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Abstract: In this paper, we investigate multiplayer nonzero-sum differential graphical games for
continuous-time nonlinear systems with unknown dynamics. Conventional reinforcement-learning-
based optimal control methods for such problems usually suffer from the curse of dimensionality in
parameter estimation and high online computational cost. To address these issues, an indirect adaptive
control algorithm with distributed sparse identification is developed within an actor–critic–identifier
architecture. Specifically, graphical game structural priors are incorporated to reduce the dimension
of the unknown parameter space, and a gradient-based integral concurrent learning identifier using
a historical data stack is designed for online system identification. In contrast to conventional least-
squares-based concurrent learning methods, the proposed identifier avoids covariance matrix inversion
and reduces the per-step computational complexity from O(q2) to O(q). By combining the identifier
with integral reinforcement learning, the proposed method achieves online approximation of the Nash
equilibrium solution to the coupled Hamilton–Jacobi–Bellman equations without requiring an exact
system model. A Lyapunov-based analysis is further conducted to establish exponential convergence
of the identifier parameters under finite excitation and uniformly ultimately bounded stability of the
closed-loop system under a persistence-of-excitation condition on the critic regressor. Comparative
simulation results for the considered benchmark example show that, while maintaining a weight
approximation error on the order of 10−3, the proposed algorithm reduces the convergence time by 75%,
thereby improving learning efficiency and alleviating the online computational burden.
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1. Introduction

Game theory has attracted extensive attention in recent years [1, 2]. In the real world, interactive
decision-making problems in which cooperation and competition coexist among multiple agents can
be modeled as multiplayer nonzero-sum (NZS) differential games [3]. For continuous-time (CT) NZS
games, optimal control methods are often used to analyze the strategy of each player. By solving the
coupled Hamilton–Jacobi–Bellman (HJB) equations, each player can obtain a Nash equilibrium (NE)
strategy with respect to its predefined performance index. If the system dynamics are nonlinear, the
coupled HJB equations become a class of nonlinear partial differential equations, which are notoriously
difficult, if not impossible, to solve analytically [4]. Therefore, neural network (NN) approximation
techniques have been widely used to obtain approximate optimal solutions, including constrained-input
non-zero-sum games [1], event-triggered robust nonzero-sum games with unknown dynamics [2], and
unknown nonlinear multiplayer nonzero-sum games [3].

Reinforcement learning (RL) is currently a popular approach for handling complex
decision-making and control problems. The concept of RL is mainly inspired by animal behavior and
is an effective machine learning method [5]. In recent years, learning-based optimization and
soft-computing methods have also been widely investigated in complex decision-making problems,
such as distributed energy-efficient parallel-machine scheduling [6], assembly job-shop scheduling
with uncertain assembly times [7], and dynamic flexible job-shop scheduling based on heterogeneous
graph reinforcement learning [8]. These studies show the potential of RL-related and learning-based
optimization methods in complex systems. For NZS problems, many RL-based methods have also
been developed after the early online learning study on unknown-dynamics NZS games [9] and the
neural-network feedback-control foundation summarized in [10], such as industrial process optimal
control [11], event-triggered control [12], output regulation [13], and optimal regulation of immune
systems [14]. In the field of control, RL is also referred to as adaptive dynamic programming (ADP),
which mainly studies the optimal control of deterministic CT systems [1, 2] and discrete-time (DT)
systems [3]. Different from RL methods for discrete decision-making and scheduling problems, ADP
for continuous-time control systems usually emphasizes admissible policy design,
Hamilton–Jacobi–Bellman equation approximation, closed-loop stability, and convergence analysis
based on Lyapunov theory. In this paper, we focus on the optimal control of deterministic CT systems
for NZS problems.

In the control field, RL/ADP methods can be divided into two categories: model-free and
model-based, with the most significant difference being whether system dynamics are required [15].
Model-free algorithms do not require knowledge of system dynamics, and representative studies
include event-triggered ADP for unknown nonlinear systems [12], approximate N-player
nonzero-sum game solutions for uncertain nonlinear systems [16], and online adaptive learning
solutions of coupled Hamilton–Jacobi equations [17]. Therefore, these methods usually exhibit better
adaptability to different environments. By contrast, model-based algorithms require complete system
dynamics to solve the coupled HJB equations. Although their computational burden is lower [18],
they have the advantages of reducing training time and improving learning efficiency [19]. However,
due to the mismatch that often exists between prior knowledge and the actual environment, their
adaptability to different environments may be limited.

To eliminate the dependence on system models, two main technical routes have been developed:
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integral reinforcement learning (IRL) [20] and the actor–critic–identifier (ACI) architecture. The
former was proposed by Vrabie and Lewis and has been further developed in recent years [20, 21].
IRL uses the integral form of the Bellman equation to remove the dependence on the drift dynamics.
However, standard IRL methods usually still assume that the input dynamics are known. Although
some recent model-free IRL studies [22] attempt to circumvent this limitation by introducing
exploration noise, this usually leads to a significant increase in computational burden. By contrast, the
latter was proposed by Bhasin et al. [23]. It is an indirect adaptive control (IAC) method that
introduces an independent identifier neural network to estimate the dynamics online, thereby
forming the ACI closed-loop structure. The key advantage of the ACI architecture lies in its ability
to simultaneously handle the uncertainties in both the drift and input dynamics, and to use the
identifier output to assist the updates of the critic and actor, without requiring precise knowledge of
the system dynamics.

Because the ACI architecture has shown excellent performance in single-system settings, its
extension to multiplayer differential games has attracted increasing attention. In this paper, we
investigate an RL algorithm based on the ACI architecture, in which gradient-type integral concurrent
learning is employed as the identifier to solve nonzero-sum graphical games. Concurrent learning
(CL) was proposed by Chowdhary and Johnson [24], and was applied to NZS problems by
Kamalapurkar et al. [25]. For nonlinear differential graphical games with unknown dynamics and
external disturbances, Tatari et al. [26] developed an online distributed adaptive learning method in
which actor–critic structures, identifiers, and recorded past observations were used to approximate the
solution of coupled Hamilton–Jacobi–Isaacs equations. To relax the excitation requirement and avoid
direct use of state derivatives, Parikh et al. [27] developed integral concurrent learning (ICL) and
established parameter convergence under finite excitation. However, similar to Kamalapurkar’s work,
most existing CL algorithms still adopt least-squares-type update laws, whose core mathematical
form involves covariance-matrix inversion. For a local identifier with parameter dimension q, the
computational time complexity can be as high as O(q2). Building on this line of research, Le et
al. [28] began to explore accelerated-gradient-based ICL methods in an attempt to avoid matrix
inversion, but their application to continuous-time nonlinear nonzero-sum differential graphical games
remains underexplored. In recent years, research on the ACI architecture for optimal control of
uncertain nonlinear systems has continued to advance [29].

Another major challenge in multiplayer nonzero-sum games is the curse of dimensionality. In a
general N-player game, the performance index Vi of each player depends not only on its own state xi

and control input ui, but also on the states and inputs of all the other N − 1 players. This means that
the input dimension of the HJB equations grows linearly with the number of players, whereas the
solution complexity increases exponentially. The theory of differential graphical games proposed by
Vamvoudakis et al. [30] provides a possible way to address this issue. Graphical games use a
communication topology graph to restrict the interaction range among players, so that the
performance index of each player depends only on its neighbor set. This local interaction property
allows the high-dimensional coupled HJB equations to be decomposed into N lower-dimensional
locally coupled HJB equations. Since then, studies on the solution structure and distributed
implementation of differential graphical games have been further extended in terms of the stability
and robustness analysis of minmax solutions [31], the construction of distributed global Nash
solutions [32], and alternative solution concepts for graphical games when Nash equilibria are
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unattainable [33]. In the past two years, graphical-game research has been further extended to more
complicated and more engineering-oriented scenarios, such as robust differential graphical games
with external disturbances and nonzero leader inputs [34], Nash–minmax graphical-game solutions
combined with reinforcement learning [35], and distributed global Nash solutions and online
reinforcement learning implementations in the presence of adversarial inputs [36].

