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Abstract: We investigate the well-posedness, regularity, and numerical approximation of a
viscoelastic membrane equation involving a Caputo fractional derivative of order α ∈ (1, 2). The
fractional term describes an acceleration history memory effect and is therefore different from
the velocity memory damping terms commonly used in fractional viscoelastic wave models. By
introducing the velocity variable z = ∂tu and setting β = α − 1, the original problem is reformulated
as an order-reduced first-order system in which a Caputo derivative of order β ∈ (0, 1) acts on the
velocity. On the basis of this reformulation, we establish the well-posedness of the initial boundary
value problem under homogeneous Neumann or Robin boundary conditions. For the Neumann case,
a shifted spectral scale is introduced to include the zero eigenvalue and to obtain regularity estimates
uniformly for both the constant and nonconstant modes. We then develop a fully discrete finite element
method by combining continuous piecewise linear finite elements in space with the L1 approximation
in time. Under suitable regularity and compatibility assumptions, we prove the error estimate

‖u − U‖L̂∞(L2) + ‖∂tu − Z‖L̂∞(L2) ≤ C(τ + h2).

Numerical experiments are presented to confirm the predicted first-order temporal convergence and
optimal second-order spatial convergence in the L2 norm. In addition to the Neumann case, a Robin
boundary manufactured solution test is included to demonstrate the applicability of the proposed
framework under homogeneous Robin boundary conditions. Additional simulations illustrate the
influence of the fractional order on viscoelastic membrane vibration and demonstrate the applicability
of the proposed method to modal response analysis.

Keywords: Caputo fractional derivative; acceleration memory; viscoelastic membrane; fractional
wave equation; finite element method; L1 scheme; modal analysis
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1. Introduction

The mathematical modeling of vibrating membranes, beams, plates, and other elastic structures
interacting with viscoelastic media is a classical topic in structural dynamics, continuum mechanics,
and applied mathematics. Such models arise in vibration control, nondestructive testing, geophysical
exploration, vehicle–track interactions, biomechanical systems, and composite materials; see, for
example, [1–4]. Unlike ideal elastic media, viscoelastic materials exhibit hereditary effects, where
the current response depends not only on the present state but also on the past deformation history.
This feature has been extensively studied in classical continuum mechanics [5–7].

Fractional calculus provides a powerful and flexible tool for describing memory effects in complex
media. Fractional constitutive laws can capture power-law relaxation, weakly singular kernels,
and long-time temporal correlations with relatively few material parameters. The use of fractional
derivatives in viscoelasticity dates back to the seminal works of Bagley and Torvik [8, 9], and has
since been developed in many mechanical and rheological models; see [10–14]. For the general
theory of fractional calculus and fractional differential equations, we refer to [15–19]. Compared with
classical Kelvin–Voigt or Maxwell models, fractional models often better describe materials whose
relaxation behavior is neither purely exponential nor adequately represented by finitely many integer-
order internal variables.

In this paper, we study a viscoelastic membrane equation involving a Caputo fractional derivative of
order α ∈ (1, 2). Let Ω ⊂ Rd, d = 1, 2, 3, be a bounded Lipschitz domain and let T > 0. The governing
equation is

η(x)∂2
t u + µ(x)CDα

0+u +Au = F in Ω × (0,T ), (1.1)

where η and µ are positive coefficients, F is a prescribed source term, and

Aϕ = − div
(
A(x)∇ϕ

)
+ c(x)ϕ.

Here, A is uniformly positive definite and c(x) ≥ 0. The conormal derivative is denoted by as ∂Aϕ =

A∇ϕ · ν, where ν is the unit outward normal vector on ∂Ω. We impose the homogeneous Neumann or
Robin boundary condition

∂Au + σu = 0 on ∂Ω × (0,T ).

For γ > 0, the Riemann–Liouville fractional integral is defined by

Jγ0+
f (t) =

∫ t

0

(t − s)γ−1

Γ(γ)
f (s) ds.

For 1 < α < 2, the Caputo derivative used in this work is

CDα
0+u(t) = J2−α

0+ ∂2
t u(t) =

∫ t

0

(t − s)1−α

Γ(2 − α)
∂2

su(s) ds.

Thus the fractional term in (1.1) represents a memory effect generated by the acceleration history.
This differs from velocity memory models involving, for example, J2−α

0+
∂tu or fractional derivatives

acting directly on the velocity. This distinction leads to different regularity structures, compatibility
requirements near t = 0, and consistency terms in time discretization. From the viewpoint of structural
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dynamics, the acceleration history term can be interpreted as a fractional hereditary inertia or delayed
dynamic response in viscoelastic media.

The mathematical analysis and numerical approximation of fractional evolution equations have
attracted considerable attention. For time-fractional diffusion and subdiffusion equations, important
progress has been made on finite difference methods, spectral methods, finite element methods,
convolution quadrature, and L1-type schemes; see [20–27]. These studies reveal typical features of
fractional evolution problems, including weak initial singularities, reduced temporal regularity, and the
need for carefully designed consistency and stability estimates.

More recently, robust time-stepping methods on nonuniform meshes, discrete fractional Gronwall
inequalities, and high-order convolution-type discretizations have been developed. Representative
results include stability and convergence analyses for L2-type or L1-type methods on nonuniform
meshes [28, 29], corrected and high-order convolution quadrature methods for fractional evolution
equations [21, 30], and finite element or convolution quadrature approximations for nonlinear and
quasilinear subdiffusion models [31]. Most of these works, however, focus on subdiffusion-type
problems with fractional order in (0, 1).

