ERA, 34(8): 5612-5625.

EE DOI: 10.3934/era.2026250

AIMS Electronic Received: 16 April 2026

@ Research Archive Revised: 17 June 2026

Accepted: 26 June 2026
https://www.aimspress.com/journal/era Published: 02 July 2026

Research article

Global existence of a stochastic shallow water wave equation under the sign
condition

Youyuan Sun!, Yafeng Li'*and Shaoyong Lai’

' School of Mathematics and Statistics, Institute of Applied Mathematics, Yili Normal University,
Yining 835000, China
2 School of Mathematics, Southwestern University of Finance and Economics, Chengdu 611130, China

* Correspondence: Email: lyf911105@163.com.

Abstract: We investigate a stochastic shallow water wave equation in Itd form with its deterministic
counterpart containing the Degasperis-Procesi and Camassa-Holm equations. The existence of a short
time solution is established by transforming the equation into a stochastic transport equation endowed
with the initial data in the space H*(R) (s > 3/2). Moreover, assuming that the initial value meets with
the sign condition and belongs to H*(R) N L'(R) (s > 3/2), we verify the global existence of the solution
for the stochastic equation.
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1. Introduction

The objective of this work is to consider the following problem:

{dv + by + 0 (1 = ) (D + ) d = vdw, 1> 0, x€R, 0
v(0, x) = vo(x), x € R,
where a > 0, b > 0 are constants and w is a standard Brownian motion on R™.
The deterministic counterpart of problem (1.1) is the equation
Vi = Veu + @+ D)y =av,vy + by, a>0, b>0. (1.2)

Constantin and Lannes [1] derive a family of hydrodynamical equations containing Eq (1.2). Lai and
Wau [2] verify that the solution v(z, x) of Eq (1.2) meets with the conservation law

fv (t,x)dx = fv(O, x) dx = constant.
R

R
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When a =3 and b = 1, Eq (1.2) is turned into the Degasperis-Procesi (DP) model [3]
Vi— Vier + 4V, = 3V, V0 + Wirse (1.3)

Through the construction of a Lax pair, Degasperis et al. [4] prove the formal integrability for Eq (1.3).
It is demonstrated that Eq (1.3) possesses bi-Hamiltonian structure. Yin [5] establishes local existence
of Eq (1.3) on both the line and circle for vy € H*(R), and derives its precise blow-up result. Coclite and
Karlsen [6] (see also [7]) consider the global existence of weak solutions, along with their L!-stability
and uniqueness in the space L'(R) N BV(R). Zhao and Yan [8] discuss a new blow-up of a strong
solution to show wave breaking for Eq (1.3). Zhou et al. [9] investigate the property of the soliton and
long- time behavior of solutions with generic initial data supporting the presence of solitons to Eq (1.3).
Geyer and Pelinovsky [10] give the criterion of energy stability relating to the smooth periodic waves
for Eq (1.3). Freire [11] shows that the DP equation exhibits a pseudo-spherical character in its local and
non-local forms. Moon [12] illustrates the features of solutions for the DP equation with Coriolis effects.
Ifa=2and b =1, Eq (1.2) reduces to the Camassa-Holm (CH) equation [13]

Vi = Vi + 300, = 2V, V0 + Wiy, (1.4)

which is an integrable equation with peaked solitons. Constantin and Mckean [14] analyze the dynamic
features of Eq (1.4) on the circle. Bressan and Constantin [15, 16] construct global conservative and
dissipative solutions for Eq (1.4), respectively. Lenells [17, 18] classifies traveling wave solutions
of Eq (1.4) and identifies its conserved quantities. Khatun et al. [19] obtain numerous explicit soliton
solutions to the fractional simplified CH model. The nonlinear wave dynamics of arbitrary amplitude
periodic traveling-wave solutions for Eq (1.4) have been studied in [20]. Li et al. [21] use Backlund
transforms and discuss the oscillatory N-breather solutions for Eq (1.4). Han and Yang [22] find
a sufficient condition for wave breaking by utilizing a Riccati-type differential inequality. Li and
Zhang [23] study the stability of n-soliton solutions for Eq (1.4) by the construction of a Lyapunov
functional. Grunert [24] confirms that the Cauchy problem of Eq (1.4) has a unique global dissipative
solution under suitable assumptions on the initial data. For other works relating to the CH equation,
please refer to [25-29].