In summary, although ACI-based learning, concurrent-learning-based identification, and
differential graphical games have been separately or partially investigated in the literature, these
results do not directly provide a scalable online solution for continuous-time nonlinear nonzero-sum
differential graphical games with unknown dynamics. In particular, ACI-based learning with recorded
data has been studied for nonlinear differential graphical games under unknown dynamics [26];
however, in that work the graph topology is mainly used to formulate local tracking-error coupling
and distributed zero-sum disturbance-rejection games. For the nonzero-sum Nash learning problem
considered in this paper, the coupled Hamilton–Jacobi–Bellman equations, unknown nonlinear
dynamics, and graph-induced local interactions must be handled simultaneously.

Motivated by these observations, this paper develops an indirect adaptive reinforcement learning
method that integrates graph-structure-driven sparse identification, gradient-type integral concurrent
learning, and the ACI architecture into a unified framework. The rationale behind this design is
threefold. First, since the drift and input dynamics are unknown, an indirect adaptive learning
structure is adopted so that the identifier can provide online model estimates for the subsequent critic
and actor updates. Second, different from using the graph topology only to describe local information
exchange or tracking-error coupling, the known interaction topology is further exploited as structural
prior information to construct sparse local identifiers and reduce redundant parameter estimation.
This sparsity is particularly beneficial for concurrent-learning-based identification, since the
finite-excitation condition and history-stack construction are imposed on lower-dimensional local
regressors rather than on a globally parameterized model. Third, a gradient-type ICL update law is
used instead of a conventional least-squares-type concurrent-learning update, so that
finite-excitation-based parameter convergence can be retained while avoiding covariance-matrix
inversion. Therefore, the main methodological contribution of this work is to develop a
computationally efficient ACI-based online Nash learning scheme, in which the known graphical
structure is embedded into the gradient-type ICL identifier to reduce redundant parameter estimation
for unknown continuous-time nonlinear nonzero-sum differential graphical games.

The main contributions of this paper are summarized as follows.

• For the high-dimensional globally coupled estimation problem in multiplayer nonzero-sum
differential graphical games, a graph-structure-driven distributed sparse identification
mechanism is developed. By exploiting the sparsity and topological prior information of the
graph, the original unified parameter-estimation problem for globally unknown coupled
dynamics is transformed into local distributed estimation problems involving only nonzero
adjacent coupling weights. From the identifier-design viewpoint, this provides a
topology-consistent structural mechanism for reducing the parameter-estimation dimension: the
local regressor of each player retains only the basis functions associated with its neighbor set and
the input channels over Ni ∪ {i}, while redundant non-neighbor coupling terms are excluded
from the parameterization. The corresponding reduction in parameter dimension is theoretically
clarified through the local parameterization and the dimension analysis. This design also
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provides a structural basis for applying concurrent-learning-based identification to
lower-dimensional local regressors.
• A gradient-type integral concurrent learning identifier based on a historical data stack is

designed. Different from conventional least-squares-based concurrent learning methods [24, 25],
the proposed identifier avoids covariance-matrix inversion and reduces the per-step
computational complexity of parameter updating from O(q2) to O(q), thereby retaining the
advantages of low computational cost and easy online implementation of gradient-based
updates. It also preserves the finite-excitation-based learning feature of ICL while avoiding the
main matrix-inversion operation in least-squares-type CL schemes.
• Based on the above distributed sparse parameter-estimation mechanism and gradient-type ICL,

an online indirect adaptive reinforcement learning algorithm under the ACI architecture is
proposed. Without requiring an exact system dynamics model, it realizes online approximation
of the Nash equilibrium solution to the coupled HJB equations and closed-loop control.
Theoretically, exponential convergence of the identifier parameters under finite excitation
conditions is established, and the uniform ultimate boundedness of the closed-loop system is
proved under a persistence-of-excitation condition on the critic regressor. Simulation results for
the considered benchmark verify the closed-loop Nash learning performance and illustrate
consistency with the UUB stability analysis. Compared with existing model-free
methods [15, 22], the proposed method can shorten the convergence time and reduce the online
computational burden while maintaining the same order of weight-approximation error.

The remainder of this paper is organized as follows. Section 2 discusses the continuous-time
nonlinear NZS problem and its Nash equilibrium strategy, introduces the general form of graphical
games, and derives the coupled HJB equations. Section 3 proposes an indirect adaptive control
algorithm based on ACI-architecture reinforcement learning and applies it to nonzero-sum differential
graphical games. The ICL parameter update law and the adaptive update laws of the actor and critic
are designed to estimate the value function and the Nash equilibrium strategy simultaneously. Based
on Lyapunov analysis, the closed-loop stability of the proposed method is guaranteed. Section 4
verifies the closed-loop learning performance and computational efficiency of the proposed algorithm
through simulation and comparative analysis of a two-player nonzero-sum game. Detailed Lyapunov
analysis is provided in the Appendix.

Throughout this paper, ∥ · ∥ denotes the Euclidean norm of a vector or the induced norm of a
matrix, and (·)⊤ denotes the transpose of a vector or matrix. For a symmetric matrix X, λmax(X) and
λmin(X) denote its maximum and minimum eigenvalues, respectively. The symbols I and 0 denote an
identity matrix and a zero matrix with compatible dimensions, respectively. The operator col{·}
denotes column-wise stacking. For a differentiable scalar function f (x), ∇ f (x) = ∂ f /∂x denotes its
gradient with respect to x. For ease of notation, the time argument is omitted when no confusion
arises; for example, x, xi, and u denote x(t), xi(t), and u(t), respectively.

2. Preliminaries and problem formulation

2.1. Graph

Consider a multiplayer system composed of N players. The communication topology among the
players can be described by a directed graph G = (V,E, A), where V = {1, . . . ,N} denotes the set

Electronic Research Archive Volume 34, Issue 8, 5496–5524.



5501

of players and E ⊆ V × V denotes the edge set. The adjacency matrix A = [ai j] ∈ RN×N is used to
characterize the generalized coupling weights among the players. If the state or control input of player
j affects the dynamical information of player i, then ( j, i) ∈ E and ai j , 0; otherwise, ai j = 0. In this
study, the diagonal entry aii may represent the self-feedback gain of player i. The edge set E is assumed
to be known. In this paper, the adjacency pattern is used as structural prior information to determine
which coupling terms are retained in the local parameterization; the numerical coupling strengths are
absorbed into the unknown parameter vectors θi introduced later. The direction of each edge indicates
the propagation direction of information or dynamical influence.

2.2. Problem formulation

The multiplayer system is first abstracted as the following continuous-time nonlinear system

ẋ = F(x) +G(x)u. (2.1)

Here, x = [x⊤1 , . . . , x
⊤
i , . . . , x

⊤
N]⊤ ∈ Rn denotes the global joint state vector, where xi ∈ R

ni denotes
the local state of player i, and n =

∑N
i=1 ni. Here, xi also denotes the i-th state block of the global state

vector x, and this notation will be used throughout the subsequent subsystem dynamics and identifier
design. Similarly, u = [u⊤1 , . . . , u

⊤
i , . . . , u

⊤
N]⊤ ∈ Rm denotes the joint control input, where ui ∈ R

mi

denotes the control input of player i, and m =
∑N

i=1 mi. The global drift vector field F(x) ∈ Rn is
composed of the local drift terms and the state-coupling terms of all players stacked according to the
state dimensions. Accordingly, F(x) can be partitioned according to the players’ state blocks as F(x) =
[F⊤1 (x), . . . , F⊤i (x), . . . , F⊤N(x)]⊤, where Fi(x) corresponds to the drift component of the i-th player’s
subsystem. The input matrix G(x) = [g1(x), . . . , gi(x), . . . , gN(x)] ∈ Rn×m is partitioned according to the
players’ control inputs, where gi(x) ∈ Rn×mi denotes the input block associated with player i. Owing
to neighbor-input coupling, G(x) is not necessarily block diagonal. It is assumed that, on the compact
operating set Ω, both F(x) and G(x) satisfy the local Lipschitz condition, and F(0) = 0.