For fractional diffusion-wave and wave-type equations with a derivative order between one and
two, the analysis is more delicate because hyperbolic propagation is coupled with nonlocal temporal
memory. Related numerical studies include finite difference, spectral, discontinuous Galerkin, and
finite element methods for diffusion wave, variable-order fractional, and fractional wave equations
[32–34]. Recent computational work on fractional viscoelastic wave propagation also demonstrates
the practical importance of efficient fully discrete schemes for fractional constitutive models [35].
Recent studies on variable-order and variable-exponent fractional models include variable-order
fractional wave equations [36], hidden-memory variable-order fractional optimal control and diffusion
models [37, 38], optimal-order approximations for variable-order time- and space-fractional diffusion
equations [39, 40], variable-exponent fractional problems [41], and time-fractional mean field control
models [42].

Despite these advances, the acceleration memory membrane equation (1.1) has not been fully
addressed from the viewpoint of well-posedness, Neumann-compatible regularity, and finite element
error analysis. The main difficulties are threefold. First, the Caputo derivative has the order α ∈ (1, 2)
and acts on the displacement through its second time derivative. Second, under Neumann boundary
conditions, the elliptic operator may have a zero eigenvalue, so standard spectral scales based only
on positive eigenvalues do not directly handle the constant mode. Third, the numerical method must
approximate the acceleration history memory term consistently rather than a velocity memory term.

The present model is not a direct specialization of standard time fractional diffusion wave equations.
In many fractional damping models, the memory term is imposed on the velocity or on a strain-related
variable. In contrast, the Caputo term in (1.1) is generated by the acceleration history. Introducing
z = ∂tu and β = α − 1, we have

CDα
0+u = J2−α

0+ ∂2
t u = J1−β

0+
∂tz = CDβ

0+
z.

Consequently, (1.1) can be rewritten as the order-reduced systemη∂tz + µCDβ
0+

z +Au = F, in Ω × (0,T ),
∂tu = z, in Ω × (0,T ).
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This formulation is the main analytical and numerical device of this paper. It allows us to exploit
positivity properties of Caputo derivatives of order less than one and leads naturally to an L1 time
discretization for the velocity variable.

The main contributions of this work are summarized as follows.

• We formulate a viscoelastic membrane model with a Caputo derivative of order α ∈ (1, 2), where
the fractional term represents an acceleration history memory effect, and derive an order-reduced
system by introducing the velocity variable with β = α − 1 ∈ (0, 1).

• We establish the well-posedness of the initial-boundary value problem under homogeneous
Neumann or Robin boundary conditions, and develop a shifted spectral scale to handle the zero
eigenvalue in the Neumann case.

• We construct a fully discrete finite element method using continuous piecewise linear elements in
space and the L1 approximation in time, and prove an O(τ + h2) error estimate in the maximum-
in-time L2 norm.

• We provide numerical experiments, including convergence tests, Robin boundary and nonzero
initial velocity verifications, fractional order-dependent vibration simulations, and modal
response analysis.

The rest of the paper is organized as follows. Section 2 presents the forward problem and establishes
its well-posedness. Section 3 develops the spectral regularity theory adapted to Neumann boundary
conditions. Section 4 introduces the fully discrete finite element method and proves the error estimate.
Section 5 presents numerical experiments, including manufactured solution tests, tests with a nonzero
initial velocity and Robin boundary conditions, dynamic simulations, and modal response analysis.
Finally, Section 6 concludes the paper.

2. Forward problem and well-posedness

2.1. Functional setting

Let H = L2(Ω) and V = H1(Ω). The bilinear form associated with the elliptic operator and the
boundary contribution is defined by

a(ϕ, χ) =

∫
Ω

A∇ϕ · ∇χ dx +

∫
Ω

cϕχ dx +

∫
∂Ω

σϕχ dS .

We assume that there exist constants c0 > 0 and γ ≥ 0 such that

a(v, v) + γ‖v‖2L2(Ω) ≥ c0‖v‖2H1(Ω), ∀v ∈ V. (2.1)

In the case of a pure Neumann Laplacian, coercivity holds only modulo constants. This does not create
difficulties on finite time intervals, because the constant mode is controlled by the initial displacement
and velocity.

The weak formulation is to find

u ∈ L∞(0,T ; V), ∂tu ∈ L∞(0,T ; H),

such that, for almost every t ∈ (0,T ), we have

〈η∂2
t u, χ〉V′,V + (µCDα

0+u, χ) + a(u, χ) = (F, χ), ∀χ ∈ V. (2.2)
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2.2. Order-reduced formulation

Let z = ∂tu and β = α − 1 ∈ (0, 1). Since

CDα
0+u = J2−α

0+ ∂2
t u = J1−β

0+
∂tz = CDβ

0+
z,

the original problem is equivalent to
η∂tz + µCDβ

0+
z +Au = F, in Ω × (0,T ),

∂tu = z, in Ω × (0,T ),
u(·, 0) = u0, z(·, 0) = u1.

(2.3)

2.3. Positivity of the fractional term

The following positivity property follows from the positive definiteness of the fractional convolution
kernel.

Lemma 2.1. Let 0 < β < 1. If φ ∈ H1(0,T ; H) and φ(0) = 0, then∫ T

0
(CDβ

0+
φ(t), φ(t))H dt ≥ 0. (2.4)

Proof. Since φ(0) = 0, the Caputo derivative coincides with the Riemann–Liouville derivative in the
weak sense. Extending φ by zero outside (0,T ) and applying the Fourier transform in time, one obtains∫ T

0
(CDβ

0+
φ(t), φ(t))H dt = cβ

∫
R

|ξ|β‖φ̂(ξ)‖2H dξ,

where cβ > 0. This proves the claim.

Remark 2.2. If the initial velocity is nonzero, one may write z = u1 + z̃ with z̃(0) = 0. Since the Caputo
derivative of a time-independent function vanishes,

CDβ
0+

z = CDβ
0+̃

z.

Hence, the positivity estimate applies to the principal fractional contribution, while the remaining
terms can be controlled by Young’s inequality.