Incorporating stochastic effects into deterministic shallow water wave models is interesting to account
for external uncertainties. For the classic integrable CH and DP equations, many scholars have carried
out the well-posedness analysis of their stochastic extensions. Chen et al. [30] adopt a regularization
method to study local well-posedness and blow-up criteria for the stochastic CH equation with additive
noise (1 — 8%)“@%, where B is a Brownian motion on R* x R and ® is a Hilbert-Schmidt operator.
Albeverio et al. [31] analyze the stochastic CH model associated with transport-type noises and verify
the local existence and uniqueness of strong solutions in H>9(R) with 1 < ¢ < oo, where H>(R) denotes
the Sobolev space on R. The stochastic DP model associated with multiplicative noise is investigated in
Chen and Gao [32], in which a stochastic transport equation is utilized to prove local well-posedness,
and the invariant analysis with characteristic line arguments is established to verify the global existence.

In this work, we aim to establish the global well-posedness of a stochastic shallow water wave
problem (1.1). Methods relating to the stochastic transport equations are documented in [33-35]. We
build several energy inequalities by using Itd’s formula [36-38], and then prove the local existence and
uniqueness of problem (1.1) via iterative approximation. The precise breaking criteria for solutions of
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problem (1.1) are acquired. We employ the following transport system:

{p, = bv(t, p),

1.5
p0,x) = x, (1.5)

in which (z, x) € [0, T) X R, and v(x, ?) is a solution of problem (1.1). Set # = v — v,,, and we derive the
following identity:

h(t, plt, D) (pult, X)) = ho(x)e =402 vt

which constitutes a key ingredient in proving the existence of the global solution to problem (1.1).

Compared to the works in [32], we focus on a stochastic shallow water wave problem (1.1) that
includes the DP and CH equations as special cases. When a = 3 and b = 1, the first equation in
problem (1.1) reduces to the stochastic DP equation. When a = 2 and b = 1, the first equation in
problem (1.1) is turned into the stochastic CH equation. Namely, we extend parts of the works presented
in [32].

The rest of this paper is arranged as follows: Section 2 is devoted to establishing the local well-
posedness of the stochastic shallow water wave problem (1.1), while the global well-posedness of
problem (1.1) is demonstrated in Section 3. The conclusion is stated in Section 4.

2. Local existence

This section is dedicated to establishing the local well-posedness of problem (1.1).
Consider the stochastic transport system

dv+ (uvy + B)dt = fdw, t > 0,x € R,
2.1

v(x,0) = vo(x), x €R,
where functions u, B, and f are taken to depend on ¢, x.

Lemma 2.1. [32] Let B, f € L*(0,T; H*(R)),u € L'(0,T; H*(R)), and vy € H*(R) with real num-
ber s > 3/2. For every T > 0, problem (2.1) has a unique solution v belonging to the space
LX(Q; C([0,T; H'(R))),*! and v satisfying

!
E sup [Vllgs < Ce“YO|[vollus +E sup f e YO(IBllgs + 201 flls)drl, 2.2)
0

0<t<T 0<t<T

where U(t) = E supy.,r fot(llull gs + &)dt, with € being a sufficiently small positive constant.

Definition 2.1. (Local solution) A stochastic process v is called a local solution to problem (1.1) on
[0,T]; If v € L2(Q; C([0, T1; H (R))), v is adapted to the filtration generated by the Brownian motion
w(t), and v satisfies problem (1.1) in the integral sense. More precisely, for any t € [0, T, the following
equality holds almost surely in H*"'(R) :

> > dr + L v(T)dw(7).

*10) denotes the sample space of the probability space, corresponding to all possible paths of the Brownian motion (random perturbation)
in the stochastic shallow water wave equations.

