — |Vul}? -
2p

Since 0 < 242 < 2. [ is bounded from below on S(c). Set u,(x) := t%u(tx) for t > 0, then we have

u, € S(c) and

b .
i) < 1) = L [Vul? + 2 — Vul? —1 e u? >0 as 1—0. (3.2)
p 7 2p q

Hence, i(c) < 0 for all ¢ > 0.
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QIfp<g<p+ f’ , then 0 < 3@ 2 < p,so(3.2) implies that i(¢) < 0 for all ¢ > 0.
Qlfg=p+ pf, 51m11ar to (3.1), we can deduce

P

a b c3
I(u) > " Vulb + — |Vul}? = ——— [Vul?

2
b plle
b 5
= 2 VuP? + S a1 - —=
2p » T p P 2
alQly

3
Thus, When0<c<a2

0<c<ar|Q,
On the other hand, by (2.2) and the corresponding Pohozaev identity, we have

|0|,, we have i(c) > 0. Since i(c) < 0, we conclude i(c) = 0 for all

VoI, =101, = Ile- (3.3)
When ¢ > a% 10, set
0:(x) = |Q| tﬂ QO(tx) € S(c), for t > 0. (3.4)
Combining the above equalities, we have
2
b agp b 1P 5
1Q) = Lety + ety -~ = P+ L - (3.5)
p 2p r10l; 2p p alol%
p

Thus, we have I(Q,) < 0 for ¢ sufficiently small. Since i(c) < I(Q,), we conclude that i(c) < 0 when
3
c>ar |0,

DHIfp+ p < g < p+ 2, similar to (3.5), one has

c? 3(q P)

lqup P (3.6)

b
Q) = (et + (et -
p 2p
Using Young’s inequality, we have

p1 P2 P p2
ﬁ(ct)p + i(ct)Zp > (Lc"t”) (LCZPtZP) = (PP oPHPP2 (L) ( b ) , (3.7)
p 2p pp1 2pp> ppi) \2ppa

where 0 < py, p» < 1, pi + p» = 1 and the equality holds if and only if ~&-c”#” = 52-¢*#*?. Choosing
-2 _ 3(4—17) — 3(q—p)
P = 7

p+ p <g<p + 2 . Then, we can derive from (3.6) and (3.7) that

and )2 — 1, it is obvious that 0 < py, p» < 1 and p; + p» = 1 since

2p2—3q+3p 3q—3p—p2

) e X . , ]
I(Q»ze“"/”tw( 3 ) " o e z) -
2p*=3q+3p) 6pg — 8p plolt
3lg=p) 3(q=p)
P g p 3(g—
_ c t_l [( )q (q ) e (qpp)]
plol”
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If ¢ > ¢*, choose ) = 2” 2% such that —%-cPr? = ﬁczﬂﬂp. Then
3(q P) t3(qu)
P . 3g=p) _34-p)
i€ < Q) = — o T G ] <

If 0 < ¢ < ¢, then for any u € S(c), we can conclude from Lemma 2.1 and (3.7) that

3(‘1 P)

a b c?” 3a=p) 3a-p) (q ) 3(g-p)
() 2 = |Vulp + — |Vul}? - Vul, ’ Vul, " | () - ] >0
p o 2p T plol T Toplog
Therefore, i(c) > 0 when 0 < ¢ < ¢*, combined with i(¢) < 0, we conclude that i(¢) = 0. |

2])2 3p 2 2p2 -3p
Lemma3.2. Ifg = p+ 2L, then i(c) = —co when ¢ > [ 2" ] and i(c) = 0 when ¢ < ( o~ )

2p2

2p2 3p
Proof. Suppose ¢ > [ 19, ] , similar to (3.5), we have

b i b 2
100) = Z(et)? + ==t = ——— = Z(ct)? + (et [ 1 - =——|,
p 2p plof” p 2p bIQI%
p

Thus 1(Q;) — —0 as t — oo, which implies i(c) = —co.
202

£ 2p2 3p
On the other hand, when ¢ < (b|Q|2" ] , for any u € S(c), we have

_3(g=p) 2p2 -3p

C 3(g-p) 2
q-p
pIOl;

a b a b
I(u) > = |Vul? + — |Vul* — Vul,” =—|Vul® + — [Vu*”|1 - >0,
(u) pl ul) 2pl ul)) [Vl pl ulp 2pl ul))

2[)2

b10l,"

which implies that i(c) > 0. Slnce (3.2) still holds when g = p + 22 we have i(c) < 0 for any ¢ > 0.

Thus, we conclude that i(c) = O
Lemma 3.3. Foreachp <q<p + 2 z(c) is continuous with respect to ¢ on (0, +00).
Proof. The result follows from Lemma 3.1(1) and [21, Lemma 3.3] immediately. O

Lemma 3.4. Foreachp <g<p + 2 lf c satisfies the following condition:

c>0, when p<q<p+%2,
3
c>ar|Q|,, when q:p+p—2, (3.8)
c>c", when p+%2<q<p+23ﬁ.
where ,
2p2—32q+3p b 3q—3g—l72 Pq-3q+3p
* — ap p p P
¢ = |p1o? (5= __oP
2p* =3q +3p) 6pq —8p
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Then for any 0 < a < c,

i(c) < i(@) + i(Ver — aP).

Proof. We first claim that
i(6c) < ”i(c), for any 6> 1. (3.9)

By Lemma 3.1, we have i(c¢) < 0 when c satisfies (3.8). Next, let {u,,} C S(c) be a minimizing sequence
for i(c) and set u? = u(9~5 x) for 6 > 1, then we have u’ € S (6c) and

2 2 b
1) = 071 (uy) + (ep—% - ep) LV + (921’—2% - 91’) 2 Vi < 0°1(u,).
p 2p

Letn — oo, we have i(fc) < 6”i(c), with equality if and only if|Vu,,|§ — Qasn — oo. By (2.1), we have
|u,,|z — 0 when |Vun|§ — 0asn — oo. Then we obtain I(1,) — 0 as n — oo, which contradicts i(c) < 0.
Thus, we have i(fc) < 67i(c). For any 0 < a < ¢, apply (3.9) with 6 = £ > 1 and 6§ = %,‘_7 > 1
respectively, we get

i(c) = i—:z(ga) ¢ (;“pi( {/cpc_iap Jor = ap) < i(@) + (NP —ar).

