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Abstract: In this paper, we explored the following p-Kirchhoff equation with the Lp-mass constraint−
(
a + b

∫
R3 |∇u|p dx

)
∆pu = λ |u|p−2 u + |u|q−2 u, x ∈ R3(∫

R3 |u|
p dx

) 1
p
= c > 0,

where a > 0, b > 0, 3
2 < p < 3, p < q < p∗ := 3p

3−p , ∆pu = div
(
|∇u|p−2

∇u
)
, and λ ∈ R appears as a

Lagrange multiplier. We considered Lp-mass subcritical , Lp-mass critical, and Lp-mass supercritical
cases. Making full use of the Gagliardo-Nirenberg inequality, we established the existence of the
minimizers in Lp-mass subcritical and Lp-mass critical cases and the nonexistence in the Lp-mass
critical case. For the Lp-mass supercritical case, a radially symmetric ground state was obtained using
the Nehari-Pohozaev manifold method. On the other hand, employing a σ-homotopy stable argument
of fountain theorem type, we obtained infinitely many radial normalized solutions. In addition, the
asymptotic behavior of normalized solutions as b → 0+ was also explored. Finally, we proved the
uniqueness of normalized solutions and provided precise descriptions when 3

2 < p ≤ 2.

Keywords: p-Kirchhoff equation; normalized solution; ground state; multiplicity; asymptotic
behavior

1. Introduction

In this paper, we explore the following p-Kirchhoff elliptic problem

−

(
a + b

∫
R3
|∇u|p dx

)
∆pu = λ |u|p−2 u + |u|q−2 u, x ∈ R3 (1.1)
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with the Lp-mass constraint (∫
R3
|u|p dx

) 1
p

= c > 0, (1.2)

where a > 0, b > 0, 3
2 < p < 3, p < q < p∗ := 3p

3−p , ∆pu = div
(
|∇u|p−2

∇u
)
, and λ ∈ R appears as a

Lagrange multiplier.
When a = 1 and b = 0, Eq (1.1) is reduced to the well-known p-Laplacian problem

−∆pu = λ |u|p−2 u + |u|q−2 u, x ∈ R3. (1.3)

In physics, the p-Laplacian operator ∆p can be used as models for a wide range of problems. For
example, the value 1 < p < 2 corresponds to a pseudo-plastic fluid in the fluid mechanics, while p = 2
and p > 2 correspond to Newtonian and dilatant fluids, respectively. Hence, the operator is closely
related to the motion of the fluid involving the p-Laplace. In the case p = 2, a problem comes also
from the well known Schrödinger equation

i∂tΨ + ∆Ψ + µ|Ψ|
q−2Ψ + f̃ (Ψ) = 0 in (0,∞) × RN ,

where i is the imaginary unit, f̃ : C → C satisfies f̃ (s) = f (s) for s ∈ R, g̃(eiθz) = eiθg̃(z) for z ∈ C
and θ ∈ R, and Ψ : (0,∞) × RN → C. One can verify that if Ψ(t, x) is a solution of the above equation
with the Cauchy initial function Ψ(0, x), then it preserves the L2-mass. In nonlinear optics, the mass
prescribed corresponds to the power supply. Furthermore, in Bose-Einstein condensates, it represents
the number of particles. Therefore, it is meaningful to explore problem (1.1) with the prescribed mass.

The solutions of (1.3) with the prescribed L2-mass have attracted a great deal of attention.
Wang et al. [1] studied (1.4) with the Lp-mass constraint and q satisfying L2 supercritical growth.
They proved the existence of solutions for max{ 2N

N+2 , 1} < p < N if the mass is small enough. In [2],
Zhang and Zhang studied the following p-Laplacian equation with combined nonlinearities

−∆pu = λ |u|p−2 u + µ |u|q−2 u + g(u), x ∈ RN

with the prescribed mass (1.2) in RN , where q is Lp-mass subcritical or critical and g satisfies Lp-mass
supercritical. With the aid of a natural manifold method, they obtained a ground state for suitable µ. On
the other hand, they also establish the existence of infinitely radial normalized solutions by a fountain
theorem type argument. In addition, combining genus theory and deformation arguments, they proved
the existence of infinitely many normalized solutions for the above problem. Following [2], Lou and
Zhang [3] studied the multiplicity of normalized solutions under the Lp mass constraint (1.2). Using
the Nehari-Pohozaev manifold method, they obtained a ground state for Eq (1.3). In addition, they
showed the existence of another solution of mountain-pass type and concentration of solutions. For
additional p-Laplacian problem works, we refer the reader to [4, 5].

When p = 2, Eq (1.1) is reduced to the general Kirchhoff problem

−

(
a + b

∫
R3
|∇u|2 dx

)
∆u = λu + |u|q−2 u, x ∈ R3, (1.4)

which was first proposed by Kirchhoff in [6] and is highly related to the free vibration of the motions of
moderately large amplitude and elastic strings. In other physical and biological systems, the solution

Electronic Research Archive Volume 34, Issue 8, 5660–5688.



5662

u for nonlocal problems like (1.4) describes a process that depends on its own average, such as the
population density. After a functional setting was constructed in the significant work of Lions [7],
this problem has been widely studied in the last two decades (see [8] for the p(x)-Kirchhoff problem
and [9–11]).

The solutions of (1.4) with prescribed L2-mass have attracted much attention. Using minimization
methods, Ye [12] studied the existence of constrained minimizers for the Kirchhoff equation (1.4) and
obtained the sharp existence of normalized solutions under different assumptions (see [13] for the
related Kirchhoff-Choquard problem). Following [12], Zeng and Zhang [14] proved that the
normalized solution for Eq (1.4) is unique. They make full use of the unique property of the optimizer
for the Gagliardo-Nirenberg inequality. In the L2-mass subcritical case, Ni et al. [15] show the
multiplicity and concentration of normalized solutions for (1.4). Moreover, following the work in [1],
Ren and Lan [16] studied the existence of solutions for the p-Kirchhoff equation (1.1) with the
L2-mass constraint.

Motivated by the above works, we explore Eqs (1.1) and (1.2). In the variational setting, solutions
to (1.1) and (1.2) can be considered the critical point of the following C1-functional

I(u) :=
a
p

∫
R3
|∇u|p dx +

b
2p

(∫
R3
|∇u|p dx

)2

−
1
q

∫
R3
|u|q dx (1.5)

constrained on

S (c) :=

u ∈ W1,p(R3) :
(∫
R3
|u|p dx

) 1
p

= c > 0


where

W1,p(R3) :=
{

u ∈ Lp(R3) :
∫
R3
|∇u|p dx < ∞

}
and λ appears as a Lagrange multiplier. Moreover, we define

i(c) := inf
u∈S (c)

I(u). (1.6)

Now, we give the major results obtained in the Lp subcritical and critical cases:

Theorem 1.1. (1) Let p < q < p + 2p2

3 , then
(i) when p < q < p + p2

3 , i(c) has a minimizer for any c > 0.

(ii) when q = p + p2

3 , i(c) has a minimizer if and only if c > a
3

p2 |Q|p, where | · |s denotes the norm of
Ls(R3) and Q ∈ W1,p(R3) is a ground-state solution to the following equation

−
3(q − p)

p2 ∆pu +
(
1 +

(p − 3)(q − p)
p2

)
|u|p−2 u = |u|q−2 u, x ∈ R3.

(iii) when p + p2

3 < q < p + 2p2

3 , there exists c∗ > 0 such that i(c) has a minimizer if and only if
c ≥ c∗, where

c∗ =

p |Q|q−p
p

(
ap

2p2 − 3q + 3p)

) 2p2−3q+3p
p2

(
bp

6pq − 8p2

) 3q−3p−p2

p2


p

pq−3q+3p

.

Electronic Research Archive Volume 34, Issue 8, 5660–5688.



5663

Moreover, for any p < q < p + 2p2

3 and c > 0, if i(c) has a minimizer, then Eqs (1.1) and (1.2) have
a couple of solutions (u, λ) ∈ W1,p(R3) × R such that u ∈ S (c) and λ < 0.

(2) When q = p + 2p2

3 , i(c) has no minimizer for all c > 0.

In what follows, we study Eqs (1.1) and (1.2) in the Lp-mass supercritical case. In this case, I
constrained in the mass sphere S (c) is not bounded from below, which leads to many difficulties. To
overcome the lack of compactness, we work on the radially symmetric functional space W1,p

r (R3) and
explore the following minimization problem:

m(c) := inf
u∈M(c)

I(u), (1.7)

where
M(c) := {u ∈ S r(c) : P(u) = 0}, S r(c) := {|u|p = c : u ∈ W1,p

r (R3)}

and
P(u) := a |∇u|pp + b |∇u|2p

p −
3(q − p)

pq
|u|qq = 0.

The functional P(u) can be derived from the Nehari identity, and the Pohozaev identity for Eq (1.1)
and M(c) is the so called Nehari-Pohozaev manifold, which is quite helpful to obtain the ground states
for prescribed mass problems (see [2, 17]).

Definition 1.2. (u, λ) a ground-state solution to (1.1) and (1.2), if (u, λ) is a solution to (1.1) and (1.2)
and u has the least energy among all solutions of the Lp-norm.

Theorem 1.3. Let p + 2p2

3 < q < p∗, for any c > 0, (1.1) and (1.2) has a couple of solutions (u, λ) ∈
W1,p

r (R3) × R with I(u) = m(c) and λ < 0. Moreover, u is a radial ground state of (1.1) and (1.2).