V() = vo - f [bvmaxvm £, (1) (fvzm + 2 ‘“(axvmf)
0
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Theorem 2.1. Let vy € H(R) with s > 3/2. A unique solution v € L>(Q; C([0, T1; H*(R))) to problem
(1.1) exists for an appropriate positive T.

Proof. Set vy, = vy * p,, where * denotes convolution and p, is the Friedrichs mollifier defined by
op(x) =(n+1)s p((n + 1) 4x) for integers n > 0. The function p is chosen to ensure that its Fourier
transform p lies in C3’(R), p > 0, and p(§) = 1 for all £ € (=1, 1). Let {v"},av denote the sequence
with 0 = 0, where V" is the solution to problem (1.1) with initial data vy,. As vg,.; € H*(R) for all n,
Theorem 2.1 together with induction on n (starting from n = 0) implies the existence of a sequence of
smooth functions (v,,),ex in L2(Q; C([0, T]; H¥(R))) that satisfy the stochastic transport equation

{dvm + [DV" 0™+ 0,(1 = )7 (GO + L0, ) ]dE = vidw 23)

vir0, x) = vou1, X €ER.

We shall show that there exists 7 > 0 such that the sequence of solutions (V") is uniformly
bounded in the space L*(Q; C([0, T]; H*(R))) and forms a Cauchy sequence, which converges to a
limit v € L2(Q; C([0, T]; H*~'(R))).

We have

a
l19x(1 - 3i)_1(§(vn)2)llﬁs < CIV" I,

19.(1 =32 ( 2@ )l < CIV

which, when combined with (2.2) and system (2.3), deduces

E sup [V gs <Ce" Olvollgs
0T

¢ 2.4)
+ CE sup f eV OV I + IV G + 21V )d],
o<i<T Jo
in which V"(1) = E sup,,; fO(||V"||Hr +e)dr. Select 0 < T < 2C||v0|| , and assume that
lIvoll s
E sup V'|lps + &6 < ——————. (2.5)
0<i<T 1 = 2C||vollgst
Using (2.5) yields
; t Clivoligs ,
CVO-CVI (@) _ (CEsupaer [ vallas +e)d’ o ) Tachglyse 4™
_1 [t dA=2Clvglls ) _ 1, 122wl
= 2 T2Wglys™ = g 2" T2Clvgllyst (26)
1= 2C||v0||H.YT)%
1 = 2C||vollpst
and
1
Vi) ( 1 )2
e _ 2.7
1 =2Cl|vollpst
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Substituting (2.5)—(2.7) into (2.4) leads to

E sup (||v L= f 1 =2C||vollgs T ||V
ourer o T=2C ol i v o

dT)

C
< (Ivollus + CE sup f VI = 2CIvolla [Vl + 1)* = 11d7)
V1 = 2C|vollzst 0<i<T Jo
C ' Clvoll7.
S (vollzs + ~)—¢
V1 =2Clvollast 0 (1 =2C|vollgs7)2
Clivollas
1 =2C||vollgs t

We proceed by contradiction. Suppose that (1), is unbounded in L2(Q; C([0, T]; H*(R))). Since
the integral term is non-negative, the above estimate ensures that E sup,,.r [[V"*'|lg is bounded by
a finite constant, which contradicts the assumption that the sequence is unbounded. Thus, (V") is
uniformly bounded in the space L*(Q; C([0, T1; H*(R))).

We now proceed to demonstrate that the sequence (v*),en 1S a Cauchy sequence in the space
L*(Q; C([0, TT; H'(R))). To this end, for any positive integers g and n, we define k% = v#s+! — y*!
and apply system (2.3) to obtain

RS, + TV + K0+ 0,1~ B TSSO )

35—
+ 22 LH K (@0 + a0 Nt = KSdw.