O

Lemma 3.5. Foreachp < g < p + ZTPZ and any c > 0, let {w,} C S(c) be a minimizing sequence for
i(c), then i(c) possesses another minimizing sequence {v,} C S(c) such that

Vi = Wallwirgsy = 0, (ls) (va) >0 as n— oo.

Proof. Whenp < g < p+ 23L2, by Lemma 3.1 (1), we know that 7 is bounded from below on S (¢). Using
Ekeland’s variational principle ([23, Theorem 2.4]), we can get a Palais-Smale sequence {v,} C S(c)
for I|s ¢ such that [|v, — wp|ly1rgs) — 0, which is also a minimizing sequence for i(c). |

Proof of Theorem 1.1. In what follows, we divide the proof of Theorem 1.1 into four parts.

First, we study the case p < g < p + %2:

() Forp <g < p+ p—z, by Lemma 3.1, we have i(c) < O for any ¢ > 0. Let {w,} € S(c) be a
minimizing sequence for i(c). Then using Lemma 3.5, there exists a minimizing sequence {v,} C S(c)
for i(c) such that

Uls@) (va) = 0 as n— oo. (3.10)

Since i(c) < 0, it can be verified that {v,} is bounded in W'?(R3). In fact, for n sufficiently large, by
Lemma 2.1, we have

3(g=p) 3(g-p)
U P 3(g-p) a U P 3g-p)

a b c Nep) c Np)
0> 1(v,) > = Vv, lh + — Vv, [ - — Val, " 2 = VW) = ——= |V, ",
p "o 2p TP ploigr Y p " oplogr Y

— 2
which indicates {[Vv,|,} is bounded since @ < pwhen p < g < p+ & Next, set

o := liminf supf v, |lPdx.
Bi(y)

n—+e0 g3
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If o = 0, then by the vanishing lemma (see [23, Lemma 1.21]), u, — 0 in L*(R?) for any p < s < p".
Hence, 0 < lim (% |Vv,,|§ + % |Vv,,|ff’) = i(c) < 0, which is impossible. Therefore, we must have

n—+00

o > 0 so that there exists a sequence {y,} € R? such that

f ValPdx > 0.
Bl(yn)

Set u,(-) := v, (- + yn), it is obvious that {u,} is still a bounded Palais-Smale sequence for /|, on the
level i(c). Thus, we assume that for some u € WHP(R?),

u, = u#0, in WWPR?),
U, = u, in L;'UC(RS), s€[p,ph), 3.11)

u,(x) = u(x), ae.in R>.

Hence, a := |ul, € (0, c].

Next, we will show that u € S (c) and suppose to the contrary that a € (0, ¢). At first, we verify that,
up to subsequence, Vu,(x) — Vu(x) a.e. x € R3. The idea follows from [24] and [25]. By (3.10) and
Lemma 2.4, one has

') — A, " 2u, = 0 in (Wl’p(R3)) as 1 — oo. (3.12)

where A, = cip (I'(u,), u,). Since {u,} is bounded in W'*(R?), we suppose that, up to subsequence,
nl_i)l}looqu,Jﬁ =A>0and nl_i)r&@ = A (3.13)
Combining with (3.12), we have
J(u,) := —(a + bA)A,u, - |4 7211, — Aitn)” > 1, = 0 (3.14)
in (WHP(R?)) as n — oo. Moreover, there is

J) = ~(a+ bA)Au — ulPu— Aul"> u € (W(R?)) (3.15)

Let n € Cy(R?,[0,1]) satisfy nlg, = 1 and supp n C Bz where By denote the usual ball in R’.
From (3.14) and (3.15) and (u, — u)y — 0 in W'"P(R?), we derive that

(J(un) = Ju)[(y —u)n] — 0 asn — oo. (3.16)
Combining the Holder inequality and (3.11), we conclude that
f () 2w — u)*u)(u, — wyndx = 0,(1) forany p < s < p* (3.17)
R3

and
f (IVu,|P >V, — \VulP>Vu)Vn(u, — u)dx = o0,(1). (3.18)
R3
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Combining (3.16)—(3.18), we derive that

(IVunP >V, — \VulP>Vu)V(u, — undx = o,(1).

R3
Now, employing (2.5) and (2.6), we have
lim |Vu,, — Vu|’dx = 0.

n—oo
Bor

Since By is arbitrary, we conclude that
Vu,(x) = Vu(x) a.e. x € R’
Then, using Brézis-Lieb Lemma (see [23, Lemma 1.32]), we have
IVuull = [Vu, = Vull + [Vulp + 0,(1), lual) = u, — ul}) + ulh + 0,(1). (3.19)
By the above equality, it can be obtained that

i(c) = lim I(u,) > I(w) + lim I(u, — u) > i(@) + i( VP — aP),

which contradicts Lemma 3.4. Thus, |u|, = cand u, — u in LP(R?) which together with (2.1) implies
that 4, — u in LY(R?). Then, we have

i(c) < I(u) < lirP I(u,) = i(c).

Thus, u € S(c) is a minimizer of i(c), and then, u is a critical point of /|s(,. By Lemma 2.2, there exists
A < 0 such that (u, A) is a couple solution to (1.1) and (1.2).