Next, we show the multiplicity of normalized solutions to (1.1) and (1.2):

Theorem 1.4. Let p + 2p2

3 < q < p∗ and c > 0. Then there exists a sequence {(un, λn)} of solutions
of (1.1) and (1.2) such that un is radially symmetric and λn < 0 for any n ∈ N+. Moreover, we have
∥un∥W1,p

r (R3) → +∞ and I(un)→ +∞ as n→ +∞.

Based on Theorem 1.4, we study the asymptotic behavior of normalized solutions to (1.1) and (1.2)
when b→ 0+. We obtain the following result:

Theorem 1.5. Let p + 2p2

3 < q < p∗, c > 0 and {(ub
n, λ

b
n)} ⊂ S r(c) × R− be the solutions obtained in

Theorem 1.4. Then, for any {bm} → 0+(m → +∞), there is a subsequence {bml} such that for each
n ∈ N+, u

bml
n → u0

n in W1,p
r (R3) and λ

bml
n → λ0

n in R as l → +∞, where {(u0
n, λ

0
n)} ⊂ S r(c) × R− is a

sequence of solutions to the following equation

−a∆pu − λ|u|p−2u = |u|q−2u, in R3. (1.8)

If 1 < p ≤ 2, up to translation, the ground state of G-N inequality (2.2) is unique (see [18]).
However, the uniqueness has not been fully obtained when p > 2. Thus, in the case 1 < p ≤ 2, we try
to find a precise description of the minimizer for i(c) when p < q ≤ p + p2

3 and an accurate solution
to (1.1) and (1.2) when p + 2p2

3 ≤ q < p∗, which is stated in the following two results.
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Theorem 1.6. We assume that 3
2 < p ≤ 2, then

(1) When p < q < p + p2

3 , i(c) has a unique minimizer (up to translations) uc =
cµ

3
p

q

|Q|p
Q(µqx), where

µq =
t

1
p

q

c with tq being the unique minimum point of the function

fq(t) =
a
p

t +
b

2p
t2 −

cq− 3(q−p)
p

p|Q|q−p
p

t
3(q−p)

p2 , t ∈ (0,+∞). (1.9)

(2) When q = p + p2

3 , if c > a
3

p2 |Q|p, then i(c) has a unique minimizer (up to translations)

uc =
cµ

3
p
q

|Q|p
Q(µqx) where µq =

t
1
p
q

c
with tq =

c
p2
3 − ap|Q|

p2
3

p

bp|Q|
p2
3

p

. (1.10)

Moreover, i(c) = − b
2p

 c
p2
3 −ap|Q|

p2
3

p

bp|Q|
p2
3

p


2

.

When q ≥ p + 2p2

3 , Theorem 1.1 tells that i(c) has no minimizer. Thus, motivated by [14], we
investigate the critical points of mountain-pass type for I(·) on S (c).

Definition 1.7. Fixing c > 0, I(·) is said to have a mountain pass geometry on S (c) if there exists
K(c) > 0 such that

γ(c) := inf
h∈Γ(c)

max
t∈[0,1]

I(h(t)) > max{I(h(0)), I(h(1))} (1.11)

where Γ(c) = {h ∈ C([0, 1]; S (c)) : h(0) ∈ AK(c), I(h(1)) < 0} and AK(c) = {u ∈ S (c) : |∇u|pp ≤ K(c)}.

Next, in the case 3
2 < p ≤ 2, under the following assumption

q > p +
2p2

3
, or q = p +

2p2

3
and c >

b |Q|
2p2

3
p

2


3

2p2−3p

, (1.12)

we investigate some properties of (1.11) by some energy estimates. Let fq(·) be defined in (1.9). It
can be verified that fq has a unique maximum point in (0,+∞) when (1.12) holds. Then, we obtain the
following result.

Theorem 1.8. When 3
2 < p ≤ 2, assume that (1.12) holds, and let tq be the unique maximum point

of fq(t) in (0,+∞). Then γ(c) = fq(tq) and it can be attained by uc =
cµ

3
p

q

|Q|p
Q(µqx), where µq =

t
1
p

q

c .
Moreover, uc is a solution of (1.1) and (1.2) with

λ = −

(
1 +

(p − 3)(q − p)
p2

)
c(q−p)(1− 3

p )

|Q|q−p
p

(tq)
3(q−p)

p2 .

Remark 1.9. We want to point out that our results generalized the previous abundant results of p = 2,
encompassing the existence, multiplicity, asymptotic behavior, and uniqueness results to the general
p-Laplacian case.
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We organize the paper in the following way: In Section 2, we present some preliminary results.
In Section 3, we study the existence of minimizers for i(c) in the Lp-subcritical and critical cases. In
Section 4, we obtain a normalized ground state in the Lp-supercritical case. In Section 5, we study the
multiplicity and asymptotic behavior in the Lp-supercritical case. In Section 6, we show the existence
and uniqueness of normalized solutions when 3

2 < p ≤ 2.

2. Preliminaries

In this section, we introduce some preliminary results.

Lemma 2.1. (Gagliardo-Nirenberg inequality of p-Laplacian type, [19]) For p ∈ ( 3
2 , 3) and any q ∈

[p, p∗), it holds that

|u|q ≤
q

p
1
|Q|q−p

p

 1
q

|∇u|
3(q−p)

qp
p |u|

1− 3(q−p)
qp

p , (2.1)

where |u|s is the norm of Lt(R3), and up to translations, Q ∈ W1,p(R3) is a ground-state solution to the
following equation [20]

−
3(q − p)

p2 ∆pu +
(
1 +

(p − 3)(q − p)
p2

)
|u|p−2 u = |u|q−2 u, x ∈ R3. (2.2)

Furthermore, when 1 < p ≤ 2, the equality holds if and only if u(x) = αQ(βx) for some α, β ∈ R\{0}.

Lemma 2.2. Let p ∈ (3
2 , 3), q ∈ (p, p∗), if (u, λ) ∈ W1,p(R3) × R is a weak solution of (1.1) and (1.2),

then the following identity

P(u) = a |∇u|pp + b |∇u|2p
p −

3(q − p)
pq

|u|qq = 0 (2.3)

holds. Moreover, it can be obtained that λ < 0.

Proof. The proof is similar to [21, Lemma 2.3] and [12, Lemma 2.6], so we omit it. □

Next, we introduce a useful elementary inequality that is important for us to overcome the
difficulties derived from the nonlinearity of the p-laplace operator.

Lemma 2.3. There exists cs > 0 such that for any x, y ∈ R3,
〈
|x|s−2 x − |y|s−2 y, x − y

〉
R3
≥ cs |x − y|s for 2 ≤ s < 3,

(|x| + |y|)2−s
〈
|x|s−2 x − |y|s−2 y, x − y

〉
R3
≥ cs |x − y|2 for 1 < s < 2,

(2.4)

where ⟨·, ·⟩R3 denotes the standard inner product in R3.

For u, v ∈ W1,p(R3), from (2.4), follows that for 2 ≤ p < 3,

cp

∫
R3
|∇u − ∇v|pdx ≤

∫
R3

(|∇u|p−2∇u − |∇v|p−2∇v)∇(u − v)dx, (2.5)
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and for 3
2 < p < 2,

c
p
2
p

∫
R3
|∇u − ∇v|pdx

≤

∫
R3

(T (u, v))
p
2 (|∇u| + |∇v|)

p(2−p)
2 dx

≤

(∫
R3

(|∇u|p−2∇u − |∇v|p−2∇v)∇(u − v)dx
) p

2
(∫
R3

(|∇u| + |∇v|)pdx
) 2−p

2

,

(2.6)

where
T (u, v) =

〈
|∇u|p−2

∇u − |∇v|p−2
∇v,∇u − ∇v

〉
R3
,

note that the integration domain in (2.5) and (2.6) can be replaced by any open domain of R3.

Lemma 2.4. ([22, Lemma 3]) Let I ∈ C1(W1,p(R3),R), if {un} ⊂ S (c) is bounded in W1,p(R3), then

(I|S (c))′(un)→ 0 in
(
W1,p(R3)

)′
as n→ ∞

⇔ I′(un) −
1
cp ⟨I

′(un), un⟩ |un|
p−2 un → 0 in

(
W1,p(R3)

)′
as n→ ∞.

3. Proof of Theorem 1.1

In this section, we explore the Lp-mass subcritical and critical cases, i.e., p < q ≤ p + 2p2

3 . We first
give some important lemmas before the proof of Theorem 1.1.

Lemma 3.1. Assume that p < q < p + 2p2

3 , then
(1) For each c > 0, −∞ < i(c) ≤ 0.
(2) If p < q < p + p2

3 , then i(c) < 0 for all c > 0.

(3) If q = p + p2

3 , then i(c) < 0 for each c > a
3

p2 |Q|p and i(c) = 0 for each 0 < c ≤ a
3

p2 |Q|p.
(4) If p + p2

3 < q < p + 2p2

3 , then i(c) < 0 for each c > c∗ and i(c) = 0 for each c ≤ c∗, where

c∗ =

p |Q|q−p
p

(
ap

2p2 − 3q + 3p)

) 2p2−3q+3p
p2

(
bp

6pq − 8p2

) 3q−3p−p2

p2


p

pq−3q+3p

.