2.4. Well-posedness

Theorem 2.3. Assume that F ∈ L2(0,T ; H), u0 ∈ V, and u1 ∈ H. Suppose further that

0 < η0 ≤ η(x) ≤ η1, 0 < µ0 ≤ µ(x) ≤ µ1

almost everywhere in Ω. Then the initial-boundary value problem admits a unique weak solution
satisfying

u ∈ L∞(0,T ; V), ∂tu ∈ L∞(0,T ; H).

Moreover,
‖u‖L∞(0,T ;V) + ‖∂tu‖L∞(0,T ;H) ≤ C

(
‖F‖L2(0,T ;H) + ‖u0‖V + ‖u1‖H

)
, (2.5)

where C > 0 is independent of F, u0, and u1.

Electronic Research Archive Volume 34, Issue 8, 5452–5477.



5457

Proof. Let {φ j}
∞
j=1 be a basis of V that is orthonormal in H, and set VN = span{φ1, . . . , φN}. We seek for

the approximate solutions

uN(t) =

N∑
j=1

dN
j (t)φ j, zN(t) = ∂tuN(t),

satisfying
(η∂tzN , χN) + (µCDβ

0+
zN , χN) + a(uN , χN) = (F, χN), ∀χN ∈ VN . (2.6)

Taking χN = zN and using ∂tuN = zN yield

1
2

d
dt
‖
√
ηzN(t)‖2L2 + (µCDβ

0+
zN , zN) +

1
2

d
dt

a(uN(t), uN(t)) = (F, zN). (2.7)

Taking zN = zN(0) + z̃N with z̃N(0) = 0, Lemma 2.1 implies the nonnegativity of the principal fractional
contribution after integration in time. Young’s inequality then gives

‖
√
ηzN(t)‖2L2 + a(uN(t), uN(t)) ≤ C

(
‖u0,N‖

2
V + ‖u1,N‖

2
L2 +

∫ t

0
‖F(s)‖2L2 ds

)
+ C

∫ t

0
‖zN(s)‖2L2 ds.

Combining this estimate with (2.1) and Gronwall’s inequality yields uniform bounds for uN in
L∞(0,T ; V) and for zN in L∞(0,T ; H).

In the pure Neumann case, the constant mode is controlled by

‖uN(t)‖L2 ≤ ‖uN(0)‖L2 +

∫ t

0
‖zN(s)‖L2 ds.

The Galerkin equation further provides a bound for ∂tzN in a suitable dual space. Standard compactness
arguments then allow passage to the limit and yield existence. Uniqueness follows by applying the
same energy estimate to the difference of two solutions.

3. Spectral regularity under Neumann boundary conditions

In this section, we focus on the self-adjoint case η ≡ 1 and µ ≡ k > 0. We assume that A is a non-
negative self-adjoint elliptic operator subject to homogeneous Neumann or Robin boundary conditions.
The spectral framework below is standard for self-adjoint elliptic operators; see, for example, [43].

Let {(Λ j, φ j)}∞j=0 be the eigenpairs ofA, namely

Aφ j = Λ jφ j, 0 = Λ0 ≤ Λ1 ≤ Λ2 ≤ · · · , Λ j → +∞.

The eigenfunctions {φ j}
∞
j=0 form an orthonormal basis of L2(Ω). To treat the zero Neumann mode and

the positive modes uniformly, we define

ρ j = (1 + Λ j)1/2.

For m ≥ 0, introduce

Ȟm
N (Ω) =

v ∈ L2(Ω) : ‖v‖2Ȟm
N

=

∞∑
j=0

ρ2m
j (v, φ j)2 < ∞

 . (3.1)
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Expanding

u(x, t) =

∞∑
j=0

u j(t)φ j(x), F(x, t) =

∞∑
j=0

f j(t)φ j(x),

gives
u′′j (t) + kCDα

0+u j(t) + Λ ju j(t) = f j(t), u j(0) = u0, j, u′j(0) = u1, j. (3.2)

Equivalently, with z j = u′j and β = α − 1, we have

z′j(t) + kCDβ
0+

z j(t) + Λ ju j(t) = f j(t), u′j(t) = z j(t). (3.3)

Lemma 3.1. Let 1 < α < 2, k > 0, and f j ∈ H1(0,T ). Then (3.2) admits a unique solution satisfying

‖u j‖Cm[0,T ] ≤ C
(
ρm

j |u0, j| + ρm−1
j |u1, j| + ρm−2

j ‖ f j‖H1(0,T )

)
, m = 1, 2. (3.4)

If f j ∈ C1[0,T ], then u′′′j ∈ C(0,T ] and

|u′′′j (t)| ≤ C
(
ρ3

j |u0, j| + ρ2
j |u1, j| + ρ j‖ f j‖H1(0,T ) + | f ′j (t)| + t1−α|u1, j|

)
(3.5)

for 0 < t ≤ T.

Proof. For positive modes, taking the Laplace transform of (3.2) gives the transformed equation
explicitly. Since 1 < α < 2, the Laplace transform of the Caputo derivative is

L
{
CDα

0+u j(t)
}

(s) = sαû j(s) − sα−1u0, j − sα−2u1, j.

Moreover,
L{u′′j (t)}(s) = s2û j(s) − su0, j − u1, j.

Therefore, applying the Laplace transform to

u′′j (t) + kCDα
0+u j(t) + Λ ju j(t) = f j(t)

yields (
s2 + ksα + Λ j

)
û j(s) = su0, j + u1, j + ksα−1u0, j + ksα−2u1, j + f̂ j(s).

Consequently,

û j(s) =
su0, j + u1, j + ksα−1u0, j + ksα−2u1, j + f̂ j(s)

s2 + ksα + Λ j
.

