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Abstract: We investigate a stochastic shallow water wave equation in Itô form with its deterministic
counterpart containing the Degasperis-Procesi and Camassa-Holm equations. The existence of a short
time solution is established by transforming the equation into a stochastic transport equation endowed
with the initial data in the space H s(R) (s > 3/2). Moreover, assuming that the initial value meets with
the sign condition and belongs to H s(R)∩ L1(R) (s > 3/2), we verify the global existence of the solution
for the stochastic equation.
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1. Introduction

The objective of this work is to consider the following problem:dv + [bvvx + ∂x(1 − ∂2
x)
−1(a

2v2 + 3b−a
2 v2

x)]dt = vdw, t > 0, x ∈ R,

v(0, x) = v0(x), x ∈ R,
(1.1)

where a > 0, b > 0 are constants and w is a standard Brownian motion on R+.
The deterministic counterpart of problem (1.1) is the equation

vt − vxxt + (a + b)vvx = avxvxx + bvvxxx, a > 0, b > 0. (1.2)

Constantin and Lannes [1] derive a family of hydrodynamical equations containing Eq (1.2). Lai and
Wu [2] verify that the solution v(t, x) of Eq (1.2) meets with the conservation law∫

R

v (t, x) dx =
∫
R

v (0, x) dx = constant.
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When a = 3 and b = 1, Eq (1.2) is turned into the Degasperis-Procesi (DP) model [3]

vt − vtxx + 4vvx = 3vxvxx + vvxxx. (1.3)

Through the construction of a Lax pair, Degasperis et al. [4] prove the formal integrability for Eq (1.3).
It is demonstrated that Eq (1.3) possesses bi-Hamiltonian structure. Yin [5] establishes local existence
of Eq (1.3) on both the line and circle for v0 ∈ H s(R), and derives its precise blow-up result. Coclite and
Karlsen [6] (see also [7]) consider the global existence of weak solutions, along with their L1-stability
and uniqueness in the space L1(R) ∩ BV(R). Zhao and Yan [8] discuss a new blow-up of a strong
solution to show wave breaking for Eq (1.3). Zhou et al. [9] investigate the property of the soliton and
long- time behavior of solutions with generic initial data supporting the presence of solitons to Eq (1.3).
Geyer and Pelinovsky [10] give the criterion of energy stability relating to the smooth periodic waves
for Eq (1.3). Freire [11] shows that the DP equation exhibits a pseudo-spherical character in its local and
non-local forms. Moon [12] illustrates the features of solutions for the DP equation with Coriolis effects.

If a = 2 and b = 1, Eq (1.2) reduces to the Camassa-Holm (CH) equation [13]

vt − vtxx + 3vvx = 2vxvxx + vvxxx, (1.4)

which is an integrable equation with peaked solitons. Constantin and Mckean [14] analyze the dynamic
features of Eq (1.4) on the circle. Bressan and Constantin [15, 16] construct global conservative and
dissipative solutions for Eq (1.4), respectively. Lenells [17, 18] classifies traveling wave solutions
of Eq (1.4) and identifies its conserved quantities. Khatun et al. [19] obtain numerous explicit soliton
solutions to the fractional simplified CH model. The nonlinear wave dynamics of arbitrary amplitude
periodic traveling-wave solutions for Eq (1.4) have been studied in [20]. Li et al. [21] use Bäcklund
transforms and discuss the oscillatory N-breather solutions for Eq (1.4). Han and Yang [22] find
a sufficient condition for wave breaking by utilizing a Riccati-type differential inequality. Li and
Zhang [23] study the stability of n-soliton solutions for Eq (1.4) by the construction of a Lyapunov
functional. Grunert [24] confirms that the Cauchy problem of Eq (1.4) has a unique global dissipative
solution under suitable assumptions on the initial data. For other works relating to the CH equation,
please refer to [25–29].

Incorporating stochastic effects into deterministic shallow water wave models is interesting to account
for external uncertainties. For the classic integrable CH and DP equations, many scholars have carried
out the well-posedness analysis of their stochastic extensions. Chen et al. [30] adopt a regularization
method to study local well-posedness and blow-up criteria for the stochastic CH equation with additive
noise (1 − ∂2

x)
−1Φ ∂

2B
∂t∂x , where B is a Brownian motion on R+ × R and Φ is a Hilbert-Schmidt operator.