Proof. (1) For any c > 0 and u ∈ S (c), by the G-N inequality (2.1),

I(u) ≥
a
p
|∇u|pp +

b
2p
|∇u|2p

p −
cq− 3(q−p)

p

p |Q|q−p
p
|∇u|

3(q−p)
p

p . (3.1)

Since 0 < 3(q−p)
p < 2p, I is bounded from below on S (c). Set ut(x) := t

3
p u(tx) for t > 0, then we have

ut ∈ S (c) and

i(c) ≤ I(ut) = tp a
p
|∇u|pp + t2p b

2p
|∇u|2p

p − t
3(q−p)

p
1
q
|u|qq → 0 as t → 0. (3.2)

Hence, i(c) ≤ 0 for all c > 0.
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(2) If p < q < p + p2

3 , then 0 < 3(q−p)
p < p, so (3.2) implies that i(c) < 0 for all c > 0.

(3) If q = p + p2

3 , similar to (3.1), we can deduce

I(u) ≥
a
p
|∇u|pp +

b
2p
|∇u|2p

p −
c

p2
3

p |Q|
p2
3

p

|∇u|pp

=
b

2p
|∇u|2p

p +
a
p
|∇u|pp

1 − c
p2
3

a |Q|
p2
3

p

 .
Thus, when 0 < c ≤ a

3
p2 |Q|p, we have i(c) ≥ 0. Since i(c) ≤ 0, we conclude i(c) = 0 for all

0 < c ≤ a
3

p2 |Q|p.
On the other hand, by (2.2) and the corresponding Pohozaev identity, we have

|∇Q|pp = |Q|
p
p =

p
q
|Q|qq . (3.3)

When c > a
3

p2 |Q|p, set

Qt(x) :=
c
|Q|p

t
3
p Q(tx) ∈ S (c), for t > 0. (3.4)

Combining the above equalities, we have

I(Qt) =
a
p

(ct)p +
b

2p
(ct)2p −

cqtp

p |Q|q−p
p
=

b
2p

(ct)2p +
a(ct)p

p

1 − c
p2
3

a |Q|
p2
3

p

 . (3.5)

Thus, we have I(Qt) < 0 for t sufficiently small. Since i(c) ≤ I(Qt), we conclude that i(c) < 0 when
c > a

3
p2 |Q|p.

(4) If p + p2

3 < q < p + 2p2

3 , similar to (3.5), one has

I(Qt) =
a
p

(ct)p +
b

2p
(ct)2p −

cq

p |Q|q−p
p

t
3(q−p)

p . (3.6)

Using Young’s inequality, we have

a
p

(ct)p +
b

2p
(ct)2p ≥

(
a

pp1
cptp

)p1
(

b
2pp2

c2pt2p

)p2

= tp+pp2cp+pp2

(
a

pp1

)p1
(

b
2pp2

)p2

, (3.7)

where 0 < p1, p2 < 1, p1 + p2 = 1 and the equality holds if and only if a
pp1

cptp = b
2pp2

c2pt2p. Choosing
p1 = 2 − 3(q−p)

p2 and p2 =
3(q−p)

p2 − 1, it is obvious that 0 < p1, p2 < 1 and p1 + p2 = 1 since

p + p2

3 < q < p + 2p2

3 . Then, we can derive from (3.6) and (3.7) that

I(Qt) ≥ c
3(q−p)

p t
3(q−p)

p

(
ap

2p2 − 3q + 3p)

) 2p2−3q+3p
p2

(
bp

6pq − 8p2

) 3q−3p−p2

p2

−
cq

p |Q|q−p
p

t
3(q−p)

p

=
c

3(q−p)
p t

3(q−p)
p

p |Q|q−p
p

[
(c∗)q− 3(q−p)

p − cq− 3(q−p)
p

]
.
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If c > c∗, choose tp
0 =

2p2a
cp p1b such that a

pp1
cptp = b

2pp2
c2pt2p. Then

i(c) ≤ I(Qt) =
c

3(q−p)
p t

3(q−p)
p

p |Q|q−p
p

[
(c∗)q− 3(q−p)

p − cq− 3(q−p)
p

]
< 0.

If 0 < c ≤ c∗, then for any u ∈ S (c), we can conclude from Lemma 2.1 and (3.7) that

I(u) ≥
a
p
|∇u|pp +

b
2p
|∇u|2p

p −
cq− 3(q−p)

p

p |Q|q−p
p
|∇u|

3(q−p)
p

p ≥
1

p |Q|q−p
p
|∇u|

3(q−p)
p

p

[
(c∗)q− 3(q−p)

p − cq− 3(q−p)
p

]
≥ 0.

Therefore, i(c) ≥ 0 when 0 < c ≤ c∗, combined with i(c) ≤ 0, we conclude that i(c) = 0. □

Lemma 3.2. If q = p+ 2p2

3 , then i(c) = −∞ when c >

 b|Q|
2p2

3
p

2


3

2p2−3p

and i(c) = 0 when c ≤

 b|Q|
2p2

3
p

2


3

2p2−3p

Proof. Suppose c >

 b|Q|
2p2

3
p

2


3

2p2−3p

, similar to (3.5), we have

I(Qt) =
a
p

(ct)p +
b

2p
(ct)2p −

cqtp

p |Q|q−p
p
=

a
p

(ct)p +
b

2p
(ct)2p

1 − 2c
2p2−3p

3

b |Q|
2p2

3
p

 ,
Thus I(Qt)→ −∞ as t → ∞, which implies i(c) = −∞.

On the other hand, when c ≤

 b|Q|
2p2

3
p

2


3

2p2−3p

, for any u ∈ S (c), we have

I(u) ≥
a
p
|∇u|pp +

b
2p
|∇u|2p

p −
cq− 3(q−p)

p

p |Q|q−p
p
|∇u|

3(q−p)
p

p =
a
p
|∇u|pp +

b
2p
|∇u|2p

p

1 − 2c
2p2−3p

3

b |Q|
2p2

3
p

 ≥ 0,

which implies that i(c) ≥ 0. Since (3.2) still holds when q = p + 2p2

3 , we have i(c) ≤ 0 for any c > 0.
Thus, we conclude that i(c) = 0. □

Lemma 3.3. For each p < q < p + 2p2

3 , i(c) is continuous with respect to c on (0,+∞).

Proof. The result follows from Lemma 3.1(1) and [21, Lemma 3.3] immediately. □

Lemma 3.4. For each p < q < p + 2p2

3 , if c satisfies the following condition:
c > 0, when p < q < p + p2

3 ,

c > a
3

p2 |Q|p , when q = p + p2

3 ,

c > c∗, when p + p2

3 < q < p + 2p2

3 .

(3.8)

where

c∗ =

p |Q|q−p
p

(
ap

2p2 − 3q + 3p)

) 2p2−3q+3p
p2

(
bp

6pq − 8p2

) 3q−3p−p2

p2


p

pq−3q+3p

.
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Then for any 0 < α < c,
i(c) < i(α) + i( p√cp − αp).

Proof. We first claim that
i(θc) < θpi(c), for any θ > 1. (3.9)

By Lemma 3.1, we have i(c) < 0 when c satisfies (3.8). Next, let {un} ⊂ S (c) be a minimizing sequence
for i(c) and set uθn = u(θ−

p
3 x) for θ > 1, then we have uθn ∈ S (θc) and

I(uθn) = θpI(un) +
(
θp− p2

3 − θp
) a

p
|∇un|

p
p +

(
θ2p− 2p2

3 − θp
) b

2p
|∇un|

2p
p ≤ θ

pI(un).

Let n→ ∞, we have i(θc) ≤ θpi(c), with equality if and only if |∇un|
p
p → 0 as n→ ∞. By (2.1), we have

|un|
q
q → 0 when |∇un|

p
p → 0 as n→ ∞. Then we obtain I(un)→ 0 as n→ ∞, which contradicts i(c) < 0.

Thus, we have i(θc) < θpi(c). For any 0 < α < c, apply (3.9) with θ = c
α
> 1 and θ = c

p√cp−αp > 1
respectively, we get

i(c) =
αp

cp i
( c
α
α
)
+

cp − αp

cp i
(

c
p√cp − αp

p√cp − αp

)
< i(α) + i( p√cp − αp).

□

Lemma 3.5. For each p < q < p + 2p2

3 and any c > 0, let {wn} ⊂ S (c) be a minimizing sequence for
i(c), then i(c) possesses another minimizing sequence {vn} ⊂ S (c) such that

∥vn − wn∥W1,p(R3) → 0, (I|S (c))′(vn)→ 0 as n→ ∞.