Similar to the proof of (2.4), utilizing the fact that (v*),cn has a uniform bound in the space
L*(Q; C([0, T]; H*(R))) with sufficiently small T', we obtain

E sup [IKS, I

0<i<T

!
<Cexp(CE sup f V"8l + &)dD)Voeg+1y = Voo bl

0<<T

! T
+E sup f exp(—CE sup f (V" + &)dr’) X (ks (V"4 s
0

0<1<T O<i<T
1 1
IV ) + 0Kl 0 s + 10,97 ) + 20Ee1)dT)

SC(Vom+g+1) = Vous+nllas-1 + E sup f(llkgllm v+ NIk, lls-)d o) (2.8)

0<t<T

A
SC(IVoreg+1) = Vo st + TE sup [k [lg1 + E sup f k5|l zs-1dT)

0<i<T 0<i<T

C
:—(I|V0(n+g+l) = Vo nllps-1 + E sup f k5| o1 dT)
1-CT 0<t<T
SC(vomrgs1) = Vouepllgs—1 +E sup ”k;g,”Hf*ldT)-

0<i<T Jo
Inducting on the index n yields

(ZTC) . (T T)"
E sup Ik, Iz SCUVousgr1y = Vowsnllas Z + ™! ——dr),

o<<T
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illustrating that the sequence ("), is indeed a Cauchy sequence in L*(Q; C([0, T]; H*"'(R))) and
possesses a limit v belonging to this space.

It is necessary to verify v € L*(Q;C([0,T]; H*(R))) and satisfies problem (1.1). As the se-
quence (V"),en is uniformly bounded in L*(Q; C(0, T; H*(R))), utilizing Fatou’s lemma yields v €
L*(Q; L>(0, T; H°(R))). Furthermore, since (V") converges to v in L*(Q; C([0, T; H*"'(R))), lever-
aging an interpolation argument allows us to recognize that this convergence extends to the space
LX(Q;C([0,T]; H (R))) for all & < s.

Using the convergence obtained above, we now justify the passage to the limit in system (2.3).
Since V' — v in L*(Q;C([0, T]; H (R))) for any s’ < s, and (V*),ay is uniformly bounded in
L*(Q; C([0, T1; H*(R))), we may choose s, € (3/2,s). Then, utilizing the Sobolev embedding and
standard product estimates, the nonlinear terms in system (2.3) converge to the corresponding nonlinear
terms in problem (1.1). More precisely, v'd,v"*! — vd,v and 8.(1 — §%)~! (%(v”)2 + 3I’T‘”‘((9xv’”1)2) -
0.(1-6*)7" (‘E‘v2 + 3P’T‘“(axv)z) in L>(Q; L'(0, T; H*~'(R))). In addition, applying the Burkholder-Davis-
Gundy'? inequality, we have

2

T
E sup < CE fo IV'(7) = v(T)|P2odT — 0.
H

0<t<T

fo (/1) = v(1)) dw(7)

The convergence of the initial data follows from the definition of the Friedrichs mollifier. Therefore,
passing to the limit in the integral form of system (2.3), we conclude that v satisfies problem (1.1) in the
integral sense.

It remains to verify the continuous dependence on the initial data. Let vo,, — v in H*"!(R), and let

V" and v be the solutions corresponding to the initial data vy, and v, respectively. Applying the same
difference estimate as that used in deriving (2.8), we obtain

E sup [V"(®) = vOllg—1 < Crllvom = volly=1,

0<t<T

where Cy is independent of m. Since vy,, — v in H*~'(R), the right-hand side tends to zero. Hence
V' > v oin L2(Q;C([0, TT; H'(R))).

Therefore, the solution map depends continuously on the initial data.
The proof is finished. O

3. Global existence

The proof of global existence for problem (1.1) is provided.

Lemma 3.1. Letting h = v — v,,, problem (1.1) satisfies the form

{dh + [bvh, + ahv,]dt = hdw, x€R,t>0, G

(0, x) = ho(x) = vo(x) — Pvp(x), x€R.