Albeverio et al. [31] analyze the stochastic CH model associated with transport-type noises and verify
the local existence and uniqueness of strong solutions in H2,q(R) with 1 < q < ∞, where H2,q(R) denotes
the Sobolev space on R. The stochastic DP model associated with multiplicative noise is investigated in
Chen and Gao [32], in which a stochastic transport equation is utilized to prove local well-posedness,
and the invariant analysis with characteristic line arguments is established to verify the global existence.

In this work, we aim to establish the global well-posedness of a stochastic shallow water wave
problem (1.1). Methods relating to the stochastic transport equations are documented in [33–35]. We
build several energy inequalities by using Itô’s formula [36–38], and then prove the local existence and
uniqueness of problem (1.1) via iterative approximation. The precise breaking criteria for solutions of
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problem (1.1) are acquired. We employ the following transport system:pt = bv(t, p),
p(0, x) = x,

(1.5)

in which (t, x) ∈ [0,T ) × R, and v(x, t) is a solution of problem (1.1). Set h = v − vxx, and we derive the
following identity:

h(t, p(t, x))(px(t, x))2 = h0(x)ew(t)− 1
2 t−(a−2b)

∫ t
0 vxdτ,

which constitutes a key ingredient in proving the existence of the global solution to problem (1.1).
Compared to the works in [32], we focus on a stochastic shallow water wave problem (1.1) that

includes the DP and CH equations as special cases. When a = 3 and b = 1, the first equation in
problem (1.1) reduces to the stochastic DP equation. When a = 2 and b = 1, the first equation in
problem (1.1) is turned into the stochastic CH equation. Namely, we extend parts of the works presented
in [32].

The rest of this paper is arranged as follows: Section 2 is devoted to establishing the local well-
posedness of the stochastic shallow water wave problem (1.1), while the global well-posedness of
problem (1.1) is demonstrated in Section 3. The conclusion is stated in Section 4.

2. Local existence

This section is dedicated to establishing the local well-posedness of problem (1.1).
Consider the stochastic transport systemdv + (uvx + B)dt = f dw, t > 0, x ∈ R,

v(x, 0) = v0(x), x ∈ R,
(2.1)

where functions u, B, and f are taken to depend on t, x.

Lemma 2.1. [32] Let B, f ∈ L2(0,T ; H s(R)), u ∈ L1(0,T ; H s(R)), and v0 ∈ H s(R) with real num-
ber s > 3/2. For every T > 0, problem (2.1) has a unique solution v belonging to the space
L2(Ω; C([0,T ]; H s(R))),*1 and v satisfying

E sup
0⩽t⩽T
∥v∥Hs ⩽ CeCU(t)[∥v0∥Hs + E sup

0⩽t⩽T

∫ t

0
e−CU(τ)(∥B∥Hs + 2∥ f ∥Hs)dτ], (2.2)

where U(t) = E sup0⩽t⩽T

∫ t

0
(∥u∥Hs + ε)dτ, with ε being a sufficiently small positive constant.

Definition 2.1. (Local solution) A stochastic process v is called a local solution to problem (1.1) on
[0,T ]; If v ∈ L2(Ω; C([0,T ]; H s(R))), v is adapted to the filtration generated by the Brownian motion
w(t), and v satisfies problem (1.1) in the integral sense. More precisely, for any t ∈ [0,T ], the following
equality holds almost surely in H s−1(R) :

v(t) = v0 −

∫ t

0

[
bv(τ)∂xv(τ) + ∂x(1 − ∂2

x)
−1

(
a
2

v2(τ) +
3b − a

2
(∂xv(τ))2

)]
dτ +

∫ t

0
v(τ)dw(τ).

*1Ω denotes the sample space of the probability space, corresponding to all possible paths of the Brownian motion (random perturbation)
in the stochastic shallow water wave equations.
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Theorem 2.1. Let v0 ∈ H s(R) with s > 3/2. A unique solution v ∈ L2(Ω; C([0,T ]; H s(R))) to problem
(1.1) exists for an appropriate positive T .