Proof. When p < q < p+ 2p2

3 , by Lemma 3.1 (1), we know that I is bounded from below on S (c). Using
Ekeland’s variational principle ([23, Theorem 2.4]), we can get a Palais-Smale sequence {vn} ⊂ S (c)
for I|S (c) such that ∥vn − wn∥W1,p(R3) → 0, which is also a minimizing sequence for i(c). □

Proof of Theorem 1.1. In what follows, we divide the proof of Theorem 1.1 into four parts.
First, we study the case p < q < p + p2

3 :
(1) For p < q < p + p2

3 , by Lemma 3.1, we have i(c) < 0 for any c > 0. Let {wn} ⊂ S (c) be a
minimizing sequence for i(c). Then using Lemma 3.5, there exists a minimizing sequence {vn} ⊂ S (c)
for i(c) such that

(I|S (c))′(vn)→ 0 as n→ ∞. (3.10)

Since i(c) < 0, it can be verified that {vn} is bounded in W1,p(R3). In fact, for n sufficiently large, by
Lemma 2.1, we have

0 ≥ I(vn) ≥
a
p
|∇vn|

p
p +

b
2p
|∇vn|

2p
p −

cq− 3(q−p)
p

p |Q|q−p
p
|∇vn|

3(q−p)
p

p ≥
a
p
|∇vn|

p
p −

cq− 3(q−p)
p

p |Q|q−p
p
|∇vn|

3(q−p)
p

p ,

which indicates {|∇vn|p} is bounded since 3(q−p)
p < p when p < q < p + p2

3 . Next, set

σ := lim inf
n→+∞

sup
y∈R3

∫
B1(y)
|vn|

pdx.
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If σ = 0, then by the vanishing lemma (see [23, Lemma 1.21]), un → 0 in Ls(R3) for any p < s < p∗.
Hence, 0 ≤ lim

n→+∞

(
a
p |∇vn|

p
p +

b
2p |∇vn|

2p
p

)
= i(c) < 0, which is impossible. Therefore, we must have

σ > 0 so that there exists a sequence {yn} ⊂ R
3 such that∫

B1(yn)
|vn|

pdx > 0.

Set un(·) := vn(· + yn), it is obvious that {un} is still a bounded Palais-Smale sequence for I|S (c) on the
level i(c). Thus, we assume that for some u ∈ W1,p(R3),

un ⇀ u , 0, in W1,p(R3),
un → u, in Ls

loc(R
3), s ∈ [p, p∗),

un(x)→ u(x), a.e. in R3.

(3.11)

Hence, α := |u|p ∈ (0, c].
Next, we will show that u ∈ S (c) and suppose to the contrary that α ∈ (0, c). At first, we verify that,

up to subsequence, ∇un(x) → ∇u(x) a.e. x ∈ R3. The idea follows from [24] and [25]. By (3.10) and
Lemma 2.4, one has

I′(un) − λn |un|
p−2 un → 0 in

(
W1,p(R3)

)′
, as n→ ∞. (3.12)

where λn =
1
cp ⟨I′(un), un⟩. Since {un} is bounded in W1,p(R3), we suppose that, up to subsequence,

lim
n→+∞
|∇un|

p
p = A ≥ 0 and lim

n→+∞
λn = λ. (3.13)

Combining with (3.12), we have

J(un) := −(a + bA)∆pun − |un|
q−2un − λ |un|

p−2 un → 0 (3.14)

in (W1,p(R3))′ as n→ ∞. Moreover, there is

J(u) = −(a + bA)∆pu − |u|q−2u − λ |u|p−2 u ∈
(
W1,p(R3)

)′
. (3.15)

Let η ∈ C∞0 (R3, [0, 1]) satisfy η|BR = 1 and supp η ⊂ B2R where BR denote the usual ball in R3.
From (3.14) and (3.15) and (un − u)η ⇀ 0 in W1,p(R3), we derive that

(J(un) − J(u))[(un − u)η]→ 0 as n→ ∞. (3.16)

Combining the Hölder inequality and (3.11), we conclude that∫
R3

(|un|
s−2un − |u|s−2u)(un − u)ηdx = on(1) for any p ≤ s < p∗ (3.17)

and ∫
R3

(|∇un|
p−2∇un − |∇u|p−2∇u)∇η(un − u)dx = on(1). (3.18)
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Combining (3.16)–(3.18), we derive that∫
R3

(|∇un|
p−2∇un − |∇u|p−2∇u)∇(un − u)ηdx = on(1).

Now, employing (2.5) and (2.6), we have

lim
n→∞

∫
B2R

|∇un − ∇u|pdx = 0.

Since B2R is arbitrary, we conclude that

∇un(x)→ ∇u(x) a.e. x ∈ R3.

Then, using Brézis-Lieb Lemma (see [23, Lemma 1.32]), we have

|∇un|
p
p = |∇un − ∇u|pp + |∇u|pp + on(1), |un|

p
p = |un − u|pp + |u|

p
p + on(1). (3.19)

By the above equality, it can be obtained that

i(c) = lim
n→+∞

I(un) ≥ I(u) + lim
n→+∞

I(un − u) ≥ i(α) + i( p√cp − αp),

which contradicts Lemma 3.4. Thus, |u|p = c and un → u in Lp(R3) which together with (2.1) implies
that un → u in Lq(R3). Then, we have

i(c) ≤ I(u) ≤ lim
n→+∞

I(un) = i(c).

Thus, u ∈ S (c) is a minimizer of i(c), and then, u is a critical point of I|S (c). By Lemma 2.2, there exists
λ < 0 such that (u, λ) is a couple solution to (1.1) and (1.2).

Second, we study the case q = p + p2

3 :

(2) For q = p + p2

3 , when c > a
3

p2 |Q|p, we have i(c) < 0. Similar to the case of p < q < p + p2

3 , we
can get a minimizer for i(c) and thus get a couple solution (u, λ) to (1.1) and (1.2).

On the other hand, when 0 < c ≤ a
3

p2 |Q|p, we suppose that there exists a minimizer u ∈ S (c) such
that I(u) = i(c) = 0. Then

a
p
|∇u|pp +

b
2p
|∇u|2p

p =
1
q
|u|qq ≤

c
p2
3

p |Q|
p2
3

p

|∇u|pp ≤
a
p
|∇u|pp ,

which deduces that |∇u|2p
p = 0. Hence, u = 0, which is impossible.

Subsequently, we study the case p + p2

3 < q < p + 2p2

3 :
(3) When c > c∗, we have i(c) < 0. Similar to the case of p < q < p + p2

3 , we can get a minimizer
for i(c) and thus get a couple solution (u, λ) to (1.1) and (1.2).

When c < c∗, we suppose that there exists u ∈ S (c) such that I(u) = i(c) = 0. Similar to the proof
of Lemma 3.4, choose θ = c∗

c > 1 and set uθ = u(θ−
p
3 x). Then uθ ∈ S (θc) and

i(c∗) ≤ I(uθ) < θpI(u) = 0,
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which contradicts that i(c∗) = 0.
When c = c∗, set cn = c∗ + 1

n . There exists {vn} ⊂ S (c) such that

I(vn) = i(cn) < 0. (3.20)

By the G-N inequality (2.1), we can show that {vn} is bounded in W1,p(R3). Furthermore, using
Lemma 3.3, we see that

I(vn)→ i(c∗) = 0.

If |vn|
q
q → 0, then a

p |∇vn|
p
p +

b
2p |∇vn|

2p
p → 0. Hence, |∇vn|

p
p → 0, by the G-N inequality (2.1), we see

that I(vn) → 0 as n → ∞, which contradicts (3.20). Thus, similar to part (1), there exist {yn} ⊂ R
3 and

u ∈ W1,p(R3) such that 
un ⇀ u , 0, in W1,p(R3),
un → u, in Ls

loc(R
3), s ∈ [p, p∗),

un(x)→ u(x), a.e. in R3.

where un(·) := vn(· + yn).
We claim u ∈ S (c∗) and suppose to the contrary that |u|p = α ∈ (0, c∗). For each n, note that

I(un) = I(vn) = i(cn) < 0. Therefore, un is also a minimizer for i(cn) and {un} is bounded in W1,p(R3).
By [23, Proposition 5.12], there exists {λn} ⊂ R

3 such that

I′(un) − λn |un|
p−2 un = 0 in

(
W1,p(R3)

)′
.

Thus, {λn} is bounded in R since {un} is bounded in W1,p(R3). Similar to (3.13), we suppose that, up
to subsequence,

lim
n→+∞
|∇un|

p
p = A ≥ 0 and lim

n→+∞
λn = λ.

Arguing as in part (1), we can show that ∇un(x) → ∇u(x) a.e. x ∈ R3. Then, by the Brézis-Lieb
Lemma, we have

|∇un|
p
p = |∇un − ∇u|pp + |∇u|pp + on(1), |un|

p
p = |un − u|pp + |u|

p
p + on(1)

and
0 = lim

n→+∞
I(un) ≥ I(u) + lim

n→+∞
I(un − u).

By Lemma 3.1, we know that i(α) = i( p√(c∗)p − αp) = 0. Since lim
n→∞
|un−u|pp = (c∗)p−αp, we can derive

from above analysis that
lim
n→∞

I(un − u) ≥ i( p
√

(c∗)p − αp) = 0,

which implies 0 = I(un) ≥ I(u) + I(un − u) ≥ I(u) ≥ i(α) = 0. Hence, u is a minimizer of i(α), but, as
stated in Lemma 3.1, there is no minimizer for α ∈ (0, c∗) . Thus, we have u ∈ S (c∗) and un → u in
Lp(R3). Moreover, by (2.1), un → u in Lq(R3). Thus, we have

0 = lim
n→∞

I(un) ≥ I(u) ≥ i(c∗) = 0

which means that u is a minimizer for i(c∗). Employing the Lagrange multiplier ([26, Corollary 4.1.2]),
there exists a λ < 0 such that (u, λ) is a couple solution to (1.1) and (1.2).
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Finally, we study the case q = p + 2p2

3 :

(4) When c >

 b|Q|
2p2

3
p

2


3

2p2−3p

, by Lemma 3.2, we have i(c) = −∞ so that i(c) has no minimizer. On the

other hand, when c ≤

b|Q|
2p2

3
p

2


3

2p2−3p

, we suppose that there exists a u ∈ S (c) such that I(u) = i(c) = 0.