The denominator satisfies standard sectorial lower bounds on suitable contours in the complex plane.
Inverting the Laplace transform and using the corresponding resolvent estimates for scalar fractional
wave equations yield the stated frequency-dependent bounds. These arguments are standard in the
theory of fractional evolution equations. The use of the shifted frequency ρ j = (1 + Λ j)1/2 allows the
estimates to be written uniformly with respect to all modes.

For the zero Neumann mode, the equation reduces to

z′0(t) + kCDβ
0+

z0(t) = f0(t), z0(0) = u1,0.

This is a scalar Volterra equation with a weakly singular kernel. Standard Volterra estimates give
the same bounds with ρ0 = 1. The term t1−α represents the weak initial singularity generated by the
fractional derivative.
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Theorem 3.2. Assume that

u0 ∈ Ȟ2
N(Ω), u1 ∈ Ȟ1

N(Ω), F ∈ H1(0,T ; L2(Ω)).

Then
u ∈ C2([0,T ]; L2(Ω)) ∩C([0,T ]; Ȟ2

N(Ω)),

and
‖u‖C2([0,T ];L2) + ‖u‖C([0,T ];Ȟ2

N ) ≤ C
(
‖u0‖Ȟ2

N
+ ‖u1‖Ȟ1

N
+ ‖F‖H1(0,T ;L2)

)
. (3.6)

If, in addition, we have

u0 ∈ Ȟ3
N(Ω), u1 ∈ Ȟ2

N(Ω), F ∈ H1(0,T ; Ȟ1
N(Ω)) ∩C1([0,T ]; L2(Ω)),

then u ∈ C3((0,T ]; L2(Ω)) and

‖∂3
t u(·, t)‖L2(Ω) ≤ C

(
M + t1−α‖u1‖L2(Ω)

)
, 0 < t ≤ T, (3.7)

where
M = ‖u0‖Ȟ3

N
+ ‖u1‖Ȟ2

N
+ ‖F‖H1(0,T ;Ȟ1

N ) + ‖F‖C1([0,T ];L2).

Consequently, we have ∫ T

0
‖∂3

t u(·, t)‖L2(Ω) dt ≤ C
(
MT +

T 2−α

2 − α
‖u1‖L2(Ω)

)
. (3.8)

Proof. The assertion follows by applying Lemma 3.1 to each Fourier coefficient and summing over all
modes. For example,

∞∑
j=0

‖u′′j ‖
2
C[0,T ] ≤ C

∞∑
j=0

(
ρ4

j |u0, j|
2 + ρ2

j |u1, j|
2 + ‖ f j‖

2
H1(0,T )

)
,

which yields the C2([0,T ]; L2) estimate. The estimate in C([0,T ]; Ȟ2
N) is obtained similarly. The bound

for ∂3
t u follows from (3.5). Finally, we have∫ T

0
t1−α dt =

T 2−α

2 − α
< ∞,

which proves (3.8).

Remark 3.3. The shifted spectral scale ρ j = (1 + Λ j)1/2 is essential for pure Neumann boundary
conditions. It avoids singular behavior at the zero eigenvalue and enables the constant mode and the
oscillatory modes to be handled within a single regularity framework.

4. Finite element approximation and error analysis

4.1. Reduced formulation

In the self-adjoint setting of η ≡ 1 and µ ≡ k > 0, the reduced problem reads
∂tz + kCDβ

0+
z +Au = F, in Ω × (0,T ),

∂tu = z, in Ω × (0,T ),
u(·, 0) = u0, z(·, 0) = u1.

(4.1)
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4.2. L1 approximation

Let 0 = t0 < t1 < · · · < tN = T be a uniform temporal partition with a time step τ = T/N. For a
sequence {Wn}Nn=0, define

δτWn =
Wn −Wn−1

τ
.

The L1 approximation of the Caputo derivative is defined by

(Dβ
τZ)n =

1
Γ(2 − β)τβ

n∑
m=1

an−m

(
Zm − Zm−1

)
, (4.2)

where
a` = (` + 1)1−β − `1−β, ` = 0, 1, 2, . . . . (4.3)

Lemma 4.1. Let 0 < β < 1. If W0 = 0, then

τ

N∑
n=1

(
(Dβ

τW)n,Wn
)
≥ 0. (4.4)

Proof. The L1 operator is generated by a positive definite convolution sequence. Equivalently, the
symmetric part of the associated lower triangular Toeplitz matrix is positive semidefinite. This gives
the discrete counterpart of Lemma 2.1; see, for example, [20, 23, 28].

Remark 4.2. The L1 approximation used in this work is first-order accurate in time, but it has several
advantages in the present order-reduced framework. First, it is simple to implement and leads to a
positive definite convolution structure, which is useful for the stability analysis. Second, after the order
reduction z = ∂tu and β = α − 1 ∈ (0, 1), the memory term becomes a subdiffusive Caputo derivative
acting on the velocity variable, for which the L1 formula provides a robust baseline discretization.
Third, the method is relatively robust for solutions with weak initial singularities, which commonly
occur in fractional evolution equations.

The order-reduced framework itself is not restricted to the L1 formula. In principle, higher-order
convolution quadrature methods, Alikhanov-type schemes, or corrected high-order finite difference
formulas can be applied to the reduced Caputo derivative of order β. However, for fractional
evolution equations, even smooth input data may generate weak singular behavior near t = 0. On
uniform temporal meshes, such weak initial singularities may reduce the actually observed temporal
convergence order of high-order schemes unless correction terms, graded meshes, or additional
compatibility conditions are imposed. Therefore, the L1 method adopted here should be viewed as
a stable and robust first-order baseline, while high-order extensions require a separate treatment of
initial singularities and are left for future work.

4.3. Fully discrete finite element scheme

Let Th be a quasi-uniform triangulation of Ω, and let S h ⊂ H1(Ω) be the space of continuous
piecewise linear finite elements. Since the Neumann problem may have a constant kernel, we use the
shifted Ritz projection Πh : H1(Ω)→ S h defined by

Electronic Research Archive Volume 34, Issue 8, 5452–5477.