Proof. Set v0n = v0 ∗ ρn, where ∗ denotes convolution and ρn is the Friedrichs mollifier defined by
ρn(x) = (n + 1)−

1
4ρ((n + 1)−

1
4 x) for integers n ⩾ 0. The function ρ is chosen to ensure that its Fourier

transform ρ̂ lies in C∞0 (R), ρ̂ ⩾ 0, and ρ̂(ξ) = 1 for all ξ ∈ (−1, 1). Let {vn}n∈N denote the sequence
with v0 = 0, where vn is the solution to problem (1.1) with initial data v0n. As v0,n+1 ∈ H∞(R) for all n,
Theorem 2.1 together with induction on n (starting from n = 0) implies the existence of a sequence of
smooth functions (vn)n∈N in L2(Ω; C([0,T ]; H∞(R))) that satisfy the stochastic transport equation dvn+1 + [bvn∂xvn+1 + ∂x(1 − ∂2

x)
−1(a

2 (vn)2 + 3b−a
2 (∂xvn+1)2)]dt = vndw,

vn+1(0, x) = v0,n+1, x ∈ R.
(2.3)

We shall show that there exists T > 0 such that the sequence of solutions (vn)n∈N is uniformly
bounded in the space L2(Ω; C([0,T ]; H s(R))) and forms a Cauchy sequence, which converges to a
limit v ∈ L2(Ω; C([0,T ]; H s−1(R))).

We have

∥∂x(1 − ∂2
x)
−1(

a
2

(vn)2)∥Hs ⩽ C∥vn∥2Hs ,

∥∂x(1 − ∂2
x)
−1(

3b − a
2

(∂xvn+1)2)∥Hs−1 ⩽ C∥vn+1∥2Hs ,

which, when combined with (2.2) and system (2.3), deduces

E sup
0⩽t⩽T
||vn+1||Hs ⩽CeCVn(t)[||v0||Hs

+CE sup
0⩽t⩽T

∫ t

0
e−CVn(τ)(||vn||2Hs + ||vn+1||2Hs + 2||vn||Hs)dτ],

(2.4)

in which Vn(t) = E sup0⩽t⩽T

∫ t

0
(||vn||Hs + ε)dτ. Select 0 < T < 1

2C∥v0∥Hs
, and assume that

E sup
0⩽t⩽T
∥vn∥Hs + ε ⩽

∥v0∥Hs

1 − 2C∥v0∥Hst
. (2.5)

Using (2.5) yields

eCVn(t)−CVn(τ) =eCE sup0⩽t⩽T

∫ t
τ

(∥vn∥Hs+ε)dτ′ ⩽ e
∫ t
τ

C∥v0∥Hs
1−2C∥v0∥Hs τ′

dτ′

=e−
1
2

∫ t
τ

d(1−2C∥v0∥Hs τ′)
1−2C∥v0∥Hs τ′ = e−

1
2 ln

1−2C∥v0∥Hs t
1−2C∥v0∥Hs τ

=(
1 − 2C∥v0∥Hsτ

1 − 2C∥v0∥Hst
)

1
2

(2.6)

and

eCVn(t) ⩽

(
1

1 − 2C∥v0∥Hst

) 1
2

. (2.7)
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Substituting (2.5)–(2.7) into (2.4) leads to

E sup
0⩽t⩽T

(
∥∥∥vn+1

∥∥∥
Hs −

C√
1 − 2C ∥v0∥Hs t

∫ t

0

√
1 − 2C ∥v0∥Hs τ

∥∥∥vn+1
∥∥∥2

Hs dτ)

⩽
C

√
1 − 2C∥v0∥Hst

(∥v0∥Hs +CE sup
0⩽t⩽T

∫ t

0

√
1 − 2C∥v0∥Hsτ[(∥vn∥Hs + 1)2 − 1]dτ)

⩽
C

√
1 − 2C∥v0∥Hst

(∥v0∥Hs +

∫ t

0

C∥v0∥
2
Hs

(1 − 2C∥v0∥Hsτ)
3
2

) − ε

⩽
C ∥v0∥Hs

1 − 2C ∥v0∥Hs t
− ε.

We proceed by contradiction. Suppose that (vn+1)n∈N is unbounded in L2(Ω; C([0,T ]; H s(R))). Since
the integral term is non-negative, the above estimate ensures that E sup0⩽t⩽T ∥v

n+1∥Hs is bounded by
a finite constant, which contradicts the assumption that the sequence is unbounded. Thus, (vn)n∈N is
uniformly bounded in the space L2(Ω; C([0,T ]; H s(R))).