"2For any g > 0 and a local martingale M(r) taking values in the real space, there exists a constant C, > 0 (depending only on g) such
that E sup,,. IM()|Y < QE(M(I))? 2, where (M(t))r denotes the quadratic variation of M(¢) on [0, T].
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Proof. Applying the operator (1 — 4%) to both sides of the first equation in problem (1.1) yields

3p —
dh + (1 — 8%) (bvvy) dt + 0, (—v + 4 2)dt hdw.

Using
(1 = 8%)(bvv,) = bvv, — b2 (vvy) = bvv, — 3bv, v, — by,
and
3b -
0, c—lvz + avi =aw,+ Bb—a),v,,,
2 2
we have

dh+ [av,(v — v, + bv(v, — v, ldt = hdw.

Therefore, problem (1.1) reduces to
dh + [bvh, + ahv,]dt = hdw,
where the initial data is given by /(x) = vo(x) — 6?vo(x). The proof is finished. O

Leveraging the local well-posedness established in Theorem 2.1, we derive the following precise
blow-up scenario for solutions to problem (1.1).

Theorem 3.1. Let w denote a specific random outcome (also called a sample point) in the sample space
Q. Given vy € H*(R) with s > 3/2, let T be the maximal existence time of the associated solution v for
problem (1.1). Then for almost every w € Q, the necessary and sufficient condition for blow-up of v is

hm inf mf{vx(t Xx)} = —oo0.

t—T

Proof. Combining a standard density argument and Theorem 2.1, we only verify Theorem 3.1 with
s =3.

After integrating by parts and applying It6’s formula to ||4||>,, we obtain

2’

! ! 1
||h||i2 :||h0||12+2af fhvxvxxdxdr+2bf fhvvmxdxdT—Z(a+b)f fhvvxdxdr
0 JR 0 JR 0 JR
! !
+2 f f h* dxdw + f IAll7, dT 3.2)
0 JR 0
! 1
:||h0||i2+2af fhvx(v—h)dxd7'+2bf fhv(vx—hx)dxd‘r
0 JR 0 JR
1 t t
—2(a+D) f f hvv, dxdt + 2 f f h* dxdw + f \\All>, dT
0 JR 0 JR 0
! t ! t
=[lholl2, — 2a f f h*v, dxdt — 2b f f vhh, dxdt + 2 f f h* dxdw + f 1Al dr
0 JR 0 JR 0 JR 0
! t t
=[lhol2, + (b — 2a) f f h*v,dxdt + 2 f f h* dxdw + f 1AII2, dr.
0 JR 0 JR 0
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Similarly, using 1t6’s formula to ||hx||i2 and integrating by parts gives rise to

! !
17> =110:holl2> — (2a + b) f f v hidxdr +a f f v dxdt
0 R 0 R
! !
+2 f f hidxdw + f 1172 d.
0 R 0

Applying the Burkholder-Davis-Gundy (B-D-G) inequality yields

t T
2F sup | f R dxdw| < 6E{ f f ( f Rdx)*dr):
0T 0 R

E{ sup IIhIIsz 2, dr}2 (3.4)

0<t<T

1
—~E sup ||h|| + 18E sup f ||h||izd7'.

2 0<i<T 0<t<T Jo

(3.3)

73
2E sup | f h2dxdw)
0<i<T 0 R

1 . 3.5)
—E sup ||h, || + 18E sup f ||hx||isz.

2 0<i<T 0<t<T Jo

Combining (3.2)—(3.5) yields

E sup (I, + l1hll7)

t€[0,T]

!
<2lholl7, + 2010,holl7, + 38E sup f(llhlliz + [1hl17)dT (3.6)
0

0<t<T

t t
— (4a + 2b) f f hvdxdr — 2(a — b) f f h*v.dxdr.
0 JR 0 JR

Assume that v, is bounded from below on [0,7) X R for almost all w € Q. Namely, there is a
constant M > 0 satisfying

—v(t,x) < Mon[0,T)XR.
Utilizing (3.6) yields

E sup (IAll7. + 1B.:h)I[7.)

t€[0,T]

!
< C(lholl7, + 10holl7, +E sup f(llhlliz + [1@xMII7)d7).