Then
a
p
|∇u|pp +

b
2p
|∇u|2p

p =
1
q
|u|qq ≤

cq− 3(q−p)
p

p |Q|q−p
p
|∇u|

3(q−p)
p

p ≤
b

2p
|∇u|2p

p .

Thus, we have |∇u|pp = 0, which is impossible. □

4. Proof of Theorem 1.3

In what follows, we consider the minimization problem (1.7) in the case p+ 2p2

3 < q < p∗ and prove
Theorem 1.3. Moreover, we work in the radially symmetric functional space W1,p

r (RN).

Lemma 4.1. Let p + 2p2

3 < q < p∗, then I is not bounded from below on S r(c) for any c > 0.

Proof. For any c > 0 and any u ∈ S r(c), set ut(x) := t
3
p u(tx), t > 0, then ut ∈ S (c) and

I(ut) = tp a
p
|∇u|pp + t2p b

2p
|∇u|2p

p − t
3(q−p)

p
1
q
|u|qq .

Since p + 2p2

3 < q < p∗, we know that 3(q−p)
p > 2p and I(ut)→ −∞ as t → +∞. □

Lemma 4.2. Let p + 2p2

3 < q < p∗, then I is bounded from below and coercive on M(c) for any c > 0.
Moreover, there exists a constant C0 > 0 such that I(u) ≥ C0 for all u ∈ M(c).

Proof. Since P(u) = 0 for all u ∈ M(c), we have

I(u) = I(u) −
p

3(q − p)
P(u) = a

(
1
p
−

p
3(q − p)

)
|∇u|pp + b

(
1

2p
−

p
3(q − p)

)
|∇u|2p

p . (4.1)

Note that 1
2p −

p
3(q−p) >

1
p −

p
3(q−p) > 0 when p + 2p2

3 < q, we obtain that I is coercive on M(c).
On the other hand, using the G-N inequality (2.1) and P(u) = 0,

b |∇u|2p
p ≤ a |∇u|pp + b |∇u|2p

p =
3(q − p)

pq
|u|qq ≤

3(q − p)
p

cq− 3(q−p)
p

p |Q|q−p
p
|∇u|

3(q−p)
p

p .

Since 2p < 3(q−p)
p , we infer that |∇u|p has a positive lower bound. Hence, for some constant C0 > 0,

I(u) ≥ C0 holds for all u ∈ M(c) by (4.1). □

As a result of Lemma 4.2, there is m(c) ≥ C0 > 0.
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Lemma 4.3. Let p+ 2p2

3 < q < p∗ and c > 0, for any u ∈ S r(c) and ut(x) := t
3
p u(tx) (t > 0), there exists

a unique t0 > 0 such that I(ut0) = max
t>0

I(ut) and ut0 ∈ M(c). In particular, we have

t0 < 1⇔ P(u) < 0 and t0 = 1⇔ P(u) = 0.

Proof. Fixing u ∈ S r(c), we define

h(t) := I(ut) = tp a
p
|∇u|pp + t2p b

2p
|∇u|2p

p − t
3(q−p)

p
1
q
|u|qq , ∀t > 0.

Then, we obtain

h′(t) =
tpa |∇u|pp + t2pb |∇u|2p

p − t
3(q−p)

p 3(q−p)
qp |u|

q
q

t
=

P(ut)
t

.

Since 3(q−p)
p > 2p > p, h′(t) > 0 when t > 0 sufficiently small and lim

t→+∞
h′(t) = −∞. Similar to [27],

we infer that h(t) has a unique maximum at some point t0 > 0. Therefore, h′(t0) =
P(ut0 )

t0
= 0, which

implies that ut0 ∈ M(c).
Next, we claim that P(u) < 0 ⇒ t0 < 1. Suppose that t0 ≥ 1, by using h′(t0) = 0 and P(u) < 0, we

obtain the following contradiction

0 =
tp
0 a |∇u|pp + t2p

0 b |∇u|2p
p − t

3(q−p)
p

0
3(q−p)

qp |u|
q
q

t
3(q−p)

p

0

≤ a |∇u|pp + b |∇u|2p
p −

3(q − p)
qp

|u|qq < 0,

Thus, t0 < 1. If P(u) = 0, then

tp
0 a |∇u|pp + t2p

0 b |∇u|2p
p − t

3(q−p)
p

0
3(q−p)

qp |u|
q
q

t
3(q−p)

p

0

= 0 = a |∇u|pp + b |∇u|2p
p −

3(q − p)
qp

|u|qq ,

which implies that neither t0 > 1 nor t0 < 1 could occur since |∇u|p , 0. Thus, P(u) = 0 ⇒ t0 = 1.
Finally, we show that t0 < 1⇒ P(u) < 0 and t0 = 1⇒ P(u) = 0. If t0 < 1, then

0 =
tp
0 a |∇u|pp + t2p

0 b |∇u|2p
p − t

3(q−p)
p

0
3(q−p)

qp |u|
q
q

t
3(q−p)

p

0

> a |∇u|pp + b |∇u|2p
p −

3(q − p)
qp

|u|qq = P(u).

Obviously, t0 = 1 implies P(u) = P(ut0) = 0 from the above analysis. □

Lemma 4.4. Let c > 0 and p+ 2p2

3 < q < p∗. Then M(c) is a C1-manifold, and each minimizer of I|M(c)

is a critical point of I|S r(c).

Proof. Set Q(u) := |u|pp − cp. Thus, P and Q are of C1 class. We suppose by contradiction that P′(u)
and Q′(u) are linearly dependent for some u ∈ M(c), i.e., there exists a constant l ∈ R, such that for any
ψ ∈ W1,p

r (R3), we have P′(u)ψ = lQ′(u)ψ that is

−(a + 2b|∇u|pp)∆pu −
3(q − p)

p2 |u|q−2u = l|u|p−2u. (4.2)
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By the Nehari identity of (4.2)

(a + 2b|∇u|pp)|∇u|pp −
3(q − p)

p2 |u|qq = l|u|pp

and the Pohozaev identity of (4.2)

(p − 3)(a + 2b|∇u|pp)
p

|∇u|pp +
9(q − p)

qp2 |u|qq = −
3
p

l|u|pp,

we obtain

p2
(
a|∇u|pp + 2b|∇u|2p

p

)
=

9(q − p)2

pq
|u|qq,

combining with P(u) = 0, there is(
3(q − p)

p2 − 1
)

a|∇u|pp +
(
3(q − p)

p2 − 2
)

b|∇u|2p
p = 0.

Since 3(q−p)
p2 − 2 > 0, we conclude that |∇u|pp = 0, which is impossible.

Next, if u is a minimizer of I|M(c), then P(u) = 0. By the Lagrange multiplier rule, there exist two
Lagrange multipliers λ and µ such that

I′(u) − λ|u|p−2u − µP′(u) = 0 in
(
W1,p

r (R3)
)′
. (4.3)

Similarly, by the Nehari identity and the Pohozaev identity of (4.3),

a|∇u|pp + b|∇u|2p
p −

3(q − p)
qp

|u|qq − µ
[
ap|∇u|pp + 2bp|∇u|2p

p −
3(q − p)2

qp2 |u|qq

]
= 0.

Recalling that P(u) = a |∇u|pp + b |∇u|2p
p −

3(q−p)
pq |u|

q
q = 0, we have

µ

[
ap|∇u|pp + 2bp|∇u|2p

p −
3(q − p)2

qp2 |u|qq

]
= 0.

Using P(u) = 0 again, we obtain

µ

[(
p −

3(q − p)
p

)
a|∇u|pp +

(
2p −

3(q − p)
p

)
b|∇u|2p

p

]
= 0.

Since p − 3(q−p)
p < 2p − 3(q−p)

p < 0, we conclude that µ = 0. □

Lemma 4.5. Let p + 2p2

3 < q < p∗, the function c 7→ m(c) is strictly decreasing for c > 0.

Proof. For any 0 < c1 < c2, by γ(c1) > 0 and Lemma 4.3, there exists {un} ⊂ M(c1) such that

I(un) = max
t>0

I((un)t) ≤ m(c1) +
1
n
.

By (2.1), (4.1), and Lemma 4.2, there exists ki > 0 (i = 1, 2, 3, 4) independent of n such that

k1 ≤ |un|
q
q ≤ k2 and k3 ≤ |∇un|

p
p ≤ k4. (4.4)
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Set vn :=
(

c2
c1

)1− 3
p un

(
c1
c2

x
)
, then vn ∈ S r(c2) and

|∇vn|
p
p = |∇un|

p
p, |vn|

q
q =

(
c2

c1

) q(p−3)
p +3

|un|
q
q. (4.5)

Moreover, by Lemma 4.3, there exists tn > 0 such that (vn)tn ∈ M(c2) and I((vn)tn) = max
t>0

I((vn)t). Since

{(vn)tn} ⊂ M(c2), by Lemma 4.2, {|∇(vn)tn |
p
p} has a positive lower bound independent of n. Combining

with |∇vn|
p
p = |∇un|

p
p, (4.4) and tp

n =
|∇(vn)tn |

p
p

|∇vn |
p
p

, we conclude that for some constant C1 > 0,

tn ≥ C1 (4.6)

for any n. Hence, by q < p∗ = 3p
3−p and (4.4)-(4.6), we have

m(c2) ≤ I((vn)tn) = I((un)tn)−

(c2

c1

) q(p−3)
p +3

− 1

 t
3(q−p)

p
n

q
|un|

q
q ≤ m(c1)+

1
n
−

(c2

c1

) q(p−3)
p +3

− 1

 C
3(q−p)

p

1

q
k1. (4.7)

Then, m(c2) < m(c1) as n→ +∞. □

Proof of Theorem 1.3. For c > 0, let {vn} ⊂ M(c) be a minimizing sequence for m(c). If |vn|
q
q → 0, then

by P(vn) = 0, we deduce that |∇vn|
p
p → 0, which contradicts with Lemma 4.2. Thus, arguing as in the

proof of Theorem 1.1, there exists {yn} ⊂ R
3 such that∫
B1(yn)
|vn|

pdx > 0.