We now proceed to demonstrate that the sequence (vn)n∈N is a Cauchy sequence in the space
L2(Ω; C([0,T ]; H s−1(R))). To this end, for any positive integers g and n, we define kg

n+1 = vn+g+1 − vn+1

and apply system (2.3) to obtain

dkg
n+1 + [bvn+g∂xk

g
n+1 + kg

n∂xvn+1 + ∂x(1 − ∂2
x)
−1[

a
2

kg
n(vn+g + vn)

+
3b − a

2
∂xk

g
n+1(∂xvn+g+1 + ∂xvn+1)]]dt = kg

ndw.

Similar to the proof of (2.4), utilizing the fact that (vn)n∈N has a uniform bound in the space
L2(Ω; C([0,T ]; H s(R))) with sufficiently small T , we obtain

E sup
0⩽t⩽T
∥kg

n+1∥Hs−1

⩽Cexp(CE sup
0⩽t⩽T

∫ t

0
(∥vn+g∥Hs + ε)dτ)[(∥v0(n+g+1) − v0(n+1)∥Hs−1

+ E sup
0⩽t⩽T

∫ t

0
exp(−CE sup

0⩽t⩽T

∫ τ

0
(∥vn+g∥Hs + ε)dτ′) × (∥kg

n∥Hs−1(∥vn+g∥Hs

+ ∥vn∥Hs) + ∥∂xk
g
n+1∥Hs−2(∥∂xvn+g+1∥Hs−1 + ∥∂xvn+1∥Hs−1) + 2||kg

n||Hs−1)dτ]

⩽C(∥v0(n+g+1) − v0(n+1)∥Hs−1 + E sup
0⩽t⩽T

∫ t

0
(∥kg

n∥Hs−1 + ∥kg
n+1∥Hs−1)dτ) (2.8)

⩽C(∥v0(n+g+1) − v0(n+1)∥Hs−1 + TE sup
0⩽t⩽T
∥kg

n+1∥Hs−1 + E sup
0⩽t⩽T

∫ t

0
∥kg

n∥Hs−1dτ)

=
C

1 −CT
(∥v0(n+g+1) − v0(n+1)∥Hs−1 + E sup

0⩽t⩽T

∫ t

0
∥kg

n∥Hs−1dτ)

⩽C(∥v0(n+g+1) − v0(n+1)∥Hs−1 + E sup
0⩽t⩽T

∫ t

0
∥kg

n∥Hs−1dτ).

Inducting on the index n yields

E sup
0⩽t⩽T
∥kg

n+1∥Hs−1 ⩽C(∥v0(n+g+1) − v0(n+1)∥Hs

n∑
k=1

(2TC)k

k!
+Cn+1

∫ T

0

(T − τ)n

n!
dτ),
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illustrating that the sequence (vn)n∈N is indeed a Cauchy sequence in L2(Ω; C([0,T ]; H s−1(R))) and
possesses a limit v belonging to this space.

It is necessary to verify v ∈ L2(Ω; C([0,T ]; H s(R))) and satisfies problem (1.1). As the se-
quence (vn)n∈N is uniformly bounded in L2(Ω; C(0,T ; H s(R))), utilizing Fatou’s lemma yields v ∈
L2(Ω; L∞(0,T ; H s(R))). Furthermore, since (vn)n∈N converges to v in L2(Ω; C([0,T ]; H s−1(R))), lever-
aging an interpolation argument allows us to recognize that this convergence extends to the space
L2(Ω; C([0,T ]; H s′(R))) for all s′ < s.

Using the convergence obtained above, we now justify the passage to the limit in system (2.3).
Since vn → v in L2(Ω; C([0,T ]; H s′(R))) for any s′ < s, and (vn)n∈N is uniformly bounded in
L2(Ω; C([0,T ]; H s(R))), we may choose s0 ∈ (3/2, s). Then, utilizing the Sobolev embedding and
standard product estimates, the nonlinear terms in system (2.3) converge to the corresponding nonlinear
terms in problem (1.1). More precisely, vn∂xvn+1 → v∂xv and ∂x(1 − ∂2

x)
−1

(
a
2 (vn)2 + 3b−a

2 (∂xvn+1)2
)
→

∂x(1 − ∂2
x)
−1

(
a
2v2 + 3b−a

2 (∂xv)2
)

in L2(Ω; L1(0,T ; H s0−1(R))). In addition, applying the Burkholder-Davis-
Gundy†2 inequality, we have

E sup
0⩽t⩽T

∥∥∥∥∥∥
∫ t

0
(vn(τ) − v(τ)) dw(τ)

∥∥∥∥∥∥2

Hs0

⩽ CE
∫ T

0
∥vn(τ) − v(τ)∥2Hs0 dτ→ 0.