On the basis of system (2.1), globally parameterizing and estimating the unknown dynamics online
generally leads to an excessively high parameter dimension and a substantial increase in
computational complexity, thereby impairing real-time performance and scalability. In practical
multiplayer systems, each player typically interacts with only a limited number of neighbors, and
such interaction relations can often be described by a known topology. If this structural prior is
ignored and the unknown dynamics are estimated at the global level, a large number of redundant
parameters will be introduced, which significantly reduces online learning efficiency and weakens the
feasibility of distributed implementation. Motivated by this observation, the graphical-game modeling
idea is further introduced so that the system dynamics can be structurally characterized under a
known interaction topology, while preserving sufficient generality for online learning and
game-theoretic control design.

For any player i, define the stacked neighbor-state vector as xNi = col{x j : j ∈ Ni} and the stacked
local-neighborhood input vector as uNi∪{i} = col{u j : j ∈ Ni∪{i}}, where col{·} denotes the column-wise
stacking operator. Then, the dynamics of the i-th subsystem depend only on its own state, the states of
its neighbors, and the control inputs over its local interaction set.

According to the above graphical-game description and structural prior knowledge, the original
system can be rewritten in the following graphical-game form. Inspired by the decomposition idea
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for unknown nonlinear systems in Ming et al. [37], and combined with the known communication
topology of multiplayer systems, the dynamics of player i can be expressed as

ẋi = fi(xi) +
∑
j∈Ni

hi j(xi, x j) +
∑

j∈Ni∪{i}

gi j(xi, x j)u j. (2.2)

In (2.2), fi : Rni → Rni denotes the local drift dynamics of player i, hi j : Rni ×Rn j → Rni denotes the
state-coupling effect of neighboring player j on subsystem i, and gi j : Rni ×Rn j → Rni×m j characterizes
the influence of control input u j on subsystem i. When j = i, gii(·) corresponds to the local input
channel of player i; when j ∈ Ni, gi j(·) describes the sparse neighbor-input coupling induced by the
interaction topology. It follows from (2.2) that the overall multiplayer system remains input-affine
with respect to the joint control input u, except that the input gain matrix now exhibits a topology-
consistent sparse structure rather than a block-diagonal one. This representation explicitly encodes
the sparsity of the graph topology and converts the original globally coupled estimation problem into
a local estimation problem involving only nonzero neighbor interaction terms, thereby reducing the
parameter dimension and facilitating distributed implementation of the identifier.

To ensure controllability of the practical physical system and establish the subsequent convergence
analysis, the following standard assumptions are imposed on the system dynamics and approximation
properties.

Assumption 1.

(a) Continuity and boundedness of the system dynamics: On the compact set Ω, the drift term F(x)
is locally Lipschitz and linearly bounded, that is, there exists a positive constant b f such that
∥F(x)∥ ≤ b f ∥x∥ for all x ∈ Ω. Moreover, for each player i, the corresponding input block gi(x) is
bounded on Ω, namely, there exists a positive constant bgi such that ∥gi(x)∥ ≤ bgi for all x ∈ Ω.

(b) Neural-network approximation properties: The neural-network basis function ϕi(x) used to
approximate the value function and its gradient ∇ϕi(x) are bounded on Ω. In addition, the
ideal critic weight W1i, the value-function approximation error εi(x), and its gradient ∇εi(x) are
all bounded.

(c) Boundedness of the exploration signal: To guarantee the persistence of excitation required for
online learning, an artificially designed exploration signal ei(t) is introduced into the control input.
It is assumed to be a bounded continuous signal, i.e., there exists a positive constant ēi such that
∥ei(t)∥ ≤ ēi for all t ≥ 0.

These are the standard assumptions in nonlinear approximation and learning control. Based on
them, the infinite-horizon performance index of player i is defined as

Vi(x(t)) =
∫ ∞

t
ri(x(τ), u(τ)) dτ =

∫ ∞

t

S i(x) +
N∑

j=1

u⊤j Ri ju j

 dτ. (2.3)

Here, Qi ∈ R
ni×ni is symmetric positive definite and S i(x) = x⊤i Qixi. For j ∈ Ni ∪ {i}, Ri j ∈ R

m j×m j is
symmetric positive definite and characterizes the influence of player j’s control effort on player i’s cost
function; if j < Ni ∪ {i}, then Ri j = 0m j×m j . Hence, only the control inputs of player i and its neighbors
appear in the local cost functional.
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Assuming that Vi(x) is continuously differentiable, differentiation of (2.3) along the system
trajectory yields

S i(x) +
N∑

j=1

u⊤j Ri ju j + ∇V⊤i (x)
(
F(x) +G(x)u

)
= 0, (2.4)

where Vi(0) = 0, and ∇Vi(x) denotes the gradient of the value function with respect to the state.
According to the certainty-equivalence principle [38], the online estimated parameters or model

are substituted into the control law derived under the assumption that the system model is known.
However, certainty equivalence alone usually guarantees only boundedness of the closed-loop signals
or convergence of the tracking error, rather than convergence of the estimated dynamical parameters
to the true physical parameters. Classical adaptive control theory shows that asymptotic convergence
of the parameter estimation error requires the regressor signal to satisfy the stringent persistence of
excitation (PE) condition [38], namely, there exist positive constants T0 and α0 such that

λmin

[∫ t+T0

t
ω(τ)ω⊤(τ) dτ

]
≥ α0, ∀t ≥ 0, (2.5)

where ω(τ) ∈ Rℓ denotes a generic regressor vector. This condition requires the signal to remain
sufficiently rich in all directions of the parameter space over every sliding time window of length T0.

To relax this restrictive requirement at the identifier layer, the ICL identifier developed in this paper
only requires the mild finite excitation (FE) condition, namely, that the recorded history stack be full
rank over a finite time interval. In particular, if

λmin

 M∑
k=1

Y⊤ikYik

 ≥ λ > 0,

then exact parameter convergence can be established theoretically. By contrast, the closed-loop
uniformly ultimately bounded (UUB) result in Theorem 2 additionally relies on PE of the critic
regressor.

Specifically, the previously estimated input dynamics Ĝ(x) are used to replace the actual input
dynamics G(x), where Ĝ(x) = [ĝ1(x), . . . , ĝN(x)]. Then, the Hamiltonian function of player i is
defined as

Hi
(
x,∇Vi, u

)
= S i(x) +

N∑
j=1

u⊤j Ri ju j + ∇V⊤i (x)
(
F(x) + Ĝ(x)u

)
. (2.6)

Accordingly, the coupled HJB equations can be written as

Hi
(
x,∇Vi, u

)
= 0. (2.7)

At the Nash equilibrium, given the strategies of the other players, player i obtains its optimal
feedback control by minimizing its own Hamiltonian, i.e.,

∂Hi

∂ui
= 2Riiui + ĝ⊤i (x)∇Vi(x) = 0. (2.8)

Thus, the optimal strategy of player i is given by

u∗i = −
1
2

R−1
ii ĝ⊤i (x)∇Vi(x). (2.9)
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This shows that the optimal control of each player is a linear combination of the estimated input
vector field ĝi(x) and the corresponding value-function gradient ∇Vi(x). Substituting the optimal
control strategy u∗ into (2.7) yields the expanded form of the coupled HJB equations

0 = S i(x) + ∇V⊤i (x)F(x) −
1
2
∇V⊤i (x)

N∑
j=1

ĝ j(x)R−1
j j ĝ⊤j (x)∇V j(x)

+
1
4

N∑
j=1

∇V⊤j (x)ĝ j(x)R−1
j j Ri jR−1

j j ĝ⊤j (x)∇V j(x).

(2.10)

3. Reinforcement learning algorithm based on the ACI architecture

3.1. Identifier design

According to the linear parameterization assumption in adaptive control theory [39], the unknown
dynamics of a nonlinear system can, under suitable conditions, be represented as the product of a
known regressor matrix and an unknown constant parameter vector. Similar modeling assumptions
have been widely adopted in adaptive control and concurrent learning frameworks [24]. For the
topological weights and input-dynamics uncertainty appearing in (2.2), an online-identifiable
mathematical model is required. In this paper, it is assumed that the nonlinear system satisfies the
linear parameterization condition.