_ P,
Second, we studyzthe case g = 11 + 5 2
(2) For g = p + &, when ¢ > a»* |Q|,,, we have i(c) < 0. Similar to the case of p < g < p + &, we

can get a minimizer for i(c) and thus get a couple solution (u, 4) to (1.1) and (1.2).
3

On the other hand, when 0 < ¢ < a* |Q] »» We suppose that there exists a minimizer u € §(c) such
that I(u) = i(c) = 0. Then

/72

c3

a
> Vul) < = Vuly,

plol;

a b 1
5 Vul? + » Vul}? = —|ul? <

which deduces that |Vu|f,p = 0. Hence, u = 0, which is impossible.

Subsequently, we study the case p + %2 <g<p+ 27”2:

(3) When ¢ > ¢, we have i(c) < 0. Similar to the case of p < g < p + p—z, we can get a minimizer
for i(c) and thus get a couple solution (u, 4) to (1.1) and (1.2).

When ¢ < ¢, we suppose that there exists u € S(c) such that I(u) = i(c) = 0. Similar to the proof
of Lemma 3.4, choose 6 = < > 1 and set u” = u(@~5x). Then u? € S (6¢c) and

i(c") < I(u’) < 6°1(u) = 0,
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which contradicts that i(c¢*) = 0.
When ¢ = ¢*, setc, = ¢* + % There exists {v,} € S(c) such that

I(v,) = i(cy) <O. (3.20)

By the G-N inequality (2.1), we can show that {v,} is bounded in W!'*(R?). Furthermore, using
Lemma 3.3, we see that
I(v,) = i(c") = 0.

If |v,,|Z — 0, then ;‘—7le,,|§ + % |Vv,1|12j’ — 0. Hence, |Vv,,|£ — 0, by the G-N inequality (2.1), we see
that I(v,) — 0 as n — oo, which contradicts (3.20). Thus, similar to part (1), there exist {y,} € R* and
u € WHP(R?) such that

u, = u+0, in W'P(R?),

u, — u, in LISOC(R3), s €[p,p),

u,(x) = u(x), ae.in R>.

where u,,(+) 1= v, (- + y,).

We claim u € S(c") and suppose to the contrary that |u|, = @ € (0,c*). For each n, note that
I(u,) = I(v,) = i(c,) < 0. Therefore, u, is also a minimizer for i(c,) and {u,} is bounded in W'?(R?).
By [23, Proposition 5.12], there exists {1,} € R? such that

) = Al 2w, =0 in (WPRY)'
Thus, {A,} is bounded in R since {u,} is bounded in W'?(R?). Similar to (3.13), we suppose that, up

to subsequence,
lim [Vu,|; =A > 0and lim 4, = 4.

n—+oo n—+oo

Arguing as in part (1), we can show that Vu,(x) — Vu(x) a.e. x € R?. Then, by the Brézis-Lieb
Lemma, we have

IVl = Vu, = Vulp +Vulp + 0,(1), lunl) = lu, — ul), + lul}) + 0,(1)

and
0= lim I(u,) > I(u) + lim I(u, — u).
n—+oo

n—+oo

By Lemma 3.1, we know that i(a) = i({/(c*)? — @?) = 0. Since lim|u, — ullp, = (c")? — a?, we can derive
from above analysis that
limI(u, —u) > i(A/(c*)? —aP) =0,

which implies 0 = I(u,) > I(u) + I(u, — u) > I(u) > i(a) = 0. Hence, u is a minimizer of i(«), but, as
stated in Lemma 3.1, there is no minimizer for « € (0,c¢*) . Thus, we have u € S(c¢*) and u, — u in
LP(R?). Moreover, by (2.1), u, — u in LY(R?). Thus, we have

0=1im/I(u,) > I(u) >i(c*)=0

which means that « is a minimizer for i(c*). Employing the Lagrange multiplier ([26, Corollary 4.1.2]),
there exists a A4 < 0 such that («, ) is a couple solution to (1.1) and (1.2).
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Finally, we study the case ¢ = p + 2312

2p?

2p2 3p
(4) When ¢ > [lel” ) , by Lemma 3.2, we have i(c) = —oo so that i(c) has no minimizer. On the

202 2

2p2 -3p
other hand, when ¢ < ( b’ } , we suppose that there exists a u € S(c) such that I(u) = i(c) = 0
Then
a b 1 N VRN
—Vulb + — [Vul?? = —|u|? < — Vul,” < —Vul’.
2p q rlol 2
Thus, we have |[Vul} = 0, which is impossible. O

4. Proof of Theorem 1.3

In what follows, we consider the minimization problem (1.7) in the case p + 2 < g < p* and prove
Theorem 1.3. Moreover, we work in the radially symmetric functional space W) ” (RN ).

Lemma 4.1. Let p + 2 < q < p’, then I is not bounded from below on S ,(c) for any ¢ > 0.

Proof. For any ¢ > 0 and any u € S ,(c), set u,(x) := t%u(tx), t > 0, then u, € S(c) and

b ) 1
I) = P2 [Vulf + 22 = [Vl = 77 = uld.
p 2p q
Since p + ” < g < p*, we know that 3(" 2 5 2p and I(u,) — —co as t — +oo. m|

Lemma 4.2. Let p + 23L2 < q < p’, then I is bounded from below and coercive on M(c) for any c > O.
Moreover, there exists a constant Cy > 0 such that I(u) > Cy for all u € M(c).

Proof. Since P(u) = 0 for all u € M(c), we have

p 1 p 1 p 2
I(u) = I(u) - P(u —a(———)l |”+b(———)|Vu|”. 4.1)
3(g-p) p 3g-p 2p 34q-p) "
Note that ﬁ — 3(;’_ - > é - 3(q - > 0 when p + 2 < q, we obtam that / is coercive on M(c).