The convergence of the initial data follows from the definition of the Friedrichs mollifier. Therefore,
passing to the limit in the integral form of system (2.3), we conclude that v satisfies problem (1.1) in the
integral sense.

It remains to verify the continuous dependence on the initial data. Let v0m → v0 in H s−1(R), and let
vm and v be the solutions corresponding to the initial data v0m and v0, respectively. Applying the same
difference estimate as that used in deriving (2.8), we obtain

E sup
0⩽t⩽T
∥vm(t) − v(t)∥Hs−1 ⩽ CT ∥v0m − v0∥Hs−1 ,

where CT is independent of m. Since v0m → v0 in H s−1(R), the right-hand side tends to zero. Hence

vm → v in L2(Ω; C([0,T ]; H s−1(R))).

Therefore, the solution map depends continuously on the initial data.
The proof is finished. □

3. Global existence

The proof of global existence for problem (1.1) is provided.

Lemma 3.1. Letting h = v − vxx, problem (1.1) satisfies the formdh + [bvhx + ahvx]dt = hdw, x ∈ R, t > 0,
h(0, x) = h0(x) = v0(x) − ∂2

xv0(x), x ∈ R.
(3.1)

†2For any q > 0 and a local martingale M(t) taking values in the real space, there exists a constant Cq > 0 (depending only on q) such
that E sup0⩽t⩽T |M(t)|q ⩽ CqE⟨M(t)⟩q/2T , where ⟨M(t)⟩T denotes the quadratic variation of M(t) on [0,T ].
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Proof. Applying the operator (1 − ∂2
x) to both sides of the first equation in problem (1.1) yields

dh + (1 − ∂2
x) (bvvx) dt + ∂x

(
a
2

v2 +
3b − a

2
v2

x

)
dt = hdw.

Using
(1 − ∂2

x)(bvvx) = bvvx − b∂2
x(vvx) = bvvx − 3bvxvxx − bvvxxx

and

∂x

(
a
2

v2 +
3b − a

2
v2

x

)
= avvx + (3b − a)vxvxx,

we have
dh + [avx(v − vxx) + bv(vx − vxxx)]dt = hdw.

Therefore, problem (1.1) reduces to

dh + [bvhx + ahvx]dt = hdw,

where the initial data is given by h0(x) = v0(x) − ∂2
xv0(x). The proof is finished. □

Leveraging the local well-posedness established in Theorem 2.1, we derive the following precise
blow-up scenario for solutions to problem (1.1).

Theorem 3.1. Let ω denote a specific random outcome (also called a sample point) in the sample space
Ω. Given v0 ∈ H s(R) with s > 3/2 , let T be the maximal existence time of the associated solution v for
problem (1.1). Then for almost every ω ∈ Ω, the necessary and sufficient condition for blow-up of v is

lim
t→T

inf inf
x∈R
{vx(t, x)} = −∞.

Proof. Combining a standard density argument and Theorem 2.1, we only verify Theorem 3.1 with
s = 3.
After integrating by parts and applying Itô’s formula to ∥h∥2L2 , we obtain

∥h∥2L2 =∥h0∥
2
L2 + 2a

∫ t

0

∫
R

hvxvxx dxdτ + 2b
∫ t

0

∫
R

hvvxxx dxdτ − 2(a + b)
∫ t

0

∫
R

hvvx dxdτ

+ 2
∫ t

0

∫
R

h2 dxdw +
∫ t

0
∥h∥2L2 dτ (3.2)