Assume that the dynamics of player i in (2.2) can be rewritten as

ẋi = Yi
(
xi, xNi , uNi∪{i}

)
θi, (3.1)

where θi ∈ Rpi is an unknown constant parameter vector to be estimated, containing the unknown
coefficients in the local drift term fi, the local input gain, and the sparse neighbor-coupling terms
associated with Ni. Correspondingly, the regressor matrix Yi(·) ∈ Rni×pi is constructed from known
basis functions associated with these unknown parameters.

Since Yi(·) depends only on the local state xi, the neighboring states xNi , and the control inputs
over the local interaction set uNi∪{i}, the resulting identifier naturally inherits the sparsity of the graph
topology and therefore avoids redundant estimation of globally coupled terms.

To make the parameter-reduction mechanism explicit, we further compare the full parameterization
with the topology-consistent local parameterization. Suppose that the local drift basis dimension is p f ,
each state-coupling basis dimension is ph, and each input-channel basis dimension is pg. If the graph
structure is not exploited, player i has to include all possible state-coupling terms from the other N − 1
players and all possible input channels, and the corresponding local parameter dimension is

pfull
i = p f + (N − 1)ph + N pg.

By contrast, under the proposed topology-consistent sparse identifier, only the terms associated with
the neighbor set Ni and the input channels over Ni ∪ {i} are retained. Therefore, the local parameter
dimension becomes

psp
i = p f + |Ni|ph + (|Ni| + 1)pg.
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When the graph is sparse, i.e., |Ni| ≪ N − 1, it follows that psp
i ≪ pfull

i . This analysis shows that the
known adjacency pattern is explicitly used to construct lower-dimensional local regressors, rather than
only to describe information exchange among players.

To handle the uncertainty in (3.1), an ICL parameter estimation scheme is developed. Since direct
measurement of the state derivative ẋi may introduce high-frequency noise in practice, the differential-
form dynamics are converted into an algebraic form by using integral transformation. Specifically,
integrating both sides of (3.1) over the sliding time window [t − ∆T, t] yields∫ t

t−∆T
ẋi(τ) dτ =

∫ t

t−∆T
Yi

(
xi(τ), xNi(τ), uNi∪{i}(τ)

)
dτ θi, (3.2)

where ∆T > 0 denotes the integration-window length.
By the fundamental theorem of calculus, the left-hand side of (3.2) can be converted into the state

difference between the current instant and a historical instant. Since θi is constant, it can be extracted
from the integral. Define the state-difference vector over the sliding window and the integral regressor
matrix as

∆xi(t) = xi(t) − xi(t − ∆T ) ∈ Rni , (3.3)

and

Yi(t) =
∫ t

t−∆T
Yi

(
xi(τ), xNi(τ), uNi∪{i}(τ)

)
dτ ∈ Rni×pi . (3.4)

Then, the original differential dynamics can be rewritten in the algebraic form

∆xi(t) = Yi(t)θi, (3.5)

which does not explicitly involve the state derivative.
The key idea of concurrent learning is to exploit historical data so as to relax the excitation

requirement on the instantaneous signal. To this end, a cyclic history stack containing M data samples
is constructed as {∆xik,Yik}

M
k=1, where the subscript k denotes the k-th sampled historical data point.

The history stack is updated according to the following rule: whenever the minimum eigenvalue of
the information matrix formed by the newly collected historical regressor exceeds a prescribed positive
threshold λ, the update law is activated so as to guarantee the FE condition. This mechanism ensures
that the stored data contain effective dynamical information.

To analyze parameter convergence, define the parameter estimation error as

θ̃i(t) = θi − θ̂i(t). (3.6)

Following Parikh et al. [27], construct the performance index based on the prediction error of
historical data as

Ji(θ̂i) =
1
2

M∑
k=1

∥∥∥∆xik − Yikθ̂i
∥∥∥2
, (3.7)

whose gradient with respect to θ̂i is

∇θ̂i Ji = −

M∑
k=1

Y⊤ik

(
∆xik − Yikθ̂i

)
. (3.8)
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Since both the critic and actor update laws in the overall ACI framework are gradient-based, the
identifier is also designed in a gradient form to maintain structural consistency. Therefore, the pure
ICL-based adaptive parameter update law using the history stack is given by

˙̂θi(t) = Γi

M∑
k=1

Y⊤ik

(
∆xik − Yikθ̂i

)
, (3.9)

where Γi ∈ R
pi×pi is a constant symmetric positive-definite learning-rate matrix, and kICL > 0 is the

concurrent-learning gain absorbed into Γi for notational simplicity. The history stack is updated
whenever the replacement of an old sample by a new one satisfies

λmin

 M∑
k=1

Y⊤ikYik

 ≥ λ > 0.

Theorem 1 (ICL parameter convergence): Consider the linearly parameterized system (3.1) with
the identifier update law (3.9). If the history stack satisfies the FE condition, namely, there exists a
constant λ > 0 such that

λmin

 M∑
k=1

Y⊤ikYik

 ≥ λ,
then the parameter estimation error θ̃i(t) converges to zero exponentially.

Proof: See Appendix A.
The above convergence result provides the foundation for the subsequent actor–critic learning

process. As the identification error decreases, the estimated input-gain matrix Ĝ(x) approaches the
true input dynamics G(x) more closely, thereby improving the accuracy of the Bellman residual
constructed from the identified model and facilitating the online approximation of the Nash
equilibrium strategy.

3.2. Actor–critic update law design

Although the coupled HJB equations provide the necessary conditions for the Nash equilibrium
solution, these nonlinear partial differential equations are generally difficult, if not impossible, to
solve analytically. Moreover, to ensure parameter convergence during online learning, exploration
noise must be introduced into the control input so that the persistence of excitation condition can be
satisfied. Therefore, based on the system input dynamics estimated by the ICL identifier, an integral
reinforcement-learning algorithm with exploration is developed under the actor–critic–identifier
architecture to approximately solve the coupled HJB equations online.

For the affine dynamics in (2.2), after introducing a bounded exploration signal e ∈ Rm, the system
dynamics can be written as

ẋ = F(x) +G(x)
(
u + e

)
. (3.10)

To realize online learning relying only on measured data and the identified model, denote the input-
matrix estimate generated by the ICL identifier as Ĝ(x) ∈ Rn×m, and define the input-matrix estimation
error as

G̃(x) = G(x) − Ĝ(x).
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Then (3.10) can be rewritten as

ẋ = F(x) + Ĝ(x)
(
u + e

)
+ G̃(x)

(
u + e

)
. (3.11)

Substituting the above decomposition into the Bellman equation leads to

V̇i = −
[
S i +

N∑
j=1

u⊤j Ri ju j

]
+ ∇V⊤i Ĝ(x) e + εid,i, (3.12)

where εid,i = ∇V⊤i (x)G̃(x)e is the residual term induced by the model estimation error. Since G̃(x)
converges during learning, this residual remains bounded and asymptotically vanishes.

To avoid direct use of state derivatives, integrating (3.12) over the interval [t − T, t] gives

Vi
(
x(t)

)
− Vi

(
x(t − T )

)
−

∫ t

t−T
∇V⊤i Ĝ(x) e dτ = −

∫ t

t−T

[
S i(x) + 1

4

N∑
j=1

∇V⊤j ĝ jR−1
j j Ri jR−1

j j ĝ⊤j ∇V j

]
dτ + ∆εid,i,

(3.13)
where ∆εid,i =

∫ t

t−T
εid,i(τ) dτ denotes the integrated model-error term. Since Ĝ(x) is available and ∆εid,i

decreases as the identification process converges, the term εid,i is treated as a bounded perturbation and
is absorbed into the residual terms in the subsequent critic and Lyapunov analyses.

Benefiting from the previously designed ICL identifier, the estimate Ĝ(x) is already available.
Therefore, it can be directly incorporated into the integral Bellman equation, thereby avoiding
estimation of redundant coupling terms. Under this framework, only the value functions of the
players need to be approximated, which effectively reduces the computational burden and improves
learning efficiency.