On the other hand, using the G-N inequality (2.1) and P(u) =

3(q - 3
bIVul? < alVull + b|Vul? = ——— |u|? <
pq

Since 2p < 34D e infer that [Vu|, has a positive lower bound. Hence, for some constant Cy > 0,
I(u) > Cy holds for all u € M(c) by (4.1). O

As aresult of Lemma 4.2, there is m(c) > Cy > 0.
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Lemma 4.3. Let p + 2312 <g<prandc >0, foranyu € S, (c)and u, (x) := t%u(tx) (t > 0), there exists
a unique ty > 0 such that I(u,,) = m%xl (u,) and u,, € M(c). In particular, we have
>

<1 Plu)<0andty=1< Pu) =0.
Proof. Fixing u € S ,(c), we define

3g-p 1

r—lul?, VYt>0.
q

b
h(t) = 1) = 2L (Vul? + 27 == [Vl — ¢
p 7 2p 7

Then, we obtain
p Py 2p 2p _ 2P 3g-p) | g
taqu|p+t bqulp = |u|q _ P(u,)

W = t t

Since @ > 2p > p, h'(t) > 0 when t > O sufficiently small and lim #'(f) = —oco. Similar to [27],
t—+00
P(ufo)
fo

we infer that /(f) has a unique maximum at some point #, > 0. Therefore, h'(#)) = = 0, which
implies that u,, € M(c).
Next, we claim that P(#) < 0 = ty < 1. Suppose that 7y > 1, by using /’(ty) = 0 and P(u) < 0, we

obtain the following contradiction

34=p)
2 2 “r 3(g-p)
fa|Vull + b |Vu|?? —t, 7 =LL |y|? (g —
0 p 0 p 0 q
0= @ 79 < avull + bIVu? — 2P e <,
qp

34=p)
P
tO

Thus, #y < 1. If P(u) = 0, then

3g=p)
tpalVulh + " bIVuly — 1" 2L )
=0=alVul) +b|Vul -

3(g-p)
3(g—p) |u|q ’
P
tO

which implies that neither o > 1 nor £y < 1 could occur since |[Vu|, # 0. Thus, P(u) = 0 = 1, = 1.
Finally, we show that#y) < 1 = P(u) <Oand# =1= P(u) =0. Ift, < 1, then

3(g-p)
P P 2p 2p _ . p 3@=p) 19
_ fya |Vu|17 +1,°b |Vu|p ' o |u]

(g —
0= 34n) Isa \Vul) +b |Vu|f,p - M lulf = P(u).
L7 qp
0
Obviously, #y = 1 implies P(u) = P(u,,) = 0 from the above analysis. O

Lemma4.4. Letc > 0and p + 2%2 < q < p*. Then M(c) is a C'-manifold, and each minimizer of Iy
is a critical point of I|s (.

Proof. Set Q(u) := |u|§ — ¢P. Thus, P and Q are of C' class. We suppose by contradiction that P’(u)
and Q’(u) are linearly dependent for some u € M(c), i.e., there exists a constant / € R, such that for any
¥ € WP(R?), we have P'(u)y = Q' (u)y that is

—(a + 2b|VulP)A,u —

3 —
q-p) P )2 = 7. 4.2)
p
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By the Nehari identity of (4.2)
3(g—p)
(a+26IVul)IVull) — ———ul = llul}

and the Pohozaev identity of (4.2)

—3)(a + 2b|Vul”’ 9g - 3
(p ) | |p)|VM|z + (q—zp)lulz = ——llulp,
D P
we obtain 2
9 —
p* (alVull +26|Vulr) = Xa=PY

combining with P(u) = 0, there is
3(qg — 3(g -
( “-p_ 1)a|vu|g + (—(q D) _ 2)b|vu|§f -0
p P

Since — 2> 0, we conclude that IVulp 0, which is impossible.
Next, 1f u is a minimizer of I|y, then P(u) = 0. By the Lagrange multiplier rule, there exist two
Lagrange multipliers A and u such that

3(g-p) p)

I'(u) — Aul”u — uP' W) =0 in (W}’p(R3))I . (4.3)

Similarly, by the Nehari identity and the Pohozaev identity of (4.3),

3g-p) 3(qg-p)*
alvulz + bIVqu,” _ q—pp|u|z —u [ap|Vu|£ + 2bp|Vu|f,P - %Mg =0.
Recalling that P(u) = @ |Vulf + b|Vul? = XL |uf? = 0, we have
3 _ 2
u [aprulZ + 2bp|Vul2 - (‘]—Zp)mg] =0
qp

Using P(u) = 0 again, we obtain

3(g-p) 3(g-p)

[ [(p - %)aqulg + (2p - % bIVuP? | = 0

Since p — (q 2 <2p— 3(" 2 <0, we conclude that u = 0. i

Lemma 4.5. Let p + 2% < q < p’, the function c — m(c) is strictly decreasing for ¢ > Q.

Proof. For any 0 < ¢; < ¢;, by y(c1) > 0 and Lemma 4.3, there exists {«,} C M(cy) such that
1
I(u,) = maxI((u,),) < m(cy) + —.
>0 n

By (2.1), (4.1), and Lemma 4.2, there exists k; > 0 (i = 1,2, 3,4) independent of n such that

kl < |I/tn|z < k2 and k3 < IVunlﬁ < k4. (44)
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Setv, = (i—?)l_% u, (C—‘x), then v, € S ,(c,) and

(&)
q(pf3>+3
p p q &)’ q
IVvall, = [Vul, val] = - |ut - 4.5)
1

Moreover, by Lemma 4.3, there exists #, > 0 such that (v,), € M(c,) and I((v,),,) = m%XI((Vn);)- Since
>

{(Va)i,} € M(cy), by Lemma 4.2, {IV(vn),nlﬁ} has a positive lower bound independent of n. Combining

with [Vv, [} = [Vu[}, (4.4) and 1} = S22k

Vvaly

we conclude that for some constant C; > 0,
t, > C 4.6)

for any n. Hence, by g < p* = 33_—pp and (4.4)-(4.6), we have

3g-p)