=∥h0∥
2
L2 + 2a

∫ t

0

∫
R

hvx(v − h) dxdτ + 2b
∫ t

0

∫
R

hv(vx − hx) dxdτ

− 2(a + b)
∫ t

0

∫
R

hvvx dxdτ + 2
∫ t

0

∫
R

h2 dxdw +
∫ t

0
∥h∥2L2 dτ

=∥h0∥
2
L2 − 2a

∫ t

0

∫
R

h2vx dxdτ − 2b
∫ t

0

∫
R

vhhx dxdτ + 2
∫ t

0

∫
R

h2 dxdw +
∫ t

0
∥h∥2L2 dτ

=∥h0∥
2
L2 + (b − 2a)

∫ t

0

∫
R

h2vx dxdτ + 2
∫ t

0

∫
R

h2 dxdw +
∫ t

0
∥h∥2L2 dτ.
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Similarly, using Itô’s formula to ∥hx∥
2
L2 and integrating by parts gives rise to

∥hx∥
2
L2 =∥∂xh0∥

2
L2 − (2a + b)

∫ t

0

∫
R

vxh2
xdxdτ + a

∫ t

0

∫
R

h2vxdxdτ

+ 2
∫ t

0

∫
R

h2
xdxdw +

∫ t

0
∥hx∥

2
L2dτ.

(3.3)

Applying the Burkholder-Davis-Gundy (B-D-G) inequality yields

2E sup
0⩽t⩽T
|

∫ t

0

∫
R

h2dxdw| ⩽ 6E{
∫ T

0

∫
R

(
∫
R

h2dx)2dτ}
1
2

⩽ 6E{ sup
0⩽t⩽T
∥h∥2L2

∫ T

0
∥h∥2L2dτ}

1
2

⩽
1
2
E sup

0⩽t⩽T
∥h∥2L2 + 18E sup

0⩽t⩽T

∫ t

0
∥h∥2L2dτ.

(3.4)

2E sup
0⩽t⩽T
|

∫ t

0

∫
R

h2
xdxdw|

⩽
1
2
E sup

0⩽t⩽T
∥hx∥

2
L2 + 18E sup

0⩽t⩽T

∫ t

0
∥hx∥

2
L2dτ.

(3.5)

Combining (3.2)–(3.5) yields

E sup
t∈[0,T ]

(∥h∥2L2 + ∥hx∥
2
L2)

⩽2∥h0∥
2
L2 + 2∥∂xh0∥

2
L2 + 38E sup

0⩽t⩽T

∫ t

0
(∥h∥2L2 + ∥hx∥

2
L2)dτ

− (4a + 2b)
∫ t

0

∫
R

h2
xvxdxdτ − 2(a − b)

∫ t

0

∫
R

h2vxdxdτ.

(3.6)

Assume that vx is bounded from below on [0,T ) × R for almost all ω ∈ Ω. Namely, there is a
constant M > 0 satisfying

−vx(t, x) ⩽ M on [0,T ) × R.

Utilizing (3.6) yields

E sup
t∈[0,T ]

(∥h∥2L2 + ∥(∂xh)∥2L2)

⩽ C(∥h0∥
2
L2 + ∥∂xh0∥

2
L2 + E sup

0⩽t⩽T

∫ t

0
(∥h∥2L2 + ∥(∂xh)∥2L2)dτ).

(3.7)

Applying (3.7) and Gronwall’s inequality, we know that the H3 norm of the solution to problem (1.1) is
uniformly bounded for all finite time. Moreover, an analogous inductive procedure demonstrates that
the Hk norm of the solution v(t, x) does not blow up in finite time for s ⩾ 4. □
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Lemma 3.2. [2] Let v0 ∈ H s(R) with s > 3, and let T > 0 stand for the maximal existence time of
the solution to problem (1.1). Then problem (1.5) admits a unique solution p ∈ C1([0,T ) × R,R). In
addition, the mapping p(t, ·) constitutes an increasing diffeomorphism on R satisfying

px(t, x) = exp(
∫ t

0
bvx(τ, p(τ, x))dτ) > 0,∀(t, x) ∈ [0,T ) × R. (3.8)

Lemma 3.3. Given v0 ∈ H s(R) with s > 3, then

h (t, p(t, x)) p2
x(t, x) = h0(x)ew(t)− 1

2 t−(a−2b)
∫ t

0 vxdτ, (3.9)

where (t, x) ∈ [0,T ) × R and h := v − vxx.