To realize online solution, a neural network is employed to parameterize each value function. By
the Weierstrass approximation theorem, for any smooth function Vi(x) over the compact set Ω, there
exists a sufficiently large number of neurons Ni and an activation-function vector ϕi(x) ∈ RNi such that
the value function and its gradient can be uniformly approximated. Hence, the value function of player
i and its gradient are represented as

Vi(x) = W⊤
1iϕi(x) + εi(x), ∇Vi(x) = ∇ϕ⊤i (x)W1i + ∇εi(x), (3.14)

where W1i ∈ R
Ni is the ideal critic weight, ϕi(x) ∈ RNi is the basis-function vector, and ∇ϕi(x) ∈ RNi×n so

that ∇ϕ⊤i (x)W1i ∈ R
n. The terms εi(x) and ∇εi(x) denote the reconstruction errors of the value function

and its gradient, respectively, both of which are uniformly bounded on Ω.
Since the ideal weight W1i is unknown, a critic network is constructed for online estimation. Define

the estimated value function of player i as

V̂i(x) = Ŵ⊤
1iϕi(x),

where Ŵ1i is the current estimate of the critic weight. Then define the measurable critic residual as

E1i = ∆ϕ
⊤
i Ŵ1i + ρi(t), (3.15)

where

∆ϕi = ϕi
(
x(t)

)
− ϕi

(
x(t − T )

)
−

∫ t

t−T
∇ϕ⊤i

(
x(τ)

)
Ĝ
(
x(τ)

)
e(τ) dτ,
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and

ρi(t) =
∫ t

t−T

S i(x) +
N∑

j=1

u⊤j Ri ju j

 dτ.

Substituting (3.14) into the integral Bellman equation shows that the ideal critic weight satisfies

∆ϕ⊤i W1i + ρi(t) + εBi(t) = 0,

where

εBi(t) = εi
(
x(t)

)
− εi

(
x(t − T )

)
−

∫ t

t−T
∇ε⊤i

(
x(τ)

)
Ĝ
(
x(τ)

)
e(τ) dτ − ∆εid,i(t).

Hence, the measurable residual (3.15) can be rewritten as

E1i = −∆ϕ
⊤
i W̃1i − εBi(t), W̃1i = W1i − Ŵ1i.

To minimize the estimation error in (3.15), define the objective function of the i-th critic network as

li =
1
2

E2
1i. (3.16)

Based on (3.16) and the chain rule, the critic weight update law is designed via normalized gradient
descent as

˙̂W1i = −α1i
∆ϕi

msi
E1i, msi = 1 + ∆ϕ⊤i ∆ϕi, (3.17)

where α1i > 0 is the learning rate of the critic network. The normalization factor msi is introduced to
suppress excessively large update gains when the regressor norm becomes large, thereby improving
boundedness and numerical stability of the learning process.

Next, an actor network is introduced to generate the real-time control input for each player. Using
the estimated input block ĝi(x) and the ideal critic weight W1i, the optimal strategy can be expressed as

u∗i = −
1
2

R−1
ii ĝ⊤i (x)∇ϕ⊤i (x)W1i. (3.18)

Since the ideal weight W1i is unknown, it is replaced by the current critic estimate Ŵ1i. Accordingly,
define the reference policy as

ui = −
1
2

R−1
ii ĝ⊤i (x)∇ϕ⊤i (x)Ŵ1i. (3.19)

The signal ui in (3.19) is a virtual target generated from the critic and is used only for actor learning.
The actual control applied to the plant is ûi + ei, where ûi is the nominal actor output and ei is the
bounded exploration signal introduced in (3.10). Accordingly, in the Bellman-residual derivation, the
symbol u denotes the nominal policy component, whereas the exploration enters additively through e.

The actor network then generates the real-time control input according to

ûi = −
1
2

R−1
ii ĝ⊤i (x)∇ϕ⊤i (x)Ŵ2i, (3.20)

where Ŵ2i ∈ R
Ni is the actor weight. By driving ûi to track the reference policy ui, the actor network

indirectly approximates the optimal strategy u∗i .
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In the proposed algorithm, the actor and critic networks are updated simultaneously and
continuously. The goal of the actor is to drive ûi toward the optimal policy while guaranteeing
closed-loop stability and convergence of the estimation error. Define the loss function of the i-th actor
network as

E2i = 2
(
ûi − ui

)⊤R2
ii
(
ûi − ui

)
=

1
2
(
Ŵ1i − Ŵ2i

)⊤Bi
(
Ŵ1i − Ŵ2i

)
, (3.21)

where

Bi = ∇ϕi(x)ĝi(x)ĝ⊤i (x)∇ϕ⊤i (x).

The actor weight update law is designed as

˙̂W2i = −α2i

tanh
(
Bi(Ŵ1i − Ŵ2i)

)
+

ci −
T
4

N∑
j=1

∆ϕ j

m2
s j

Ŵ⊤
1 jD3i j

 Ŵ2i

 , (3.22)

where α2i > 0 is the actor learning rate, and ci > 0 is the designed parameter. The first term in (3.22)
employs the hyperbolic tangent function to guarantee boundedness of the weight update while
descending along the negative gradient direction to minimize the loss function E2i. The second term,
together with the designed parameter ci, is introduced to ensure the stability of the real-time learning
process. More specifically, ci acts as a damping-like design gain in the actor update law and is
selected sufficiently large to dominate the bounded coupling term induced by the critic update and the
cross terms appearing in the Lyapunov analysis. Here,

D3i j = ∇ϕ j(x)ĝ j(x)R−1
j j Ri jR−1

j j ĝ⊤j (x)∇ϕ⊤j (x).

Theorem 2 (UUB): Consider the multiplayer nonzero-sum differential graphical game described
by (2.1) and (2.2). Suppose that Assumption 1 holds, that the history stack used in the identifier
update law (3.9) satisfies the FE condition in Theorem 1, and that the normalized critic regressor
satisfies a PE condition for all t ≥ tFE. If the critic and actor update laws are given by (3.17)
and (3.22), respectively, then there exist properly chosen design parameters T > 0 and ci > 0 such that
the closed-loop system state x and the neural-network weight estimation errors W̃1i and W̃2i are
uniformly ultimately bounded.

Proof: See Appendix B.
Theorem 2 establishes the closed-loop stability of the proposed ACI learning architecture.

Specifically, under appropriate excitation conditions, the system state and the neural-network weight
errors remain bounded and enter a bounded neighborhood of the origin. This result shows that the
coupled update mechanism of the identifier, critic, and actor networks is theoretically stable and also
provides the analytical basis for the numerical simulations presented in the next section.

The pseudocode for the proposed algorithm is presented in Algorithm 1. The block diagram of the
proposed algorithm is illustrated in Figure 1.
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Algorithm 1 Proposed ACI-based learning algorithm with gradient-type ICL

1: Initialization: Set the initial state x(0), the initial identifier parameters θ̂i(0), the critic weights
Ŵ1i(0), and the actor weights Ŵ2i(0). Choose the reinforcement interval T , the ICL integration
window ∆T , the history-stack size M, the learning gains, and the exploration signals ei(t).

2: Online data collection: Apply the control input ûi(t) + ei(t) to the system. Collect the local state
and input data of each player and its neighbors according to the known graph topology.

3: Identifier update: Construct the integral data pair {∆xi,Yi} and update the history stack. If
the FE condition is satisfied, update θ̂i using the gradient-type ICL law and obtain the estimated
dynamics Ĝ(x).

4: Critic and actor update: For each player, calculate the critic residual E1i and the actor error
E2i using the online data and Ĝ(x). Update Ŵ1i and Ŵ2i using the critic and actor tuning laws,
respectively.

5: Repeat Steps 2–4 until, for each player i = 1, . . . ,N, ∥θ̂i(t)−θ̂i(t−∆tc)∥ < εθ, ∥Ŵ1i(t)−Ŵ1i(t−∆tc)∥ <
ε1, and ∥Ŵ2i(t) − Ŵ2i(t −∆tc)∥ < ε2, where ∆tc is the checking interval, and εθ, ε1, and ε2 are small
positive constants. Then the learning process is regarded as convergent.