9r=3) . 3

@_‘_3 3(qp—p) - :
m(cy) < I((vy)y,) = I((un),n)—{(%) _ 1] tnq || < m(cl)+%—{(2) - 1) Clq ki. (4.7)

1 C1

Then, m(c,) < m(cy) as n — +oo. O

Proof of Theorem 1.3. For ¢ > 0, let {v,} C M(c) be a minimizing sequence for m(c). If |v,l|Z — 0, then
by P(v,) = 0, we deduce that IanIZ — 0, which contradicts with Lemma 4.2. Thus, arguing as in the
proof of Theorem 1.1, there exists {y,} € R? such that

f vulPdx > 0.
Bl(yrz)

Set u,(-) := v,(- + yn), then {u,} C M(c) is still a minimizing sequence for m(c). By (4.1), {u,} is
bounded in W,1 ”(R?). Hence, up to subsequence, there exists u € W,1 (R?) such that
w, = u#0, in WPR?,
u, - u, in L'R%), s € (p, p"), (4.8)
u,(x) = u(x), ae.in R>.

Then, a := |u|, € (0, c]. Next, we show that u is a minimizer of /|, for m(c). By (4.8) and u, € M(c),
we obtain that P(u) < lim P(u,) = 0. Hence, by Lemma 4.3, there exists #y, € (0, 1] such that
n—+co

u,, € M(c). Thus, we have

p
3(g—p)

1 P ) 2 1 P 2
=tal- - |Vu|p+tpb(—— |Vul|-?
()@ 3q-p) " " \2p 3¢-p) 7
1 P ) 1 14 2
<al-- |Vu|P+b(———)|Vu|P
(p 3(g-p) b 2p 3(qg-p) b
. 1 )4 ) 1 14 2
< liminf |a|— — [Vu, |’ + b(— - )IVunl P
n—+oo [ (p 3(g - p) P 2p 3(g-p) P

3@{mmwﬂ:masmm,

m(a) < I(uy,) = I(uy,) - P(uy,)

n—+oo

< liminf (I(u,,) -
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which means m(«) = m(c) and p = 1. By Lemma 4.5 and a € (0, c], it must have @ = ¢. Thus, u € M(c)
and I(u) = m(c), i.e., I|p attains its minimum at . By Lemmas 4.4 and 2.2, we conclude that there
exists 4 < 0 such that (u, 1) € W,1 P(R®) x R is a couple of solution to (1.1) and (1.2). Moreover, if
(v,u) € W,1 ?(R?) x R is also a couple solution for c. Then, by Lemma 2.2, we have P(v) = 0 such
that v € M(c). Since I(u) = m(c) < I(v), we see that u is a radial symmetric ground state of (1.1)
and (1.2). O

5. Proof of Theorems 1.4 and 1.5

In what follows, we study the multiplicity and asymptotic behavior of normalized solutions to (1.1)
and (1.2) in the L”-mass supercritical case. We give some lemmas that are important for our proof of
Theorem 1.4. We follow some ideas of [2].

Set {e,}* | be a Schauder basis of W'”(R?) [28]. Let

ey = f e, (g(x))dpg,
O(N)

where O(N) is the orthogonal group on R* and du, denotes the Haar measure on O(N). Then, if
necessary, we select one of the identical elements, and we see that {e,} > is a Schauder basis of
WP (R?). Suppose that |e,| = 1 for any n > 1. ¥n € N*, we set

V, := spanfey, ...,e,}, Vy :=span{e; : i > n+ 1}.
Obviously, W,”(R?) = V, @ V* for any n € N*.

Lemma 5.1. (/2, Lemma 6.1]) Let p + 2312 < q < p*and c > 0, then there holds

: Vul,
u, ;= inf >
ueVins (o) |uly

— +00, as n — +oo,

For n € N*, we define
1

_(a@r )"
Pni=| =7 ,

q

P+ 1)r

L::maxu.
0 x7+ 1

Let B, :={u eV, NnS,(c):|Vul, = p,}. We have

where

Lemma 5.2.
B = ingl(u) — 400, as n — +oo,
UEDLy
Proof. Yu € B,, by Lemma 5.1,

iy < gy 1Vl < g (V) + 1),
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Then
a b 0y 1 a Z
1) = =|Vul? + =—|Vul? = ~[ul? > = |Vul? - - (IVul? + 1)
p 2p q p q(ﬂn)
> Z|Vul) - —— (|Vuft + 1)
p CI(N )?
a L
= —(pa)’ — (o) — 7
q()? q()?
1 L
fi-tor- o5
P4 q(un)?

Thus IBn = ( )a(pn)p -

n — 400,

q(pn )”

Lemma 5.3. There exists 0 < pj < pg such that

sup I(u) < By := inf I(u).

U€S (). |Vul,<p), Ues r(c).|Vulp=po

Moreover, By > 0.

Proof. Since u € S,(c), using (2.1), we have

3(q P)
c 3(q-p)

ploI”

a b )
P |Vul) + T |Vul P -

- a b )
[Vul, " < I(u) < ; IVull’; + E |Vu|pp.

. By Lemma 5.1 and the definition of p,, we obtain 8, — +o0 as

O

Note that 242 > 2p, and we know that 8y, > 0 for some p, > 0 small enough. Moreover, we can

choose 0 < p;, < po sufficiently small such that

sup  I(u) < 52_0 < Bo.

ues (c),|Vul,<p;,

O

In view of Lemma 5.2, we assume that 8, > S, for any n € N*. Next, we begin to set up our

min-max procedure. First, define
k: WPERHXR > WPERY : (u,0) = k(u, 0) = er’u(e’x).