Proof. Combining (1.5) and (3.1) with (3.8), it holds that

d
[
h(t, p(t, x))p2

x(t, x)
]
= (ht p2

x + 2hpx pxt + hx pt p2
x)dt

= (ht p2
x + 2bhvx p2

x + bhxvp2
x)dt

= [(ht + ahvx + bhxv)p2
x − (a − 2b)vxhp2

x]dt

= hp2
xdw − (a − 2b)vxhp2

xdt.

(3.10)

Using px(0, x) = 1 and integrating (3.10) on the interval [0, t) finishes the proof. □

Remark 3.1. Applying Lemma 3.3, we obtain that v0− (v0)xx ⩾ 0 implies v−vxx ⩾ 0. Since the operator
(1 − ∂2

x)
−1 preserves nonnegativity, we acquire v ⩾ 0. Accordingly, v0 − (v0)xx ⩽ 0 leads to v − vxx ⩽ 0

and v ⩽ 0.

Lemma 3.4. Let v0 ∈ H s(R) ∩ L1(R) with s > 3/2, and assume h0 = (1 − ∂2
x)v0 does not change sign on

R. Then, for any finite time T > 0, there exists a constant C > 0 such that

sup
0≤t<T
∥v(t, ·)∥L∞(R) ≤ C.

Proof. The proof is inspired by the sign estimate used in the deterministic case [2]. Since problem (1.1)
contains the multiplicative stochastic term v dw, the deterministic conservation law used in [2] cannot
be applied directly. Therefore, the influence of the stochastic term on the spatial integral needs to be
treated separately. Set h = v − vxx. Utilizing Lemma 3.3 and Remark 3.1, if h0 = (1 − ∂2

x)v0 does not
change sign on R, then h(t, ·) preserves the same sign for t ∈ [0,T ).

Since v = (1 − ∂2
x)
−1h, and the Green’s function of (1 − ∂2

x)
−1 is given by G(x) = 1

2e−|x|, we have

v(t, x) =
1
2

∫
R

e−|x−y|h(t, y) dy.

Since 0 < e−|x−y| ≤ 1 and h(t, ·) does not change sign, it follows that

|v(t, x)| ≤
1
2

∫
R

|h(t, y)| dy =
1
2

∣∣∣∣∣∫
R

h(t, y) dy
∣∣∣∣∣ .

Moreover, using h = v − vxx together with the spatial decay of the solution yields∫
R

h(t, y) dy =
∫
R

v(t, y) dy.
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Hence,

∥v(t, ·)∥L∞ ≤
1
2

∣∣∣∣∣∫
R

v(t, y) dy
∣∣∣∣∣ .

Let M(t) =
∫
R

v(t, x) dx. Integrating problem (1.1) over R with respect to x gives rise to

dM(t) +
[∫
R

bvvx dx +
∫
R

∂x(1 − ∂2
x)
−1

(
a
2

v2 +
3b − a

2
v2

x

)
dx

]
dt = M(t) dw.

Applying integration by parts, the spatial decay of the solution, and the exponential decay kernel of
(1 − ∂2

x)
−1, we have ∫

R

bvvx dx = 0

and ∫
R

∂x(1 − ∂2
x)
−1

(
a
2

v2 +
3b − a

2
v2

x

)
dx = 0.

Thus, the deterministic terms vanish after integration over the whole space. By the stochastic Fubini
theorem, the stochastic term meets with

dM(t) = M(t) dw.

Solving this scalar Itô equation yields

M(t) = M(0) exp
(
w(t) −

1
2

t
)
,

where M(0) =
∫
R

v0(x) dx. Since v0 ∈ L1(R), we have |M(0)| ≤ ∥v0∥L1 < ∞ and

∥v(t, ·)∥L∞ ≤
1
2
|M(0)| exp

(
w(t) −

1
2

t
)
.

Taking the supremum over t ∈ [0,T ), we get

sup
0≤t<T
∥v(t, ·)∥L∞ ≤

1
2
|M(0)| sup

0≤t<T
exp

(
w(t) −

1
2

t
)
.

Since the Brownian motion w(t) has continuous sample paths on the finite interval of time, we acquire

sup
0≤t<T

exp
(
w(t) −

1
2

t
)
< ∞.

Thus, there exists a constant C > 0 such that

sup
0≤t<T
∥v(t, ·)∥L∞(R) ≤ C.