Set un(·) := vn(· + yn), then {un} ⊂ M(c) is still a minimizing sequence for m(c). By (4.1), {un} is
bounded in W1,p

r (R3). Hence, up to subsequence, there exists u ∈ W1,p
r (R3) such that

un ⇀ u , 0, in W1,p
r (R3),

un → u, in Ls(R3), s ∈ (p, p∗),
un(x)→ u(x), a.e. in R3.

(4.8)

Then, α := |u|p ∈ (0, c]. Next, we show that u is a minimizer of I|M(c) for m(c). By (4.8) and un ∈ M(c),
we obtain that P(u) ≤ lim

n→+∞
P(un) = 0. Hence, by Lemma 4.3, there exists t0 ∈ (0, 1] such that

ut0 ∈ M(c). Thus, we have

m(α) ≤ I(ut0) = I(ut0) −
p

3(q − p)
P(ut0)

= tp
0 a

(
1
p
−

p
3(q − p)

)
|∇u|pp + t2p

0 b
(

1
2p
−

p
3(q − p)

)
|∇u|2p

p

≤ a
(

1
p
−

p
3(q − p)

)
|∇u|pp + b

(
1

2p
−

p
3(q − p)

)
|∇u|2p

p

≤ lim inf
n→+∞

[
a
(

1
p
−

p
3(q − p)

)
|∇un|

p
p + b

(
1

2p
−

p
3(q − p)

)
|∇un|

2p
p

]
≤ lim inf

n→+∞

(
I(un) −

p
3(q − p)

P(un)
)
= m(c) ≤ m(α),
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which means m(α) = m(c) and t0 = 1. By Lemma 4.5 and α ∈ (0, c], it must have α = c. Thus, u ∈ M(c)
and I(u) = m(c), i.e., I|M(c) attains its minimum at u. By Lemmas 4.4 and 2.2, we conclude that there
exists λ < 0 such that (u, λ) ∈ W1,p

r (R3) × R is a couple of solution to (1.1) and (1.2). Moreover, if
(v, µ) ∈ W1,p

r (R3) × R is also a couple solution for c. Then, by Lemma 2.2, we have P(v) = 0 such
that v ∈ M(c). Since I(u) = m(c) ≤ I(v), we see that u is a radial symmetric ground state of (1.1)
and (1.2). □

5. Proof of Theorems 1.4 and 1.5

In what follows, we study the multiplicity and asymptotic behavior of normalized solutions to (1.1)
and (1.2) in the Lp-mass supercritical case. We give some lemmas that are important for our proof of
Theorem 1.4. We follow some ideas of [2].

Set {e′n}
∞
n=1 be a Schauder basis of W1,p(R3) [28]. Let

en =

∫
O(N)

e′n(g(x))dµg,

where O(N) is the orthogonal group on R3 and dµg denotes the Haar measure on O(N). Then, if
necessary, we select one of the identical elements, and we see that {en}

∞
n=1 is a Schauder basis of

W1,p
r (R3). Suppose that |en| = 1 for any n ≥ 1. ∀n ∈ N+, we set

Vn := span{e1, ..., en}, V⊥n := span{ei : i ≥ n + 1}.

Obviously, W1,p
r (R3) = Vn ⊕ V⊥n for any n ∈ N+.

Lemma 5.1. ([2, Lemma 6.1]) Let p + 2p2

3 < q < p∗ and c > 0, then there holds

µn := inf
u∈V⊥n ∩S r(c)

|∇u|pp
|u|pq

→ +∞, as n→ +∞.

For n ∈ N+, we define

ρn :=

a(µn)
q
p

L


1

q−p

,

where

L := max
x>0

(xp + 1)
q
p

xq + 1
.

Let Bn := {u ∈ V⊥n ∩ S r(c) : |∇u|p = ρn}. We have

Lemma 5.2.
βn := inf

u∈Bn
I(u)→ +∞, as n→ +∞.

Proof. ∀u ∈ Bn, by Lemma 5.1,

|u|pq ≤ µ
−1
n |∇u|pp ≤ µ

−1
n (|∇u|pp + 1).
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Then

I(u) =
a
p
|∇u|pp +

b
2p
|∇u|2p

p −
1
q
|u|qq ≥

a
p
|∇u|pp −

1

q(µn)
q
p

(
|∇u|pp + 1

) q
p

≥
a
p
|∇u|pp −

L

q(µn)
q
p

(
|∇u|qp + 1

)
=

a
p

(ρn)p −
L

q(µn)
q
p
(ρn)q −

L

q(µn)
q
p

=

(
1
p
−

1
q

)
a(ρn)p −

L

q(µn)
q
p
.

Thus, βn ≥
(

1
p −

1
q

)
a(ρn)p − L

q(µn)
q
p
. By Lemma 5.1 and the definition of ρn, we obtain βn → +∞ as

n→ +∞. □

Lemma 5.3. There exists 0 < ρ′0 < ρ0 such that

sup
u∈S r(c),|∇u|p≤ρ′0

I(u) < β0 := inf
u∈S r(c),|∇u|p=ρ0

I(u).

Moreover, β0 > 0.

Proof. Since u ∈ S r(c), using (2.1), we have

a
p
|∇u|pp +

b
2p
|∇u|2p

p −
cq− 3(q−p)

p

p |Q|q−p
p
|∇u|

3(q−p)
p

p ≤ I(u) ≤
a
p
|∇u|pp +

b
2p
|∇u|2p

p .

Note that 3(q−p)
p > 2p, and we know that β0 > 0 for some ρ0 > 0 small enough. Moreover, we can

choose 0 < ρ′0 < ρ0 sufficiently small such that

sup
u∈S r(c),|∇u|p≤ρ′0

I(u) <
β0

2
< β0.

□

In view of Lemma 5.2, we assume that βn > β0 for any n ∈ N+. Next, we begin to set up our
min-max procedure. First, define

k : W1,p
r (R3) × R→ W1,p

r (R3) : (u, θ)→ k(u, θ) := e
3
p θu(eθx). (5.1)

Then for any u ∈ S r(c), we have k(u, θ) ∈ S r(c),

|∇k(u, θ)|pp = epθ|∇u|pp, |k(u, θ)|qq = e
3(q−p)

p θ
|u|qq, (5.2)

and

I(k(u, θ)) = epθ a
p
|∇u|pp + e2pθ b

2p
|∇u|2p

p − e
3(q−p)

p θ 1
q
|u|qq. (5.3)
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Note that 3(q−p)
p > 2p, we conclude from (5.1)–(5.3) that|∇k(u, θ)|pp → 0, I(k(u, θ))→ 0, θ → −∞,

|∇k(u, θ)|pp → +∞, I(k(u, θ))→ −∞, θ → +∞.

Since Vn is finite dimensional, it follows that for each n ∈ N+, there exists θn > 0 such that

gn ∈ C([0, 1] × (S r(c) ∩ Vn), S r(c)) : gn(t, u) = k(u, (2t − 1)θn) (5.4)

satisfies |∇gn(0, u)|pp < (ρ′0)p < (ρn)p, |∇gn(1, u)|pp > (ρn)p,

I(gn(0, u)) < max{β0, βn}, I(gn(1, u)) < βn,
(5.5)

for all u ∈ S r(c) ∩ Vn. Now we define

Γn :={g ∈ C([0, 1] × (S r(c) ∩ Vn), S r(c)) : g(t,−u) = −g(t, u),
g(0, u) = gn(0, u), g(1, u) = gn(1, u),∀u ∈ (S r(c) ∩ Vn)}.

(5.6)

Thus, gn ∈ Γn. We introduce the following crucial property:

Lemma 5.4. ([29, Lemma 2.3]) There exists (t, u) ∈ [0, 1]× (S r(c)∩Vn) such that g(t, u) ∈ Bn for each
g ∈ Γn.

Following Lemma 5.4, we have the following property of the min-max value γn(c).

Lemma 5.5. For each n ∈ N+,

γn(c) := inf
g∈Γn

max
(t,u)∈[0,1]×(S r(c)∩Vn)

I(g(t, u)) ≥ βn.

For any g ∈ Γn and u ∈ S r(c) ∩ Vn, we can derive from (5.5) that

|∇g(0, u)|p = |∇gn(0, u)|p < ρ′0 < ρn and |∇g(1, u)|p = |∇gn(1, u)|p > ρn > ρ0.