It should be noted that the additional online computation introduced by the proposed learning
procedure mainly comes from the history-stack update and the gradient-type ICL identifier update.
Compared with least-squares-type CL methods, the proposed update law does not require
covariance-matrix inversion. Therefore, when the history-stack size is fixed, the dominant per-step
parameter-update complexity is reduced from O(q2) to O(q), where q denotes the local parameter
dimension.

N-player continuous-time nonlinear 

NZS graphical games system(4-1)

The integral reinforcement

Identifier

1{ , }Mk k kx =

x

Critic NNs

1

ˆ ˆ( ) ( ) d
Nt

i i j ij j
t T

j

p t S x u R u 
−

=

 
= + 

 


1
ˆ ˆ( ) ( )i i iV x W x=

The estimation error

1 1
ˆ ( )i i i iE W p t=  +

The tuning law 

Equation (3.17)
The estimation error

2 1 2 1 2

1 ˆ ˆ ˆ ˆ( ) ( )
2

i i i i i iE W W B W W= − −

The tuning law 

Equation (3.22)

Actor NNs
1

2

1 ˆˆ ˆ ( ) ( )
2

i ii i i iu R g x x W−= −  ˆ ( )G x

ie

ˆ
iu

1,2,...,i N=

Exploration signal

update

update
1
ˆ
iW

2iE

Actor Critic

Figure 1. Architecture of the proposed indirect adaptive reinforcement learning algorithm
for nonzero-sum differential graphical games based on the ACI architecture.
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Figure 1 illustrates the implementation procedure of the proposed method. The closed-loop system
consists of three main modules: the identifier, the critic network, and the actor network. First, to deal
with the uncertainty of the system dynamics, the identifier module introduces the ICL mechanism and
utilizes the state-input data stored in the history stack {∆xk,Yk}

M
k=1 to estimate the unknown system

dynamics online. The resulting estimate Ĝ(x) is then transmitted to the critic and actor networks,
thereby removing the requirement for an exact model in optimal-control design. On this basis, the
critic network constructs the Bellman residual E1i from the integral reinforcement signal and updates
the weight Ŵ1i through gradient descent to approximate the value function of each player. The actor
network computes the control law using the identified dynamics Ĝ(x) and the gradient information
provided by the critic, and then updates the strategy by minimizing the deviation from the critic
weight. The entire process operates in closed loop under the injected exploration signal ei, achieving
online approximation of the Nash equilibrium solution to the coupled HJB equations in a
model-unknown environment.

4. Simulation studies

4.1. Simulation example

The proposed algorithm is validated numerically using a two-player shared-state differential
graphical game. In this example, the two players correspond to the two control channels u1 and u2,
respectively, while x = [x1, x2]⊤ denotes the common plant state. The interaction graph is chosen as a
two-node complete directed graph with V = {1, 2}, N1 = {2}, and N2 = {1}. Therefore, this
benchmark represents the smallest nontrivial instance of the graphical-game setting, where the
graphical interaction reduces to the full two-player case.

The considered two-player benchmark has been commonly used in related nonzero-sum ADP
studies [14, 16, 21] and enables a fair comparison with representative existing methods. Since all
possible edges are present in the two-node complete graph, this example mainly verifies the
closed-loop Nash learning performance, convergence behavior, and computational efficiency of the
proposed ACI-based learning scheme. The sparsity-induced parameter-reduction mechanism is
supported by the topology-consistent parameterization and dimension analysis in Section 3.

The plant dynamics are given as

ẋ1 = −2x1 + x2,

ẋ2 = −
1
2

x1 − x2 +
1
4

x2

(
(cos(2x1) + 2)2 + (sin(4x2

1) + 2)2
)

+ (cos(2x1) + 2)u1 + (sin(4x2
1) + 2)u2.

(4.1)

Rewriting (4.1) in the form of (2.1) gives

F(x) =


−2x1 + x2

−
1
2

x1 − x2

+
1
4

x2

(
(cos(2x1) + 2)2 + (sin(4x2

1) + 2)2
)

 , (4.2)
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and

G(x) =
[

0 0
cos(2x1) + 2 sin(4x2

1) + 2

]
, u =

[
u1

u2

]
. (4.3)

The system can be further rewritten as

ẋ = Y(x, u)θ, (4.4)

where the regressor matrix Y(x, u) is constructed from the known basis functions of the system and is
given by

Y(x, u) =
[

Y1 01×6

01×2 Y2

]
,

which contains all known state and input terms, and θ = [θ⊤1 , θ
⊤
2 ]⊤ is the parameter vector to be

estimated. For this example,
Y1 = [ x1 x2 ],

and
Y2 =

[
x1, x2, x2(cos(2x1) + 2)2, x2(sin(4x2

1) + 2)2,

(cos(2x1) + 2)u1, (sin(4x2
1) + 2)u2

]
.

The corresponding true parameters are set to

θ∗1 = [ θ∗f 1 ] = [−2 1]⊤,

and
θ∗2 =

[
θ∗f 2 θ∗g

]⊤
= [−0.5 − 1 0.25 0.25 1 1]⊤.

The above reformulation shows that the considered benchmark system satisfies the
linear-in-parameters identifier structure adopted in the proposed method. Specifically, the known
graph topology specifies the interaction relation between the two players, while the regressor matrix
Y(x, u) contains the corresponding known state and input basis functions. By substituting the true
parameter vector θ∗ into Y(x, u)θ∗, the original nonlinear dynamics in (4.1) can be exactly recovered.
It should be emphasized that θ∗ is used only to evaluate the identification accuracy in the simulation
and is not used in the online control design.

The initial condition is x(0) = [1,−1]⊤, the simulation horizon is 20 s, and the sampling period is
Ts = 0.001 s. For the ICL identifier, the sliding-window width, history-stack size, and history-stack
sampling period are set to ∆T = 0.3 s, M = 20, and 0.05 s, respectively. The gains are set to kICL = 1
and Γ = 15, and parameter updating is enabled only when λmin ≥ 10−4. Although the concurrent-
learning gain kICL is absorbed into Γi in the theoretical derivation for compact notation, it is listed
separately from Γ in the simulation to explicitly show the numerical gain selection.

The simulation results are illustrated in Figures 2–5. The state trajectories, parameter-estimation
results, and critic and actor weight evolutions are illustrated in Figures 2–5, respectively. During the
simulation, the exploration noise is removed at t = 15 s. Under the learned optimal control policy, the
system states rapidly converge to a neighborhood of the origin, which verifies the closed-loop stability.
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Figure 2. State trajectories of the underactuated nonlinear system.

Figure 3. Evolution of the parameter estimates.
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Figure 4. Evolution of the critic weights.
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Figure 5. Evolution of the actor weights.

From the viewpoint of parameter estimation, the minimum eigenvalue of the history stack remains
positive throughout the simulation, which guarantees convergence of the parameter estimates. The
estimation error of the input-dynamics parameter θg rapidly converges to the order of 1 × 10−4 and
remains at that level. The drift-dynamics parameters θ f 1 and θ f 2 also exhibit gradual convergence, and
the final estimation errors remain at the order of 1 × 10−3. For the critic network, the final estimated
weights are

Ŵ11(t f ) = [0.4993, 0.0004, 1.0007]⊤,
Ŵ12(t f ) = [0.2497, 0.0002, 0.5003]⊤,

which agree well with the theoretical optimal values

W∗
11 = [0.5, 0, 1]⊤, W∗

12 = [0.25, 0, 0.5]⊤.

The simulation results can be interpreted together with the Lyapunov-based theoretical analysis as
follows. The convergence of the identifier parameters indicates that the gradient-type ICL mechanism
and the history stack provide effective information for estimating the unknown dynamics under the
FE condition. The convergence of the critic weights shows that the integral Bellman residual can be
reduced with the aid of the estimated dynamics. The convergence of the actor weights further indicates
that the learned policy can track the critic-induced reference policy. Moreover, the state trajectories
converge to a neighborhood of the origin, which is consistent with the uniformly ultimately bounded
stability result established in the theoretical analysis. These observations illustrate the closed-loop
cooperation among the graph-structure-driven identifier, the critic network, and the actor network, and
explain why the proposed ACI-based learning algorithm is effective in the considered simulation.