The proof is complete. □
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Theorem 3.2. Suppose v0 ∈ H s(R) and v0 ∈ L1(R) with s > 3/2. Provided that h0 = v0 − (v0)xx does not
change sign on R, problem (1.1) possesses a global solution v ∈ L2(Ω; C([0,∞); H s(R))). Furthermore,
for all t ∈ [0,T ), it holds that

|vx(t, ·)| ⩽ |v(t, ·)| ⩽ C, for a.e. ω ∈ Ω.

Proof. For the proof of this theorem, we only assume s ⩾ 3. Let T be the maximal existence time of
the solution v to problem (1.1). Note that

v(t, x) =
e−x

2

∫ x

−∞

eηh(t, η)dη +
ex

2

∫ ∞

x
e−ηh(t, η)dη,

∂xv(t, x) = −
e−x

2

∫ x

−∞

eηh(t, η)dη +
ex

2

∫ ∞

x
e−ηh(t, η)dη,

from which we derive

v(t, x) + ∂xv(t, x) = ex
∫ ∞

x
e−ηh(t, η)dη,

v(t, x) − ∂xv(t, x) = e−x
∫ x

−∞

eηh(t, η)dη.
(3.11)

Utilizing (3.11), Lemma 3.5 in [32], Lemma 3.4, and the non-negativity of h for every t ∈ [0,T ), we obtain

E sup
t∈[0,T ]

|vx(t, x)| ⩽ E sup
t∈[0,T ]

v(t, x) ⩽ C,

which together with Lemma 3.2 yields T = ∞.
Under the condition that h0 ⩾ 0 on R, the proof of Theorem 3.2 is complete. For the scenario where

h0(x) ⩽ 0 on R, the required conclusion follows by repeating the analogous argument. □

Theorem 3.3. Suppose v0 ∈ H s(R) and v0 ∈ L1(R) with s > 3/2, and there exists x0 ∈ R such
that h0(x) satisfies the sign condition: h0(x) ⩽ 0 for x ⩽ x0 and h0(x) ⩾ 0 for x ⩾ x0. Then problem (1.1)
has a global strong solution v ∈ L2(Ω; C([0,∞); H s(R))). Moreover, for all t ∈ [0,T ), it follows that

vx(t, ·) ⩾ −|v(t, ·)| ⩾ −C, for a.e. ω ∈ Ω.

Proof. We prove the theorem by assuming s ⩾ 3. Let T stand for the maximal existence time of the
solution v corresponding to problem (1.1). As p(t; x) is an increasing diffeomorphism on R satisfy-
ing px(t; x) > 0 with respect to time t, the hypotheses in Theorem 3.3 and Lemmas 3.2 and 3.3 imply
that for ∀t ∈ [0,T ) and almost every ω ∈ Ω, h(t, x) ⩽ 0 whenever x ⩽ p(t, x0) and h(t, x) ⩾ 0 whenever
x ⩾ p(t, x0), while h(t, p(t, x0)) = 0.

Combining this sign property of h with (3.11), for ∀t ∈ [0,T ) and almost every ω ∈ Ω, we have
vx(t, x) ⩾ v(t, x) whenever x ⩽ p(t, x0) and vx(t, x) ⩾ −v(t, x) whenever x ⩾ p(t, x0). Thus, for ∀
t ∈ [0,T ) and almost every ω ∈ Ω, vx(t, ·) satisfies vx(t, ·) ⩾ −|v(t, ·)| on R. Using Lemma 3.4 yields

E sup
t∈[0,T ]

vx(t, ·) ⩾ −E sup
t∈[0,T ]

|v(t, ·)| ⩾ −C,

which together with Lemma 3.2 derives T = ∞. □
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4. Conclusions

In this work, we study a stochastic shallow water wave equation in Itô form that includes the
Degasperis-Procesi and Camassa-Holm equations as special cases. By transforming the equation into a
stochastic transport equation, we obtain the local well-posedness of its solutions when the initial data
lies in H s(R) (s > 3/2). Moreover, in the probabilistic sense, we establish the existence and uniqueness
of global strong solutions when the initial data belongs to H s(R) ∩ L1(R) (s > 3/2). Here, we mention
that the condition to guarantee the existence of the global strong solutions for system (1.1) is the sign
condition about the initial data. Whether we can find the assumption different from the sign condition to
ensure the global existence is a problem that we need to consider in our future work.
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