5461

a(Πhv, χh) + (Πhv, χh) = a(v, χh) + (v, χh), ∀χh ∈ S h. (4.5)

Under standard elliptic regularity, this projection satisfies

‖v − Πhv‖L2(Ω) + h‖v − Πhv‖H1(Ω) ≤ Ch2‖v‖H2(Ω). (4.6)

The fully discrete scheme is to find Un,Zn ∈ S h such that, for 1 ≤ n ≤ N,

(δτZn, χh) + k((Dβ
τZ)n, χh) + a(Un, χh) = (Fn, χh), ∀χh ∈ S h, (4.7)

and
δτUn = Zn. (4.8)

The initial values are chosen as
U0 = Πhu0, Z0 = Πhu1. (4.9)

4.4. Implementation

Let {ϕi}
Mh
i=1 be a basis of S h. Define the mass and stiffness matrices by

Mi j = (ϕ j, ϕi), Ki j = a(ϕ j, ϕi).

Substituting Un = Un−1 + τZn into (4.7) yields(
1
τ

M +
k

Γ(2 − β)τβ
M + τK

)
Zn = Fn +

(
1
τ

M +
k

Γ(2 − β)τβ
M

)
Zn−1

−
k

Γ(2 − β)τβ
MHn −KUn−1,

(4.10)

where

Hn =

n−1∑
m=1

an−m

(
Zm − Zm−1

)
, H1 = 0.

Once Zn is obtained, the displacement is updated by

Un = Un−1 + τZn.

Theorem 4.3. For any h > 0 and τ > 0, the fully discrete scheme (4.7)–(4.8) admits a unique solution.

Proof. At each time level, the scheme is equivalent to the linear system (4.10). The coefficient matrix
consists of a positive definite mass contribution, the positive L1 diagonal contribution, and the non-
negative stiffness contribution. Therefore, it is nonsingular. Once Zn has been determined, Un is
uniquely obtained from (4.8).
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Algorithm 1 Fully discrete L1 finite element method
Require: Mesh Th, final time T , time step τ, fractional order α ∈ (1, 2), initial data u0, u1, and source

term F.
Ensure: Numerical solutions {Un,Zn}Nn=0.

1: Set β = α − 1 and N = T/τ.
2: Construct the finite element space S h.
3: Assemble the mass matrix M and stiffness matrix K.
4: Compute the initial vectors U0 and Z0 from U0 = Πhu0 and Z0 = Πhu1.
5: Precompute the L1 weights a` = (` + 1)1−β − `1−β for ` = 0, . . . ,N − 1.
6: Set κ = k/(Γ(2 − β)τβ).
7: for n = 1, 2, . . . ,N do
8: Compute the history vector

Hn =

n−1∑
m=1

an−m

(
Zm − Zm−1

)
.

9: Assemble the right-hand side

bn = Fn +

(
1
τ

M + κM
)

Zn−1 − κMHn −KUn−1.

10: Solve (
1
τ

M + κM + τK
)

Zn = bn.

11: Update
Un = Un−1 + τZn.

12: end for

4.5. Consistency estimates

For a sequence {Wn}Nn=0, define

‖W‖L̂∞(L2) = max
0≤n≤N

‖Wn‖L2(Ω). (4.11)

Let z = ∂tu. Define
Ên = δτu(tn) − z(tn), (4.12)

En = δτz(tn) − ∂tz(tn), (4.13)

and
Rn = CDβ

0+
z(tn) − (Dβ

τz)n. (4.14)

Lemma 4.4. Assume that
u0 ∈ Ȟ4

N(Ω), u1 ∈ Ȟ3
N(Ω),

and
F ∈ H1(0,T ; Ȟ2

N(Ω)) ∩C1([0,T ]; L2(Ω)).
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Assume further also that the compatibility conditions are sufficient to guarantee the L1 consistency
estimate

τ

N∑
n=1

‖Rn‖L2(Ω) ≤ CMτ, (4.15)

where
M = ‖u0‖Ȟ4

N
+ ‖u1‖Ȟ3

N
+ ‖F‖H1(0,T ;Ȟ2

N ) + ‖F‖C1([0,T ];L2).

Then
‖Ê‖L̂∞(L2) ≤ CMτ, (4.16)

and

τ

N∑
n=1

‖En‖L2(Ω) ≤ CMτ. (4.17)

Proof. Taylor’s formula gives

Ên = −
1
τ

∫ tn

tn−1

(t − tn−1)∂tz(t) dt.

The regularity result in Theorem 3.2 implies (4.16). Similarly,

En = −
1
τ

∫ tn

tn−1

(t − tn−1)∂3
t u(t) dt,

and hence

τ

N∑
n=1

‖En‖L2 ≤ Cτ
∫ T

0
‖∂3

t u(t)‖L2 dt ≤ CMτ.

The estimate (4.15) follows from the local truncation error representation of the L1 approximation.
More precisely, on each interval (tm−1, tm), the error is expressed in terms of the difference between z′(s)
and its cell average. The regularity estimate for ∂3

t u in Theorem 3.2, together with the integrability of
the weak singular factor t1−α, yields the accumulated bound (4.15); see also [20, 22, 24, 27].