4.2. Comparison with other algorithms

A comparison with several representative algorithms is summarized in Table 1.
For the proposed method, the learning convergence time in Table 1 is determined by Algorithm 1,

where ∆tc = 0.1 s and εθ = ε1 = ε2 = 10−3. The weight approximation error is defined as eW =

maxi=1,...,N ∥Ŵ1i(t f )−W∗
1i∥/∥W

∗
1i∥, where Ŵ1i(t f ) is the final learned critic weight and W∗

1i is the theoretical
optimal critic weight.
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Table 1. Comparison with other algorithms.

Metric Ref. [16] Ref. [14] Algorithm 1 Ref. [14] Algorithm 2 Ref. [21] Ours

Paradigm #    H#

Learning convergence time 300 s 100 s 200 s 80 s 20 s
No. of critic NNs N N2 + N 2N 3N N

Weight approx. error 10−3 10−2 10−3 10−3 10−3

Note: # model-based,  strictly model-free, H# indirect adaptive.

To ensure a fair and rigorous comparison, the compared algorithms were re-evaluated using the
codes provided by the original authors under the same software and hardware environment, benchmark
system, and initial conditions. The reproduced results were consistent with the reported results. The
convergence time in Table 1 denotes the online learning time required for the neural-network weights
to converge, rather than the wall-clock computational time.

In terms of learning convergence time, the proposed method significantly improves upon
references [14, 16, 21]. Meanwhile, while maintaining a weight approximation error at the order
of 10−3, the proposed method requires only N critic networks, which reduces the online computational
burden and realizes indirect adaptive control without requiring any exact system model.

Compared with the method in reference [25], once the FE condition is satisfied, the unknown
parameters and neural-network weights in that method are updated using least squares. Its advantage
is fast convergence, but the price is a relatively high per-step computational complexity of O(q2),
where q is the parameter dimension, together with the need for matrix inversion. As a result, the
online computation and storage cost increase rapidly with the number of parameters.

By contrast, the proposed method also first collects history data and then uses the
concurrent-learning idea to extract informative samples. The difference is that, once the FE condition
is satisfied, the actor network, critic network, and identifier all adopt gradient-type update laws.
Consequently, the per-step computational complexity is typically only O(q). Therefore, from a
mechanism viewpoint, the proposed algorithm preserves the relaxed-excitation advantage of
concurrent learning while retaining the low computational cost and ease of online implementation
associated with gradient descent.

5. Conclusions

In this paper, we investigated the multiplayer nonzero-sum differential game problem for
continuous-time input-affine nonlinear systems and designed an indirect adaptive optimal control
algorithm based on the ACI architecture. The main contribution of this work lies in developing a
graph-structure-driven sparse ACI learning framework with a gradient-type ICL identifier, which
enables online Nash learning for continuous-time nonlinear nonzero-sum differential graphical games
with unknown dynamics. In this framework, the graph topology is embedded into the identifier
parameterization as a structural prior, and the resulting parameter-reduction mechanism is clarified
through the topology-consistent local model and dimension analysis.

Compared with conventional concurrent learning methods, the proposed gradient-based ICL
identifier does not require least-squares updating or covariance-matrix inversion, thereby reducing the
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dominant per-step computational cost from O(q2) to O(q) when the history-stack size and the local
basis dimension are fixed. By exploiting the sparsity and structural prior knowledge of the graph
topology, the proposed method performs distributed estimation at the identifier layer, while the
value-function approximation and policy learning are still written in terms of the global state in the
current formulation. The identifier requires only FE for parameter convergence, whereas the
closed-loop UUB result additionally relies on PE of the critic regressor.

On this basis, a composite Lyapunov analysis was used to study the boundedness of the
closed-loop signals. A representative two-player nonzero-sum game example based on an
underactuated nonlinear system was provided, and comparative simulations with existing algorithms
were carried out. The simulation results verify the closed-loop Nash learning performance and are
consistent with the UUB stability analysis. The reported results indicate that the proposed method can
achieve satisfactory control performance without requiring exact system dynamics, while reducing the
online computational burden.

Future work will consider larger-scale non-complete sparse graphical games to more
comprehensively evaluate the scalability of the proposed ACI-based Nash learning framework and to
further demonstrate the sparsity-induced parameter-reduction benefit in closed-loop simulations. In
addition, for continuous-time nonlinear systems with input constraints, developing synchronous
integral reinforcement-learning algorithms for nonzero-sum games will also be an important direction
for further study.
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Appendix

A. Proof of Theorem 1

Since the proof is identical for each player, the subscript i is omitted in this appendix. By (3.5),
each recorded data pair satisfies

∆xk = Ykθ, k = 1, . . . ,M.

Let the parameter estimation error be
θ̃(t) = θ − θ̂(t).

Choose the Lyapunov candidate

Vθ(θ̃) =
1
2
θ̃⊤Γ−1θ̃, (A.1)
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where Γ is symmetric positive definite. From (3.9), one has

˙̂θ = Γ
M∑

k=1

Y⊤k

(
∆xk − Ykθ̂

)
= Γ

M∑
k=1

Y⊤kYkθ̃,

and hence
˙̃θ = − ˙̂θ = −Γ

M∑
k=1

Y⊤kYkθ̃.

Taking the time derivative of (A.1) gives

V̇θ = θ̃⊤Γ−1 ˙̃θ = −θ̃⊤
 M∑

k=1

Y⊤kYk

 θ̃.
If the FE condition is satisfied from a finite time tFE, namely,

λmin

 M∑
k=1

Y⊤kYk

 ≥ λ > 0, ∀t ≥ tFE,

then, for all t ≥ tFE,
V̇θ ≤ −λ∥θ̃∥2. (A.2)

Moreover,
1
2
λmin

(
Γ−1)∥θ̃∥2 ≤ Vθ ≤

1
2
λmax

(
Γ−1)∥θ̃∥2. (A.3)

It follows from (A.2) and (A.3) that

V̇θ ≤ −
2λ

λmax
(
Γ−1)Vθ, ∀t ≥ tFE.

By the comparison lemma,

Vθ(t) ≤ Vθ(tFE) exp
(
−

2λ
λmax

(
Γ−1) (t − tFE)

)
, ∀t ≥ tFE. (A.4)

Hence, θ̃(t) converges to zero exponentially for all t ≥ tFE. If the FE condition holds from the initial
time, then tFE = 0. This completes the proof.

B. Proof of Theorem 2

Proof. For the identifier layer, suppose that there exists a finite time tFE ≥ 0 such that, for each
player i,

λmin

 M∑
k=1

Y⊤ikYik

 ≥ λi > 0, ∀t ≥ tFE. (B.1)

Then, by Theorem 1, the identifier parameter estimation error θ̃i(t) converges exponentially to zero for
all t ≥ tFE. Since the identifier is linearly parameterized and all basis functions are bounded on the
compact set Ω, the input-gain estimation error

g̃i(x) = gi(x) − ĝi(x)
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is bounded onΩ and satisfies g̃i(x(t))→ 0 as t → ∞. Therefore, the terms induced by g̃i(x) are bounded
and can be included in the residual terms of the subsequent Lyapunov analysis.

For the critic layer, define the normalized regressor

ϕ̄i(t) =
∆ϕi(t)
√

msi(t)
, msi(t) = 1 + ∆ϕ⊤i (t)∆ϕi(t).

Assume that there exist positive constants Tc and βi such that∫ t+Tc

t
ϕ̄i(τ)ϕ̄⊤i (τ) dτ ≥ βiI, ∀t ≥ tFE, i = 1, . . . ,N. (B.2)

According to Assumption 1 and the NN approximation setting in the main text, the functions F(x),
gi(x), ĝi(x), ϕi(x), ∇ϕi(x), εi(x), ∇εi(x), and the exploration signal ei(t) are bounded on Ω. Hence, there
exist positive constants such that

∥F(x)∥ ≤ b f ∥x∥, ∥gi(x)∥ ≤ bgi , ∥ĝi(x)∥ ≤ ḡi,

∥ϕi(x)∥ ≤ bϕi , ∥∇ϕi(x)∥ ≤ b∇ϕi , |εi(x)| ≤ bεi , ∥∇εi(x)∥ ≤ b∇εi ,

∥ei(t)∥ ≤ ēi, ∥W1i∥ ≤ W̄1i.