Then for any u € S,(c), we have k(u,0) € S ,(c),

3G=p)
Vk(u, O)I2 = e’ |Vulb, |k(u, O)|F = e~ 7 “Jul,

and

b xapy 1
10w, 0)) = ™ ZVul? + & - |VuP? — & 7~ |uf?.
p 2p q

5.1

(5.2)

(5.3)
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Note that @ > 2p, we conclude from (5.1)—(5.3) that

|Vk(u, 0)I;, — 0, I(k(u,6)) — 0, 6 — —oo,
|Vk(u, O)I) — +oo, I(k(u,0)) > —c0, 6 — +o0.

Since V,, is finite dimensional, it follows that for each n € N*, there exists 6, > 0 such that

8, €C(0,11 X (S, (c)NV,),S,(c) : g,(t,u) = k(u, 2t — 1)6,) 5.4
satisfies
Vg, (0, wl, < (o))" < (n)", Vg, (1wl > (o), (5.5)
1(g,(0,u)) < max{Bo, B}, 1(g,(1,u)) < By, '
for all u € S,(c) N V,. Now we define
[ :={g € C([0, 1] X (S ,(c) N V), S (c)) = g8, —u) = —g(t, u), (5.6)

8(0,u) = g,(0,u), g(1,u) = g,(1,u),Yu € (S,(c) N V,)}.
Thus, g, € I',. We introduce the following crucial property:

Lemma 5.4. ([29, Lemma 2.3]) There exists (t,u) € [0, 1] X (S ,(c) N V,) such that g(t,u) € B, for each
gel,.

Following Lemma 5.4, we have the following property of the min-max value y,(c).

Lemma 5.5. For each n € N*,

¢) ;= inf max I(g(t,u)) > B,.
7n( ) 8EL A, u)El0,11X(S (c)NVy) (g( )) ﬁn

Forany g eI', and u € §,(c) N V,, we can derive from (5.5) that

IVg(0, ), = IVg,(0, ), < py < pn and [Vg(1,w)l, = IVg,(1,wl, > pn > po.

Since [Vg(t,u)|, is continuous with respect to ¢, there holds that |[Vg(r,u)|, = po for some t € (0, 1).

Then max I(g(t,u)) > Bo. Since g € I',, is arbitrary, we deduce that
(t)e[0.1]X(S ()NV,)

¥n(€) = Bo > 0. (5.7)

Fixing n € N*, we will adopt the method proposed by Jeanjean[17]. First, we define the following
auxiliary functional
I:S.(c)XR >R, u,6) = I(k(u,0)),

where k(u, 0) is given in (5.1). Set

Iy :={g € C([0, 1] X (S (c) N V}), S:(c) X R) : g1, —u) = =g(t, w),

N ¢ : 8 (5.8)
k(g(O, I/t)) = gn(o, u)’ k(g(l, u)) = gn(l, I/t), vM € (Sr(c) n Vn)}’
and
Mic) = (3 (t,wy),
Yn(c) g}gfn(t,u)e[O,{%%;(r(c)nvn) (&(t,u))
we have
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Lemma 5.6.
i’n(c) = )’n(c)

Proof. Since the maps
@il = Th g — ¢(g) :=(8,0)

and
Yl 5Tz > v =kog
satisfy
Lp(9)) = 1(g) and 1(y(®)) = 1(3),
we can show the desired result. O

Therefore, it follows from (5.7), Lemma 5.5, and Lemma 5.6 that
Yu(€) = yu(c) = max{B,, Bo}

> max { max 1(g,(0,u)), max
(t,u)e[0,1]X(S (c)NVy) (#,u)€[0,1]X(S -(c)NVy,)

1(g,(1, M))} :

Lemma 5.7. There exists a Palais-Smale sequence {u;} C S ,(c) for I|s ) at level y,(c) such that
P(u,) — 0, as k — +oo.

Proof. Our proof follows the proof of [2, Lemma 6.8]. O

Lemma 5.8. Let {u;} C S,(c) be the Palais-Smale sequence obtained in Lemma 5.7. Then there exist
ue er P(R?) and {A;} C R such that up to a subsequence, as k — +co

(i) up — u # 0 in WP (R);

(ii) Ay > A< 0inR;

(iii) [Vugl, — [Vul,,

(iv) =(a + bIVuh) Ayt — )2 = Ay ] e = 0 in (W7 (R2))
(v) ~(a + bIVul) Ay — ul?u = Aul" u = 0 in (W (®)) ;

(vi) we = uin WP (R3).

’
’

Proof. Since I(u;) — v,(c) and P(u;) — 0 as k — +oo, we have

vu(c) = I(uy) + o(1) = I(uy) — 14 P(uw) + o(1)
3(g-p)
_ (1 p 1 p ,
—a(p 3(q—p))|vuk|§+b(2p 3(q_p))quklpp+0(1).

Thus, {u} is bounded in W,1 P(R3). So, up to a subsequence, there exists u € W,1 7(R3) such that

w — u, in W"(R?),
U — U, in LS(R3)a Vs € (p’ p*) (59)

up(x) = u(x), ae.in R>.
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If u = 0, we have |uk|Z = o(1). Thus, we obtain |Vuk|§ = o(1) since P(u;) = o(1). As a consequence,
I(u;) = o(1), which contradicts (5.7). Therefore, (i) is obtained. By Lemma 2.4, we have

-2 -
—(a + bIVur DA pug — gl "y — A lugl”™" e = 0

in (W,l”’(R3))’ as k — +co, where
1
== (alVilt + bIVu2? — g 9) (5.10)

then (iv) is proved. Since {i¢;} is bounded in W,1 P(R?), there exists A € R such that 4y — 1 as k — 4o
up to a subsequence. Furthermore,

. .1 >
A= lim 4= lim — (alVul) + bIVil? — L)

—+00 k—+oo CP

.1 2 3(g-p)

< lim — (a|vuk|g # bVl = =l (5.11)
.1

= kl_l)l:goc—pp(uk) =0.