4.6. Error estimate

Theorem 4.5. Let (u, z) be the solution of (4.1), and let {Un,Zn}Nn=0 be the numerical solution of (4.7)–
(4.8). Under the assumptions of Lemma 4.4, there is a constant C > 0, independent of h and τ,
such that

‖u − U‖L̂∞(L2) + ‖z − Z‖L̂∞(L2) ≤ CM(τ + h2). (4.18)

Equivalently,
‖u − U‖L̂∞(L2) + ‖∂tu − Z‖L̂∞(L2) ≤ CM(τ + h2). (4.19)

Proof. Decompose the displacement error as

u(tn) − Un = η̂n + ξ̂n, η̂n = u(tn) − Πhu(tn), ξ̂n = Πhu(tn) − Un,

and the velocity error as

z(tn) − Zn = ηn + ξn, ηn = z(tn) − Πhz(tn), ξn = Πhz(tn) − Zn.
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The projection estimate (4.6) yields

‖̂ηn‖L2 + ‖ηn‖L2 ≤ CMh2. (4.20)

Subtracting the fully discrete scheme from the projected continuous equations gives

(δτξn, χh) + k((Dβ
τξ)

n, χh) + a(̂ξn, χh) = Rn(χh), (4.21)

where Rn consists of the projection error, the L1 consistency error, and the backward Euler truncation
error. Moreover,

δτξ̂
n = ξn + ηn − δτη̂

n − Ên. (4.22)

Taking χh = ξn in (4.21) and using (4.22), we obtain

‖ξn‖2L2 + ‖̂ξn‖2a − ‖ξ
n−1‖2L2 − ‖̂ξ

n−1‖2a + 2kτ((Dβ
τξ)

n, ξn)

≤ Cτ
(
‖ξn‖2L2 + ‖̂ξn‖2a

)
+ CτM2(τ2 + h4) + Cτ (‖En‖L2 + ‖Rn‖L2) ‖ξn‖L2 .

(4.23)

Here, ‖ · ‖a denotes the seminorm induced by a(·, ·). Since the initial errors vanish, Lemma 4.1 implies
that the accumulated fractional term is non-negative. Summing (4.23) over time levels and applying
Lemma 4.4 yield

‖ξn‖2L2 + ‖̂ξn‖2a ≤ CM2(τ2 + h4) + Cτ
n∑

m=1

(
‖ξm‖2L2 + ‖̂ξm‖2a

)
.

The discrete Gronwall inequality then gives

‖ξn‖L2 + ‖̂ξn‖a ≤ CM(τ + h2).

Combining this estimate with (4.20) proves (4.18). Since z = ∂tu, (4.19) follows.

5. Numerical experiments

This section presents five numerical experiments. Examples 1–3 are manufactured-solution tests for
homogeneous Neumann boundary conditions, homogeneous Robin boundary conditions, and nonzero
initial velocity, respectively. Example 4 studies the influence of the fractional order on membrane
vibration, and Example 5 illustrates the modal response of the fractional viscoelastic membrane.

Unless otherwise stated, we take

Ω = (0, 1)2, η = µ = 1, A = −∆, σ = 0.

Thus homogeneous Neumann boundary conditions are imposed unless otherwise specified.

5.1. Example 1: A manufactured solution with Neumann boundary conditions

We first verify the convergence rates of the proposed fully discrete L1 finite element method. The
computation is carried out on Ω = (0, 1)2 with T = 1, η = µ = 1,A = −∆, and homogeneous Neumann
boundary conditions. Unless otherwise stated, we take α = 1.5.
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The exact solution is prescribed as

u(x, y, t) = t4−α cos(πx) cos(πy),

with the velocity
∂tu(x, y, t) = (4 − α)t3−α cos(πx) cos(πy).

The spatial factor cos(πx) cos(πy) has a zero normal derivative on ∂Ω, and hence the homogeneous
Neumann boundary condition is satisfied.

Substituting the exact solution into the governing equation gives

F(x, y, t) =

[
(4 − α)(3 − α)t2−α +

Γ(5 − α)
Γ(5 − 2α)

t4−2α + 2π2t4−α
]

cos(πx) cos(πy),

where
CDα

0+t4−α =
Γ(5 − α)
Γ(5 − 2α)

t4−2α, −∆(cos(πx) cos(πy)) = 2π2 cos(πx) cos(πy).

The errors are measured in the maximum-in-time L2 norm as follows:

eu = max
0≤n≤N

‖u(tn) − Un‖L2(Ω), ez = max
0≤n≤N

‖∂tu(tn) − Zn‖L2(Ω),

and we report the combined error e = eu + ez. For the temporal test, we fix h = 1/100 and refine the
time step. For the spatial test, we take N = 4000 and refine the mesh.

Table 1. Temporal convergence results for Example 1 with α = 1.5 and h = 1/100.

N τ eu ez e = eu + ez Order
16 6.2500e − 02 1.3433e − 02 7.7523e − 02 9.0956e − 02 –
32 3.1250e − 02 7.1735e − 03 4.1315e − 02 4.8488e − 02 0.9075
64 1.5625e − 02 3.7119e − 03 2.1501e − 02 2.5213e − 02 0.9435
128 7.8125e − 03 1.8853e − 03 1.1076e − 02 1.2961e − 02 0.9599

Table 2. Spatial convergence results for Example 1 with α = 1.5 and N = 4000.

Nx h eu ez e = eu + ez Order
4 2.5000e − 01 4.4203e − 02 1.5805e − 01 2.0226e − 01 –
8 1.2500e − 01 1.2553e − 02 4.5145e − 02 5.7698e − 02 1.8096
12 8.3333e − 02 5.7237e − 03 2.0811e − 02 2.6534e − 02 1.9158
16 6.2500e − 02 3.2418e − 03 1.1964e − 02 1.5206e − 02 1.9352

Tables 1 and 2 show first-order convergence in time and second-order convergence in space,
consistent with

‖u − U‖L̂∞(L2) + ‖∂tu − Z‖L̂∞(L2) ≤ C(τ + h2).

Figure 1 displays the exact solution, numerical solution, and pointwise error at the final time.
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Figure 1. Exact solution, numerical solution, and pointwise error at the final time for
Example 1.

5.2. Example 2: A manufactured solution with Robin boundary conditions

We next test the method under homogeneous Robin boundary conditions. The computation is
carried out on Ω = (0, 1)2 with T = 1, η = µ = 1, andA = −∆. We impose

∂νu + σu = 0 on ∂Ω × (0,T ).