Therefore, all approximation and identification residuals appearing below are bounded on Ω.
Define the aggregate value function

VΣ(x) =
N∑

i=1

Vi(x).

Since each running cost satisfies

ri(x, u) = x⊤i Qixi +

N∑
j=1

u⊤j Ri ju j,

where Qi > 0 and Ri j ≥ 0, the value function Vi(x) is positive definite with respect to the origin under an
admissible policy. Hence, VΣ(x) is positive definite on Ω. Since VΣ(x) is continuous and Ω is compact,
there exist positive constants cV and c̄V such that

cV∥x∥
2 ≤ VΣ(x) ≤ c̄V∥x∥2, ∀x ∈ Ω. (B.3)

Choose the composite Lyapunov candidate

L = VΣ(x) +
1
2

N∑
i=1

W̃⊤
1iα
−1
1i W̃1i +

1
2

N∑
i=1

W̃⊤
2iα
−1
2i W̃2i +

1
2

N∑
i=1

θ̃⊤i Γ
−1
i θ̃i. (B.4)

Let
z = col

{
x, W̃11, . . . , W̃1N , W̃21, . . . , W̃2N , θ̃1, . . . , θ̃N

}
.
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Then, by (B.3) and the positive definiteness of α1i, α2i, and Γi, there exist positive constants cL and c̄L

such that
cL∥z∥

2 ≤ L ≤ c̄L∥z∥2. (B.5)

For all t ≥ tFE, taking the time derivative of (B.4) along the closed-loop trajectories yields

L̇ =
N∑

i=1

(L1i + L2i + L3i + L4i) ,

where
L1i = V̇i(x), L2i = W̃⊤

1iα
−1
1i

˙̃W1i,

L3i = W̃⊤
2iα
−1
2i

˙̃W2i, L4i = θ̃
⊤
i Γ
−1
i

˙̃θi.

First, from (3.9), one has

˙̃θi = −Γi

M∑
k=1

Y⊤ikYikθ̃i.

Therefore, by (B.1),

L4i = −θ̃
⊤
i

 M∑
k=1

Y⊤ikYik

 θ̃i ≤ −λi∥θ̃i∥
2. (B.6)

Next, consider the state-related term. The actual closed-loop dynamics can be written as

ẋ = F(x) +
N∑

j=1

(
ĝ j(x) + g̃ j(x)

)(
û j(x) + e j(t)

)
.

Using the HJB relation, the actor approximation relation, and the boundedness of the NN
approximation errors, the exploration signal, and the identification errors, the derivative of VΣ(x) can
be upper bounded by

N∑
i=1

L1i ≤ −ηx∥x∥2 + χa

N∑
j=1

∥W̃2 j∥
2 + χθ

N∑
j=1

∥θ̃ j∥
2 + dx, (B.7)

where ηx, χa, χθ, and dx are positive constants. The constant dx collects the bounded residuals caused
by the approximation error, the exploration signal, and the transient identification error.

For the critic-weight term, from

E1i = −∆ϕ
⊤
i W̃1i − εBi(t)

and the critic update law (3.17), one obtains

˙̃W1i = −α1iϕ̄iϕ̄
⊤
i W̃1i − α1i

∆ϕi

msi
εBi(t).

Thus,

L2i = −W̃⊤
1iϕ̄iϕ̄

⊤
i W̃1i − εBi(t)W̃

⊤
1i
∆ϕi

msi
.
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Since ∆ϕi/msi and εBi(t) are bounded on Ω, and since the normalized regressor satisfies the PE
condition (B.2), the standard PE-based interval estimate for normalized gradient learning implies that
there exist positive constants µi and d2i such that∫ t+Tc

t
L2i(τ) dτ ≤ −µi

∫ t+Tc

t
∥W̃1i(τ)∥2 dτ + d2iTc, ∀t ≥ tFE. (B.8)

Consequently, W̃1i is uniformly ultimately bounded. Since W1i is constant, Ŵ1i = W1i − W̃1i is
also bounded.

Finally, consider the actor-weight term. Let

Ξi(t) =
T
4

N∑
j=1

∆ϕ j

m2
s j

Ŵ⊤
1 jD3i j.

Because ∆ϕ j/m2
s j, D3i j, and Ŵ1 j are bounded, there exists a positive constant Ξ̄i such that

|Ξi(t)| ≤ Ξ̄i.

Using W̃2i = W1i − Ŵ2i, the actor update law (3.22) gives

˙̃W2i = α2i

[
tanh

(
Bi(W̃2i − W̃1i)

)
+

(
ci − Ξi(t)

)
Ŵ2i

]
.

Therefore,
L3i = W̃⊤

2i tanh
(
Bi(W̃2i − W̃1i)

)
+

(
ci − Ξi(t)

)
W̃⊤

2iŴ2i.

Since
Ŵ2i = W1i − W̃2i,

one has
W̃⊤

2iŴ2i = W̃⊤
2iW1i − ∥W̃2i∥

2 ≤ W̄1i∥W̃2i∥ − ∥W̃2i∥
2.

Moreover, the hyperbolic tangent term is bounded and satisfies, for some positive constants,∣∣∣W̃⊤
2i tanh

(
Bi(W̃2i − W̃1i)

)∣∣∣ ≤ χ31i∥W̃2i∥
2 + χ32i∥W̃1i∥

2 + d31i.

Using these bounds and applying Young’s inequality, one obtains

L3i ≤ −η3i∥W̃2i∥
2 + χ3i∥W̃1i∥

2 + d3i, (B.9)

where η3i, χ3i, and d3i are positive constants, provided that ci is selected sufficiently large to dominate
the bounded term Ξi(t) and the cross terms.

Combining (B.6)–(B.9), and integrating over [t, t + Tc], yields

L(t + Tc) − L(t) ≤ −σ
∫ t+Tc

t
∥z(τ)∥2 dτ + δTc, ∀t ≥ tFE, (B.10)

where σ and δ are positive constants.
Define

tk = tFE + kTc, k = 0, 1, 2, . . . .
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Since L̇ is bounded on Ω, there exists a constant d̄L > 0 such that

|L(τ) − L(tk)| ≤ d̄L(τ − tk), ∀τ ∈ [tk, tk+1].

Using (B.5), one obtains∫ tk+1

tk
∥z(τ)∥2 dτ ≥

1
c̄L

∫ tk+1

tk
L(τ) dτ ≥

Tc

c̄L
L(tk) −

d̄LT 2
c

2c̄L
.

Substituting this estimate into (B.10) with t = tk gives

L(tk+1) ≤
(
1 −
σTc

c̄L

)
L(tk) + δTc +

σd̄LT 2
c

2c̄L
.

Choose the design parameters such that

0 < ρ := 1 −
σTc

c̄L
< 1.

Then

L(tk+1) ≤ ρL(tk) + δ̄, δ̄ = δTc +
σd̄LT 2

c

2c̄L
. (B.11)

By recursive application of (B.11),

L(tk) ≤ ρkL(t0) +
δ̄

1 − ρ
, t0 = tFE.

Therefore, L(tk) is uniformly ultimately bounded. Since L̇ is bounded on each interval [tk, tk+1], L(t) is
also uniformly ultimately bounded in continuous time. Finally, by (B.5), the composite error vector z(t)
is uniformly ultimately bounded. In particular, the system state x, the critic weight estimation errors
W̃1i, and the actor weight estimation errors W̃2i are uniformly ultimately bounded. In addition, θ̃i(t)
converges exponentially to zero for all t ≥ tFE.

Since the interval [0, tFE] is finite and the closed-loop signals are continuous on the compact
operating set Ω, boundedness on [0, tFE] follows directly. Hence, the conclusion holds for all t ≥ 0.
This completes the proof.
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