0<t<T JO

(3.7)

Applying (3.7) and Gronwall’s inequality, we know that the H> norm of the solution to problem (1.1) is
uniformly bounded for all finite time. Moreover, an analogous inductive procedure demonstrates that
the H* norm of the solution v(z, x) does not blow up in finite time for s > 4. O
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Lemma 3.2. [2] Let vo € H*(R) with s > 3, and let T > 0 stand for the maximal existence time of
the solution to problem (1.1). Then problem (1.5) admits a unique solution p € C'([0,T) X R,R). In
addition, the mapping p(t, -) constitutes an increasing diffeomorphism on R satisfying

px(t, x) = exp(f: bv.(t, p(1,x))dt) > 0,V(t,x) € [0, T) X R. (3.8)
Lemma 3.3. Given vy € H°(R) with s > 3, then
(1, plt, %)) P2t x) = ho(x)e" @302 v, (39)
where (t,x) € [0, T) X Rand h :=v — v,,.
Proof. Combining (1.5) and (3.1) with (3.8), it holds that

d |h(t, p(t, )PE, X)| = (WP’ + 2hppy + hepipd)dt
= (hyp> + 2bhv,p* + bh,vp?)dt

(3.10)
= [(h; + ahv, + bhw)p* — (a — 2b)v,hp*ldt
= hp*dw — (a — 2b)vhp*dt.
Using p,(0, x) = 1 and integrating (3.10) on the interval [0, 7) finishes the proof. O

Remark 3.1. Applying Lemma 3.3, we obtain that vy — (vg),, > 0 implies v—v,, > 0. Since the operator
(1- ai)-l preserves nonnegativity, we acquire v > 0. Accordingly, vop — (Vo) < O leads tov —v,, <0
and v < 0.

Lemma 3.4. Let vy € H*(R) N L'(R) with s > 3/2, and assume hy = (1 — 8>)vy does not change sign on
R. Then, for any finite time T > 0, there exists a constant C > 0 such that

sup |[v(, =@ < C.

0<t<T
Proof. The proof is inspired by the sign estimate used in the deterministic case [2]. Since problem (1.1)
contains the multiplicative stochastic term v dw, the deterministic conservation law used in [2] cannot
be applied directly. Therefore, the influence of the stochastic term on the spatial integral needs to be
treated separately. Set 4 = v — v,,. Utilizing Lemma 3.3 and Remark 3.1, if 7y = (1 — 8§)v0 does not
change sign on R, then A(t, -) preserves the same sign for ¢ € [0, T).

Since v = (1 — 82)"'h, and the Green’s function of (1 — 82)™! is given by G(x) = 3¢, we have

1
v(t, x) = > fe_lx_ylh(l‘, y)dy.
R

Since 0 < e™¥ ! < 1 and A(t, -) does not change sign, it follows that

zlgmwwy

1 1
w&msifm@ww=—
R

Moreover, using h = v — v, together with the spatial decay of the solution yields

j%@w@:jkmw@.
R R
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Hence,

v, = < 5

1
t,y)dyl.
ZfRV(y)y‘

Let M(t) = fR v(t, x) dx. Integrating problem (1.1) over R with respect to x gives rise to

3b -
fbvvx dx + f@x(l - 8)26)_1 (gv2 + avi) dx] dt = M(t)dw.
R R

dM(t
(1) + > >

Applying integration by parts, the spatial decay of the solution, and the exponential decay kernel of

(1 -06%7", we have
fbvvx dx=0
R

3b -
f 0x(1 - )" (gvz + Tavﬁ) dx = 0.
R

Thus, the deterministic terms vanish after integration over the whole space. By the stochastic Fubini
theorem, the stochastic term meets with

and

dM(t) = M(t)dw.
Solving this scalar Itd equation yields
1
M(t) = M(0)exp (w(t) - Et) ,

where M(0) = vao(x) dx. Since vy € L'(R), we have |M(0)| < |[voll,1 < oo and

1 1
(& iz < 51M(0)] exp (W(t) - Et)'
Taking the supremum over r € [0,7), we get
1 1
sup |[v(t, = < 5IM(0)] sup exp|w(r) - 51].
0<t<T 2 0<t<T 2
Since the Brownian motion w(¢) has continuous sample paths on the finite interval of time, we acquire