Let

λ =
π

2
, σ = λ tan

λ

2
=
π

2
, X(x) = cos

(
λ

(
x −

1
2

))
.

The exact solution is
u(x, y, t) = t4−αX(x)X(y).

Since
X′(0) = λ sin

λ

2
, X′(1) = −λ sin

λ

2
, X(0) = X(1) = cos

λ

2
,

the choice σ = λ tan(λ/2) gives ∂νu + σu = 0 on each side of the square.
The velocity is

∂tu(x, y, t) = (4 − α)t3−αX(x)X(y),

and the source term is

F(x, y, t) =

[
(4 − α)(3 − α)t2−α +

Γ(5 − α)
Γ(5 − 2α)

t4−2α + 2λ2t4−α
]

X(x)X(y),

where
−∆ (X(x)X(y)) = 2λ2X(x)X(y).

The errors are measured as in Example 1. For the temporal test, we fix h = 1/100 and refine the
time step; for the spatial test, we use a sufficiently small time step and refine the mesh.

Tables 3 and 4 show the expected convergence behavior. A slight reductionin the observed spatial
order on finer meshes may be due to the remaining temporal error. Overall, the results confirm
that the order-reduced L1 finite element method also works effectively for homogeneous Robin
boundary conditions.
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Table 3. Temporal convergence results for the Robin boundary test with α = 1.5 and h =

1/100.

N τ eu ez e = eu + ez Order
16 6.2500e-02 6.3601e-02 5.1742e-02 1.1534e-01 –
32 3.1250e-02 3.2689e-02 2.6110e-02 5.8799e-02 0.9721
64 1.5625e-02 1.6571e-02 1.3163e-02 2.9734e-02 0.9837
128 7.8125e-03 8.3412e-03 6.6313e-03 1.4972e-02 0.9898

Table 4. Spatial convergence results for the Robin-boundary test with α = 1.5 and N = 8000.

Nx h eu ez e = eu + ez Order
4 2.5000e-01 4.7848e-03 1.5454e-02 2.0239e-02 –
8 1.2500e-01 1.2540e-03 4.2625e-03 5.5165e-03 1.8753
12 8.3333e-02 5.5089e-04 1.9759e-03 2.5268e-03 1.9257
16 6.2500e-02 3.0703e-04 1.1512e-03 1.4582e-03 1.9109

5.3. Example 3: A manufactured solution with nonzero initial velocity

We now consider a manufactured solution with a nonzero initial velocity. This test examines the
accuracy of the scheme when the initial velocity contributes to the Caputo acceleration memory term.
The computation is performed on Ω = (0, 1)2 with T = 1, η = µ = 1, A = −∆, and homogeneous
Neumann boundary conditions.

The exact solution is chosen as

u(x, y, t) =
(
t + t4−α

)
cos(πx) cos(πy).

Then
u(x, y, 0) = 0, ∂tu(x, y, 0) = cos(πx) cos(πy),

so the initial velocity is nonzero. The velocity is

∂tu(x, y, t) =
[
1 + (4 − α)t3−α

]
cos(πx) cos(πy).

The homogeneous Neumann condition again follows from the spatial factor.
Substitution into

∂2
t u + CDα

0+u − ∆u = F

gives

F(x, y, t) =

[
(4 − α)(3 − α)t2−α +

Γ(5 − α)
Γ(5 − 2α)

t4−2α + 2π2
(
t + t4−α

)]
cos(πx) cos(πy),

where CDα
0+

t = 0 for 1 < α < 2.
The temporal and spatial convergence results are reported in Tables 5 and 6.
The results show that the proposed method remains stable and accurate for nonzero initial velocity,

and the observed convergence behavior is consistent with the theoretical estimate.
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Table 5. Temporal convergence results for Example 3 with a nonzero initial velocity, α = 1.5,
and h = 1/100.

N τ eu ez e = eu + ez Order
16 6.2500e-02 1.3378e-02 7.7700e-02 9.1078e-02 –
32 3.1250e-02 7.1203e-03 4.1499e-02 4.8620e-02 0.9056
64 1.5625e-02 3.6613e-03 2.1691e-02 2.5352e-02 0.9394
128 7.8125e-03 1.8363e-03 1.1270e-02 1.3107e-02 0.9518

Table 6. Spatial convergence results for Example 3 with a nonzero initial velocity, α = 1.5,
and N = 4000.

Nx h eu ez e = eu + ez Order
4 2.5000e-01 1.2243e-01 3.0298e-01 4.2540e-01 –
8 1.2500e-01 3.4746e-02 8.5578e-02 1.2032e-01 1.8219
12 8.3333e-02 1.5868e-02 3.9180e-02 5.5048e-02 1.9286
16 6.2500e-02 9.0089e-03 2.2370e-02 3.1379e-02 1.9538

5.4. Example 4: Effect of the fractional order on viscoelastic membrane vibration

This example illustrates the influence of the fractional order on the dynamic response of a
viscoelastic membrane. We consider the homogeneous problem

∂2
t u + kCDα

0+u − ∆u = 0 in Ω × (0,T ),

where
Ω = (0, 1)2, T = 6, k = 0.6.

Homogeneous Neumann boundary conditions are imposed. The initial displacement is a localized
perturbation

u0(x, y) = exp
(
−90

(
(x − 0.35)2 + (y − 0.5)2

))
− u0,

where u0 is the mass-weighted spatial average of the Gaussian profile. This removes the constant
Neumann mode. The initial velocity is

∂tu(x, y, 0) = 0,

and no external force is applied.
We test

α = 1.2, α = 1.5, α = 1.8,

corresponding to
β = α − 1 = 0.2, 0.5, 0.8.

The computation uses the proposed order-reduced L1 finite element method with continuous piecewise
linear elements on a uniform triangular mesh.