Since |u|] — |ul] # 0, we obtain A < 0. Thus, (ii) is proved.
Next, we prove that (iii) holds. Suppose that klim |Vuk|§ = A > 0. Then, from (ii) and (iv), we have
—+00
(@ + bAYA s — |l = A2 = 0 in (WHRY), as k - +eo. (5.12)
Arguing as in the Proof of Theorem 1.1, we can show that
Vu(x) = Vu(x) ae. in R>. (5.13)

In view of the uniqueness of weak limit, using [30, Proposition 5.4.7], (5.9), (5.12), and (5.13), we
have

—(a+bA)Au— Ul u - AufPu=0 in (WPR). (5.14)
From (5.12) and (5.14),there are
(a + bA)Vurly — luilg — Alugl; = o(1), (5.15)
and
(@ + bA)Vul? — [ul? — Alul’, = 0. (5.16)

Combining (5.15) with (5.16), we obtain
(a + bAY(Vul? = IVul?) = Auagl?, = ul?) = (uele — lul?) + o(1).
Since u, — u in LY(R?),
(a+ bAY(IVurlly — [Vul}) — Aluely, = luly) = o(1).

By the weakly lower semicontinuity of norm, we can derive from A < 0 that

IVuel?, = [Vul?, = o(1), lugl? — lul? = o(1). (5.17)
Thus, (iii) is proved and (v) is easily deduced by (5.14) and (5.17). Finally, by (5.9) and (5.17), we
have u; — u in W,(R?) as k — +co. O
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Proof of Theorem 1.4. By Lemma 5.8, we get that for any fixed ¢ > 0, (1.1) and (1.2) has a sequence
of couples of normalized solutions {(u,, 4,)} € S,(c) X R™ with I(u,) = vy,(c) for each n € N*. By
Lemma 2.2, we know that P(u,) = 0 for each n € N*. Thus, we have

_ _ _ p
7i0) = 1) = 1) = 32 Pl
1 p 1 14 ) 2
—al- - Vin! + b — - Vi, [ .
‘4p 3w—pJ'”“+ @p 3q—p) b

Since y,(¢) > B, — +o00 as n — +oo0, we conclude that ||Mn||Wr1,p(R3) — 400 and I(u,) — +oo as
n — +oo. O

Subsequently, for the solutions obtained in Theorem 1.4, we study the asymptotic behavior of them
when b — 0*. Fix ¢ > 0 from now on, and we replace I, P, y,(c) by I,, Py, y’,’l(c), respectively. For
b > 0, we denote {(uz, AN} c S,(c) x R™ as a sequence of solutions obtained in Theorem 1.4. Then, it
follows that, for any n € N*,

L) = ¥2 (o). (5.18)

Recalling the proof of Lemma 5.2, we see that 3, is independent of b. Thus, we have
¥2(¢) = B, > 0, for any b > 0. (5.19)

Proof of Theorem 1.5. First, we claim that for any {b,,} — 0" (m — +0c0), {uﬁ"’}mew C S ,(c) is bounded
in WP (R?). We suppose that b,, < 1 for any m € N*. Since V, is finite-dimensional, we obtain that for
each n € N*,

b . .
"(c) = inf max I t,u)) < inf max I (g(t,u) = a, < +oo.
)/n ( ) g€l (t,u)el0,11x(S r(c)NV,,) bm(g( )) g€l (t,u)e[0,1]1X(S (c)NV},) l(g( )) "

Since {(u”", ")} c S,(c) xR™ is a sequence of solutions to (1.1) and (1.2) with b = b,, and
1
A = > (alVur1? + bl Ve 27 = b)) (5.20)
By Lemma 2.3, we deduce that Pbm(uz’”) = 0. Then

Vi (€) = I, (") = Iy, () -

p b
P m
q-p

1 p ) b|P (1 P ) b
=a|l- - ——||Vul[ + b|— — ——||Vulr
(p 3(g-p) | P 2p 3(g-p) |

which indicates that {(u%")}me+ is bounded in W) ”(R?) since y"(c) < @, < +oo for fixed n.
Moreover, (5.19) indicates that {|Vuz”’ p}meN+ has a positive lower bound. Combining P,,m(uﬁ’") =0

with (5.20), we know that {/lZ’"} is bounded in R and /IZ’" < 0 for any m € N*. Then there exists a
subsequence of {b,,}, still denoted by {b,,}, and 2% < 0 such that as m — +oco, 2" — 10 and

2p
b

p

b . 1,
ubr = in WP (R,

urr — ul, in LI(RY), (5.21)

ul"(x) - ul(x), ae.in R2.
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Since {(uﬁ’", /lﬁ’”)} is a sequence of solutions to (1.1) and (1.2), by b,, — 0 and /lz’” — Aasm — +oo,
we have
—al ) — Ul — Nl P Ul = 0,,(1). (5.22)

Similar to the proof of Theorem 1.1, we can get, as m — +oo,
Vubn(x) — Vul(x), a.ein R’. (5.23)
In view of the uniqueness of weak limit, using [30, Proposition 5.4.7] and (5.21)—(5.23), we have
—aAu — P2 ud = 202l = 0. (5.24)
Combining (5.22) with (5.24), we have
a[ Vi, = [ = el = 0,(1) and alVuplh — luld = Aluyly = 0.
Thus, we obtain
a(IVul2 = Vudl) = A0(uln 12 = 1udlD) = [ulr|2 = |udld + 0,,(1),
which together with (5.21) indicates
a(Vu" b = [Vuplh) — L(uy1h = luglh) = 0,(1). (5.25)
Since /12 < 0, by Fatou’s Lemma, we have
Vil [p = [Vipl2 = 0,,(1). (5.26)