1
sup exp (w(t) - Et) < 00,

0<t<T

Thus, there exists a constant C > 0 such that

sup |[v(¢, )l=®) < C.
0<t<T

The proof is complete. O
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Theorem 3.2. Suppose vy € H(R) and vy € L'(R) with s > 3/2. Provided that hy = vy — (Vo) does not
change sign on R, problem (1.1) possesses a global solution v € L*(Q; C([0, 0); H*(R))). Furthermore,
forallt € [0,T), it holds that

e, ) < (8, ) < C, forae weQ.

Proof. For the proof of this theorem, we only assume s > 3. Let T be the maximal existence time of
the solution v to problem (1.1). Note that

X

v(t, x) = % f e"h(t,n)dn+% f e "h(t, n)dn,

(%)

X

ov(t, x) = —% f e"h(t, n)dn + % f e "h(t,n)dn,

from which we derive

v(t, x) + 0v(t, x) = e* f e "h(t,n)dn,
Y (3.11)

v(t,x) —0v(t,x) =e™* f e"h(t, n)dn.

—00

Utilizing (3.11), Lemma 3.5 in [32], Lemma 3.4, and the non-negativity of 4 for every ¢ € [0, T), we obtain

E sup |vi(t,x)| < E sup v(t,x) < C,
t€[0,T] te[0,T]
which together with Lemma 3.2 yields T = co.
Under the condition that 4y > 0 on R, the proof of Theorem 3.2 is complete. For the scenario where
ho(x) < 0 on R, the required conclusion follows by repeating the analogous argument. O

Theorem 3.3. Suppose vy € H*(R) and vy € L'(R) with s > 3/2, and there exists xo € R such
that ho(x) satisfies the sign condition: hyo(x) < 0 for x < xy and ho(x) > 0 for x > xo. Then problem (1.1)
has a global strong solution v € L*(Q; C([0, o0); H*(R))). Moreover, for all t € [0, T), it follows that

v(t,") = —v(t,-)| = —C, fora.e. w e

Proof. We prove the theorem by assuming s > 3. Let T stand for the maximal existence time of the
solution v corresponding to problem (1.1). As p(#; x) is an increasing diffeomorphism on R satisfy-
ing p.(t; x) > 0 with respect to time ¢, the hypotheses in Theorem 3.3 and Lemmas 3.2 and 3.3 imply
that for Vr € [0, T) and almost every w € Q, h(t, x) < 0 whenever x < p(t, xo) and A(t, x) > 0 whenever
x = p(t, xo), while h(t, p(t, xy)) = 0.

Combining this sign property of & with (3.11), for V¢ € [0, T) and almost every w € Q, we have
v(t,x) > v(t,x) whenever x < p(t, xo) and v,(¢,x) > —v(t, x) whenever x > p(t, xy). Thus, for V
t € [0, T) and almost every w € Q, v,(t, -) satisfies v,(t,-) > —|v(z, )| on R. Using Lemma 3.4 yields

E sup v.(t,:) > —E sup |v(t,-)| = —-C,
t€[0,T] t€[0,T]

which together with Lemma 3.2 derives 7' = oo. O
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4. Conclusions

In this work, we study a stochastic shallow water wave equation in Itd form that includes the
Degasperis-Procesi and Camassa-Holm equations as special cases. By transforming the equation into a
stochastic transport equation, we obtain the local well-posedness of its solutions when the initial data
lies in H*(R) (s > 3/2). Moreover, in the probabilistic sense, we establish the existence and uniqueness
of global strong solutions when the initial data belongs to H*(R) N L'(R) (s > 3/2). Here, we mention
that the condition to guarantee the existence of the global strong solutions for system (1.1) is the sign
condition about the initial data. Whether we can find the assumption different from the sign condition to
ensure the global existence is a problem that we need to consider in our future work.
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