Figure 2 shows the displacement at (0.5, 0.5), Figure 3 shows the time evolution of the L2 norm, and
Figure 4 shows the final-time displacement profiles. The results indicate that the fractional order affects
both the decay rate and the phase of the oscillatory response, as well as the final spatial distribution.
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Figure 2. Displacement at the observation point (0.5, 0.5) for different fractional orders in
Example 4.

Figure 3. Time evolution of the L2-norm of the displacement for different fractional orders
in Example 4.
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Figure 4. Final-time displacement profiles for different fractional orders in Example 4.

5.5. Example 5: Modal analysis of a fractional viscoelastic membrane

We finally consider the modal response analysis. This example is not a convergence test, but
an application-oriented demonstration of how the Caputo acceleration memory term affects different
vibration modes.

We solve
∂2

t u + k CDα
0+u − ∆u = 0 in Ω × (0,T ),

with
Ω = (0, 1)2, T = 10, k = 0.5,

and homogeneous Neumann boundary conditions. The spatial discretization uses continuous piecewise
linear finite elements on a uniform triangular mesh.

Let M and K be the finite element mass and stiffness matrices. We solve

Kφh, j = λh, jMφh, j, φT
h,iMφh, j = δi j.

The first Neumann eigenvalue corresponds to the constant mode and is omitted from the modal plots.
Since some eigenvalues on the square have a multiplicity greater than one, Figure 5 displays the
selected representative non-constant modes.

Expanding
uh(t) =

∑
j

q j(t)φh, j,

each modal coefficient satisfies

q′′j (t) + k CDα
0+q j(t) + λh, jq j(t) = 0.

With z j = q′j and β = α − 1, we obtain

z′j(t) + k CDβ
0+

z j(t) + λh, jq j(t) = 0, q′j(t) = z j(t).

The same L1 discretization is applied to this scalar modal system.
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We select three representative non-constant modes corresponding to low, intermediate, and
relatively high spatial frequencies. For each mode, we have

q j(0) = 1, z j(0) = 0.

The fractional orders α = 1.2, 1.5, 1.8 are compared.
Figure 5 shows the selected eigenmodes, while Figure 6 reports the modal amplitudes. The results

show that the fractional order changes both the attenuation and phase of modal oscillations. To further
illustrate the modal decay, we plot the normalized indicator

E j(t) =
1
2

(
|z j(t)|2 + λh, j|q j(t)|2

)
,

E j(t)
E j(0)

.

This quantity is used only as a numerical indicator of the modal amplitude decay, since the true
fractional energy includes nonlocal memory contributions. Figure 7 shows that the attenuation depends
on both the fractional order and the spatial frequency.

Figure 5. Selected finite element eigenmodes of the membrane in Example 5. The constant
Neumann mode is omitted, and representative non-constant modes are displayed.

Electronic Research Archive Volume 34, Issue 8, 5452–5477.



5472

Figure 6. Modal amplitudes for different fractional orders in Example 5.

Figure 7. Normalized modal energy-like numerical indicators for different fractional orders
in Example 5.
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5.6. Discussion

The numerical experiments support the theoretical and practical properties of the proposed order-
reduced L1 finite element method. Example 1 confirms the predicted first order temporal and second-
order spatial convergence under homogeneous Neumann boundary conditions. Example 2 shows that
the same framework also applies to homogeneous Robin boundary conditions. Example 3 verifies
stability and accuracy when the initial velocity is nonzero, which is particularly relevant for the
acceleration memory model.

Examples 4 and 5 demonstrate the applicability of the method beyond manufactured solutions.
The simulations show that the fractional order significantly affects the temporal attenuation,
phase evolution, and spatial vibration patterns. The modal experiments further also indicate that
the acceleration memory term induces frequency-dependent damping behavior, consistent with
viscoelastic memory effects.

Finally, the manufactured source terms in Examples 1–3 are constructed according to the
acceleration-memory Caputo model. Treating the fractional term as a velocity memory contribution
would lead to different right-hand sides and a different consistency structure, highlighting the
importance of the order-reduced formulation used in this work.

6. Concluding remarks

This paper studied a viscoelastic membrane equation with a Caputo fractional derivative of order
α ∈ (1, 2), where the term

CDα
0+u = J2−α

0+ ∂2
t u

models acceleration history memory and differs from conventional velocity memory damping
formulations. By introducing z = ∂tu and β = α−1, the problem was reformulated as an order-reduced
system with a Caputo derivative of order β ∈ (0, 1) acting on the velocity. This provides a convenient
framework for well-posedness analysis, regularity, numerical discretization, and error estimation.

For Neumann boundary conditions, a shifted spectral scale ρ j = (1 + Λ j)1/2 was introduced to
incorporate the zero eigenvalue and treat the constant and positive modes uniformly. The formulation
also covers homogeneous Robin boundary conditions through the corresponding elliptic bilinear form.
A fully discrete finite element method combining the L1 time approximation and continuous piecewise
linear finite elements was developed. Under suitable regularity and compatibility assumptions, the
method satisfies

‖u − U‖L̂∞(L2) + ‖∂tu − Z‖L̂∞(L2) ≤ C(τ + h2).

Numerical experiments confirm the predicted first-order convergence in time and second-order
convergence in space. The Robin boundary and nonzero initial velocity tests further verify the
applicability and stability of the proposed order-reduced framework. Simulations with localized initial
perturbations illustrate the effect of the fractional order on membrane vibration, while the modal
response experiments show frequency-dependent damping induced by acceleration memory.

Future work may include graded or adaptive temporal meshes for weak initial singularities, higher-
order convolution quadrature or Alikhanov-type discretizations with suitable correction strategies, fast
convolution algorithms for long-time simulations, and extensions to nonlinear viscoelastic membrane
or plate models with fractional acceleration memory effects.
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