Since |∇g(t, u)|p is continuous with respect to t, there holds that |∇g(t, u)|p = ρ0 for some t ∈ (0, 1).
Then max

(t,u)∈[0,1]×(S r(c)∩Vn)
I(g(t, u)) ≥ β0. Since g ∈ Γn is arbitrary, we deduce that

γn(c) ≥ β0 > 0. (5.7)

Fixing n ∈ N+, we will adopt the method proposed by Jeanjean[17]. First, we define the following
auxiliary functional

Ĩ : S r(c) × R→ R, (u, θ)→ I(k(u, θ)),

where k(u, θ) is given in (5.1). Set

Γ̃n :={g̃ ∈ C([0, 1] × (S r(c) ∩ Vn), S r(c) × R) : g̃(t,−u) = −g̃(t, u),
k(g̃(0, u)) = gn(0, u), k(g̃(1, u)) = gn(1, u), ∀u ∈ (S r(c) ∩ Vn)},

(5.8)

and
γ̃n(c) := inf

g̃∈Γ̃n

max
(t,u)∈[0,1]×(S r(c)∩Vn)

Ĩ(g̃(t, u)),

we have
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Lemma 5.6.
γ̃n(c) = γn(c).

Proof. Since the maps
φ : Γn → Γ̃n, g→ φ(g) := (g, 0)

and
ψ : Γ̃n → Γn, g̃→ ψ(g̃) := k ◦ g̃

satisfy
Ĩ(φ(g)) = I(g) and I(ψ(g̃)) = Ĩ(g̃),

we can show the desired result. □

Therefore, it follows from (5.7), Lemma 5.5, and Lemma 5.6 that

γ̃n(c) = γn(c) ≥ max{βn, β0}

> max
{

max
(t,u)∈[0,1]×(S r(c)∩Vn)

I(gn(0, u)), max
(t,u)∈[0,1]×(S r(c)∩Vn)

I(gn(1, u))
}
.

Lemma 5.7. There exists a Palais-Smale sequence {uk} ⊂ S r(c) for I|S r(c) at level γn(c) such that

P(uk)→ 0, as k → +∞.

Proof. Our proof follows the proof of [2, Lemma 6.8]. □

Lemma 5.8. Let {uk} ⊂ S r(c) be the Palais-Smale sequence obtained in Lemma 5.7. Then there exist
u ∈ W1,p

r (R3) and {λk} ⊂ R such that up to a subsequence, as k → +∞
(i) uk ⇀ u , 0 in W1,p

r (R3);
(ii) λk → λ < 0 in R;
(iii) |∇uk|p → |∇u|p;
(iv) −(a + b|∇uk|

p
p)∆puk − |uk|

q−2uk − λk |uk|
p−2 uk → 0 in

(
W1,p

r (R3)
)′

;

(v) −(a + b|∇u|pp)∆pu − |u|q−2u − λ |u|p−2 u = 0 in
(
W1,p

r (R3)
)′

;
(vi) uk → u in W1,p

r (R3).

Proof. Since I(uk)→ γn(c) and P(uk)→ 0 as k → +∞, we have

γn(c) = I(uk) + o(1) = I(uk) −
p

3(q − p)
P(uk) + o(1)

= a
(

1
p
−

p
3(q − p)

)
|∇uk|

p
p + b

(
1

2p
−

p
3(q − p)

)
|∇uk|

2p
p + o(1).

Thus, {uk} is bounded in W1,p
r (R3). So, up to a subsequence, there exists u ∈ W1,p

r (R3) such that
uk ⇀ u, in W1,p

r (R3),
uk → u, in Ls(R3),∀s ∈ (p, p∗)
uk(x)→ u(x), a.e. in R3.

(5.9)
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If u = 0, we have |uk|
q
q = o(1). Thus, we obtain |∇uk|

p
p = o(1) since P(uk) = o(1). As a consequence,

I(uk) = o(1), which contradicts (5.7). Therefore, (i) is obtained. By Lemma 2.4, we have

−(a + b|∇uk|
p
p)∆puk − |uk|

q−2uk − λk |uk|
p−2 uk → 0

in
(
W1,p

r (R3)
)′

as k → +∞, where

λk =
1
cp

(
a|∇uk|

p
p + b|∇uk|

2p
p − |uk|

q
q

)
, (5.10)

then (iv) is proved. Since {uk} is bounded in W1,p
r (R3), there exists λ ∈ R such that λk → λ as k → +∞

up to a subsequence. Furthermore,

λ = lim
k→+∞

λk = lim
k→+∞

1
cp

(
a|∇uk|

p
p + b|∇uk|

2p
p − |uk|

q
q

)
≤ lim

k→+∞

1
cp

(
a|∇uk|

p
p + b|∇uk|

2p
p −

3(q − p)
qp

|uk|
q
q

)
= lim

k→+∞

1
cp P(uk) = 0.

(5.11)

Since |uk|
q
q → |u|

q
q , 0, we obtain λ < 0. Thus, (ii) is proved.

Next, we prove that (iii) holds. Suppose that lim
k→+∞
|∇uk|

p
p = A ≥ 0. Then, from (ii) and (iv), we have

−(a + bA)∆puk − |uk|
q−2uk − λ |uk|

p−2 uk → 0 in
(
W1,p

r (R3)
)′
, as k → +∞. (5.12)

Arguing as in the Proof of Theorem 1.1, we can show that

∇uk(x)→ ∇u(x) a.e. in R3. (5.13)

In view of the uniqueness of weak limit, using [30, Proposition 5.4.7], (5.9), (5.12), and (5.13), we
have

−(a + bA)∆pu − |u|q−2u − λ |u|p−2 u = 0 in (W1,p
r (R3))′. (5.14)

From (5.12) and (5.14),there are

(a + bA)|∇uk|
p
p − |uk|

q
q − λ|uk|

p
p = o(1), (5.15)

and
(a + bA)|∇u|pp − |u|

q
q − λ|u|

p
p = 0. (5.16)

Combining (5.15) with (5.16), we obtain

(a + bA)(|∇uk|
p
p − |∇u|pp) − λ(|uk|

p
p − |u|

p
p) = (|uk|

q
q − |u|

q
q) + o(1).

Since uk → u in Lq(R3),

(a + bA)(|∇uk|
p
p − |∇u|pp) − λ(|uk|

p
p − |u|

p
p) = o(1).

By the weakly lower semicontinuity of norm, we can derive from λ < 0 that

|∇uk|
p
p − |∇u|pp = o(1), |uk|

p
p − |u|

p
p = o(1). (5.17)

Thus, (iii) is proved and (v) is easily deduced by (5.14) and (5.17). Finally, by (5.9) and (5.17), we
have uk → u in W1,p

r (R3) as k → +∞. □
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Proof of Theorem 1.4. By Lemma 5.8, we get that for any fixed c > 0, (1.1) and (1.2) has a sequence
of couples of normalized solutions {(un, λn)} ⊂ S r(c) × R− with I(un) = γn(c) for each n ∈ N+. By
Lemma 2.2, we know that P(un) = 0 for each n ∈ N+. Thus, we have

γn(c) = I(un) = I(un) −
p

3(q − p)
P(un)

= a
(

1
p
−

p
3(q − p)

)
|∇un|

p
p + b

(
1

2p
−

p
3(q − p)

)
|∇un|

2p
p .

Since γn(c) ≥ βn → +∞ as n → +∞, we conclude that ∥un∥W1,p
r (R3) → +∞ and I(un) → +∞ as

n→ +∞. □

Subsequently, for the solutions obtained in Theorem 1.4, we study the asymptotic behavior of them
when b → 0+. Fix c > 0 from now on, and we replace I, P, γn(c) by Ib, Pb, γb

n(c), respectively. For
b > 0, we denote {(ub

n, λ
b
n)} ⊂ S r(c) × R− as a sequence of solutions obtained in Theorem 1.4. Then, it

follows that, for any n ∈ N+,
Ib(ub

n) = γb
n(c). (5.18)

Recalling the proof of Lemma 5.2, we see that βn is independent of b. Thus, we have

γb
n(c) ≥ βn > 0, for any b > 0. (5.19)

Proof of Theorem 1.5. First, we claim that for any {bm} → 0+ (m→ +∞), {ubm
n }m∈N+ ⊂ S r(c) is bounded

in W1,p
r (R3). We suppose that bm ≤ 1 for any m ∈ N+. Since Vn is finite-dimensional, we obtain that for

each n ∈ N+,

γbm
n (c) = inf

g∈Γn
max

(t,u)∈[0,1]×(S r(c)∩Vn)
Ibm(g(t, u)) ≤ inf

g∈Γn
max

(t,u)∈[0,1]×(S r(c)∩Vn)
I1(g(t, u)) := αn < +∞.

Since {(ubm
n , λ

bm
n )} ⊂ S r(c) × R− is a sequence of solutions to (1.1) and (1.2) with b = bm and

λbm
n =

1
cp

(
a|∇ubm

n |
p
p + bm|∇ubm

n |
2p
p − |u

bm
n |

q
q

)
. (5.20)

By Lemma 2.3, we deduce that Pbm(ubm
n ) = 0. Then

γbm
n (c) = Ibm(ubm

n ) = Ibm(ubm
n ) −

p
3(q − p)

Pbm(ubm
n )

= a
(

1
p
−

p
3(q − p)

) ∣∣∣∇ubm
n

∣∣∣p
p
+ b

(
1

2p
−

p
3(q − p)

) ∣∣∣∇ubm
n

∣∣∣2p

p
,

which indicates that {(ubm
n )}m∈N+ is bounded in W1,p

r (R3) since γbm
n (c) ≤ αn < +∞ for fixed n.