If 2 = 0, by (5.24), u) is a weak solution to —ad,u) = [u0“?u’. By the Nehari identity and the
Pohozaev identity, we infer that ug = 0. Then, by (5.21) and (5.26), we have

0 < B, <y(c) = I, by — Ip(u®) = 0, as m — +oo,

which is a contradiction. Thus, /12 < 0 and according to (5.25), we have |uz”’|§ - |u2|§ = 0,,(1) so that
u® € S,(c). Together with (5.21) and (5.26), we conclude that u2" — 10 in W,;”(R?) as m — +co.

n

Moreover, by (5.24), {u?, 2%} c S,(c) x R™ is a sequence of solutions to the following equation
—aApu — Aul’*u = [ul"*u, x€R>
The proof is completed. O

6. Proof of Theorems 1.6 and 1.8

Proof of Theorem 1.6. (1) Since g < p + ”—2, we can check that f,(7) attains its minimum at a unique
point on (0, +o0), denoted by #,. Therefore, similar to (3.1), using G-N inequality Lemma 2.1, we obtain

i(c) = I(u) > inff,(t) = £,(t,), 6.1)

ueS(c) >0
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by setting ¢ = [Vul},. On the other hand, set

qu>=§%§Qumx

where > 0 will be determined later. Then, u, € S(c) and

3g-p)
U —

3g-p)
2

(c) 7 = folc)”). (6.2)

a b c
I(u,) = =(c)? + =—(cu)* — -
op 2p plol?

|Q =

t

Choosing u =
we deduce that

i.e., (cu)? = t,, it follows from (6.2) that i(c) < I(u,) = f,(t,). Together with (6.1),

c b

i(0) = f,(t,) = inf £,(0) (6.3)

1
and u, = u, with u = % is a minimizer of i(c).
Next, we show that .. is the unique minimizer of i(c) in the sense of translations. Indeed, if uy € S(c)
is a minimizer, then (3.1) that I(uy) > f,(#) by (3.1), with 7, = |Vuy|?, where the equality holds if and

only if ug is an optimizer of (2.1). Therefore, (6.3) implies that 7y = ¢, and f,(fy) = I(up). Thus, by
3

L3
7\’
Lemma 2.1, uy = aQ(Bx). Using |ul, = c”, [Vuol, = t, and (3.3), we obtain that & = o (%] and
1
iy
B = -+ Hence, ug = u,.
2
(2) Wheng = p + &,
2
1 cF b
fo) = ; [a - = ] t+ Etz. (6.4)
plol;
3 3
c<ar , i(c) has no minimizer as Theorem 1.1 states. If ¢ > ar , from (6.4), we know tha
Ifc <a’|Ql, i(c)h Th 1.1 states. If * 101, f (6.4) k that
ER-
(1) (t € (0, +00)) attains its minimum at the unique point 7, = %. Similar to the arguments of
q q p q P2 g
bplQl,’
3 »
part (1), we can prove that up to translations, u, = lcg—llQ(,ux) with u = % is the unique minimizer of
p
2o 2y
i(c). Moreover, we have i(c) = —% [%J ) o
bpl0l,"

Proof of Theorem 1.8. First, similar to Lemma 5.3, we can conclude from Definition 1.7 that there
exists K(c) > 0 such that, /(-) admits mountain pass geometry on S(c) when (1.12) holds. Note that
K(c) can be chosen small enough, and we assume that K(c) < Zq. Using Lemma 2.1, for any A(s) € I'(c),
we have

I(h($)) = fo(IVR(S)ID), (6.5)
where equality holds if and only if A(s) € S(c) is an optimizer of (2.1), i.e., up to translations,
c,u%
(h(s))(x) = @Q(px) for some p > 0. (6.6)
p
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Since h(0) € Ak, with K(c¢) < 1,, and note that f,(r) > 0 for any ¢ € (0, 7,], we have
IVRO)I? < 7, < [VA(D)P. 6.7)

By the continuity of IVh(s)IZ with respect to s, we deduce from (6.5) and (6.7) that

max I(h(s)) = f,(t,) = max f,(1). (6.8)
Thus,
y(c) = inf maxI(h(s)) > f,(1,). ©9)

hel'(c)s€l0,1]

1
=D

On the contrary, let u,(x) = IQI Q(,ux) with =, = 4 Set h(s) = sp u (sz’x) then we can check
that [VA(s), = 7,s and I((s)) = f,(Z,s). Choosing 0 < 7, < 7, small enough such that h(—") € Axor

and 7, > 7, such that I(h( )) £,G) < 0. Let h(s) = ((1 -9k + sf—q) Then, h(0) = _(7) € Axe
and I(h(1)) = I( (—)) = fq(tq) < 0. This implies that & € I'(c), and

v(€) < max I(h(s)) = I(uz,) = To(ty)-

Combining  with we deduce that I(u.) = v(c) = fq(iq) with

Uue(x) = ug, () = 50 (—) (—x)e S(c).

Next, we prove that u, satisfies (1.1) and (1.2) for some A € R™. In view of fq’(z_fq) = (0and |Vﬁc.|§ = Eq,
we have

~1
~

3(g-p)
3(g — =7 _ 3mp) -
(qufg;_p () 7 ' =a+bi,=a+ bVl (6.10)
p

-;,_

7 1
Moreover, note that Q(x) solves (2.2), and by u,. = oL QI ([ ) 0 (%x), it follows that u,. satisfies

3g-p)
3(g— p)cTr O N (p-3)q-p) AaP(=3)  5
_ p2|Q|q_p (t ) r Apuc — |u|? 2uc =—|1+ S lqu_p (q) P u " 2—
P p

This together with (6.10) implies that u,. is a solution of (1.1) and (1.2) with

s

(p — 3)((] _ p) C(q—p)(l—;) 34

o _(1 " p’ Q|7 (ty) .
4
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