Moreover, (5.19) indicates that {
∣∣∣∇ubm

n

∣∣∣
p
}m∈N+ has a positive lower bound. Combining Pbm(ubm

n ) = 0

with (5.20), we know that {λbm
n } is bounded in R and λbm

n < 0 for any m ∈ N+. Then there exists a
subsequence of {bm}, still denoted by {bm}, and λ0

n ≤ 0 such that as m→ +∞, λbm
n → λ0

n and
ubm

n ⇀ u0
n, in W1,p

r (R3),
ubm

n → u0
n, in Lq(R3),

ubm
n (x)→ u0

n(x), a.e. in R3.

(5.21)
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Since {(ubm
n , λ

bm
n )} is a sequence of solutions to (1.1) and (1.2), by bm → 0 and λbm

n → λ0
n as m → +∞,

we have
−a∆pubm

n − |u
bm
n |

q−2ubm
n − λ

0
n|u

bm
n |

p−2ubm
n = om(1). (5.22)

Similar to the proof of Theorem 1.1, we can get, as m→ +∞,

∇ubm
n (x)→ ∇u0

n(x), a.e.in R3. (5.23)

In view of the uniqueness of weak limit, using [30, Proposition 5.4.7] and (5.21)–(5.23), we have

−a∆pu0
n − |u

0
n|

q−2u0
n − λ

0
n|u

0
n|

p−2u0
n = 0. (5.24)

Combining (5.22) with (5.24), we have

a|∇ubm
n |

p
p − |u

bm
n |

q
q − λ

0
n|u

bm
n |

p
p = om(1) and a|∇u0

n|
p
p − |u

0
n|

q
q − λ

0
n|u

0
n|

p
p = 0.

Thus, we obtain

a(|∇ubm
n |

p
p − |∇u0

n|
p
p) − λ0

n(|ubm
n |

p
p − |u

0
n|

p
p) = |ubm

n |
q
q − |u

0
n|

q
q + om(1),

which together with (5.21) indicates

a(|∇ubm
n |

p
p − |∇u0

n|
p
p) − λ0

n(|ubm
n |

p
p − |u

0
n|

p
p) = om(1). (5.25)

Since λ0
n ≤ 0, by Fatou’s Lemma, we have

|∇ubm
n |

p
p − |∇u0

n|
p
p = om(1). (5.26)

If λ0
n = 0, by (5.24), u0

n is a weak solution to −a∆pu0
n = |u

0
n|

q−2u0
n. By the Nehari identity and the

Pohozaev identity, we infer that u0
n = 0. Then, by (5.21) and (5.26), we have

0 < βn ≤ γ
bm
n (c) = Ibm(ubm

n )→ I0(u0
n) = 0, as m→ +∞,

which is a contradiction. Thus, λ0
n < 0 and according to (5.25), we have |ubm

n |
p
p − |u0

n|
p
p = om(1) so that

u0
n ∈ S r(c). Together with (5.21) and (5.26), we conclude that ubm

n → u0
n in W1,p

r (R3) as m → +∞.
Moreover, by (5.24), {u0

n, λ
0
n} ⊂ S r(c) × R− is a sequence of solutions to the following equation

−a∆pu − λ|u|p−2u = |u|q−2u, x ∈ R3.

The proof is completed. □

6. Proof of Theorems 1.6 and 1.8

Proof of Theorem 1.6. (1) Since q < p + p2

3 , we can check that fq(t) attains its minimum at a unique
point on (0,+∞), denoted by tq. Therefore, similar to (3.1), using G-N inequality Lemma 2.1, we obtain

i(c) = I(u)
u∈S (c)

≥ inf
t>0

fq(t) = fq(tq), (6.1)
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by setting t = |∇u|pp. On the other hand, set

uµ(x) =
cµ

3
p

|Q|p
Q(µx),

where µ > 0 will be determined later. Then, uµ ∈ S (c) and

I(uµ) =
a
p

(cµ)p +
b

2p
(cµ)2p −

cq− 3(q−p)
p

p|Q|q−p
p

(cµ)
3(q−p)

p = fq((cµ)p). (6.2)

Choosing µ = t
1
p

q

c , i.e., (cµ)p = tq, it follows from (6.2) that i(c) ≤ I(uµ) = fq(tq). Together with (6.1),
we deduce that

i(c) = fq(tq) = inf
t>0

fq(t) (6.3)

and uc = uµ with µ = t
1
p

q

c is a minimizer of i(c).
Next, we show that uc is the unique minimizer of i(c) in the sense of translations. Indeed, if u0 ∈ S (c)

is a minimizer, then (3.1) that I(u0) ≥ fq(t0) by (3.1), with t0 = |∇u0|
p
p, where the equality holds if and

only if u0 is an optimizer of (2.1). Therefore, (6.3) implies that t0 = tp and fq(t0) = I(u0). Thus, by

Lemma 2.1, u0 = αQ(βx). Using |u0|
p
p = cp, |∇u0|

p
p = tq and (3.3), we obtain that α = c

|Q|P

 t
1
p

q

c

 3
p

and

β =
t

1
p

q

c . Hence, u0 = uc.
(2) When q = p + p2

3 ,

fq(t) =
1
p

a − c
p2
3

p|Q|
p2
3

p

 t +
b

2p
t2. (6.4)

If c ≤ a
3

p2 |Q|p, i(c) has no minimizer as Theorem 1.1 states. If c > a
3

p2 |Q|p, from (6.4), we know that

fq(t) (t ∈ (0,+∞)) attains its minimum at the unique point tq =
c

p2
3 −ap|Q|

p2
3

p

bp|Q|
p2
3

p

. Similar to the arguments of

part (1), we can prove that up to translations, uc =
cµ

3
p

|Q|p
Q(µx) with µ = t

1
p

q

c is the unique minimizer of

i(c). Moreover, we have i(c) = − b
2p

 c
p2
3 −ap|Q|

p2
3

p

bp|Q|
p2
3

p


2

. □

Proof of Theorem 1.8. First, similar to Lemma 5.3, we can conclude from Definition 1.7 that there
exists K(c) > 0 such that, I(·) admits mountain pass geometry on S (c) when (1.12) holds. Note that
K(c) can be chosen small enough, and we assume that K(c) < tq. Using Lemma 2.1, for any h(s) ∈ Γ(c),
we have

I(h(s)) ≥ fq(|∇h(s)|pp), (6.5)

where equality holds if and only if h(s) ∈ S (c) is an optimizer of (2.1), i.e., up to translations,

(h(s))(x) =
cµ

3
p

|Q|p
Q(µx) for some µ > 0. (6.6)
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Since h(0) ∈ AK(c) with K(c) < tq, and note that fq(t) > 0 for any t ∈ (0, tq], we have

|∇h(0)|pp < tq < |∇h(1)|pp. (6.7)

By the continuity of |∇h(s)|pp with respect to s, we deduce from (6.5) and (6.7) that

max
s∈[0,1]

I(h(s)) ≥ fq(tq) = max
t>0

fq(t). (6.8)

Thus,
γ(c) = inf

h∈Γ(c)
max
s∈[0,1]

I(h(s)) ≥ fq(tq). (6.9)

On the contrary, let uµ(x) = cµ
3
p

|Q|p
Q(µx) with µ = µq =

t
1
p

q

c . Set h(s) := s
3

p2 uµ(s
1
p x), then we can check

that |∇h(s)|pp = tqs and I(h(s)) = fq(tqs). Choosing 0 < t̃q < tq small enough such that h
(

t̃q
tq

)
∈ AK(c),

and t̂q > tq such that I
(
h
(

t̂q
tq

))
= fq(t̂q) < 0. Let h(s) = h

(
(1 − s) t̃q

tq
+ s t̂q

tq

)
. Then, h(0) = h

(
t̃q
tq

)
∈ AK(c)

and I(h(1)) = I
(
h
(

t̂q
tq

))
= fq(t̂q) < 0. This implies that h ∈ Γ(c), and

γ(c) ≤ max
s∈[0,1]

I(h(s)) = I(uµq
) = fq(tq).

Combining with (6.9), we deduce that I(uc) = γ(c) = fq(tq) with

uc(x) := uµq
(x) = c

|Q|p

 t
1
p

q

c

 3
p

Q
 t

1
p

q

c x
 ∈ S (c).

Next, we prove that uc satisfies (1.1) and (1.2) for some λ ∈ R−. In view of f ′q(tq) = 0 and |∇uc|
p
p = tq,

we have
3(q − p)cq− 3(q−p)

p

p2|Q|q−p
p

(tq)
3(q−p)

p2 −1
= a + btq = a + b|∇uc|

p
p. (6.10)

Moreover, note that Q(x) solves (2.2), and by uc =
c
|Q|p

 t
1
p

q

c

 3
p

Q
 t

1
p

q

c x
, it follows that uc satisfies

−
3(q − p)cq− 3(q−p)

p

p2|Q|q−p
p

(tq)
3(q−p)

p2 −1
∆puc − |uc|

q−2uc = −

(
1 +

(p − 3)(q − p)
p2

)
c(q−p)(1− 3

p )

|Q|q−p
p

(tq)
3(q−p)

p2 |uc|
p−2uc.

This together with (6.10) implies that uc is a solution of (1.1) and (1.2) with

λ = −

(
1 +

(p − 3)(q − p)
p2

)
c(q−p)(1− 3

p )

|Q|q−p
p

(tq)
3(q−p)

p2 .

□
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